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Recent theoretical results on high-energy scattering are extended. It is found that the form of the matrix
elements in the high-energy limit can be readily understood in terms of energy denominators in pre-Feynman
perturbation theory. On this basis, we give explicit rules to obtain the high-energy behavior of the sums
of large classes of Feynman diagrams, for both the scattering of two extremely relativitistic particles and
that of one such particle by an external static potential. Application of these rules yields immediately all
the previous results on high-energy elastic scattering, and also leads to a deeper understanding of exponenti-
ation. These considerations suggest a simple and natural physical picture for high-energy elastic scattering
and, by trivial extensions, also for diffraction and some inelastic scattering processes. We emphasize that
this physical picture has the virtue of correctly yielding all the high-energy results of quantum

electrodynamics.

1. INTRODUCTION

ECENTLY, we have carried out a systematic
investigation! of all two-body elastic scattering
processes at high energies in quantum electrodynamics.
Our study is based on perturbation theory and is
limited to certain classes of diagrams. From the asymp-
totic form so obtained of the scattering amplitudes, a
clear picture of high-energy scattering emerges.

Although our final results are simple enough,? we
have often heard the complaint that our calculations
are impossible to follow. It is usually true that, once
the answer to a problem is found, it can be readily
reproduced in many different ways. One such way of
simplification was in fact already outlined in IV. We
shall here carry it one step further, and shall give a
simple set of rules for obtaining high-energy asymptotic
behavior. With this set of rules the calculations are
almost reduced to triviality.

Before learning these rules, it is desirable to under-
stand more completely the so-called exponentiation.
In the limit of high energies, we have found!? that,
if we take into account the exchange of an arbitrary
number of photons between two electrons at high
energies, an exponentiation appears, similar to that
in the droplet model.#® Because of the extreme sim-
plicity of the result, it must be a deficiency of our
method that this exponentiation is obtained by summing
a class of diagrams, and it must be possible to avoid
this clumsy summation, or indeed all of the difficult
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manipulations. For this purpose, we consider, in Sec. 2,
the scattering of a high-energy electron by a static
potential. This is really a problem of potential scattering
and involves merely the asymptotic solution of the
Dirac equation, when radiative corrections due to
virtual photons are ignored. It is known in this case
that the desired asymptotic solution is of the ex-
ponential form. In other words, the exponentiation!?
obtained from the high-energy behavior of Feynman
diagrams is precisely that of Moliére.®

For the scattering of an electron (or a positron) by
a static external potential, do/d¢ exists and is nonzero
in the limit of infinite energy, where —¢ is the square
of the momentum transfer. Since a photon is sometimes
an electron-positron pair, do/dt for Delbriick scattering
must also exist and be nonzero at infinite energy, at
least when higher radiative corrections are not taken
into account. (The infinite value of lim,_.do/dt at t=0
is a peculiarity due to the long-range nature of the
Coulomb field and is of no importance here.) In Sec. 3,
we show how the high-energy cross section for Delbriick
scattering can be obtained from that for electron (and
positron) scattering.

In Sec. 4, we explain the rules of obtaining the
scattering amplitudes from static external potentials
at high energies. This is facilitated by drawing a new
kind of diagrams, called the “impact diagrams.” Each
impact diagram gives the asymptotic behavior of the
sum of a class of Feynman diagrams. In Sec. 5, the rules
are generalized to include the fully relativistic case of
the scattering of two particles.

As usual, when new rules of computation are given,
it is highly desirable to give a number of examples.
In Sec. 6, we treat the following cases: (A) electron-
electron scattering; (B) electron Compton scattering;
(C) photon-photon scattering (at this point, we finish
all the previously treated cases?); (D) repeated

¢ G. Moliere, Z. Naturforsch. 2, 133 (1947).
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Delbriick scattering; (E) lowest-order radiative correc-
tion to electron impact factor; and (F) higher-order
radiative correction to electron impact factor.

From case (D), we learn that the Delbriick amplitude,
unlike that for the electron, does not exponentiate.
Further study of cases (E) and (F) clarifies the problem
when exponentiation does or does not take place.
Indeed, essentially the only situation where exponentia-
tion takes place is that of Moliére,® later studied over a
decade ago by many persons’ in the context of potential
scattering.

These considerations in the present paper lead to a
physical picture® which is both simple and natural.
This physical picture is described in Sec. 7. Very
roughly, in this picture, each incident particle is con-
sidered to have an internal structure consisting of a
superposition of states of » particles which are scattered
instantaneously and simultaneously by the other
particle. Some properties and limitations of this picture,
called the “impact picture,” are discussed in Sec. 8.

2. ELECTRON IN EXTERNAL FIELD

As a start we shall consider the trivial problem of
the scattering of a fast electron in an external field
V (x). Although the concept of a static field is not
fully relativistic, we have found! that the scattering
of a high-energy electron in such a field shares many
common features with electron-electron scattering.
Furthermore, we shall find that an important physical
concept can be learned from the solution of this problem.

The Dirac equation is

0 d
|:'L<— +az— +a- Vl) —mﬁ]lﬁ =eV(xu2)y. (2.1)
ot 9z

In (2.1), a; denotes a two-dimensional vector in the xy
plane, where the positive z axistis taken to be in the
direction of the initial electron®momentum. At high
energy E, two of the terms in (2.1) are large:

d 9
i—y~—i—y~LEY, E-—ow. (2.2)
ot 9z

Since all of the other terms in (2.1) are small in com-
parison, (2.1) and (2.2) together give

(1—as)y~0. (2.3)

Multiplying (2.1) by 14«3, and making use of the fact

7 L. I. Schiff, Phys. Rev. 103, 443 (1956); T. T. Wu, 2bid. 108,
466 (1957); D. S. Saxon and L. I. Schiff, Nuovo Cimento 6, 614
(1957); R. J. Glauber, in Lectures in Theoretical Physics, edited
by W. E. Brittin ef al. (Wiley-Interscience, Inc., New York,
1959), Vol. 1.

8 H. Cheng and T. T. Wu, Phys. Rev. Letters 23, 670 (1969).
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that e, and B8 both anticommute with a3, we have

0 0
i)ty s ¥smm) 1=
d 09z

=6V(X1,Z>(1+Ols)t//. (24)
By (2.3), we may neglect the second term on the
left-hand side of (2.4) to obtain

d 2
i(— + :9—-)1# =eV (xy,2)¢.

ot [ @5)

The solution to (2.5) is easily found to be

Y~ e (=2 exp[—ie / V(xl,z')dz’:lu, (2.6)

where # is a four-component spinor independent of
space and time.

The amplitude for scattering into the final state
et B =it x1y’ i then equal to”

e/(ix eV (x1,%) exp[—ie/ V(Xl,z')dz’:ld’you

=eV_(A)d'vou, (2.7)

where

eV_(A) =i/dxl e XL

X lexp[—ie[i V(xl,z’)dz']—l} . (2.8)

Note that #"ysu~E/m if the spin of the electron is not
flipped after being scattered, and @'you~0 if the spin is
flipped. Equation (2.7) is precisely the exponentiation
formulal® for the scattering of an electron. It now
follows readily from our scheme of approximation, and
the distasteful task of summing an infinite set of
diagrams is avoided.
The scattering amplitude of a positron in the field
V (x) can be similarly obtained to be
—eV  (A)byo, (2.9
with

eVi(A)= —i/dxl e~ihx;

X {exp[ie /_ : V(xl,z’)dz’:l——l} , (2.10)

where v and " are the four-component spinors for the
initial and final positrons, respectively.

Note that, for both electrons and positrons, the
scattering amplitudes, as given by (2.7) and (2.9),
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depend on V only through the integral

/ V(X.L,Z) dz.

3. DELBRUCK SCATTERING

Next we turn to the scattering of a high-energy
photon by a static field V (x). When V (x) is the Coulomb
potential, this process is Delbriick scattering. We shall
again reproduce the scattering amplitude of this
case at high energies with a very simple procedure.

As we have mentioned in Sec. 1, the photon is an
electron-positron pair part of the time, and it is the
scattering of this pair by the external field that effects
the scattering of the photon. Since the solutions for an
electron or a positron in the static field V(x) have
been obtained in closed form for high energies, we shall
be able to take care of V(x) to all orders, and make
perturbation expansions only for radiative corrections.

The physical picture of this photon scattering process
is therefore the following one®: The high-energy photon
creates an electron-positron pair; both particles of this
pair carry very high energies and travel together like a
fireball; they are separately scattered by V(x), as
treated in Sec. 2, and then annihilate each other to
form a photon. We must now remember that if we
write down the scattering amplitude for the above
process by the Feynman rules, we automatically include
also the processes in which the pair is created or
annihilated by the external field and scattered by the
high-energy photons. This is precisely the reason why
Feynman’s method is usually far superior to the more
dated method of perturbation. However, in high-energy
scattering the latter processes are negligible, and the
calculation in fact simplifies if they are excluded from
the beginning. We shall therefore abandon the Feynman
rules altogether and revert back to the more dated
perturbation method. This point was related to one
of the authors by Feynman himself.

In the standard perturbation method, a typical term
of the perturbation series for the scattering amplitude is
of the form an,Hnml' . Hkl/(Ez-—En)"l . (Ei—’Ek)'—l,
where E; is the energy of state 7 and H’ is the inter-
action. Let us first study the denominator factors in
our problem. Choose the positive z axis to be in the
direction of the average momentum of the incoming
and the outgoing photons, and call the z component of
the momenta of these two photons w and their transverse
momenta —r; and 1, respectively.? The total mo-
mentum transfer is therefore 2r;. The energy of the
incoming or outgoing photon is therefore equal to

Eo= (w2+1'12)”2~w+%1'12 w. (31)

We draw the diagram of Fig. 1(a), which represents
graphically that the scattering proceeds through three
steps: (1) An electron-positron pair is created by the
incoming photon; (2) one particle of the created pair
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(b)

F16. 1. Schematic diagrams for Delbriick scattering.

is scattered by the static field V(x) and receives a
momentum transfer 2r; (this scattering can be solved
in closed form and is represented by a black round dot);
and (3) the scattered particle annihilates the other
particle of the pair to produce the outgoing photon.
The momenta pi, P2, and ps; in Fig. 1(a) will be de-
noted by

P1= [ﬂw;pl] )

P2= [(l_ﬁ)w; _pl_rlj )
and

ps=[(1—PB)w, —ps+r11],

where the quantities in brackets are the z component
and the transverse component, in that order, of the
corresponding momenta. Denote

Bim (pimt);

then
Ei~fot3(p24m?)B ™, (3.2)
Ey~(1—Bo+3L(putr)* +m?](1—6)"w ™, (3.3)
and
Ey~ (1=Bot3L(pi—1)*+m*]J(1—p) w2 (3.4)

Accordingly, the denominator factors for the scatter-
ing amplitude are
(Bo—Er—Ey) ™ (Ey— E1—E3)™!
=[28(1—8) PL(P.+Bro)*+m* T
XL(po—Bri)?>+m*}1. (3.5)
The last two factors in (3.5) are recognized as the two

denominator factors in 9y as given by (4.12) of 1V, for
example, and were obtained only after two integrations
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had been performed. Now they are identified to be
merely the energy denominators in the standard pertur-
bation method.

The advantage of the standard perturbation method
becomes even more impressive when we consider the
diagram of Fig. 1(b). In this diagram the scattering
proceeds through four steps: (1) An electron-positron
pair is created by the incoming photon; (2) a particle
of the created pair is scattered by the static field V (x);
(3) the other particle of the created pair is scattered by
V(x); and (4) the pair annihilates to produce the
outgoing photon. Since the total momentum transfer is
2ry, a particle of the created pair receives a momentum
transfer q-4-ry, while the other particle of the created
pair receives a momentum transfer —q-r;, where
q=[¢3,q,] is arbitrary and must be integrated over.
Let us denote

P‘l: [ﬁw—qifa pl_ql+r1] )
ps=L(1—Bo+tgs, —pit+a.];
then

Ey~Bo—gs+3[ (pu—qut11)*+m? )3 w ™,
Es~(1—B)w+gs+3[ (pr—a)*+m*J(1—B)"w ™.

(3.6)
(3.7)

Now the order of steps (2) and (3) may be reversed;
thus the denominator factors for the scattering ampli-
tude of Fig. 1(b) are
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(Eo— E1— E) [ (Eo— F1— Es+ie)!
+ (Bo— Ey— Eq+ie) ] (Eg— Es— E5)™
~[26B(1—8) PL(p.+Br1)*+m> ]
XL(—gstie) ™+ (gs+1ie)™]
X{[pr— 4 (1 —=B)r P+m?} 1
=[—2mi8(gs) J[208(1—B) TP (p.+Br1)2+m2 ]
X{[p.— @+ (A=B)r1 P+m?y~1.  (3.8)

The first factor on the right-hand side of (3.8) means
that the momentum transfer received by each of the
particles in the pair is individually transverse; more
important, it also means that we can simply ignore the
denominator factor which accounts for the propagation
between the scatterings of the two particles as well as
the integration over ¢;. The last two factors in (3.8)
are recognized as the two denominator factors in 9,
as were given by (4.12) of IV, for example, if we make
the change of variables p,—3%q,+%r; to p, and q,
to —q,.

We are now ready to write down the scattering
amplitude explicitly. Consider diagram 1(a), and re-
strict ourselves first to the case in which the electron is
scattered. The matrix element for the interaction for
step (1) is mE2Ey 2, (ps)yive, (P1), that for step
(2) is mE;12E5712 times (2.7), and that for step (3) is
mE; 2B 2 (P1)yits,(Ps), where 7 and j denote the
polarizations of the incoming and the outgoing photons,
respectively. Thus the corresponding scattering ampli-
tude is

[7’282(p2>7ivs1(p1)][581(p1)71’“63(p3)][ﬂss(p3)’)’0“sz<p2)]

e? 1 md
/dplf wdf Z
(27")3 0 By EyEy s1,s2,s3

Note that

81,82,83

where

(Eo—Ey—~Es)(Eo— E1— E3)
Xi/d}(l e—“”"‘l{exp[—ie/ V(xl,z’)dz’}—l} . (39

L [a(P2)via(P) 00 (Pr)vstea(Ps) Jttes(Ra)yotten(P2) T = (2m) = Tr[yi( — pyt-m)yi(bs+m)yo(patm)],

(3.10)

= (PP +m*) Py o—p-x.

By (3.10) and (3.5), Eq. (3.9) is equal to

2(2x)3

e /‘ fl Trlyi(—prtm)vi(pst+m)yo(patm)]
dpy | Bdp
0 L(ps+Br1)*+m* [ (p.—Br1)>+m?*]

dx, e”“”"‘l{exp[—-ie/ V(xl,z’)dz’]—l} R ED

If the scattered particle is the positron in Fig. 1(a), the corresponding amplitude is simply (3.11) with e replaced
by —e. Thus the scattering amplitude for diagram 1(a) is equal to

2(2 L(p.—Br1)*+-m?][ (ps+Br1)*+m?]

€% U Trlvi(—=prtm)yi(pstm)yo(patm)]
¥ ] dp. / BdB 2

dx, e—ir1x { cos[e/ V(xl,z’)dz':l -1 }

2(2

ie* Vo Ty = prtm)yi(pst-m)yo(pet-m) ]
/dpl/ ﬁdﬂ
)3 0 L(p1—Br1)*+m][(pu+Br1)*+m2]

(21r)“2/dq1 V_(qu—rl) V+(—q1+r1) . (312)
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Next we consider the diagram in Fig. 1(b). The scattering amplitude for this diagram is easily written down to be

/ dq. / dp. / wd,@—
(21r)5 E\EyELEs

X X [ﬂsz(p2)7iv31(pl)][7731(1)1)707’84(1)4)][7784(1)4)71”85(1)5)][7185(1)5)70“82 (p2)]

81,82,34,85

V_(qutr1)Vi(—qutr1)
(Eo—Ey—Es)(Eq—E4—Es)

Trlyi(—prtm)vo(—pstm)vi(pstm)vo(patm)]

et !
=— d th d
4w(21r)5/ ql/( pl/(; g

[(ps+Br)*+m*{[p.—

V_(qutr)Vi(—q+r). (3.13
ot (BT ) (utr)Vi(—qutr11). (3.13)

The amplitude for the scattering of a photon in the static field V (x) is equal to the sum of (3.12) and (3.13)

and can be written in the impact-factor representation

iw(2m) =2 / dqu 97(r1,q) V(1) Vi(—qutry), (3.14)
where
B Tr[yi(— prtm)y(ps+m)yo(patm)]
(1, Q) =— ——— PL/ [
2(2m)? L(pr—Br1)*+m* ][ (po+Br1)*+m?]
3072 Trly(—prt-m)yo(—pat-m)y;(ps+m)vo(pat+m)] (3.15)

CputBro)* +m* J{ [pr—qut (1 —B)r1 P+ m?}

If we carry out the evaluation of the two traces
above, (3.15) is seen to be exactly the photon impact
factor given before.!?

For the scattering of a vector meson of mass \ in the
external field V(x), the impact-factor representation
(3.14) still holds, while the impact factor of the vector
meson is given by (3.15) with m? in each of the de-
nominator factors replaced by m2—gB(1—g8)\%

4. RULES FOR ELASTIC SCATTERING

We are now ready to list the rules for obtaining high-
energy scattering amplitudes in an external field. Each
term in the perturbation series will be represented by
a diagram. These diagrams are not Feynman diagrams
and shall be called “impact diagrams.” They are
always drawn from left to right as time increases. There
is no vertex at which high-energy particles are created
or annihilated by the external field or by the vacuum.
More important, all of the black dots, each representing
the scattering of an electron or a positron in the external
fields, must be located at the same vertical position.
Two examples of impact diagrams are already given
in Fig. 1.

We choose the z axis to be perpendicular to the
momentum transfer. The momentum of each particle
in the diagram is then divided into a longitudinal part
(the z component) and a transverse part. The total
longitudinal momentum of the system is therefore not
changed during the scattering process and will be de-
noted by w, which is very large. The longitudinal
momentum of a particle in the diagram is a positive
fraction of w and is denoted by Biw, where 0<3;<1.

The system receives a transverse momentum transfer
of the amount of 2r; during the scattering process.
This momentum transfer is supplied by the external
potential at the black dots. We shall denote the mo-
mentum transfer supplied by a black dot as q;;, which
is shown in Appendix A to be always transverse. Thus
2 qu=2r;. At each of the vertices, the spatial mo-
mentum is conserved.

Once a diagram is drawn and the momentum of
each particle is designated, the corresponding scattering
amplitude is easily obtained with the aid of the following
rules.

(1) A factor ey; for the vertex involving a real
photon with polarization in the ith direction.

(2) A factor ey, for a vertex involving a virtual
photon.

(3) A factor eyoV_(q;.) for a black dot on an electron
line and a factor eyoV, (q;.) for a black dot on a positron
line, where q;, is the momentum transfer supplied by the
external field at the dot.

(4) A factor p+m for a virtual electron line with
momentum p, and a factor —p-+m for a virtual positron
line of momentum p, where p= (p*4m?)2y,—p-¥.
The definition of p is the only difference of the rules
here with the Feynman rules: The four-momentum p
is on the mass shell.

(5) Traces, with minus signs, are taken for closed
loops. The order of the v matrices follows the electron
line just as in Feynman’s rules.

The rules for obtaining the denominator factors are
quite different from the Feynman rules. For particle j
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with longitudinal momentum Bjw and transverse mo-
mentum p;;, the difference of its energy with its longi-
tudinal momentum is approximately £ (p;.2+m2)8; w3,
where m; is the mass of the jth particle. Since the total
longitudinal momentum of the system is not changed
during the scattering process, the difference of the
initial energy of the system with an intermediate-state
energy of the system is®

Eo—En=30""[(r’+M*) =2 (P> +m*)/8;], (4.1)

where M is the mass of the incident particle and 2r;
is the momentum transfer as before. The denominator
factors of the scattering amplitude are obtained as
follows:

(6) Cut the diagram vertically in all different ways
possible. Each cut represents an intermediate state
and contributes a denominator factor equal to the
right-hand side of (4.1).

In addition, we have the following:

(7) A factor (2B;w)™* for each virtual electron or
virtual photon of longitudinal momentum B;w.

(8) An over-all factor (—¢)¥, where N is the
number of black dots. (This factor comes from the
integration over ¢, the longitudinal momentum
supplied by a black dot.)

(9) Integrate over all possible transverse momenta
with TT: [dps(27)2], subject to the condition of
momentum conservation at all vertices.

(10) Integrate over all possible longitudinal momenta
with JT:[wdB:(27)™"] subject to the conditions of
momentum conservation at all vertices and 1>8;>0.

For a reader who has gone through Secs. 2 and 3
carefully, these rules are simple enough to verify. The
proof is therefore omitted.

5. ELASTIC SCATTERING OF TWO
RELATIVISTIC PARTICLES

We shall now remove the only nonrelativistic
feature in our previous discussions, i.e., the existence of
an external potential. Instead, we shall consider the
elastic scattering of two relativistic particles at high
energies. In other words, the field experienced by one
particle is now originated from the other, which also
obeys the laws of relativistic quantum mechanics.

The generalization of the rules in Sec. 4 to the present
case is almost trivial. Let us study the scattering
process in the c.m. system. We choose the positive z
axis to be in the direction of the average of the in-
coming and the outgoing momenta of one of the
particles; then the average of the incoming and the
outgoing momenta of the other particle is in the direc-
tion of the negative z axis. An impact diagram now has

¢ The quantity (p,24m?2)/p is called the “match” by Feynman,
while the right-hand side of (4.1), aside from the factor §w™, is
called the “mismatch.” We are indebted to Professor Feynman

for showing us the importance of the mismatch. Compare also
S. Weinberg, Phys. Rev. 150, 1313 (1966).
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two parts which are joined by dotted lines. Each of the
lines in the first part represents a particle with very
large and positive momentum in the z direction, while
each of the lines in the second part represents a particle
with very large and negative momentum in the z
direction. The interaction of an electron (or a positron)
in the first part with an electron (or a positron) in the
second part is represented diagrammatically by two
black dots, one on each electron (or positron) line,
joined by a dotted line which represents the sum of all
multiphoton exchanges. As before, the diagrams are
always drawn from left to right as time increases, and
the black dots are located at the same vertical position.
Aside from some trivial factors, such as an over-all
factor' of 2, the generalization of the rules in Sec. 4 is
immediate. We have now two black dots for each
dotted line of multiphoton exchange. Let the mass of
the photon be X ; then the propagator for an exchanged
photon is (q.24-\?)7%, since the momentum of the photon
is transverse. This propagator is proportional to the
Fourier transform of ¥ in Sec. 2. Thus in this case

/: Z V(x5 )ds’ = (2;2 / dq

We shall denote

eiaL-xy

L
q12+)\2

= Zr0x)). G
2

1
Pi(q)==+—
ie?

dx; XL

X{exp[iz—e:Ko(Mxll):l—l}. (5.2)

Note that in the lowest order of ¢, P.(q,) is simply the
propagator (q.>4-\%)7%; rule (3) in Sec. 4 is to be re-
placed by:

(3") Each black dot gives a factor ey, and each
dotted line gives a factor P_(q,) [P (q,)]if it joins two
fermions of the same [opposite ] charge.

10 This over-all factor of 2 comes about in the following way:
First, we must sum over the polarization of the exchange photons.
For high-energy scattering the polarization of an exchanged
photon is longitudinal. Since the contributions from the two
longitudinal polarizations are equal, we shall pretend that only
one of the longitudinal polarizations (say, 4¢) contributes and
give the scattering amplitude an over-all factor 20, where Np
is the number of dotted lines. Secondly, we remember that rule
(8) is obtained from

@)t [ " dgs(~2m0(0) = —i;

now we have, instead,

(2m)—2 j; : dgo dgs(—2w1)%6(qo+¢5)8(q0—gs) = —%

for each integration over the longitudinal momenta of the ex-
changed photon. Thus we get another factor (3)¥2~1, Thus the net
result of these two factors is an over-all factor of 2 for the scat-
tering amplitude.
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We may consider a two-body scattering process as
one in which each particle experiences the field origi-
nated from the other. Thus rule (6) must apply to the
two parts of the diagram separately. This means that
there are two sets of energy-denominator factors, one
for each particle.

Rule (8) of Sec. 4 is to be replaced by:

(8") An over-all factor 2(—4)V>1 where Np is the
number of dotted lines.

6. EXAMPLES

In this section we shall demonstrate the power of
the aforementioned rules by treating several different
processes. As usual, we shall denote the average of the
incoming and the outgoing four-momenta of the first
(second) particle by 7y (r;). The positive z axis is
chosen to be in the direction of r; in the c.m. coordinate
system.

A. Electron-Electron Scattering

The lowest-order impact diagram for electron-
electron scattering is illustrated in Fig. 2. The two
black dots give

€ (ay o) (o' y gtta”) ~ w*m 20120172

(6.1)

where §15=1 if the spin of the first electron is not
flipped and 6,,=0 if it is flipped, and similarly for
d1:2r. The dotted line gives a factor P_(2r;). With an
over-all factor of 2 according to rule (8'), the electron-
electron scattering amplitude is obtained to be

262w2m_251251'2'P_(2r1) ’
in agreement with (2.26) of Ref. 3.

(6.2)

B. Electron Compton Scattering

The electron Compton scattering process is depicted
diagrammatically in Fig. 3. In Fig. 3(a), the black dot
on the lowest electron line gives a factor edy'yous’, the
dotted line gives a factor P_(2r;) [P, (2r;)]if the upper
black dot is on an electron [positron] line, and the
electron loop gives precisely the same factor as it did
in Sec. 3. Thus the contribution of diagram 3(a) is equal
to the right-hand side of (3.12) multiplied by 24"y 1/,
if V_V, is replaced by ¢*P_P,.

>

N
=

--..---..)---......
Y

S

-

®

F1G. 2. Impact diagram for electron-electron scattering.
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Fi16. 3. Impact diagrams for electron Compton scattering.

Similarly, in Fig. 3(b), the black dot on the lowest
electron line gives a factor eidy'youy/, the two dotted
lines give a factor P_(q,+11)P;(—q.+11), and the
electron loop gives precisely the same factor as it did
in Sec. 3. Thus the contribution of Fig. 3(b) is equal to
the right-hand side of (3.13) multiplied by 2iy"you:’,
if V_V, is replaced by e2P_P,. From (3.14) and the
above considerations, we get

N ~ dico?(2) 2 / dqs

X 97(11,qu) 9°P_(qu+11) P (—qut11), (6.3)

where g¢ is the electron impact factor given by
ge=3ePm Oy .

An aliernative expression of M can be obtained from
the following observation. If we set q, equal to r; or —1;
in Fig. 3(b), this diagram is reduced to Fig. 3(a). This
is because when q,==£r3, only one of the dotted lines
carries momentum transfer, and in essence only one
particle of the created pair interacts with the incident
electron. This can be demonstrated mathematically as
follows. If we set q,=r; in the trace as well as the
energy-denominator factors in (3.13), then, referring to
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F16. 4. Impact diagram for photon-photon scattering.

Fig. 1, we have py4= p1, ps= ps. Thus

(=prtm)yo(—pstm)= (—pit+m)yo(—pitm)
=—2p10(—p1t+m),

because p.2=m?. The trace in (3.13) is therefore, aside
from a factor —2pyo, the same as that in (3.12), and
(3.13) is then equal to (3.12). A similar consideration
applies when q,= —r;. Thus, if we replace P_(r;+q.)
X Py (ri—q,) by S_(r1+9.)S; (r1—q.) in writing down
the scattering amplitude corresponding to Fig. 3(b),
where '

S1(a)=Pr(q)+ (£ 2r)%(qy),  (6.4)

then the contribution from Fig. 3(a) is automatically
included. This is because the second term on the right-
hand side of (6.4) gives the term of no scattering at the
corresponding black dot. Thus we have

M~ deoi(2m) 2

X/qu527(r1,qL) g[S (r1+qu)Si(r1—qu)

- 6_4(27)45(f1+ql) 5(1‘1—(11)] . (65)

H. CHENG AND T. T. WU 1

In (6.5), 9,7 is the contribution of Fig. 1(b) to the
photon impact factor, or, to be more precise, the
second term in the right-hand side of (3.15). The
o-function term in (6.5) is to ensure that the contri-
bution of no scattering for both particles of the created
pair is not included. This term vanishes unless r;=0,
and can be omitted in nonforward directions.

Lguation (6.5) has a serious defect: Strictly speaking,
957, as defined by (3.15), is not a meaningful quantity
because of the divergence of the integration over p;.
Thus in (6.5) we must first integrate over q, before we
integrate over p,. A more satisfactory form can be
obtained as follows. The first term in the photon impact
factor as given in (3.15) is independent of q,, and will
be called 9,”. Replacing 9,” with 9,7 in (6.5) gives an
amplitude equal to zero after the integration over q,.
Thus (6.5) can be written as

N ~ Ao (2mr)~2

X / dqs 97(r1,q:) 9°LS_(r1+q0) Sy (r1—qu)

—e'(2m)*(rtq0)8(ri—q)].  (6.6)

In this form, the photon impact factor 97 reappears.

C. Photon-Photon Scattering

A typical diagram for photon-photon scattering is
illustrated in Fig. 4. We must also take into account
diagrams in which some of the dotted lines carry no
momentum transfer. Alternatively, we may just write
down the amplitude corresponding to Fig. 4, and
replace P, by S, everywhere. Let us denote

Qutqe=11+9,,
QautQau=11—0q,,

MY ~ 2% (2r) 8 / dq11dQ21dq31dqa1 927(r1,q1) 927 (r1,q1") (27) ?6(qui+q2i+qai+qa—2r7)

Qut9s.=114 QLI ’ (6-7)
and
Qo1+ Qe =1;1— qll 5
then we have
X e[ S(q11)S—(q21)S—(q30) S (qus) — (2)3(€2)~*6(q1s) 5(q21) 6(q3:) 3(qar) ] (6.8)

As discussed in Sec. 6 B, 9,7 is not a meaningful quantity. We want to show that in (6.8) 9,7 can be replaced by
g7, the photon impact factor. First note that, as a consequence of (5.2) and (6.4),

/ (9.0 (00 — QUS4 (@) S_(a) = (2m)He)*8(Q).

(6.9)
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We therefore have
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/ dq11dq21dqs1dqar 917 (r1) 927 (r1,41") 8(quat Qo+ Qs+ Qar—2r1)[S4(q10)S—(q2) S—(q5) S+(qar)

—(2m)%(e?)6(q1s) 5(qar) 6(Q51) 6(qar) ]

= f dqy'dq11dq21dq51dqar 917(r1) 927 (r1,q:")8(qut-qsr—11—q1")6(Qr+qar—11+q.")
XS +(911)S-(q21)S—(q31) S+ (qar) — (2)3(e?)~*6(q1x) 6(q21) 5(q3) 8(qas) ]
= / dqy’ 917(r1) 927 (r1,q ) { [ (2m) *(e*)~26(r1+q.") L (2m)*(e?)26(r1—q.') ]

=0.

—(2m)%(e?)~*6(r1+q.")8(r1—qu")}

Since (6.10) clearly still holds if the remaining 9,7 is also replaced by 9,7, we get from (6.8) that

MOV ~ 202 (27) 8 / dq11dq21d931dqa; 97(r1,q.) 97(r1,4.")6(Qui+q21+qs+qa—214)

Introduce Q, such that
qu=3r1+30+394./4+Q. ’

Q=311—3q+39.'—Q:, and qu=3n—3q,—3q./+Q,;

then (6.7) becomes

M N4w2i(2T)_6qulqu,dQ1 g*(rl,ql) 97(r1,ql’)

X[S+GritHiu+3q/+Qu)S-_(Grit+3q—34 — Q) S-Gri—iu+3q. —Qu)

XS4 Gri—%

—30/+Qu) —(2m)% %3G r1+3q:+3¢.'+Qu)

(6.10)

X e*[S+(q11) S—(q21)S—(q31)S+(qar) — (2m)3(e?)~*6(q11) 8(q21) 8(qa)8(qar) ] (6.11)
Q2=301+34.—34.'—Q.,

XoGri+30i—39 —Qu) (G —301+3q — Q) oG —3qu—3q/+Qu)].  (6.12)

For r;5#0, this is the same as Eq. (5.9) of Ref. 3.

D. Repeated Delbriick Scattering

We have seen in Sec. 2 that repeated scattering of an
electron in an external field leads to exponentiation for
the electron scattering amplitude. It is natural to ask
whether repeated Delbriick scattering will lead to
exponentiation for the photon scattering amplitude in
an external field. Thus we first consider the Feynman
diagrams of double Delbriick scattering illustrated in
Fig. 5.

We first note that it is impossible to draw impact
diagrams for double Delbriick scattering. One attempt
is made in Fig. 6, in which the photon line connecting
the two loops is not legitimate. Thus we conclude from
impact diagram that the amplitude for double Delbriick
scattering vanishes in the high-energy limit, and the
scattering amplitude for a photon in an external field
does not exponentiate.

In order to verify this conclusion we study the
Feynman diagrams in Fig. 5. We shall comment on
Fig. 5(a) only, as the other diagrams in Fig. 5 can be

similarly treated. In Fig. 5(a), the denominator factors
which involve Q are

[0~ (ra—rit QP VT (' Q)T
~(—2p30s+17€) 7 (— 2005+ 1€)t
X (—=2p3'Qstie),

where p3, Qs, and p;” are the z components of p, 0, and
p’, respectively. Since, in the region of integration which
contributes to the high-energy amplitude, p; and ps’
are both positive, the poles in the above denominators
are always located at the upper half-plane of Qs. Thus
the amplitude corresponding to Fig. 5(a) vanishes
because of the integration over Q.

A generalization of the above arguments shows that
it is not permissible to join two external field vertices
with lines all of which carry positive longitudinal mo-
mentum. This once again explains why black dots must
be located at the same vertical position in an impact
diagram. The above considerations also show that by
drawing impact diagrams many noncontributing Feyn-
man diagrams are automatically eliminated, with no
calculation necessary.

(6.13)
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—ry+r+p’

(a)

(b)

(c)

(d)

F1G. 5. Feynman diagrams for repeated Delbriick scattering.

E. Lowest-Order Radiative Correction
to Electron Impact Factor

In Ref. 11, we calculated radiative corrections to the
electron impact factor and found that, up to the
fourth order, it is proportional to the electron form
factor. In the present formulation, this conclusion can
again be reached with no calculation required. The
impact diagram for the lowest-order radiative correction

11 H. Cheng and T. T. Wu, Phys. Rev. 184, 1868 (1969).

to the scattering amplitude of an electron in an external
field is drawn in Fig. 7. By inspection it is seen that this
scattering amplitude is proportional to the vertex
function. To be more precise, this amplitude is equal to
Ao(ro—r1, ro+71)eV_(2r;), where the vertex function I',
is given by

Ty (P',P) =YutAu (P/:P) .

In a later paper of this series, we shall treat problems
connected with renormalization.
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F16. 6. An illegal impact diagram to illustrate the impossibility
of drawing an impact diagram for repeated Delbriick scattering.

F. Hierarchy of Impact Factors for Electron

We have found! that, up to the fourth order, the
electron impact factor is a function of r; only, and is
independent of any intermediate-state momentum (.
From the present point of view, it is quite obvious why
this is so. The diagram in Fig. 7 has only one black dot,
and no integration over any momentum supplied by
the external field needs to be performed. The impact
factor is therefore always a function of r; only, if we
take into account only the impact diagrams with one
black dot. In general to all orders, the impact factor
from those impact diagrams with only one black dot is
always proportional to the form factor.!

The number of black dots is equal to the number of
electrons and positrons which receive momentum
transfer from the external field, and the number of
independent transverse momenta supplied by the ex-
ternal field is one less than the number of black dots.
Thus an impact factor which is contributed by an
impact diagram with an intermediate state of # elec-
trons and positrons is a function of #—1 q, variables.
The hierarchies mentioned before!! are therefore classi-
fied according to the intermediate states of the impact
diagrams.
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F16. 7. Impact diagram for the lowest-order radiative
correction to the electron impact factor.

As an example, consider the impact diagram in
Fig. 8. The impact factor from this diagram is a function
of two variables, say, qi; and gz, and the corresponding
scattering amplitude is given by an integration over
q1; and dg; of this impact factor multiplied by factors
of a single-electron scattering amplitude discussed in
Sec. 2. The detailed calculation of this scattering
amplitude is straightforward and will be presented
in a later paper of this series. Note that the impact
diagram in Fig. 8 includes the Feynman diagram in
Fig. 3 of Ref. 11.

7. PHYSICAL PICTURE

Because of the simplicity of the present calculation,
it is natural to ask whether there corresponds a simple
picture. The answer is yes, and we attempt to describe
this physical picture here.

We first emphasize the following two features of our
analysis. The first one is best learned from the electron
scattering problem treated in Sec. 2. As already ex-
plicitly stated at the end of that section, the scattering
amplitude for this problem, as given by (2.7), for
example, is dependent on V (x) only through the integral

/ |4 (xl,z) dz.

Thus, if the potential V (x) is replaced by

V(XL,ZI)dZI ’

—o0

5(2)

the scattering amplitude is not changed. It is not
difficult to see why the potential can be treated as a §
function in z. Let us imagine that the potential has a
finite dimension. Then to an electron traveling in the z
direction the z dimension of this potential is Lorentz

_F1c. 8. An example of impact
diagrams for a higher-order
impact factor of the electron.

2In the long run, the physical picture may be expected to be much more important than most of the detailed computations.
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contracted by a factor (1—%)Y2, Thus to an electron
traveling near the speed of light this potential appears
to be squashed into one with an infinitesimal width
in the z dimension and becomes, in essence, a § function.
This simplification of the potential into a thin slab at
high energies naturally leads to a simplification of the
amplitude, and accounts for the exponentiation phe-
nomenon discussed in Sec. 2.

The second physical feature is best learned from the
photon scattering problem treated in Sec. 3. This
problem is depicted pictorially in Fig. 1, where the
photon of longitudinal momentum w turns into a pair
of particles with longitudinal momenta Sw and (1—pB)w,
respectively. In the special case where there is no
transverse momenta, the invariant mass of this pair is
approximately

mg+ =T, (1.1

which is finite as w —, provided that 8540, 1. This
conclusion is not altered by the presence of transverse
momenta independent of w.

We are now in a position to state the physical
picture.® Consider a particle moving in the z direction
with very high energy w. Because of strong or electro-
magnetic interactions, this particle is sometimes dis-
sociated virtually into 7 particles with momenta B
in the z direction and p;; in the xy plane. For fixed ps;
and B; satisfying 0<3;<1,7=1, 2, ..., n, such a virtual
state of # particles has a finite invariant mass as w —o0.
By the uncertainty principle, this virtual state can exist
for a finite length of time in its own c.m. system. By
time dilation, this virtual state can be present for a time
proportional to w for large w. During this lifetime of
order w, the separations of the particles are of the
order w™ in the z direction and of order 1 in the x and y
directions. Since distances of order 1 or w™ in the z
direction are negligible, these # particles interact inde-
pendently and simulianeously with a thin slab, which is
either the external static potential or the »’ particles
associated with the other incoming particle, as the case
may be. After this interaction, the n-particle virtual
states recombine to contribute to the scattered states.

8. DISCUSSIONS

Each impact diagram gives the high-energy behavior
of the sum of contributions from a class of Feynman
diagrams. We give an example of such a class in Fig. 9,
from which the general rule should be clear. There are,
of course, many Feynman diagrams that are un-
important in the high-energy limit; an example is
already given in Fig. 5.

The present approach to high-energy processes is
at best in its infancy. (Its trivial extension to scalar
electrodynamics is given in Appendix B.) Many
important questions can be immediately raised and
need to be clarified. We mention a few.

(A) What we have found is that, at high energies,

H. CHENG AND T. T. WU 1

only certain terms or parts of terms in the perturbation
series are of importance. Since the perturbation series
can be obtained from the field equations, does this mean
that only certain terms in the field equations themselves
are important at high energies? We shall see in Paper ITI
that this is indeed the case.

(B) In the case of scattering of two relativistic
particles as discussed in Sec. 5, the rules are given in
the c.m. system for the sake of definiteness. Actually,
they hold in any system where the incident particles
are both energetic. In other words, the center-of-mass
system does 7ot define a particularly significant co-
ordinate system for high energies. This point is im-
portant in connection with the so-called pionization.

If the c.m. system is not clearly the most convenient,
what other coordinate systems are perhaps also useful?
Taking a lesson from the droplet model,*> we should
consider the laboratory system and, by symmetry, the
projectile system.® In Paper II here, we shall study the
impact factors in these systems.

(C) In the physical picture of Sec. 7, n-particle
states are scattered. There is no reason why, after
scattering, these #z-particle states need to recombine
into the original incident particle, or indeed need to
recombine at all. This means that this impact picture
must also be applicable at high energies to diffraction
scattering, and more generally to inelastic processes.
With the help of the projectile system, this extension is
quite straightforward.

(D) We next mention a couple of much deeper and
more difficult problems. In discussing the possible.
high-energy behavior of total cross sections,* we find
the presence of numerous factors of Ins, where s is as
usual the square of the total energy in the c.m. system.
That the rules of calculation as given here fail to
accommodate such factors implies the necessity of
some modification when the order of perturbation is
sufficiently high.?

(E) One of the major differences between the impact
picture and the droplet model*5 has the following
simple origin. As noted in Sec. 7, the transverse sepa-
ration of the # particles in the impact picture is of the
order of 1 at high energies. This separation due to
transverse momenta is not properly taken into account
in the droplet model, and is presumably responsible for
its failure to give the Delbriick amplitude, for example,
at high energies.

Another consequence of this transverse separation
is the impossibility of assigning an eikonal path to, for
example, the photon in Delbriick scattering. It is for
this reason that the Delbriick amplitude, unlike the
scattering amplitude for the electron, does not ex-
ponentiate, as discussed in Sec. 6 D. In the language of
quantum electrodynamics, this is easily understood by

8 The projectile system is being used in connection with the
droplet model by T. T. Chou, C. N. Yang, and E. Yen (private
communication from Professor Yang).

14 H, Cheng and T. T. Wu, Phys. Rev. Letters 22, 1405 (1969).
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F16. 9. A simple example to illustrate the relation between impact diagrams and Feynman diagrams.

saying that the Coulomb field interacts directly with
the electron field but not with the photon field. It is a
most interesting question to. ask whether there is a
corresponding statement for strong interactions and
what does this mean.
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APPENDIX A

We con:ider a system of NV electrons and positrons
in an external potential V(x). The total momentum

transfer received by the system is denoted by A, which
is transverse. The momentum transfer received by the
ith particle of the system is denoted by q;, which has a
longitudinal component Q; that satisfies

(A1)

The initial longitudinal momentum of the ith particle
is denoted by B;w, where 0<3;<1,

and w is very large. The on-shell energy of the ith
particle after scattering is therefore equal to

BiwtQit0(w™). (A2)
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Let us consider the process in which the particles are
scattered by the potential in the successive order of Pi.
Then the denominator factors are approximately

(—Qp1tie)(—Qp1—Qpytie) - -
X (=Qr1—Qps— - —Qpw-ntie™. (A3)

Summing (A3) over all permutations and making use
of Eq. (2.20) of Ref. 3, we obtain

(—2im)N-1 Ig: 5(Qs). (A4)

If we integrate (A4) over
N1

we get (—¢)¥L Thus, to obtain the scattering ampli-
tude, we may set Q;=0, =1, ..., N, and ignore all
denominator factors like (A3) as well as the integration
over Q;. An over-all factor (—2)¥~! must be multiplied
to the scattering amplitude, as was stated in rule (8)
in Sec. 4.

APPENDIX B

In this appendix we shall extend the treatment in
this paper to scalar electrodynamics. Let us first
consider a charged scalar particle in an external
potential ¥V (x). The Klein-Gordon equation is

9 @ 96
(— - —V;2+m2)¢>= —2ieV—+-e*V2%. (B1)
o2 0z? ot

AND T. T. WU 1

Let us put
p=e T (x), (B2)

where E is the energy of the particle and is very large.
Substituting (B2) into (B1), we get

oY/ da~—ieVy. (B3)
Solving (B3), we obtain
¢~exp[—ie / V(x.,2")ds ] . (B4)

The scattering amplitude for a charged meson in V (x)
is obtained from (B4) to be

2¢V_(A)E. (BS)

The scattering amplitude for the antiparticle of this
charged meson in the external potential V (x) is similarly
obtained as —2eV  (A)E.

To obtain the high-energy scattering amplitude for a
general process in scalar electrodynamics, we first draw
the corresponding diagram in the same way as dis-
cussed in Secs. 4 and 5. The rules for obtaining the
numerator of the scattering amplitude are exactly the
same as the Feynman rules, with the following addi-
tional one:

A factor 2¢V_(qy)E [or —2eV,(q.,)E] for each black
dot, where g, is the momentum transfer supplied at the
black dot.

To obtain the rest of the factors, we use the rules
(6)-(10) in Sec. 4, with the following additional one:

A factor (28;E)™ for each virtual scalar particle of
longitudinal momentum B;E.



