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An elasticity theory in general relativity is formulated and includes a measure of the strain which is
identical to the classical concept. The theory is developed essentially by generalizing the classical elasticity
theory. The physical interpretation of the work is simplified by retaining the three-dimensional form of
the classical quantities. As a further aid to understanding the theory, some of the thermodynamics and
the weak-field limit are studied. As part of the latter investigation the classical theory is reformulated so
that there is no explicit dependence on the displacement u. The resulting equations near a strong similarity
to the general-relativistic field equations when they are cast in a manner called the (3+1) form.

I. INTRODUCTION

HE formulation of an elasticity theory in general
relativity has been discussed by several investi-
gators.!~* However, none of these theories are totally
satisfactory. Synge’s and Bennoun’s presentations are
principally based on a modified Hooke’s law which
states that the rafe of stress is proportional to the rate
of strain. This is done in order to avoid defining an
absolute state of strain which they claim is impossible to
do. We show that this is not so. Rayner’s work does
include a measure of the strain, but is still somewhat
arbitrary. A further discussion and comparison of these
theories to the one presented here is found in Sec. V.
By far, most of the past work in relativity has been
concerned with either the vacuum or fluid-type
materials. Yet there are several reasons why elasticity
theory and, more generally, nonfluid theories should be
well understood:

(a) Elastic bodies do exist. Even though relativistic
effects are small, the theory should still allow for these
solutions.

(b) Under “abnormal” conditions, matter requiring
relativistic description may possess nonfluid properties.
For example, Misner® has pointed out that in the early
stages of big-bang cosmology, for temperatures,
105 °K <7< 10 °K, the collisionless neutrino radiation
possesses properties similar to those of an elastic solid.
It is also possible that the superdense materials of the
even earlier stages of the big-bang model or of neutron
star interiors might possess nonfluid properties.

(c) Static nonfluid bodies can be aspherical (in
contrast to fluid bodies) and hence can be of interest in
studying aspherical effects in general relativity. For
example, only nonfluid bodies can serve as sources for
the static, axisymmetric Weyl metrics.®” In fact, it is
also necessary that a nonfluid body serve as the source
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of the stationary, axisymmetric Kerr metric which
represents the exterior field of a rotating body.??

We develop this elasticity theory by examining the
classical, nonlinear, three-dimensional theory and
generalizing it into the framework of general relativity.
A definition of the strain is given which is consistent
with the classical idea. £s an aid to the use and under-
standing of the theory, we look at some of the thermo-
dynamics and also the weak-field limits of the theory.
The latter is greatly facilitated by reformulating
classical elasticity theory into (3+1) notation,! a form
of the field equations sometimes used in general
relativity.

Our notation shall consist of using Latin letters for
the range (1,2,3), Greek letters for the range (0,1,2,3),
and capital letters for Cartesian coordinates. Paren-
theses around indices, e.g., P, means the quantity is
a three-dimensional quantity only and is used whenever
there might otherwise be confusion. We also choose
units such that ¢=1.

II. CLASSICAL ELASTICITY THEORY
A. Mechanics

A brief review of ordinary elasticity theory follows.!!
Assume we have an undeformed elastic body at rest in
a three-dimensional Euclidean space xX (K=1,2,3).
Then suppose that at some time ¢ the body is deformed
so that each particle of the body is at a new position y¥
in the same Euclidean space. Then

yE=aKtuk, (1)
where X is called the displacement vector. Let there
also be a set of intrinsic coordinates & (i=1,2,3) which
move with the body. Then we have

el =xX(g), yE=y (& D). 2)
The square of the incremental distance between nearby
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particles in the two states is given, respectively, by

(dh)?=dxBdxX =B,;dEdE, 3)
(dl)*=dy"dy* =v;;dE'dE?, 4

with the metric tensors 85, vs; given by
Bij=xX K ;, (5
vi=y%%, (6)

where the subscript “,7”” denotes a partial derivative.

The strain of the body at any time ¢ is defined as
uij=5(vi;—Bis).- )

A symmetric stress tensor P is defined by the require-
ment that
fi=—Pi; )

be simply the force per unit volume due to the stresses
and the bar (|) indicates the covariant derivative in
the three-space with respect to .. The equations of
motion of the body are obviously

pai=—P%;—pp!*, ©)

where p is the mass density and ¢’ is the acceleration
vector. For future facility, we have included a force per
unit mass given by the Newtonian gravitational
potential which satisfies the Poisson equation,

¢li=4rGp, (10)

where G is the gravitation constant. Here ¢! is just
the Laplacian operator expressed in curvilinear
coordinates.

B. Thermodynamics

The basic law of thermodynamics for an elastic
material can be written as

du=Tds+de, (11)

where # is the internal energy per unit mass, s is the
entropy per unit mass, and e is the elastic energy per
unit mass. In fact, by definition, a body is elastic when
this elastic potential exists. See page 72 of Ref. 11. The
change in the elastic energy per unit mass for a perfectly
elastic body is given by

de=— (P“/p)d%-;j . (12)
The equation of mass conservation is given by

where po is the unstrained rest mass density and v and 8
are the determinants of the v,; and B8;; matrices. The
internal energy per unit volume is given by

e=pi. (14)

These last three equations allow us to finally get the
basic law of thermodynamics for an elastic material
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into the form
de=(8/7)'*Tds—3(P+ey)dyi;.

III. RELATIVISTIC THEORY

(15)

Now we shall incorporate the ideas of Sec. II into a
relativistic theory. Consider the congruence of world
lines of the many material particles making up our body.
We name these particles by the comoving coordinates
£, so that the world lines are characterized by £ =const.
Points along any one of these world lines is specified by
a time parameter £. There is still much freedom in the
choice of these comoving coordinates. We shall choose
the £ such that if a small section of the body were re-
moved and brought to a point where it is free of all
stresses, then the square of the incremental spatial
distances between nearby particles is given by

(dlo)*=Ps;dE'dE?, (16)

where @;; is a given tensor which depends on the
coordinates £, but not on the time, and it describes a
flat three-dimensional space.

A. Strain

The metric of the four-dimensional space-time
continuum can be written as

ds2=gijd£idgj+2goi(l£id7'—d72, (17)

with the metric components functions of (£*,7), and
where we have chosen goo=—1, i.e., =7, the proper
time. If we transform to a new proper time by the
transformation

(18)

where (£o,70) are the coordinates of some fixed point,
then we get for the metric at that point

' =1—g0i(£0,m0) ",

ds2=’yijd£id$f—d'r'2, (19)
where we have defined
Vii=gijt oigo; - (20)

Thus the spatial metric of the body seen by a local,
comoving observer is simply

(A2 =ry dEidE . (21)

It follows that the natural definition of the strain,
which is identical to the classical theory, is given by

uij=‘%(’Yij_Bw') . (22)

Tt also follows that all the results of Sec. IT are also true
here on a local scale. In particular, a stress tensor P is
defined in the same manner. We will refer to the
coordinates (£,7) which lead to the metric form of
Eq. (19) at a chosen point as the local distorted rest
frame (LDRF), where distorted refers to the possibility
of nonzero strain, v;;£3;;, while rest frame reminds us
that g0i=0-
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B. Stress-Energy Tensor

We are considering systems with no energy flux
through the material, e.g., no heat flow. Then an
observer in the LDRF sees as his stress-energy tensor

e O
Tw =< _ > . (23)
0 Pu
Next, consider the four-vectors given by
Vy*=0ax*/9E, (24)
ut=0x*/9dt (25)

for any general coordinate system x*=x*(£%,7), where
the appropriate quantities are held constant in the
above partial derivatives. Now define three new space-
like vectors orthogonal to the four-velocity #*:

iyt =Vuy+V o uut. (26)

These satisfy the relationships
U@ UGy = Yis s (27)
u iy uy=0. (28)

We claim that the stress-energy tensor is given globally
by

T = eurw’~+ P Dy yku iy . (29)
The proof of this is easy. In the LDRF we have
UF=dgk , UHt= 0:*. (30)

Thus Eq. (29) reduces to Eq. (23), the 7* of the LDRF.

C. Thermodynamics

Using the equation of energy conservation

w, T#., =0 31)
and Egs. (27)—-(29), one obtains
— e’ — € Ut iy H o gy P D =0, (32)

The basic law of thermodynamics of Eq. (15) can be
‘written as

e’ = (B/Y)°Ts o —3(Pi+ey9)yizw . (33)
The law of particle conservation is given by
(nut);,=0 s (34)

where 7 refers to the particle number density. Choosing
units such that »=(8/v)'/? and using dy=vvy*dvy.;, this
law becomes

ub, =%y st (35)
Substituting Eqgs. (32) and (35) into Eq. (33), we get

B/V)'*Ts w —PZ;=0, (36)
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where we define the symmetric tensor
Zij=3 @ wGuv e aw)uw +Evi . (37)

Computing Z;; in the (£,7) coordinate system, we can
directly show that

EH‘E . (38)

Hence, by interchanging partial derivatives, Eq. (37)
can be written in the form

Ouij/ O =Fu iy 1y’ (v b ) 5 (39)
where 9/d7=u*d/9x* is the derivative with respect to
the proper time. This shows explicitly that if the four-
velocity vector #* becomes a Killing vector, then the
system is stationary, i.e., the local strains are constant.
Returning to Eq. (36) and using the result of Eq. (38),
this becomes

ds/ar=0. (40)

which simply states that the entropy per particle is
constant in time in agreement with the assumption that
this is a perfectly elastic solid and a local comoving
observer sees no heat flux. Equation (33) becomes

de¢/dr=—%(r5+ey")dvi;/07T.

The local energy density changes as a function of strain
only.

(41)

D. Four-Dimensional Form

The equations, as developed, are in mixed form with
Greek letters referring to four-dimensional tensor
quantities and Latin letters referring to three-
dimensional tensor quantities. Thus the quantities
P15, 45, and B;; have immediate physical significance
in terms of ordinary three-dimensional elasticity. At the
risk of losing this quality we can easily generalize our
theory to a completely four-dimensional form. The
general rule is given by

Frvec - = M0 ()"t iy - - .F(iik---)’ (42)

when we note that F#» - is a singular tensor. Thus the
stress-energy tensor can be written as

TH = eutu’+P" | (43)

where P* is defined by the above rule.
Likewise, we can write expressions for #,,, ¥, and 8,,.
One can also easily show that v,, can be written as

Y v = GurtUulhy . (44)

Of particular interest is the Lie derivative of these
tensors with respect to the velocity vector u* which,
when expressed in (£,7) coordinates, is simply 9/dr.
For a second-order covariant tensor, the Lie derivative
has the form

oeu"/y.y=7yv;aua+7ﬂa“a;v+7avua:#' (45)
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Using Eq. (44), this becomes

LY =20, (46)
where

(47)

O = % (W00 w2, 02000, 10,0, 1)

is normally called the rate-of-strain tensor.!? One can
also show that

£.8,,=0. (48)
Thus, we have the relationship
Lollyy =0y, . (49)

An interesting form of ¢,, can be obtained by applying
the rule of Eq. (42) to Eq. (39). Simplifying the result,
we get

Loty =7u1* (Ue; 5+ 15;0) (50)
where we identify the right-hand side as another form
for the rate-of-strain tensor.

IV. (3+1) FORM
A. Classical Theory

The equation of motion, Eq. (9), of classical elasticity
theory uses the concept of an acceleration a of the
displacement u. These equations are displeasing in the
sense that since the v;; determine a complete intrinsic
description of the body, it should be possible to recast
the dynamics entirely in terms of time derivatives of v;.
In fact, since general relativity does not, in general,
admit quantities like absolute displacements in space,
it is absolutely necessary that we remove this quantity
from the classical theory if we are to make a good com-
parison of it to the relativistic theory.

Consider the velocity vector

1)K=7)K=yK,0, (51)
given in Cartesian coordinates. The velocity in the
intrinsic coordinates is given by the transformation
(52)

v, =yX k.

Taking the time derivative of Eq. (52) and inter-
changing order of partial derivatives, we get

v5,0=y% ax+vkv¥ 5, (33)
where ax is the acceleration
a¥=ag=1%,. (54)
Denoting the scalar vgo® by 2, Eq. (53) can be written
as
az=vi,o—%v2,i. (55)

Next consider the time derivative of the metric
tensor 7y;;:
Yiso= (5,5 0. (56)

12N. Rosen, Phys. Rev. 71, 54 (1947); G. Salzman and A. Taub,
ibid. 95, 1659 (1954).
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By interchanging the order of partial derivatives and
using the transformation [Eq. (52)], we easily obtain

Vi, 0=0;,iF0i j—205yK ;. (S7)
The last term of (57) can be rewritten as
205K i =20'y5 195 ;. (58)

Using the definition of the metric tensor of Eq. (6),
Eq. (58) can be rearranged to the form

208yK =y, ityig,i—vii0) - (59)
However, this is recognized to be
Z'I)KyK,ijZZ’UlFZ,ij y (60)

where T';,;; is the familiar Christoffel symbol. Thus
Eq. (57) becomes simply, in terms of covariant
derivatives,

Yi5,0 =i V55 (61)
Using Eq. (53), Eq. (9) becomes
pvi,0=3pV% i —Plij;—pd ;. (62)

We can regard Eqs. (61) and (62) as giving us the
equations of motion of the metric tensor v;;. Viewing
things in this manner, the introduction of a displace-
ment (which is not a vector in the sense of its trans-
formation properties) is no longer necessary and,
furthermore, the original definition of the metric tensor
[Eq. (6)]is not even needed. It is also evident from the
derivation of Eq. (61) that this equation guarantees
that if ;; is initially flat-(as indeed it must be to describe
a three-dimensional flat space), then it will remain flat
as it evolves in time.

B. Relativistic Theory

The four-dimensional metric g,, of general relativity
can be decomposed into the space-plus-time (3+1)
form?®

ds?=gidEidEi+ 2N dEidi— (N2— NN, (63)

where we have picked the three space coordinates to be
the Lagrangian coordinates &. Here gi; and N; are
considered to be three-dimensional tensors and their
indices are raised and lowered by the metric g;. The
symbol (||) will mean a covariant derivative in this
three-space using the metric gi;. The Einstein field
equations can then be written as the dynamic equations

gii.0=Nu+Nji—2NKij, (64)
Kijo=NRi;+NKK;;—2NK K" — N, jij+K ;1N
+KalNYj+KaNYi—8rGN(Tii—3Tgi;), (65)
and the initial-value equations
(K% —%8%:K) 11 =87GT 4i=87wGn,T";, (66)
RA-K2— Ki,K*;= 167G T yy=16xGn,m, T . (67)
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The n, is the unit vector normal to the {=const surfaces.
The K;; is a curvature quantity called the second
fundamental form of the #=const surfaces. All notation
refers to three-dimensional quantities unless otherwise
indicated. We also need the equations of motion,

Tw,=0, (68)

which we leave in ordinary four-dimensional notation.

Flat-Space Metric

The four-dimensional flat-space metric of special
relativity is given by

ds?=dy¥dyX —ds?. (69)

Transforming these Cartesian space coordinates to the
intrinsic space coordinates, this becomes

ds?=ry ;dEdEi+20dEidi— (1—0?)de2. (70)

The ~v;; and v; are the same quantities defined earlier,
but now they are both regarded as components of a
four-dimensional metric g,,. Next we look at the rela-
tivistic equations (64)-(68) for this metric. It is clear
that R;;=0 since the three-dimensional subspace is flat.
Also, K;;=0 since the {=const surfaces are flat hyper-
surfaces imbedded in flat four-space. The result is that

Eq. (64) becomes
Yii,0="2i1;+j4, (71)

which is identical to Eq. (61). The metric of Eq. (69)
corresponds to the condition that G=0. Thus Eq. (65)
becomes

Nyij=0, (72)

which is true since N=1. For Egs. (66) and (67), we get
the simple results that both sides are identically zero.
Upon expanding Eq. (68), we get as the lowest-order
terms

(73)

which is identical to Eq. (62) when no gravitational
field is present. Thus by using the flat-space metric plus
the general relativistic elastic theory, we have obtained
all the equations of classical elastic theory written in
tensor form.

pYi0=3pv%—P%,

Newtonian Metric

The weak-field (Newtonian limit) form of the metric
is given by!3

ds?=(1—2¢)dyXdy% — (14-2¢)d22, (74)

where ¢ is the ordinary Newtonian gravitational poten-
tial. This metric is obtained by picking quasi-Cartesian
coordinates x* which satisfy the harmonic condition
and by neglecting all time derivatives. Transforming to

B L. Landau and E. Lifshitz, The Classical Theory of Fields
(Addison-Wesley Publishing Co., Inc., Reading, Mass., 1951),
Sec. 11-11.
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the intrinsic coordinates, we get
ds?=(1—2¢)yy,dE'de'+2v,dgidt — (142 —v2)de2, (75)

where only the ¢ coordinate still satisfies the harmonic
condition #*#,=0. In studying the Newtonian limit of
the Einstein equations, we will keep terms only up to
order v2. The potential ¢ is of order v and Gp is also of
order 92 since it is given by spatial derivatives of ¢. The
terms of the stress-energy tensor are of the order

(76)

For the diagonal form of the metric [Eq. (74)], the
second fundamental form is given by Kip=-%gas,0
=—¢,0045. However, time derivatives introduce
another order of v, so that the K45 are of the order %
It follows that the transformed K;; are also of the
order 9% Using this result plus the fact that
g:;=(1—2¢)v,; differs from v;; only by an order v%, we
find that for the metric of Eq. (75), Eq. (64) again
reduces to

Too'\’p, Toi"\/pv y Tij’\fp'l)z.

an

(where the subscript continues to mean a covariant
derivative using the metric v;;). The R;; is also of order
22, s0 Eq. (65) becomes

Rij —]\7| ij+4ﬂ'GT’)’i]‘ =0.

Vi5,0=ViH0js

u’n

(78)

Equation (66) has all terms of order v* and so has no
Newtonian limit. Equation (67) becomes simply

R=167GT . (79)
For two metrics related conformally by
8ii=€"gij, (80)

Eisenhart!* gives the following relationship between
their curvatures:

Rij=Rij—oyi+ou0;—Zii(0*topol®),  (81)
R=e"2[R—401i;— 201,017, (82)

where all the quantities on the right-hand side refer to
the metric g;;. Letting g;;=+.j, c= —¢, and linearizing
in ¢, Egs. (80)-(82) reduce, respectively, to

gii=(1—2¢)v4, (83)
Rij=Rij+¢i+vi0 ks (84)
R=(142¢)R+4¢';. (83)

Thus using the fact that =0 (since v; is a flat metric)
and the approximation for T'g given by the first of
Egs. (76), Eq. (79) becomes the potential equation for ¢:

¢lij;=4rGp. (86)
Returning to Eq. (78) and using Egs. (84), (86), and

41, P, Eisenhart, Riemannian Geometry (Princeton University
Press, Princeton, N. J., 1926). See especially p. 90, where the R
and R;; are defined with a sign opposite to that of ours.
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the approximate relationship 7'=—p, we see that it
becomes simply

é155;—Nyi;=0, (87)

which is satisfied by our metric (75), in which ¥ =14¢
within our approximations. Expanding Eq. (68) again
and keeping only lowest-order terms, we get

(88)

Thus the metric of Eq. (75) has given us all the equa-
tions of classical elasticity theory plus Newtonian
gravity written in tensor form. Finally, using the

equation
0= 1/ =)V —8)8") . (89)

we see that for the metric of Eq. (74) this is of order »*
and so we verify that the ¢ used does obey the harmonic
condition. We also note that another coordinate condi-
tion which requires that the ¢=const surfaces be
minimal surfaces and is expressed by K =0 is also
satisfied here since K;; is of order v°.

pvi,0=p3(0%) i —vi; P e —p,i.

V. DISCUSSION

In this paper we have developed a relativistic
elasticity theory in which the concept of strain is de-
fined in exactly the same manner as in classical elas-
ticity theory. Opposing this viewpoint, the works of
Synge and Bennoun are based on the idea that the
classical concept of strain cannot be carried over into
general relativity, the reasoning being that it is neces-
sary to know what the unstrained or “natural” state of
the elastic body is and that it is hard to see how a
“natural” state can exist since gravity is always
operative. This reasoning is in error. It is true that
gravity cannot be turned off for the whole elastic body.
However, strain is actually a microscopic quantity in
elasticity theory. As such, gravity can essentially be
be turned for each microscopic portion of the body if we
simply imagine removing that small portion of the body
to a distant point where it is free from all stresses. There
we can see what the “natural” state, i.e., shape, of this
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infinitesimal piece of elastic material is. Thus we agree
there is no natural state for the body, but there is for
the material of the body. The theories of Synge and
Bennoun resort to the concept of “rate of strain” in
order to circumvent the apparent difficulty. Thus their
ideas are of some use in discussing dynamical problems,
but have nothing to say about static problems. As an
example, if we were to use a given elastic material to
build a large, static body in space, their equations could
not describe the final state of the constructed body or
its gravitational field, though they may be able to say
something about how it might vibrate.

Rayner’s work does include a measure of the strain
which he accomplishes by introducing a tensor g°,
which refers to the “natural” state of the dody. Thus
his 2%, is somehow analogous to our four-dimensional
B, but is not well defined and is somewhat arbitrary.
The tensor 2°, is claimed to describe a rigid-body
motion of the body in the Born sense. Our tensor 8,,, or
more specifically B;;, does not describe the body at all,
but merely the basic undeformed material of which the
body is made.

If the weak-field or Newtonian limit is taken of any
of these other theories, they do not reduce to the
common classical elasticity theory. This is an unde-
sirable quality. Whereas we have seen that by expressing
both classical elasticity theory and the relativistic
theory presented here in (341) form, the weak-field
limit of the relativistic theory immediately yields the
classical theory.

We should also mention that these earlier theories
immediately specialize to the case where a Hooke’s
type of law (Rayner) or a variation of it (Synge,
Bennoun) is assumed. In general, this is not a valid
assumption for most elastic materials except in the
approximations of small strains or small variations in
strain.
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