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α-cluster structure above double closed shells
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Spectra, reduced electromagnetic B(E2) transition strengths, mean-square charge radii and, for those states
above the emission threshold, α-decay widths are calculated by using a local potential cluster model for the
ground state Kπ = 0+ and first-excited Kπ = 0− bands of 20Ne, 44Ti, 94Mo, 104Te, and 136Te. These nuclei are all
modeled as α-particles outside double-closed-shell core. The nuclear cluster-core potential is taken as a mixture
of Saxon-Woods and cubed Saxon-Woods terms whose depths, radii, and diffuseness parameters are determined
by the double folding Michigan-3-Yukawa potential model. Generally good agreement with experimental data
is obtained without the introduction of effective charges, and predictions are made for many as yet unmeasured
quantities in the two Te isotopes.
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I. INTRODUCTION

Many nuclear structure models have been put forward
to describe the complex and ever-increasing experimental
nuclear data from the fundamental investigations of nucleonic
behavior and excitations. The widely accepted and success-
ful shell-model techniques, however, even with present-day
computational power, cannot handle a sufficiently large basis
to adequately account for the clustering correlation and its
experimental signatures; namely, the spatial localization of
clusters evidenced by the observed inversion doublets, large
cluster decay width, selective excitations of the cluster states,
and the electric monopole transitions between the excited 0+
state and the ground state of some light nuclei [1–7]. The
shortcomings of the existing sophisticated mean-field models,
largely due to computational limitations, contributes to the
continued interest in the development of the nuclear cluster
models in addition to shell-model techniques, so that the two
approaches complement one another. The nonlocal resonat-
ing group method (RGM), the generator coordinate method
(GCM), and the antisymmetrized molecular dynamics (AMD)
are some of the microscopic cluster models that fully consider
the nucleon antisymmetrization between the clusters. More
recently, a shell-model technique has been advanced to obtain
clustering spectroscopic information from the overlap of large
shell-model configurations in a harmonic-oscillator basis [8].
These models are found successfully to describe the clustering
properties of light nuclei. They are, however, characterized by
attendant computational difficulties when extending them to
heavy nuclei.

*Deceased.

The local potential cluster model, a simplified form of the
RGM technique [2,9], has been used by several authors to
describe the properties of light and heavy nuclei. The model
treats a nucleus as a two-cluster system interacting through a
deep local potential. The intercluster interaction is assumed
to be weak compared with the interactions within the clusters
so that the relative motion between the clusters becomes the
dominant nuclear motion of the nucleus. Central to the model
is therefore the choice of the local interaction which can be
used to describe the bound and quasibound state properties of
the parent nucleus and can also serve as the real component
of the optical potential to describe the scattering properties
of the clusters [10,11]. The interaction may either be a phe-
nomenological potential with free parameters or nuclear den-
sities folded with effective nucleon-nucleon (NN ) interactions
depending on the degree of simplification with respect to the
fundamental NN interaction. With an appropriate interaction
the model naturally generates the ground and excited bands
(and from the associated wave functions their respective prop-
erties) of a nucleus. We previously used a local interaction
which combines the best features of a Saxon-Woods form
and a microscopic Michigan-3-Yukawa (M3Y) interaction to
investigate the properties of heavy nuclei [12,13]. A natural
extension of our earlier works is to investigate the light nuclei
with well-established α-cluster structure. In the present work,
motivated by recent experimental measurements [14–16], the
properties of the α-cluster states in 20Ne, 44Ti, 94Mo, and
104,136Te are studied by using the improved hybrid poten-
tial derived from the M3Y interaction. These nuclei, each
described as an α-particle–double-closed-shell-core system,
provide excellent fertile ground for systematic investigation
of nuclear α-clustering in light- and medium-mass nuclei.
The observation of the predicted Kπ = 0− negative-parity
partner of the Kπ = 0+ ground band in 44Ti is indicative of the
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successes of the local potential approach and of the α-cluster
structure of that nucleus [15,17–22]. It is expected that similar
partner bands will exist in heavier nuclei with the α-particle–
double-closed-shell-core structure. The investigation of the
negative-parity bands, especially in 94Mo and 136Te, that are
yet to be measured is of considerable interest.

The previously used (SW + SW3) model has consistently
generated an underbound 0+ ground state which was at-
tributed to the internal structure of the potential model [23].
Recently we considered an additional interaction which was
chosen to account for the possible overlap between the core-
cluster system. The overlap was found to be more pronounced
in the α-cluster structure of 212Po compared with that inferred
for the exotic cluster structure of heavier actinide nuclei. It
would be interesting to determine whether similar findings
also hold for the lighter α-particle–double-closed-shell-core
systems.

II. MODEL FORMALISM

The physically appealing and intuitive local potential
model treats a nucleus as a spatially separated unexcited core
and α-cluster system such that the properties of the nucleus
are given by the Schrödinger wave equation(

− h̄2

2μ
∇2 + V (r)

)
|n, l, m〉 = Enl |n, l, m〉, (1)

which describes their relative motion. The potential V (r)
describes the interaction between the α-particle and the core
nuclei in a single channel. It is taken as the sum of the strong
nuclear and Coulomb interactions. The bound and quasibound
state wave functions |n, l, m〉 and the associated energies Enl

are then taken to describe the α-cluster states of the parent
nucleus. Clearly, at the heart of the problem is the interaction
V (r) which needs to be appropriately defined. Following our
earlier works [12,13], we take the nuclear interaction as a
Saxon-Woods (SW + SW3) function of the form

VN (r, R) = −Vo

[
x

1+ exp
(

r−R
a

) + 1 − x[
1+ exp

(
r−R
3a

)]3

]
, (2)

which has been successfully used to describe the alpha and
exotic cluster states in heavy nuclei [10,24,25]. Values of the
strength Vo, the radius R, the diffuseness a, and the mix-
ing parameter x are determined by using the double-folding
Michigan-3-Yukawa potential model,

VN (r) = λ

∫∫
ρc(r1)ρα (r2)[v(r12) + Ĵ00(E ′)δ(r12)]dr1dr2,

(3)

where λ is the renormalization factor, ρc(r1) and ρα (r2) are
the core and the alpha-particle nuclear densities. The nucleon-
nucleon (NN ) interaction v(r12) is taken as the effective
density-independent M3Y interaction:

v(r12) = 7999
exp(−4r12)

4r12
− 2134

exp(−2.5r12)

2.5r12
, (4)

and the zero-range pseudopotential

Ĵ00(E ′)δ(r12) = −276(1 − 0.005E ′/A2)δ(r12), (5)

accounts for the exchange interaction. The energy E ′ is given
by the α-particle–core threshold energy, and A2 is the mass
number of the α-cluster.

We take the Coulomb interaction as that of a point cluster
interacting with a uniformly charged spherical core,

VC (r) = Z1Z2e2

r
if r � RC

= Z1Z2e2

2RC

(
3 −

∣∣∣ r

RC

∣∣∣2
)

if r � RC,

(6)

with quantities Z1 and Z2 being the charge numbers of the
core and the α-cluster, and where the Coulomb radius RC is
assumed to be equal to the nuclear radius R to minimize the
number of free model parameters.

The parameters of the interaction in Eq. (2) are determined
following the procedure outlined in Ref. [13] with the best
parameter set determined by using the mean-square energy
deviation as the goodness-of-fit criterion:

S2 =
∑

l

(
E expt

nl − E calc
nl

)2

N
, (7)

where N is the number of cluster-state energies used in the
minimization procedure. We used the Wildermuth rule G =∑

i=1(2ni + li ) − g to ensure that the nucleons of the core and
of the cluster do not occupy the same states. The quantum
numbers ni and li are simply the number of interior nodes of
the radial wave function and the orbital angular momentum
of the cluster nucleons, while g is the number of quanta
taken up by the cluster internal motion. This condition (and
of course the calculation of the cluster-state energies) can
easily be implemented by using the Bohr-Sommerfeld integral
[10,12,24,25].

The nuclear electromagnetic properties are generally
known to provide stringent tests of nuclear model predictions
due to their dependence on the state wave functions. For this
purpose the α-core relative motion wave functions are used
to evaluate the in-band reduced quadrupole transition (� = 2)
probabilities whose general form is

B(E�; li −→ l f ) =
(

l̂ f

l̂i

)2

|〈n, l f ||β�r�Y�||n, li〉|2, (8)

where l̂ is
√

2l + 1, Y� is a spherical harmonic with multipole
�, and the factor β� is given by

β� =
[

Z1

(−A2

A

)�

+ Z2

(
A1

A

)�
]
, (9)

with A1 and A2 being the core and the α-cluster mass numbers,
respectively.

The degree of clustering and the possible overlap of a core-
cluster system may also be deduced from the mean-square
cluster-core separation

〈r2〉 =
∫ ∞

0
ψ∗

L (r)r2ψL(r)dr, (10)

064332-2



α-CLUSTER STRUCTURE ABOVE DOUBLE CLOSED SHELLS PHYSICAL REVIEW C 99, 064332 (2019)

TABLE I. The best-fit parameter values of the (SW + SW3)
interaction for the α-core system of 20Ne, 44Ti, 94Mo, and 136Te
nuclei.

Nucleus Vo (MeV) R (fm) a (fm) x G S2

20Ne 242.30 3.094 0.688 0.31 8 2.77 × 10−1

44Ti 235.09 3.960 0.770 0.51 12 4.19 × 10−1

94Mo 240.98 5.230 0.759 0.46 16 5.81 × 10−2

136Te 244.98 5.822 0.751 0.43 18 1.54 × 10−2

and the charge radius

〈R2〉 = 1

Z
[Z1〈r2〉c + Z2〈r2〉α + β2〈r2〉], (11)

of the parent nucleus. Here 〈r2〉c and 〈r2〉α are the mean-
square charge radii of the core and the α-cluster, respectively.

III. RESULTS AND DISCUSSION

A. Potential parameters

For our purpose the density distributions are taken from the
experimental parametrization of elastic-scattering data [26].
The three-parameter Fermi (3pF) function

ρc(r1) = ρo
(
1 + wr2

1/c2
)

1 + exp
( r1−c

a

) , (12)

with w = −0.051, c = 2.608 fm, and a = 0.513 fm, is used
for the 16O core and, w = −0.161, c = 3.766 fm, and a =
0.586 fm are used for the 40Ca core nucleus. Similarly, the
three-parameter Gaussian (3pG) model

ρc(r1) = ρo
(
1 + wr2

1/c2
)

1 + exp
( r2

1 −c2

a2

) , (13)

with w = −0.350, c = 4.434 fm, and a = 2.528 fm is taken
for 90Zr. However, due to the unavailability of similar experi-
mental data for 132Sn, we use the general two-parameter Fermi
model,

ρc(r1) = ρo

1 + exp
( r1−c

a

) , (14)

whose radius is taken to be c = 1.07A1/3
1 and the diffuseness

a = 0.54 fm. For each of the density distributions, the central
density ρo is obtained by normalizing the densities to the
respective mass numbers A1 of the core nuclei. The Gaussian
density distribution

ρα (r2) = 0.4299 exp
( − 0.7024r2

2

)
(15)

is used for the α-cluster density ρα (r2).
The hybrid potential parameters obtained from fits to the

surface part of the M3Y interaction are presented in Table I
with their respective optimization parameters S2. The poten-
tial depths are seen to scale approximately as Vo ∼ 60A2 MeV.
The range of values deduced for the reduced radius ro =
1.12–1.15 fm is consistent with the widely accepted range
ro = 1.10–1.25 fm, but tighter.

B. α-cluster states

The α-cluster states of light nuclei are mostly populated
by using resonance alpha-particle scattering, alpha-transfer
reactions such as the (6Li, d ) reaction as well as the angle
correlation (7Li, tα) reactions for highly excited cluster states
[4,15,20,21]. The states are generally known to be character-
ized by a relatively large α-decay width and enhanced electro-
magnetic B(E2) transition probabilities. The quasirotational
nature of the yrast bands in these nuclei is well established.

1. 20Ne

Several experimental efforts have reconfirmed the afore-
mentioned properties with improved data, especially for the
most easily accessible 20Ne and 44Ti nuclear cluster states
[14,15,21]. For 20Ne the decay threshold is 4.729 MeV with
the lowest 0+, 2+, and 4+ states bound against α decay.
The 6+ and 8+ of the ground band, together with the lowest
excited negative-parity band, are quasibound with significant
α-decay width. The ground-state band is characterized with
appreciable measured quadrupole transition strengths. Their
decay widths and transition strengths are, however, found to
be small compared with those of the Kπ = 0− negative-parity
band with bandhead placed at 5.788 MeV. The single-particle
approach and even advanced shell-model techniques cannot
explain the observed doublet structure of 20Ne [14]. The
cluster model on the other hand provides a natural interpre-
tation of these observed properties. The results of the present
calculations for 20Ne are compared with the experimental data
in Table II. The energy structure of both the positive- and
negative-parity bands is satisfactorily reproduced except for
the slight upward shift of the calculated negative-parity band.
Our calculation also underbinds the 0+ head of the ground-
state band. This is interpreted as a shortcoming of the interac-
tion in the interior [23]. The order of magnitude and the trend
of our calculated transition strengths are consistent with the
measured values. The predicted values for the negative-parity
band show strongly enhanced B(E2) transition strengths, an
order of magnitude larger than those of the positive-parity
band. We emphasize here that the B(E2; li −→ l f ) have been
calculated without the use of an effective charge as in the
shell-model approach. Following Refs. [10,23] we evaluate
the complex energy solution of the Schrödinger wave equation
using the code GAMOW [27]. The calculated α-decay widths,
based on the corresponding experimental excitation energies,
are compared with the experimental widths in Table II. The
results are also seen to agree with previously predicted values
for both the positive- and negative-parity bands [10,23,28].
The mean-square separations deduced for the positive-parity
band are seen to decrease with increasing angular momentum.
This can be understood from the wave functions in Fig. 1.
We see that the surface extension and the peak position at the
surface decreases with increasing angular momentum, which
is the centrifugal antistretching effect. This phenomenon is
also seen in the trend obtained for the negative-parity band
in which the value of the mean separation peaks for the
5− state. This is an interesting instance of the antistretching
effect, only setting in halfway up the band, at higher spin. The
corresponding wave functions in Fig. 2 show a 5− state with
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TABLE II. The measured and calculated energy levels, the reduced transition strengths B(E2↓), and the α-decay widths 
α of 20Ne. The
last column indicates the mean-square separation of the α-core system.

Energy (MeV) Quadrupole transition (e2 fm4) Decay widths (keV) Mean-square separation

Jπ Eexpt Ecalc B(E2↓)expt B(E2↓)calc 
expt
α 
calc

α 〈r2〉calc (fm2)

0+ 0.000 (0.357) 15.107
2+ 1.634 1.633 65.5 ± 3.2 46.0 15.008
4+ 4.248 4.184 70.9 ± 6.5 59.6 14.396
6+ 8.776 7.883 64.4 ± 9.7 49.0 0.11 ± 0.02 0.57 13.037
8+ 11.951 12.625 29.1 ± 4.2 25.5 0.035 ± 0.010 0.37 10.969
1− 5.788 6.777 0.028 ± 0.003 0.034 29.216
3− 7.156 8.594 164 ± 26 248.2 8.2 ± 0.3 12.7 33.469
5− 10.262 11.770 409.0 145 ± 40 199 43.297
7− 15.366 16.037 499.3 110 ± 10 561 36.898
9− 22.870 21.616 118.1 225 ± 40 590 17.555

a well-extended surface and larger peak radius compared with
those of the neighboring 3− and 7− states. The cluster-core
separations for the 0+ and 8+ states are found to be 88%
and 75% of the total experimental charge radii, implying a
more compact cluster structure for the ground state and an
undesirable overlap in the band-terminating 8+ state [19,29].
The larger mean separations obtained for the negative-parity
band, on the other hand, are indicative of a more-well-formed
α-cluster structure. We find that the root-mean-square (rms)
charge radii are weakly dependent on the angular momentum
i.e., nearly constant at a value ∼3.0 fm. The calculated 20Ne
charge-radius values are determined by using the charge radii
of 2.730 ± 0.025 and 1.676 ± 0.008 fm for the 16O core and
the α cluster, respectively [26]. Our calculated value for the
20Ne ground-state charge radius 〈R2〉1/2 = 2.990 fm is to be
compared with 2.992 ± 0.008 fm deduced from the three-
parameter Fermi model in Ref. [26]. In agreement with earlier
works the results for all the observables suggest the existence
and possible admixture of more complicated configurations,
possibly a two-α-cluster system [6] together with mean-field
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FIG. 1. Relative motion wave functions for the 16O plus α-cluster
system with angular momenta J = 4, 6, 8 represented by solid, long-
dashed, and short-dashed lines, respectively.

configurations [28], in addition to the single-α-cluster struc-
ture for the ground-state band.

2. 44Ti

The experimental investigations of the α-cluster structure
in 44Ti has been fairly successful. The currently accepted
data on the ground-state band indicate bound 0+, 2+, 4+,
and 6+ states while the 8+, 10+, and 12+ states are above
the α-decay threshold. The debate on the lowest nodal band
associated with an α-cluster structure has been put to rest by
the experimental observation of the negative-parity partner of
the ground-state band [20–22]. The existence of the lowest
negative-parity band has recently been reconfirmed and ex-
tended to the Jπ = 7− state by Fukada et al. [15]. However,
unlike the positive-parity band in which the electromagnetic
strength has been measured, the electromagnetic properties
of the negative-parity partner band are yet to be measured. It
would therefore be a worthwhile exercise to search for the ex-
istence of the remaining negative-parity band members, up to
the predicted Jπ = 13− state, with a view to measuring their
respective lifetimes. On the other hand various theoretical
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FIG. 2. Same as in Fig. 1 but for angular momenta J = 3,
5, 7 represented by solid, long-dashed, and short-dashed lines,
respectively.
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TABLE III. The measured and calculated energy levels, the reduced transition strengths B(E2↓), and the α-decay widths 
α of 44Ti. The
last column indicates the mean-square separation of the α-core system. The core charge radius of 3.482 ± 0.025 fm is used. Experimental data
are taken from Refs. [15,26,33].

Energy (MeV) Quadrupole transition (e2 fm4) Decay widths (keV) Mean-square separation

Jπ Eexpt Ecalc B(E2↓)expt B(E2↓)calc 
calc
α [10] 
calc

α 〈r2〉calc (fm2)

0+ 0.000 (0.621) 19.491
2+ 1.083 1.184 120 ± 37 98 19.293
4+ 2.454 2.265 277 ± 55 130 18.724
6+ 4.015 3.744 157 ± 28 122 17.783
8+ 6.509 5.500 >14 96 �0.001 0.019 16.550
10+ 7.671 7.380 138 ± 28 63 �0.001 ∼10−4 15.176
12+ 8.039 9.191 <60 30 �0.001 1.2 × 10−3 13.820
1− 6.220 7.560 �0.001 ∼10−4 26.689
3− 7.340 8.507 233 �0.001 ∼10−4 26.163
5− 9.400 10.074 248 0.039 0.017 24.918
7− 11.950 12.195 215 0.454 0.606 22.909
9− 14.766 157 0.995 1.086 20.358
11− 17.605 94 0.446 0.311 17.726
13− 20.459 40 0.037 0.020 15.412

investigations have been performed to explain the α-cluster
states of 44Ti and their properties. Most of these calculations
have satisfactorily reproduced the yrast band properties and
predicted the unknown negative-parity states together with
their transition probabilities as well as the α-40Ca cluster-core
separations to validate the α-cluster picture of the nucleus
44Ti [18,19,30–32]. In fact Ref. [30] successfully considered a
unified treatment of the low- and high-energy α-cluster bands
within the excited-core plus α-cluster formalism.

In the present work the energy levels for both the positive-
and the negative-parity bands have been satisfactorily repro-
duced except for the underbound 0+ state, similar to the situa-
tion in 20Ne (see Table III). The predicted 1− and 3− states are
also seen to be approximately 1 MeV above their experimental
counterparts. The agreement between the calculated and the
experimental reduced B(E2) transition probabilities for the
positive-parity band is also good save the 4+ and 10+ states
that are a factor of ∼2 away from the experimental values. We
predict strongly enhanced probabilities for the negative-parity
band which follows the expected trend and favors a core-
cluster system with increasing compactness as the angular-
momentum increases. In Fig. 3 we compare our results with
those from previous calculations that employed the folding
interactions [19] and a modified phenomenological Saxon–
Wood interaction [17]. As can be seen from the figure all the
theoretical calculations predict similar trends with strongly
enhanced 5− −→ 3− transitions. Our results (solid line) are
found generally to lie between those of the zero-range and
finite-range folding interaction of Merchant et al. [19], thus
giving us some level of confidence in our predictions. The
decay widths are compared with those of Ref. [10] in the sixth
and seventh columns of Table III. For the 9−, 11−, and 13−
states we use the predicted excitation energies to determine
their respective widths. The predicted excitation energies (and
decay widths) for these states, using a fixed radius of 3.96028
fm appropriate for reproducing the experimental energy for

the 7− state with the code GAMOW, are respectively 14.479
MeV (0.688 keV), 17.273 MeV (0.206 keV), and 20.102
MeV (0.02 keV). Our calculated cluster-core separation and
consequently the rms charge radii are seen to decrease with
increasing angular momentum. The same holds for the excited
negative-parity band where we obtain larger values, consistent
with the requirement of nonoverlapping cluster systems. The
predicted ground-state rms charge radius of 3.590 fm com-
pares favorably with 3.6115 ± 0.0051 fm quoted in Ref. [34].
The ratio of the cluster-core separations to the rms charge radii
for 44Ti is found to range from 86% for the ground state to
72% for the 12+ state showing a similar implied α-cluster
trend as for the 20Ne nucleus.
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FIG. 3. Plots of the predicted B(E2↓) against the angular mo-
mentum using the modified Saxon-Woods interaction (MSW) [17],
finite-range folding interaction (FR) [19], hybrid potential of the
present work (HP), and zero-range folding interaction (ZR) [19].
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TABLE IV. The measured and calculated energy levels, the reduced transition strengths B(E2↓), and the α-decay widths 
α of 94Mo. The
last column indicates the mean-square separation of the α-core system. The core charge radius of 4.28 ± 0.02 fm is used. Experimental data
are taken from Refs. [26,36].

Energy (MeV) Quadrupole transition (e2 fm4) Decay widths (keV) Mean-square separation

Jπ Eexpt Ecalc B(E2↓)expt B(E2↓)calc 
calc
α 〈r2〉calc (fm2)

0+ 0.000 (0.484) 25.751
2+ 0.871 0.805 406 ± 10 190.0 25.589
4+ 1.574 1.387 660 ± 101 258.5 25.155
6+ 2.423 2.138 258.8 ∼10−4 24.461
8+ 2.956 2.967 0.124 ± 0.020 232.7 1.8 × 10−3 23.565
10+ 3.897 3.759 191.7 1.2 × 10−3 22.558
12+ 4.192 4.372 143.1 ∼10−4 21.552
14+ 4.629 92.3 20.650
16+ 4.329 19.941
1− 1.393 27.039
3− 2.534 1.881 266 26.733
5− 2.611 2.610 293 3.4 × 10−3 26.139
7− 3.368 3.500 280 4.4 × 10−3 25.284
9− 4.097 4.460 244 8.0 × 10−3 24.239
11− 4.750 5.370 197 3.2 × 10−3 23.108
13− 5.734 6.082 145 1.4 × 10−3 22.005

3. 94Mo

Earlier investigation of the quasibound states and the
scattering properties of the α-90Zr system suggested an α-
cluster structure interpretation of the yrast band of 94Mo
nucleus [11,23,29]. The persistency of the cluster structure
in the N = 52 isotones, of which 94Mo is a member, was
discussed in Ref. [35]. These studies successfully predicted
the state excitation energies and the enhanced B(E2) transi-
tion probabilities currently known between the lowest states,
using a global quantum number G = 16. Good predictions
for the lowest E2 transitions were, in particular, given by
the density-dependent double-folding interaction [29]. The
experimental search for the negative-parity partners of the
K = 0+ band, the existence of which was predicted based
on the α-cluster systematics of lighter nuclei, were not suc-
cessful. The data obtained via the (6Li, d ) reaction were
reported to have been contaminated with a huge background
[21]. Table IV compares the calculated observables with the
available corresponding data for 94Mo. The energies of the
0+, 2+, and 4+ states are predicted below the α-breakup
threshold (2.067 MeV), in agreement with the experimental
data. The shortcomings of the interaction in the interior are
also evinced by the underbinding of the 0+ ground state, as
is also found in the lighter nuclei. It is, however, difficult to
comment definitively on the character of the 16+ state placed
below the 12+ state by the calculation due to our inability
to predict the absolute experimental energies and the paucity
of the data. We note that a similar inversion predicted for
the 212Po nucleus was used to explain the missing 16+ in its
ground band. This position was supported by the observed
18+ isomeric state and its electromagnetic decay systematics
[10]. In analogy with the situation in 212Po however, we may
posit that a similar inversion could exist in 94Mo which then
accounts for the unobserved 14+ and 16+ states, as would be

expected from the model prediction and the observations in
light nuclei. The calculated B(E2) transition strength for 94Mo
is typically a factor ∼2–3 away from the observed values. This
may be understood from the surface character of the wave
function, which is not as stretched as was found in the ear-
lier work which employs the double-folding interaction [29].
Members of the positive-parity band were also experimentally
indicated to decay via magnetic octupole M3 as well as
with electric-quadrupole E2 transitions. The weak measured
B(E2) transition strength of the 8+ state, which may be taken
as a result of the competition between the M3 and the two
E2 transitions to the 6+ states at 2.423 MeV and 2.872 MeV,
disagrees with the model prediction. The rms charge radius
〈R2〉1/2 = 4.330 fm obtained for the ground state is found
to agree with the measured value 4.334 ± 0.016 fm listed
in Ref. [26].

The systematics of the negative-parity partner bandhead
in the lighter nuclei, especially in 20Ne and 44Ti, suggest
a bandhead ∼1 MeV above the threshold. For 94Mo, the
negative-parity bandhead may thus be expected to exist a
little above the α-emission threshold and possibly close to
the 8+ state. The available data, however, show a tentative
negative-parity band for which we take the lowest observed
3− state below the threshold as a band member. With the
potential parameters in Table I, the negative-parity bandhead
is calculated at ∼7 MeV which, although it agrees with earlier
predictions [21,35], clearly disagrees with the observed data.
This seems to suggest that members of the negative-parity
partner band are yet to be found if the band exists at all, or that
the α-cluster structure in the 94Mo nucleus is different from
that in the lighter nuclei. Adopting a parity-dependent poten-
tial such that the depth parameter Vo is increased by ≈7.5%
(Vo = 259.02 MeV) so as to reproduce the 5− quasibound
state, the energies generated with the new depth are displayed
in Table IV.
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TABLE V. The calculated energy levels, the reduced transition strengths B(E2↓), and the calculated α-decay widths 
α of 104Te. The last
columns is the mean-square separation of the α-core system. Experimental data are taken from Refs. [16,34].

Energy (MeV) Quadrupole transition (e2fm4) Decay widths (keV) Mean-sq. separation

Jπ Ecalc Ecalc [38] B(E2↓)calc 
calc
α 〈r2〉calc (fm2)

0+ (−0.004) 0.000 2.317 × 10−14 27.702
2+ 0.354 0.649 223.5 1.508 × 10−13 27.502
4+ 1.027 1.385 304.6 1.992 × 10−12 27.002
6+ 1.926 2.211 304.9 1.627 × 10−11 26.185
8+ 2.962 3.123 273.8 4.440 × 10−11 25.118
10+ 4.022 4.115 224.9 2.981 × 10−11 23.915
12+ 4.959 5.189 167.3 3.900 × 10−12 22.717
14+ 5.588 6.377 107.6 6.875 × 10−14 21.654
16+ 5.695 7.742 50.6 7.398 × 10−17 20.841

Successive members of the excited negative-parity band
are seen to be connected by E2 transitions, except for the
5− and 3− states, although lifetimes could not be measured,
so their experimental B(E2) values are not available. These
negative-parity states are also observed to decay via E1 tran-
sitions to the positive-parity band members, except for the 9−
state. The 3− state is connected to the 2+ and 4+ states via
electric-dipole E1 transitions with observed strengths 5.062 ×
10−5 W.u. and 2.1 × 10−4 W.u., respectively. Although these
values are consistent with the observed very small E1s in
heavy nuclei suggesting approximate compliance with the no-
dipole condition ( Z1

A1
≈ Z2

A2
≈ Z

A ) as in earlier work [37]. The
expected ratio B(E1; Ji → Ji + 1)/B(E1; Ji → Ji − 1) ∼ 1,
consistent also with the observations in heavy nuclei, is, how-
ever, a factor of ∼4 smaller than the observed ratio. Clearly,
the cluster wave functions do not adequately account for the
relative strength. This may be taken to suggest the existence of
other nuclear structure effects. The calculated B(E2↓) values
are the same order of magnitude as for the positive-parity band
unlike those of the light nuclei. The decay widths are very
narrow and they are also comparable to those obtained for
the positive-parity band. These values are orders of magni-
tude smaller compared with those observed in 20Ne and the
predictions in 44Ti. The cluster-core separations are seen to
present similar magnitudes and trends for both the positive
and negative-parity bands with the ground-state value being
85% of the sum of charge radii of the cluster and core nuclei.

4. 104Te and 136Te

The tellurium nuclei 104,136Te can both be described as
an α-cluster outside the doubly magic cores 100,132Sn. These
optimal α-core systems are expected to exhibit the signatures
of α-cluster structure. However, the available experimental
data, apart from the recent α-decay measurement [16], is
nonexistent for 104Te and do not provide any immediate infor-
mation on possible α-cluster structure. Experimental searches
for the location and properties of these respective α-cluster
states would be highly desirable. Theoretical considerations
of these α-core systems also provide further motivation for
such experimental studies.

The correlation of the nucleons above the core in 104Te has
been shown to favor a substantial alpha-particle preformation

probability somewhat larger than that obtained for 212Po [16].
This was taken to suggest a superallowed character of the
alpha transitions in the nuclei [16,38,39]. The α-decay energy
and the half-life of the ground state as well as the possible
energy structure of the nucleus have also been discussed in
Refs. [38,39]. With potential parameters R = 5.342 MeV and
a = 0.747 fm obtained from a M3Y surface fit for x = 0.40,
the α-decay half-life T1/2 = 19.7 ns is deduced for the ground
state of the nucleus. In obtaining this result the potential
depth Vo = 60A2 and the α-decay energy E ′ = 5.1 ± 0.2 MeV
[16] have been used together with a preformation factor
P = 1. This half-life is to be compared with the recently
measured value T1/2 < 18 ns [16]. The estimated result is
also a factor of ∼4 from the prediction of Ref. [38] and the
same order of magnitude as the expected experimental result
according to the analysis of Ref. [39]. Considering that a
properly renormalized depth will be slightly different from
the estimated value, the agreement of the present calculation
with the measured value is improved by a reduction of the
potential depth by ∼1.5%. Table V contains the theoretical
ground-state band properties of the nucleus. The excitation
energies are compared with predictions from Ref. [38]. Both
the B(E2↓) and the mean-separation radii are seen to present
trends similar to those of other nuclei modeled as α-particle–
double-closed-shell-core systems. The decay widths deduced
semiclassically by using the predicted state energies show,
qualitatively, the superallowed decay character of the nucleus
with the 16+ state α-decay half-life of ≈6 μs. The estimated
ground-state charge radius 〈R2〉1/2 = 4.387 fm is obtained by
using the theoretical value 4.340 fm for the 100Sn core.

For the neutron-rich isotope 136Te, the protons and neu-
trons in the α-particle are distributed outside different shell
closures, similar to the widely studied 212Po nucleus. As seen
in Table VI the yrast band and the observed B(E2 : 2+ → 0+)
are satisfactorily reproduced. The calculated B(E2↓) for the
band is also compared with calculations of Ref. [40]. We
emphasize that these results are obtained without effective
charge. Thus, given the predicted probabilities and the trend
in the lighter nuclei modeled as α-particle–double-closed-
shell-core systems discussed earlier, there is the likelihood of
the excited states of 136Te being characterized with equally
large B(E2↓) values. The calculated ground-state charge ra-
dius 4.745 fm is to be compared with a measured value of
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TABLE VI. The measured and calculated energy levels, the reduced transition strengths B(E2↓), and the calculated α-decay widths 
α of
136Te. The last column is the mean-square separation of the α-core system. Experimental data are taken from Refs. [26,43].

Energy (MeV) Quadrupole transition (e2 fm4) Decay widths (keV) Mean-sq. sep.

Jπ Eexpt Ecalc B(E2↓)expt B(E2↓)calc B(E2↓)calc [40] 
calc
α 〈r2〉calc (fm2)

0+ 0.000 (0.180) 29.298
2+ 0.607 0.435 206 ± 30 251.5 286.6 6 × 10−4 29.148
4+ 1.030 0.896 345.9 399.4 28.757
6+ 1.383 1.490 353.2 416.1 28.137
8+ 2.132 2.150 328.5 396.9 8 × 10−4 27.335
10+ 2.792 2.794 285.4 355.5 1.6 × 10−3 26.425
12+ 3.187 3.320 231.4 298.8 25.500
14+ 3.720 3.600 172.1 232.2 8 × 10−4 25.655
16+ 3.480 23.983
18+ 3.380 23.575
1− 6.884 35.067
3− 7.313 457.7 34.634
5− 7.977 507.8 33.789
7− 8.816 487.9 32.576
9− 9.757 433.7 31.099
11− 10.702 360.8 29.504

4.7815 ± 0.0089 fm [34]. Both the magnitude of the cal-
culated decay width and the trend of the mean cluster-core
separation are the same as for the 44Ti nucleus. Measurement
of these properties is expected to provide the evidence needed
to confirm the cluster structure in this nucleus. The negative-
parity bandhead is placed at ∼6.6 MeV above the threshold.
The negative-parity states and the corresponding transitions
will hopefully guide further experimental investigations of the
nucleus, for example, from angle correlation measurements
with the (7Li, tα) reaction.

5. General comments on the potential

As seen from our calculations, the 0+ ground state is
consistently underbound for all the nuclei. The same holds for
calculations of exotic cluster structure of heavier nuclei. The
underbinding of the 0+ state may be corrected by introducing
a short-range interaction of the form Vδ (r) = −V1 for r � ro

 0

 0.3

 0.6

 0  20  40  60  80  100  120  140

r o
 (

fm
)

A1

FIG. 4. Plot of the interaction range ro (fm) against the core
mass A1.

and Vδ (r) = 0 for r > ro, where the range ro ≈ 1
2 [r1(0) +

r1(2)] is taken as the average of the first turning points r1(0)
and r1(2) for the 0+ and 2+ states, respectively [41,42]. The
interaction is observed to lower the r1(0) turning point and
consequently the 0+ state. The initial poor estimate of the first
turning point r1(0) and hence the failure of the (SW + SW3)
potential may then be due to the possible existence of the core-
cluster overlap in the region close to r ∼ 0. Thus the range
ro may be taken to correspond to the width of the nucleon
distribution in the overlap region. For the nuclei studied here,
the depth V1 is seen to depend on the degree of underbinding,
and the values of ro are nearly constant for all the α-particle–
double-closed-shell-core systems examined, with an average
value of 0.283 fm, in agreement with our previous estimate
for 212Po = 208Pb ⊗ α [41]. This is demonstrated by plotting
ro against the core mass numbers A1 (Fig. 4). The actual values
are seen to decrease with increasing mass, indicating that the
α-core overlapping densities are largest for the lighter nuclei.

IV. CONCLUSIONS

We have developed a local potential cluster model with
a cluster-core nuclear potential parametrized in the Saxon-
Woods (SW + SW3) form, to improve on previous usage by
taking the strength, radius, diffuseness and mixing parame-
ter from the double-folding M3Y potential model. With it
we have calculated spectra, reduced electromagnetic B(E2)
transition strengths, mean-square charge radii, and, where
appropriate, α-decay widths for the ground-state Kπ = 0+
and first-excited Kπ = 0− bands of 20Ne, 44Ti, 94Mo, 104Te,
and 136Te. These nuclei can all be modeled as α-particle–
double-closed-shell-core systems and as such are expected to
be the best candidates to show pronounced α-cluster structure.

The lightest two of these nuclei, 20Ne and 44Ti, have
been thoroughly investigated experimentally so that among
the quantities we calculate, only the lifetimes of the excited
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negative-parity band in 44Ti, leading to B(E2) values, remain
to be measured. These nuclei are firmly established as display-
ing α-clustering and our calculations (without any effective
charges) are in good agreement with both the available data
and with many other theoretical calculations.

The nucleus 94Mo is generally considered to display α-
clustering as well, but there are significant gaps in the exper-
imental data available for it. Only a few lifetimes have been
measured to deduce B(E2) values for comparison against our
predictions, and there are no available experimental α-decay
widths at all. Thus our calculations for these latter quantities
are purely predictive and suggest that measurements of the
decay widths will be quite challenging for experimentalists in
view of the smallness (typically ∼eV) of the expected values.

Nevertheless, measurement of these quantities is essential to
provide thoroughly convincing confirmation of the α-cluster
nature of these states.

Our calculations for 104Te and 136Te are original within this
model. At the moment the only experimental data to compare
against are energy levels and a single measured B(E2) value
in 136Te. Since these two nuclei are both so far outside the
valley of β stability, and indeed rather close to the proton
and neutron driplines, respectively, it will be very interesting
to see if future experiments can confirm that they are truly
good α-cluster nuclei and that the same models that have been
successful for lighter nuclei continue to work in this region.

Note added. Before this work could be completed, one of
the authors, Sandro M. Perez, passed away.
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