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Polarization observables for elastic electron scattering off a moving nucleon
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General expressions for all parity-conserving polarization observables of elastic electron-nucleon scattering in
the one-photon exchange approximation are derived for a general frame of reference, i.e., not assuming scattering
off a nucleon at rest and not specializing to a specific system of coordinates. Essentially, the given expressions
are also valid for the inverse process, i.e., nucleon scattering off electrons.
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I. INTRODUCTION

The present study was initiated by recent experiments on
quasielastic electron-nucleus scattering ¢ (A, A")p, measuring
the polarization transfer from an incoming longitudinally po-
larized electron to an emitted proton [1]. The measured outgo-
ing proton polarization was then compared to the elementary
process ¢ + p — ¢ + p for the same squared four-momentum
transfer assuming the scattering off a proton at rest. However,
the bound proton, on which the electron scatters, is not at
rest at all because of the Fermi motion of the struck proton
inside the nucleus. Thus it appeared that a more appropriate
comparison should be done with the elementary process on
a moving proton, taking as momentum for the struck proton
the negative missing momentum as an approximation [2].
Indeed, it was found that the correction to the ratios of the
transverse and longitudinal polarization components of the
emitted proton to the ones of the elementary scattering due to
the initial motion was up to 20% at high missing momentum,
although the correction in the double ratio with respect to the
transverse over the longitudinal components was only a few
percent.

The study of polarization observables in elastic electron-
proton scattering has a long history, both theoretical and ex-
perimental. Early theoretical studies are found in Refs. [3—7]
and early reviews in Refs. [8,9], where specific types of polar-
ization observable were considered. Usually special reference
frames have been chosen for the consideration of specific
polarization observables. More recently, Gakh et al. [10] have
studied polarization effects in elastic proton-electron scatter-
ing, which on a formal basis is equivalent to electron-proton
scattering. They have considered three types of polarization
observables: outgoing proton polarization transferred either
from a polarized target electron or from an incoming polarized
proton, and the beam target asymmetry from polarized beam
and target. As reference frame they take the one in which the
target electron is at rest, and they use a special coordinate
system related to the scattering kinematics with respect to the
notation of Ref. [11].

It is the aim of the present work to derive explicit ex-
pressions for all possible parity conserving observables in a
general form without choosing a special frame of reference or
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a special coordinate system, so that one can easily evaluate
any observable for an arbitrary reference frame and an arbi-
trary coordinate system. For that purpose I also introduce an
intuitive and compact general notation.

In Sec. IT I introduce a general definition of an observable
of the scattering process as a trace over the spin degrees of
freedom of the initial and final states of a Hermitian quadratic
form in the 7-matrix elements and associated density ma-
trices. Within the one-photon exchange approximation any
observables are then given as a contraction of a corresponding
lepton tensor with a hadron tensor. Their specific forms de-
pend on the type observables and they are presented in Sec. I11.
Section IV is devoted to explicit expressions of the various
observables. A short summary and conclusions are given in
Sec. V. Some details are contained in three appendices. In
Appendix A the derivation of the lepton and hadron tensors
are sketched, and Appendix B lists explicit expressions of
the beam-target asymmetries of the final spin correlations.
The specialization to longitudinal polarized initial electrons
for the beam-target asymmetry and the electron-nucleon po-
larization transfer with explicit expressions for the laboratory
and Breit frames is presented in Appendix C.

II. GENERAL DEFINITION OF AN OBSERVABLE
In elastic electron-nucleon scattering
e(k) +N(p) — € (K) + N'(p), M

where k = (ko, k ) and k' = (k/, %’) stand for the four-
momenta of incoming and scattered electron, respectively, and
p=(E,, p)and p' = (E,, p') for the corresponding quanti-
ties of the nucleon, any observable O—for example, unpo-
larized scattering cross section, beam and target asymmetries,
polarization transfer from polarized incoming electron to the
final nucleon, etc.—is defined by [9]

dU()
dQ2

where doy/dS2, denotes the unpolarized differential cross
section. The quantity X ;;(O) depends on the type of observ-
able O and is given as a trace over all spin degrees of freedom
of initial and final electron and nucleon, as indicated by the

(@) = Fin 27:(0), ()
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superscript S at the trace symbol Tr’

4
2(0) = Q—TﬂTf"m(O)Tf’ o (O)]. A3)

Here, T/! denotes the T matrix of the scattering process and
pf(O) denote the spin density matrices of the initial and
final states, which depend on the observable O, whether it
involves polarized or unpolarized initial particles and whether
the polarization of the final particles is analyzed. Further-
more, a denotes the fine structure constant and Q* = —¢g? the
squared four-momentum transfer with g =k — k' = p’ — p.
The factor Q*/a? has been included in view of the one-photon
exchange approximation for the 7 matrix.
The kinematic factor has the form!

220’mimik 1

04 /(k - [7)2 _ mem12v Ey|1 +dEy, /dkp|

2205277121’)12 k/Z
- @
Q*lk - p+g(p. k,k)],/ (k- p)? 2

a2
m, mN
where m, and my denote the masses of electron and nucleon,
respectively, and

g(p k k)= (K

with ey = K /k’ denoting the unit vector along k'. It is worth
noting that the same formal expressions apply for the inverse
process, i.e., nucleon-electron scattering [ 10]. One only has to
exchange k <> p, k' < p/, Qu <> Qp, and m, <> my. In the
high energy limit (m,/ky =~ 0) g(p, k, k') tends to zero, and
the kinematic factor becomes

22a2m2m2 k/Z

Q*k- py/(k - p)* — m2my,

In the one-photon exchange approximation, used through-
out in this work, the 7 matrix is given by the contraction of
the leptonic current J, and the hadronic one Jy, i.e.,?

Fin =

—KIEy —K +20-(B+01 (5

Fin =

(6)

.. o
TS s = @Je,u<k/, sesk, s (P sviposw). (7)
The spin density matrices p"//(O) are given as products

of electron and nucleon spin operators depending on the rest

frame spins 37 and s’/ ! of initial and final electrons and

nucleons, respectively, i.e.,

' (k35 p,55)(O) = pl(k,550) pi(p. 535 0), (8)
P! (K310 53)(0) = ol (K. 3150) o (P3{:0). )

Their specific form depends on the polarization state of the
corresponding particle, i.e., unpolarized or polarized as re-
quired by the specific observable. For example, for the density

'The symbol ¥ means |0| where it is needed to distinguish it from
the four-vector v = (vg, V).

2] use the Einstein convention for summations over greek indices
of four-vectors and four-tensors.

matrix of the initial electron

pi(k, 55 0), =ik, ,)SH(Oue(k,s0)  (10)

with u,(k, s) as electron Dirac spinor, one has two possibilities
for the Dirac operator S, (O), namely

14, unpolarized,

11
58! (k. 50). (4o

polarized.

S.(0) = {

The relativistic spin four-vector S/ (k, 5. ) is related to the spin
three-vector s’ in the electron’s rest frame by

o 3k ik o
Sik,s!) =< kX < k. 12
e( se) ( me e + me(k() + me) ) ( )

It is obtained from the electron’s spin four-vector A\ (0,3 ) =
(0,5} ) in the rest system by a Lorentz boost L(ﬁ ), i.e.,

Si(k,51) = L(B)SI(0,5/), (13)
where ,73: %/ko. The relativistic spin operator obeys the
following properties:

Se(k’ge) . Se(k’ Ts:e) =-1, (14’)
S.(k,s.)-k=0. (15)

Corresponding expressions hold for the densitiy matrices of
the final electron with the spin operator S/ and for the initial
and final nucleons with S’/ f respectively, as function of the
observable O.

In view of the separation of the 7 matrix [Eq. (7)] and
the density matrices [Eqgs. (8) and (9)] into a leptonic and
a hadronic part, the trace X7;(O) can be represented as the

contraction of a leptonic tensor ’7;?\) (Jef i) and a hadronic one
9,

2(0) = 19, (IO (1), (16)

where the tensors are given as traces over the corresponding
spin degrees of freedom, i.e., for a € {e, N}

oy (117 = 3T (11 ol OV p (0)). (17)

III. LEPTON AND HADRON TENSORS

According to the two possibilities for the density matrices
of initial and final particles, i.e., whether they are unpolarized
or polarized [see Eq. (11)], one finds four types of tensors for
both the lepton and the hadron sector, namely initial and final
particles unpolarized, one initial or final particle polarized,
and both particles polarized. The derivation of these tensors
is sketched in Appendix A.

Here I list the resulting explicit expressions, where I intro-
duce for convenience as a shorthand for the relativistic spin
four-vectors of initial and final electrons,

S =S, (k/K' 517, (18)

055502-2



POLARIZATION OBSERVABLES FOR ELASTIC ELECTRON ...

PHYSICAL REVIEW C 99, 055502 (2019)

and corresponding notations for the nucleon spin vectors (Sxf ). If the spin three-vector in the particle’s rest frame 57/ has to be
specified I use S7/ (57// ). Furthermore, I introduce two symmetric four-tensors

Qv = 48 — 4o (19)
Ba2uw = Sk St + Sk, Sk (20)
with a € {e, N}, and the spin dependent scalars
Ta0 = 3%, =S, 5], 1)
Ta2(v) = 30, =0, = v - Siv- S, (22)

for a four-vector v. Then, as shown in Appendix A, one obtains with P = p + p’ and ¢ = p’ — p for the hadron tensors

1 (Gi+1G;
Mo PP = (% PP, + Gﬁmw), (23)
N
s, iG Gg—G .
n" (P, p) = —2m"; [ yo q ﬁi S (Putoapy = (1 V)P + GMem,s}sN/f “qf, (24)
N
NI Gy 2 0 p
Nuv (p,p) = m [ZENA,Z(C])&W - EN,O(Q/I.U + P//_Pv) +4q EN,Z;W) + ((P/I.EN,Z;\)pP - CI/AEN,Z;qu )+ (< v))]
N
Gy (Gg — Gy) (Gg — Gny)? )
M = M (P Sy 2 P —2SNo PP — —£ M o3 SnoPYPLP,,
4m12\](1 T 1) [( &N, 250p + (u <)) N,0 L V] 161’)1;‘\](1 T 1_)2 2Xn2(q) + N,0 ) "

(25)

where €, denotes the four-dimensional totally antisymmetric Levi-Civita tensor. The expression in Eq. (25) can be simplified,

yielding

N5j,
4my,
[G,zE + rGIZu (Gg — Gy)?

MO oM (1)

14+

EN,2(q):| P;LPV +

5 1
Nuv N(P/7 P) = {G%/[[ZEN,Z(Q)guv - EN,OQ[M) + q2 z:N,Z;;w - (qMEN.Z;qup + (M <~ V))]

Gu(Gg +tGy)

1 s (P;LEN,Z;vap + (/‘L <~ V))} (26)

The lepton tensors are obtained from the above ones by the replacements p — k and p —k,ie, P—> K=k+k, and
qg— —q=k —k, Sxf — Sé/f, and furthermore my — m, and Gg = Gy = 1, yielding

, 1
My (K k) = s (KK + @),

i

<ilf P/
M (LK) = o euapS! " q",

e

izl 1
My (k' k) = o) {[2Z.2(9)g0v —

where S/ = S/ (kK 317,
I would like to point out that the hadron single-spin ten-

il
sors nﬁ{f” (p/, p) as well as the lepton single spin tensors

~i
eS¢

n'uu
replacements S§, — S/ and §¢ — S/, respectively.

7 (k', k) formally have the same structure except for the

IV. OBSERVABLES

Now I will consider all possible observables, distinguish-
ing between parity conserving and nonconserving ones, where
the latter ones are listed only. As mentioned above, to each
observable O is associated a pair of specific lepton and
hadron tensors as determined by the corresponding density

27

(28)

200(Qu + KuKy) 4+ % Zengin + (K Ze20pKP — uZepq”) + (0 < )1, (29)

(

matrix operators SZ,{,((’)) according to Egs. (8) through (11).
Observables, density matrix operators, and tensors are listed
in Table I for the parity conserving observables and in Table IT
for the parity nonconserving ones.

A. Differential scattering cross section

The general differential cross section including the beam-
target asymmetries A/*N-! with respect to the initial electron
and nucleon spins s/ and 5}, respectively, has the form

do _ doy ]

A2, dS2,

+ ) shosh, AN (30)
Jjl
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TABLE 1. Listing of parity conserving observables O, corre-

sponding density matrix operators SZ-,{,((’)), and tensors 7N (0O).

y73%

O SO0) SHO) 7,0) SO) SHO) i (0)
1 14 1, U,eLS 14 14 nff;‘)_
Aen V5$2 14 Ufii”i Vs $§v 14 U;]:]L}'IV
PS P T 14 Ly P
Py 1, ys8! nest 58 1, N v
Py )/5$i, 14 ﬂfiig 14 7/5$,<, 77;1:’{;}]{/ _
Py 14 14 n,ii’ V5$5v )/5$',<, n,lff”'”’s_"fv
Py L owsl o L sl
PN, )/552 Vs ${ 77;’5; = Vs $§v 7/55{\} UZL}I(I o

The unpolarized cross section is given by

do
1o = Fn I 31)
with
54, = Do
v
1 G +1Gy, 2 22
= K -P) — O°P
24m2m3, |: 1+ (« oo
2 4 2’"5
+2G, 071 - ? . (32)

For the high energy limit and an initial nucleon at rest (p = 0)
one obtains, with

_ 4 2 2k/2
kin = O‘Q#{z and (K-P)?—Q*P* = 411112\,Q2 cot? 0,./2
(33)
and thus
0 Q* (GE+1Gy, 5 2
h= m(14_—7‘_ cot“6,/2 + 21GM>, (34)

the high energy standard differential cross section for the
laboratory frame:
dog @’k (Gé + 1G5,
dQ. Q2\ 147

cot?6,/2 + 2tG,2,,1>. 35)

TABLE II. Listing of parity nonconserving observables O, cor-
responding density matrix operators S;%(O), and tensors 77,‘;/3/ (0).

o SHO)  SHO) 1, 0) SO) SO YO
Ac ysb., Iy i i 1, e
Ac L s L
Fe Lol Iy 1, v
AV VR TS A 8 14 Y
Py L L My Ly ys8lh ot .
T I
Poy vsS, ys$! nfji‘f 24 14 581, ,72’51{/ |
Py o R BTN (N 14 sk

The beam-target asymmetries are given by

;. 1 e,E,' o
AN = o 3 i, (36)
fi v

where ¢; and ¢; denote unit vectors of a chosen coordinate
system for a given reference frame. Using the tensors of
Egs. (24) and (28),

TN Gy
€€j N.esuv _
M1 2m.my
_ Gy —Gg)
(1+1)

[GEQ(SQ(E 1), Sy @)

H(Sé(é,-),S;'v(én)}, (37)
where the notation
Q(S,, Sn) = 28K Sy
=q*Se-Sy—q-Seq- S, (38)
(S, Sn) =P - S, P- Sy (39)
has been introduced, one obtains

Ae.j;N,l — GM
2memy Y,
_ 1(Gy = Gg)

1+t

[GE Q(SL(@;). Sy @)

n(s;(zj),sg(zl))}. (40)

In case where parity nonconservation is considered, two
more vector observables will appear, namely beam and target
asymmetries A¢ and A, respectively:

do L4 do 0
dQ. — d<.

(50 A +55 - AY). 1)

P

B. Polarization of one of the final particles

The polarization 13,1/ (a’ € {¢/, N'}) of one of the outgoing
particles a’ is governed by the polarization transfer from one
of the initial particles a € {e, N} to the final one:

do doy i pel i pNI
Pii g, = ag, 2 el ¥ Subl): (42

Here P:,/ ];” denotes the polarization transfer from an initial
electron or nucleon polarized along ¢; to the polarization
component along ¢; of a final particle .

Polarization transfer ij,l ; from electron to nucleon has
formally the same structure as A%/**! in Eq. (40) except for
the replacements S:(¢;) — Si(¢;) and S} (¢;) — S};(Ej). Thus
it is given by

1 S,
el __ ee; . N,ei; v
P = 5o 2
fi Ay
Gy e
= W [GE Q(SL(@)), Sy(@))
_ 1(Gu — Gk)

I n(s;'(zz),s,@(zj))] 43)
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From this expression one obtains the nucleon-electron spin transfer by exchanging the initial and final states [(e, i) — (N, i) and

N, f) = (e, )]

Gu
PNI § ne e/ N,erspuv
50 0
¢ Efl o 2memy XY,

[GE (Sy @), S1(2))) —

©(Gy — Gg)

e TI(S (e, S{(é,))] (44)

As expected, the polarization transfer from electron to nucleon is formally equivalent to the transfer from nucleon to electron.
The spin transfer from the initial to the final electron Pe is given by

1 oy
el e.eej N,0;uv
P = >0 Z”uv n
fi v

1 {G§+rcﬁ4

[2P? £, 2(q)+2¢* Zen(P) — (¢*P* + (K - PY)Z, 0 + 2K - P Zo 0, PHK"] — 4m2¢* Gy T }

24m2m3, 221 147
(45)
Similarly, the spin transfer from the initial to the final nucleon PZCIIJ with S§, = Si,(p, ¢;) and Sz{/ = S)C (p.e;)is
N, [ e, 0. N,e,ej;jv
PN/;j=EO 277 ne
fi y7aY
1 Gz + 1Gy,
= 24m2m]2v2% |: - {4m5q2G2 + (P*’¢* + (K -P) )—E _}ZN,O
(K -PY (Gg —Gy)* ,G2+1G3,
+214m*G3, + - b)
{ e IM 4m12v (1+T)2 q 1+ NZ(q)
Gu(G G

+2¢% Sn2(K) Gy + 2K - P Ey 2, PPK” W] (46)

T

Again for parity nonconservation one has PJ jand P:'l Nor

as additional observables:

do doo e IN.r
P = <P° +Z st isiy P ) (47)

C. Spin correlations between both outgoing particles

The spin correlations between the polarization components
of both outgoing particles are determined by two contribu-
tions,

do d 0 e e,r;N,
Pe’.l;N’,de o, (P v j+2s sV P ,N,’). (48)

The first, PY, . j» denotes a spin correlation for an unpolar-

ized initial state, and P}’ ]NV/’ denotes a beam-target asymme-

try of a spin correlatlon if both initial particles are polarlzed
PS,I;N,J is obtained from P]f,/’j in Eq. (43), replacing S! by s,
ie.,

1 e.e e v
PE’I;N,,]A = E_O Zn#vl Nej;pn
fi j1a%
GM - f
pE T [GE Q(SL (@), S (e)))
Gy—G - .
- % I (s! @), S};(ej))]. (49)

(

This expression resembles formally the beam-target asymme-
try of the cross section in Eq. (40), replacing the initial by
the final spins. The beam-target asymmetry of the final spin
correlation Pj?%,’] is more complicated, and thus it is listed
in Appendix B.

The parity violating part is determined by two contribu-
tions, P N, ., a beam or target asymmetry of the final spin
correlatlon 1f one of the initial particles is polarized:

Pv do _ doy (

i N,
Bl ger = dor 0 Cerbiin S Pl ;) (50)

This concludes the explicit presentation of the various parity
conserving polarization observables. All of the above results
are valid for any reference frame.

As an application I consider in Appendix C the case of lon-
gitudinally polarized initial electrons for two interesting ob-
servables, i.e., beam-target asymmetry and electron-nucleon
polarization transfer, with further specialization to laboratory
and Breit frames.

V. CONCLUSIONS

In the present work I have derived explicit expressions for
all possible parity conserving observables of electron-nucleon
elastic scattering in the one-photon exchange approximation
for the scattering matrix without resorting to a special frame
of reference. These expressions are easily evaluated for a
given frame of reference with a corresponding choice of
a coordinate system. The compact notation allows an easy
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implementation into a computer code. Essentially, all results
apply also to the inverse process of elastic nucleon scattering
off electrons.
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APPENDIX A: DERIVATION OF THE LEPTONIC
AND HADRONIC TENSORS

The starting point for the evaluation of the tensors is
Eq. (17). First I consider the general form of a Dirac current
for a nucleon

i ;7 — ;o B
JX;,,L(p 85p,s)=un(p,s )<Am + m—&)uw(p, ), (Al
N
|

fi / /. _ . /. B /o /.,
JN,M(p,S,p,S)—A]N,M(p,s,p,s)-i-m PMPN(p»S,P75)~
N

where uy(p, s) denotes a nucleon Dirac spinor, P = p' + p,
and

A = Gu(QY), (A2)

(Ge(Q) — Gu(0Y)), (A3)

“2(1+1)

with T = Q?/(4m}), and electric (Gg) and magnetic (Gy)
Sachs form factors as functions of the squared four-
momentum transfer Q7.

Introducing

(A4)
(AS5)

jN,p.(p,v S,;pv S) = IZN(P,’ S’)V,U.”N(pa S)a
on(P's'sp,s) = an(p, sHun(p, s),

one obtains

(A6)

For the electron current one has to substitute p — k, p’ — k', un(p/p’, s/s') — u.(k/k',s/s'),A =1, and B = 0.
In view of the two terms of the current, one obtains three contributions to the tensor r;z’vz

M (P p. O) = A%iy (P, p; O) + ABT), (P, p; O) + B*1), (P, p; O),

where

(A7)

1 . P : I -
My (P, P O) = 3 > 0P 5P P (P O)s (P 55 p D) (P35 O)sry

§'s5'S

1 . .
=3 D ap, s yyuulp, $)a(p, $)Sy (Ol p, H(p, )y,u(p', 3)a(p, 5)S(Ou(p, s).

§'s5'S

(A8)

The expressions for 'ﬁﬁ’u (P, p; O) and ’ﬁﬁ’v (P, p; O) will be presented below. Using the property

Un(p) = ZMN(P: iy (p,s) = — (p + my),

1
(A9)

2mN

the trace over the spin degrees of freedom becomes a trace over Dirac matrices (indicated by the superscript D),

(0, prO) = LT (1l (D) Sy (O (P) vl (PSSO (p).

(A10)

The complete ellectron tensqr nfw(k’, k; O) is obtained from this expression by the substitutions (p, p') — (k, k'), Un(p/p) —
U, (k/k"), and S,'\;f 0) - Sé/ ! (O), while for the nucleon tensor one has two further contributions, i.e.,

o ! : -
Mo (P P 0) = — (Puu(p', p; O) + PP, p; O)),
N

1
TP p:0) = — PuPopo(P', p; O),

N
with

o (1, p; 0) = F TP UMP)SHOMU P UPISLOMU D)),

(Al1)

(A12)

(A13)

(. p:0) = LT U (PISLOUPUPHSLOMUP))

= ST UPSLOUP Y UPISYOMUP) = Tu(p, P3Oy 31
Py (P, p: 0) = L TP UP)SyOUPIUP)SLOMU(P)).

(Al4)

(A15)
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According to Eq. (11) (see also Table I) one has for S;g, two possibilities depending on the observable, i.e., whether the

corresponding initial or final state is polarized or not, resulting in four types of tensors ﬁ’liv(p’, p) (x € {0;s%; sT 55

1
Ty (P P) = 5 Tl (DU U P U(P))

- dmy,

1 / / /
— [PuPy = (P = p)u(P' = P + (P — PV gu]

055502-7

1
N
_N3i 1 i / /
A (P, P) = 5 T U (PYys S\ U (DI U (P IUP))
i / o Gish
= Mguvaﬂ(l) —P)Sy, (A17)
N3 1 :
™ (0 p) = 5 T (U (YUY U ys$EU(P)
_;8 ( / )asfllg (A18)
= 2my wvap P P N
) 1 i /
eV (pl, p) = 5 T (U (P)ysSUPIUP ysSU D)
1 ;i f /N2 Qi f i f / /
= 7 [=(2P" Sy p Sy + (= P')" Sy - Sy) 8w = 28y - Sy (Pupl, + Pup))
N
(P — P ) (SN Sk + SiuSh) +2p - S (Shy. P+ Sk p) 20 - S Sk v + Skupi)]
N;u~N;v N;vP N p N;;va N;vpp_ 14 N;;rpv N;vpﬂ
4 [2 X, 2(61)8,w + 2o (Qp.v P;}.Pv) + qZEN,Z;;w + ((P;/.EN,Z;vap - qMEN.Z;qup) + (< v))]. (A19)
[
One should note that nu,vo(p p) and nllllvs sf(p/’p) are This then ylelds for T’iﬂv(p/’ P,O)
even under the interchange u <> v while 1'7/’1’”5 s ', p) are
odd. Furthermore the interchange i<—> f, 1e., p< p and |
KRS sN, leaves nlwo(p p)and 7 nu 343 (p/, p) unchanged and, UWO(P p) = — PP, (A26)
finally, r;lwY (P, p) and 7, N3/ (P, p) have formally the same My
structure. These properties apply also to 7Y (p/, p; O) and ~NFf i i/fa g
,ﬁ,ﬁ,’v(p/’ P O) . . a » ’7,wf (P/s P) = m (Pugvaﬂy - Pvglwtﬁy)SN q Pys
I now will turn to the other two contributions 7 uv( P, p;0) (A27)
and ﬁﬁv (p, p; ©), which in addition contribute to the hadronic
~N3FS
tensor only. First one obtains for 7,) (p', p; O) U,ILVU' (P p) = P ([Py 2N 2:0p PP + (1 <> V)]
N
1
_L,N,O(p/, p) — Pp,, (Azo) —221\]’0 P/LPU) (A28)
" 2mN
PP = o ey SV P (A21) y
my Again 7,° and 77 55 are even and e /3" are odd under
sizf 1
Tﬁ/s 57 v, p) = T (Sv20pP” — Sno Po). (A22) the exchange u <> v. For 77, (p/, p; O) one finds
and P2 -
T
N0 1 ) 77,“,0(17 P) 4 e P;LPU = _2P/,LPU9 (A29)
Py (P, p) = 4—2P =1+r, (A23) My My
- N,st _ N5/ _
o @ =) (0, p) =0, (A24) Ms” (P P) =™ =0, (A30)
5is 1 A i 1
PP p) = o 2Eha@) + Bl (A25) N p) =~ 2 Bna(@) + Eno POPAP. (A3D)
ny Ny
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TABLE III. Listing of operators O and coefficients ¢; witha € {e, N}.
r o o oy o’
1 8uv ZEE,Z(Q) 8uv ZGLENQ(q)
2 Q/.Lv _29.0 Qu.v _G12|/[EN,0
3 KK, —%.0 PP, —(G% +1G3)ENo/(1 +T)
—(Gu — Ge) Eya(q)/[2my (1 4 1)]
4 26.2;/1,\} 6]2 EN,Z;;/.u G%/qu
5 qu Ee,Z;qup + (/*L <~ U) -1 du EN.Z;qu'O + (/’L <~ V) _G%/I
6 Ky ZenwpK? + (1 < v) 1 Pu3n2wpPP + (1 < v) Gu(Gg +tGy)/(1 + 1)

APPENDIX B: THE BEAM-TARGET ASYMMETRIES
OF THE FINAL SPIN CORRELATIONS

Here I evaluate the more complex beam-target asymme-

tries of the final spin correlations:

PemNn_ § : eem e Nen,E,»;;w
IN, i EO *

fi v

(BI)

In view of the more involved operator structure of both tensors
in Egs. (26) and (29), I first write them as sums over six op-
erators 02/11}\/ T (r=1,...,6) with corresponding coefficients

/N
N:i:f 1 > f 3
i = pres r;écN(SN’ 53) 0N (5% 54), (B2
A = G Z (GL3N 0mGLE). B3

The operators Oy are symmetric four-tensors. They and
the corresponding coefficients are listed in Table III. The
notations £2,,,, X¢/N,0, Ze/n,2(V), and Xy 2., are defined in
Egs. (19) through (22).

Then the contraction of the tensors reads

They are listed in Table IV with the additional notations

EeN,O - Ee,Z;;w 211\4,,1)2’ (B6)
z:eN,Z(v/» v) = v’ﬂ Ee,Z;uv E;]f)zv;n (B7)
Yen2(v) = en2(v, v). (BY)

Collecting the various contributions, one obtains finally

1
- - N~ = N
5 D G el @ )L

e,n;N,n
F A2m2Zmz %Y.
e UNZfi ps=1,6

/ZN"

X (_ém’_él;_énazj)- (B9)
APPENDIX C: BEAM-TARGET ASYMMETRY AND SPIN

TRANSFER FOR LONGITUDINALLY POLARIZED
ELECTRONS AT HIGH ENERGY

In view of the recent analysis of final proton polarization
in electron scattering ¢ (A, p )A’ in Refs. [1,2], I will now spe-
cialize to the case of electron-to-nucleon polarization transfer
with longitudinally polarized electrons at high energies. In
addition, I also consider the beam-target asymmetry of the
cross section, which is formally similar. .

For longitudinally polarized electrons, i.e., 5, = ¢, = k/k,
the spin vector S, has the form

S - S s, b o
A rs=1, 6 SE(kv ek) = m_(k7 kOek)~ (Cl)
e

where the various operator contractions are denoted by According to Eq. (15) S, has the Lorentz invariant property

CEN LS Sh.50) = 05 (LS ON# (55.58).  (BS) Sk, é) k=0 (€2)
TABLE IV. Listing of contractions C4".

r\s 1 2 3 4 5 6

1 4 3¢° P’ 2%N0 23n2(q) 23N 2(P)

2 34 3q* q’P 2(4°Ewn0 — En2(9) 0 2¢*Zn2(P)

3 K? 7*K? (K - P)? 2y 2(K) 0 2K - PXy,(K, P)

4 22(’,0 2[q2ze,0 - EE,Z(q)] E(*Z(P) EEN,O ZEeN,Z(q) ZEL’N,Z(P)

5 2%,2(q) 0 0 2% .n2(q) 2[q* Zen2(q) 2%.2(q, P)En2(q, P)

+Ze2(@)EN2(q)]
6 2%, ,(K) 2¢°E.2(K) 2K -P %, (K, P) 2Xen2(K) 2%.2(q, K)Xn2(q, K) 2[(K - P)Zeno (K, P)

+3e2(K, P)Zy (K, P)]

055502-8
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For electrons of sufficiently high energy such that the electron
mass can be neglected, i.e., k > m, or k = ky, the expression
in Eq. (C1) simplifies. In that case one finds

- koo k
Se(k, ex) ~ m—(l, ep) ~ ot (C3)
e e

which means the electron spin four-vector equals approxi-
mately its four-momentum divided by its mass.
Evaluating the expressions in Egs. (38) and (39)

ko 1 . .
Q<_’S11V> =—(q°k Sy —k-qq-Sy)

me me
2

q .
-1 k.5 c4
2m, N €4
n( X, s)=-Lr.pg-s (C5)

mev N - mg q N>

where 1 have used k-g = ¢?/2 and P-Si = —q - Si, one

obtains for the beam-target asymmetry [see Eq. (40)]

Jong,N,j 2 i (7.
Al ’—WG“[G”’ K Swe
©(Gy — GE) P
+21+—Tk-Pq-SN<e,»)}, (6)

and for the polarization transfer component [see Eq. (43)]

elong _ pe,ex
PN’;j _PN’;J"

peilong _ _ Gu|Ge ¢* K - S, @))
N'.j 4m§m1v20i
t(Gy — G -~
+z%k.pq.sg(q)}_ )

As mentioned before, these results are valid for any reference
frame.

As special cases I will now consider these observables in
the laboratory and Breit frames, using the standard coordinate
system [11], i.e., t}le z zixis along the three-momentum transfer

g, the y axis along k x k', and the x axis to form a right-handed
system. The unit vectors will be denoted by ¢;.

1. The laboratory frame

All laboratory frame quantities will be denoted by a sub-
script L. Since the initial nucleon is at rest, the final nucleon
momentum is

P =(E/,q.) with E; =.,/m}+q. (C8)

Furthermore, from the Bjorken condition
=0%/2q-p=Q*/(E]

one finds E; —my = Q2 /2my, from which follows

—my)2my =1, (€9

E =0+ (E, —my)* = 0*(1 + 7). (C10)

With the nucleon spin ¢; in the nucleon’s rest frame (e,; =
¢, - ¢;) the initial and final nucleon spin four-vectors are

Sy(pr.e;) = (0,¢;), (C11)
SL(py.¢)) = <q—Leq_,-,_éj +2teq‘,~2¢1). (C12)
my

For the scalar products appearing in Egs. (C6) and (C7) one
has

Syv(pL.€)) - qL = —qreg;,

Sh(pr. &) -K = —¢;- K, (C13)
S{/(P/L,éj) gL = —qregj,
for o %
Sy, e K = (kp +kp)ey; — € - K., (Cl4)
myqL
where I have used
- 2 — -
_éq K = — (ky + kz) (C15)
myqL

Then, using g, = Q+/1+ 1t and &k, - P, = my (kg + Igi), one
finds for the beam-target asymmetry and the electron-nucleon
spin transfer

. Gu >
Ae,long,N,] — G ZK 2.
L 4m2Zmy X |: EQ KL e
2mytQ
—(Gy — Gg) (kr + ke } (C16)
Vi qj
Ok, + k7 ) C
PGl — —K ¢
Nt 4m2mN20 |: ( i+t T L€
+(GM _GE) Q(kL"_k, )eq/i|
«/_
v GuGe tQ(k + k)
:Ae,long,N,j _ L N C17
L m2E, Ttz €qj (CI7)
This gives for the j = x component using e, = 0 and
oK, = 2(kpk; /qr) sin 6, = Q cot(6./2), (C18)
Vit
with 6, as scattering angle in the laboratory frame,
t(0./2)
Aelonng_Pelong — mNTQCO GuGr. C19
L NoxiL —ngO T, CMUE (C19)

Correspondingly, for the z component [¢,, = 1 and e, - I%L =
(kp + k)0 / (2mnGp)]

kp + k)
pcloen: _ POk AK) o he o (020
L ngEoJH_r u(2Gs w) ( :
10k, + k)
polone _ "RV 52 C21
N.ziL 2m250/1 + ¢ M (C2D)
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Thus, one finds for the ratios of the x over the z components

Ae,long,N,x 2 G /G
51011 B my £/ Gy , (C22)
AN T (e 4k ytan(0,/2) 2Ge /Gy — 1
el
Piwt _ 2my Ge (C23)
P T (K )tan(6,/2) Gy

The latter result is well known. Thus measuring the beam-
target asymmetry is, in a certain sense, i.e., with respect to the
ratio Gg /Gy, equivalent to a measurement of the polarization
transfer.

2. The Breit frame
The Breit or “brick wall” frame is defined by the condition
Py = —DPp, which means go = 0 and therefore Q> = g3, and
one finds, denoting all Breit frame quantities by a subscript B,

PB = (EBa _63/2)7 p/B - (EBv 63/2)7

g5 = (0.G5). Py =(2Ep,0), (C24)
where Ep = my+/1 + 7. The initial and final nucleon spin
four-vectors with rest frame spin in the direction of the unit

- l/f _= .
vector sy’ = e; are given by

i - dpeqj - 1 -
S (pp) Py e;) = Jéj+ — (Ep — 2y ).
v (PB/Pg€)) <:F 2y e; + mN( B mN)queq)

(C25)

Then one obtains with Eg = my~/1 + 7 and g = Q and Eq .
Kzg=0

OEp

S’ P/ P €)) - qp = ———ey;, (C26)
my
i - Q/EB N -
S\ (Po/ Py ¢) - Kp = F == egj — ;- Kp. (C27)
N

With these expressions and %3 . f’B = 2kgEjg one finds

e,long,N, j mNT =N
AB ong,N, J = szO GM[GEKB . ej
k
+a&—cm93%} (C28)
my
myT - N Q];B
Poe = — Gu|GeKp - ¢; — Gy =Le,;
N.j:B mﬁEo M|: EBB " €j MmN 41]

— _polonzN.j + 2‘L'Q]EBeCI]‘

= GuGkg.
B mgzo MVYE

(C29)
This gives for the j = x components using e, = 0 and ¢, -
Kp = 2kg cos (0g/2), with 6z as scattering angle in the Breit
frame,

2mytkg cos (6p/2)

Ae,long,N,x — _Pe,long _
ngo

B N.x:B — GM GE ’

(C30)

-

and for the j = z components, with e,, = 1 and ¢, - Kg = 0,

e on v Ok
ANt = mzzl:) Gu(2Gg — Gu), (C31)
petone _ 705 5 (C32)

N,zz;B — 2 M-
my, E()

Thus the ratios of the x over the z components of the beam-
target asymmetry and the polarization transfer become

Aglong,N,x _ 2my cos(0p/2) Ge/Gu (C33)
Aglong,N,z 0 2Gg /Gy — 1
e,long
Pvos _ _2mycos(@s/2) G (C34)
PVl e O

The corresponding laboratory frame quantities can also be
obtained from the foregoing Breit frame ones by a Lorentz
boost to the laboratory frame [12].
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