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A systematic study of system size, N/Z asymmetry, and fragmenting volume effects as well as the Coulomb
effect on experimental measures for the nuclear liquid-gas phase transition and the mechanism of phase transition
are carried out in the framework of the statistical multifragmentation model (SMM). The measures examined here
are the caloric curve, the specific heat capacity (Cv), the multiplicity derivative (dM/dT ), the moment parameters
(M2 and γ2), the fluctuation of maximum fragment charge number (NVZ), the Fisher exponent (τ ), and the Zipf’s
law parameter (ξ ). A signal for the first-order phase transition for all the measures is observed. A stronger signal
is observed in the system with smaller sizes or with more neutron rich or in smaller fragmenting volumes for
the caloric curve, Cv , and dM/dT . The phase-transition temperatures are independent of the system size, N/Z
asymmetry, fragmenting volume, and Coulomb force, which indicates these measures give a solid signal for the
liquid-gas phase transition in SMM. On the other hand, the phase transition temperature and its behavior of the
others slightly depend on the size, the N/Z asymmetry and the volume of the system. A negative heat capacity is
observed for systems with As � 100 without the Coulomb force but disappears with the Coulomb. An instructive
picture is given in the charge distributions for the observed first-order phase transition.
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I. INTRODUCTION

The nuclear multifragmentation process, which was pre-
dicted long ago [1] and has been extensively studied following
the advent of 4π detectors [2–4], provides a wealth of infor-
mation on nuclear dynamics, on the properties of the nuclear
equation of state and on the possible nuclear liquid-gas phase
transition. The nuclear liquid-gas phase transition was first
suggested in the early 1980s [5–7] and has been suggested
for the observations in experimental results and theoretical
simulations, because of the resemblance between the equation
of state of homogeneous nuclear matter and that of the van der
Waals.

Since the mid-1980s, many experimental and theoretical
works have been devoted to searching for the signals of liquid-
gas phase transition in the Fermi energy heavy-ion collisions
and relativistic energy projectile fragmentations. The mea-
sures used for the studies are the nuclear specific heat capacity
(the caloric curves) [8–19], the bimodality in charge asymme-
try [20–25], the Fisher droplet model analysis [26–33], the
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Landau free energy approach [31,32,34–38], the moment of
the charge distributions [28,39–42], the fluctuation properties
of the heaviest fragment size (charge) [28,29,42–44], Zipf’s
law [45,46], the Shannon information entropy [45,47], the
multiplicity derivatives proposed for a signature of first-order
phase transition [48,49], and the derivative of cluster size [50].
With these measures, much considerable progress has been
accomplished on the theoretical as well as on the experimental
side for the nuclear liquid-gas phase transition. However, the
specific properties of the nuclear liquid-gas phase transition
in hot nuclear matter are still under debate and much effort is
still required.

In our recent study [51], we have investigated several
experimental measures in the framework of the statistical
multifragmentation model (SMM) [52–57], focusing on a
system with As = 100 and Zs/As = 0.45, to search for suitable
observables in heavy-ion collisions and provide a guide for
future experiments. In Ref. [51] we demonstrated that a clear
signal for the first-order phase transition is observed for the
examined measures in a specific system.

In this article we examine the solidarity of the signals
for different sizes, N/Z asymmetries, and volumes of the
fragmenting system. We also demonstrate that the charge
distributions for different system sizes provide an instructive
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picture for the signals we observed in SMM events. This
article is organized as follows: A brief description of SMM
is presented in Sec. II. The results are given in Sec. III. A
discussion of system-size effect of SMM is carried out in
Sec. IV. A brief summary is given in Sec. V.

II. STATISTICAL MULTIFRAGMENTATION MODEL

In SMM, the fragmenting system is in the thermal and
chemical equilibrium at low density [54–57]. A Markov
chain is generated to represent the whole partition ensemble
in the version discussed below [55]. All breakup channels
(partitions) for nucleons and excited fragments are considered
under the conservation of mass, charge, momentum, and
energy. The primary fragments are described by liquid drops
at a given freezeout volume. Light clusters with mass number
A � 4 are considered as stable particles (“nuclear gas”). Their
masses and spins are taken from the experimental values. Only
translational degrees of freedom of these particles are taken
into account in the entropy of the system. When the nuclear
density becomes very low, the binding energy of clusters is
significantly modified by the Pauli blocking and clusterization
[58], but these effects are not taken into account in the
SMM. Fragments with A > 4 are treated as spherical excited
nuclear liquid drops and the free energies FA,Z are given as
a sum of the bulk, surface, Coulomb, and symmetry-energy
contributions,

FA,Z = F B
A,Z + F S

A,Z + EC
A,Z + F sym

A,Z , (1)

where

F B
A,Z = (−W0 − T 2/ε0)A, (2)

F S
A,Z = B0A2/3

[
T 2

c − T 2

T 2
c + T 2

]5/4

, (3)

EC
A,Z = 3

5

e2

r0

[
1 − (ρ/ρ0)1/3

]
Z2

A1/3
, (4)

F sym
A,Z = γ (A − 2Z )2/A − T Ssym

A,Z . (5)

W0 = 16 MeV is used for the binding energy of infinite nu-
clear matter, and ε0 = 16 MeV is related to the level density;
B0 = 18 MeV is used for the surface coefficient; Tc = 18 MeV
is used for the critical temperature of infinite nuclear matter;
e is the charge unit and r0 = 1.17 fm; ρ is the density at
the breakup and ρ0 is the normal nuclear density; γ is the
symmetry energy parameter; the Ssym

A,Z is the symmetry entropy
of fragment introduced in our previous work [57].

The entropy of fragments SA,Z can be derived from the free
energy as

SA,Z = −∂FA,Z

∂T
= SB

A,Z + SS
A,Z + Ssym

A,Z . (6)

After the primary breakup, the Coulomb acceleration and
the secondary de-excitation are performed to get the final
secondary fragments. In the de-excitation processes, the Fermi
break-up of light primary fragments (A < 16), the successive
particle emission (A > 16), and the fission of heavy nuclei
(A > 200) are taken into account. SMM is rather successful
in describing the multiple production of intermediate mass
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FIG. 1. (a) Caloric curve of fragmenting source of As = 40 (open
squares), As = 100 (solid circles), and As = 200 (open triangles) of
SMM calculations. (b) The specific heat capacity Cv extracted from
the caloric curve as a function of source temperature. The same
charge to mass ratio Zs/As = 0.45 and the same fragmenting volume
V = 6V0 are used.

fragments [59–61] and exhibits a phase transition of the
liquid-gas type [62,63].

III. RESULTS

In our previous work [51], we studied the experimen-
tal measures including multiplicity derivatives (dM/dT and
dMIMF/dT ), the moment parameters (M2 and γ2), the fluctua-
tion of maximum fragment charge number (NVZ), the Fisher
exponent (τ ), the bimodal parameter and the Zipf’s law pa-
rameter (ξ ), in the fragmenting system of source mass number
As = 100, charge number Zs = 45, the fragmenting volume
V = 6V0, where V0 is the volume at the normal nuclear den-
sity. The default symmetry energy coefficient γ = 25 MeV
is used. All these measures predict a critical signature at or
near to the critical point both for the primary and secondary
fragments. Therefore, we will focus on the primary fragments
in this study. All the SMM calculations in this section are
performed with the same symmetry energy coefficient γ =
25 MeV and the same excitation energy range from Ex/A = 1
to 15 MeV with step of 0.25 MeV. More than 1 million events
are generated for each Ex/A.

A. System-size effect

To investigate the effect of system size on the experi-
mental measures, the SMM calculations are performed with
three different source mass numbers, As = 40, 100, and 200,
at the same charge to mass ratio, Zs/As = 0.45, and the
same fragmenting volume of V = 6V0 in this study. The
caloric curves and the specific heat capacities are shown
in Figs. 1(a) and 1(b), respectively, for system sizes As =
40 (open squares), As = 100 (solid circles), and As = 200
(open triangles). All three systems show a notable plateau
of the caloric curve at the excitation energy Ex/A ∼ 4 MeV,
corresponding to a peak temperature of T ∼ 5.5 MeV for
As = 40, T ∼ 5.3 MeV for As = 100, and T ∼ 5.5 MeV
for As = 200 at the specific heat capacity, Cv , as shown in
Fig. 1(b). However, the widths of the peak distributions of the
specific heat capacity change significantly from ∼0.2 MeV
for As = 40 to ∼1 MeV for As = 200.
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FIG. 2. Extracted values of (a) dM/dT , (b) M2, (c) γ2, (d) NV Z ,
(e) τ , and (f) ξ as a function of source temperature. Open squares,
solid circles, and open triangles represent the fragmenting source of
As = 40, As = 100, and As = 200, respectively. The same charge to
mass ratio Zs/As = 0.45 and the same fragmenting volume V = 6V0

are used. A factor of 0.1 is multiplied to M2 values of system size
As = 200 for a clear comparison in (b). The horizontal dashed line in
(f) shows the critical value of ξ = 1.

The other experimental measures, dM/dT, M2, γ2, NVZ,
τ , and ξ , are also studied for the three system sizes. Fig-
ure 2 shows the measures as a function of temperature for
(a) dM/dT , (b) M2, (c) γ2, (d) NVZ, (e) τ , and (f) ξ ,
respectively. The dM/dT has similar behavior as Cv that the
width of peak increases when the system size increases from
As = 40 to As = 200. The M2 changes dramatically when the
system size increases. In Fig. 2(b) the peak evolves from a
shoulder with a sharp rise and small height for As = 40 to
a clear peak with narrow width for As = 100, and then van-
ishes for As = 200. The γ2 and NVZ show similar behavior
where a larger signal height is found for a larger system
and the phase transition temperature decreases monotonously
from T ∼ 6 MeV for As = 40 to T ∼ 5 MeV for As =
200 as shown in Figs. 2(c) and 2(d). Similarly to those of
M2, γ2 and NVZ, the phase transition temperature decreases
monotonously for the τ measure as shown in Fig. 2(e). The
Zipf’s law parameter (ξ ) also gives a monotonously decreas-
ing phase transition temperature as shown in Fig. 2(f). The
large fluctuation of τ and ξ at low temperature is due to
the poor fitting of charge distributions and rank distributions.
Most of these measures predict a strong signal of phase
transition, but the phase transition temperature depends on
the system size except for the caloric curve, Cv , and dM/dT .
One should note that the system-size effect on nuclear matter
phase transition had been studied in several other models
[32,64–68]. Some models show different behaviors as that
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FIG. 3. Similar plots to those in Fig. 1 but with system charge
numbers Zs = 40 (open squares), 45 (solid circles), and 50 (open tri-
angles) at the same system size As = 100 and the same fragmenting
volume V = 6V0.

of SMM. We will further discuss the system-size effect in
Sec. IV.

B. N/Z asymmetry effect

The N/Z asymmetry of the fragmenting system, which is
defined in this work as Ns/Zs = (As − Zs)/Zs, may also affect
the critical behavior in fragmenting system. One should note
that both the isospin asymmetry and the Coulomb potential
change as the N/Z asymmetry changes. In order to study the
N/Z asymmetry effect, we perform the SMM calculations for
three systems with charge number Zs = 40, 45, and 50 at
the same size As = 100 and the same fragmenting volume
V = 6V0 for this study. Figure 3(a) shows the caloric curves
of these systems and the extracted Cv are shown in Fig. 3(b).
A flatter plateau is observed as Zs decreases, which results in
a sharper peak in Cv . The phase transition temperature stays
almost same for the three systems.

Figure 4 shows similar plots as those in Fig. 2 but with sys-
tem charge number Zs = 40 (open squares), 45 (solid circles),
and 50 (open triangles) at the same system size As = 100.
dM/dT shows similar behavior as that of Cv when charge
number of system changes from Zs = 40 to 50 as shown in
Fig. 4(a). All the other five measures give similar decreasing
trends of the phase transition temperature when the charge
number of system increases from Zs = 40 to 50 as shown in
Figs. 4(b) to 4(f). Similarly to the case for the system-size
effect above, these five measures show a monotonic decrease
of the phase transition temperature for more neutron poor
system, whereas the caloric curve, Cv , and dM/dT give a
rather solid signal independent of the N/Z asymmetry of the
system.

C. Fragmenting volume effect

Here we show the effect of fragmenting volume on the
experimental measures. The SMM calculations are performed
with three different fragmenting volumes, V = 4V0, 6V0, and
10V0, at the same charge number Zs = 45 and mass number
As = 100. Figure 5 shows the same plots of caloric curves and
Cv as those in Fig. 1, but for different fragmenting volumes.
Open squares, solid circles and open triangles represent V =
4V0, 6V0, and 10V0, respectively. The increasing trend of
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FIG. 4. Similar plots to those in Fig. 2 but with system charge
numbers Zs = 40 (open squares), 45 (solid circles), and 50 (open tri-
angles) at the same system size As = 100 and the same fragmenting
volume V = 6V0.

the phase transition signal width is found for Cv when the
fragmenting volume increases. While all the phase transi-
tion temperatures from the different fragmenting volumes are
found around T = 5.3 MeV.

Results of the other experimental measures are shown in
Fig. 6 in the same style as those in Figs. 2 and 4 but for
different fragmenting volumes. Similar shape of dM/dT and
Cv is also found for different fragmenting volumes as one can
see in Fig. 6(a). An increasing signal width (peak or valley)
is found for all these experimental measures except for the
Zipf’s law parameter, which shows difference in the slope.
The phase transition temperatures are slightly changes from
T ∼ 5.5 MeV at V = 4V0 to T ∼ 5 MeV at V = 10V0 for
all these measures, except for NVZ and τ , which show a
strange peak (valley) at T ∼ 4 MeV for V = 10V0 case. For
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FIG. 5. Similar plots to those in Fig. 1 but for system with
fragmenting volumes V = 4V0 (open squares), 6V0 (solid circles),
and 10V0 (open triangles) at the same charge number Zs = 45 and
mass number As = 100.

FIG. 6. Similar plots to those in Fig. 2 but for system with
fragmenting volumes V = 4V0 (open squares), 6V0 (solid circles),
and 10V0(open triangles) at the same charge number Zs = 45 and
mass number As = 100.

the system volume effect, we can make a similar conclusion
to those of the system size and N/Z asymmetry.

D. Coulomb effect

The Coulomb effect on the phase transition has been
observed in many other models [69–72]. In order to study
the role of Coulomb force in experimental measures, we
perform the SMM calculations without the Coulomb force for
fragmenting source of As = 40, 100, and 200, with the same
charge to mass ratio Zs/As = 0.45 and the same fragmenting
volume V = 6V0. Figure 7(a) shows the caloric curves of
fragmenting source of As = 40 (open circles), 100 (open
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FIG. 7. (a) Caloric curve of fragmenting source of As = 40 (open
circles), As = 100 (open squares), and As = 200 (open triangles)
without Coulomb force. The solid circles represent the fragmenting
source of As = 100, Zs = 45 in SMM calculation with Coulomb
force. (b) The specific heat capacity Cv extracted from caloric curve
as a function of source excitation energy. The same fragmenting
volume V = 6V0 is used.
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source of As = 100, Zs = 45 in SMM calculation with Coulomb
force for comparison. A factor of 0.3 is multiplied to M2 of system
with As = 200 without Coulomb force. The large fluctuation at low
temperature in τ is due to poor fitting.

squares), and 200 (open triangles) without the Coulomb force
as well as that with Coulomb for As = 100 (solid circles)
for a comparison. For As = 40 without Coulomb, a smooth
increase of the temperature is observed, similarly to that for
As = 100 with Coulomb. On the other hand As = 100 and
200 without Coulomb show a back-bending in the caloric
curves. This back-bending is known as negative heat capacity,
which was experimentally reported in the QP data [73,74], and
clearly observed in the extracted Cv plot in Fig. 7(b). However,
this negative heat capacity disappears when the Coulomb
force is turned ON. This indicates that the Coulomb force
strongly suppresses the negative heat capacity, and therefore
in nature one cannot observe the negative heat capacity in the
multifragmentation process in heavy-ion collisions based on
the SMM simulations.

Due to the back bending of caloric curves, the characteris-
tic behavior of the other measures significantly depend on the
system size as a function of temperature shown in Fig. 8. The
negative dM/dT is also found at the temperature range from
T = 6.3 to 7 MeV for the system size As = 200 and at slightly
lower temperature around 6.3 MeV for system size As = 100.
No negative dM/dT is found for system size As = 40 and
the phase transition temperature T ∼ 6 MeV is obtained. The
other measures give a similar phase transition temperature
of T ∼ 6.3 MeV as the maximum or minimum behavior
for all three systems without the Coulomb force, which is
about 1 MeV higher than that of the SMM calculations with
Coulomb force. This higher temperature shift is caused by

additional available energy without the Coulomb and also
observed in the caloric curve in Fig. 7(a).

E. The mechanism of phase transition

In the above subsections, we investigate the system size,
N/Z asymmetry and fragmenting volume effects as well as
the Coulomb effect on several experimental measures in the
framework of SMM. A signal for the first-order phase tran-
sition for all the measures is observed. The signal is rather
solid for the caloric curve, Cv , and dM/dT , whereas for the
other five measures the phase transition temperature decreases
monotonically for a larger size, more proton rich, and larger
volumes of the systems for most of the cases, and the char-
acteristic shape of the signal for a given measure changes in
a similar fashion as a function of the size or proton richness
or volume of the system. A negative heat capacity is observed
for systems with As � 100 without the Coulomb force, but it
disappears with the Coulomb. In this subsection, we further
discuss the mechanism of liquid-gas phase transition through
the evolution of charge distributions.

The charge distribution of fragments is compared for a
given Ex/A value in every 2 MeV for three system sizes,
As = 40 (solid histogram), 100 (dashed histogram), and 200
(dotted histogram) for SMM calculations with Coulomb (left)
and without Coulomb (right) at the same charge to mass ratio
Zs/As = 0.45 and the same fragmenting volume V = 6V0 in
Fig. 9. At Ex/A = 2 MeV, all distributions show a similar
structure except for As = 200 with Coulomb, see Figs. 9(a)
and 9(f). The distributions consist of two components, one is
large fragments with Z ∼ Zs and the other is dominated by
Z = 1 and 2 particles. This indicates that these events mainly
consist of a large fragment and light particles. It resembles
the particle distribution from evaporation decays. We label
the process “evaporation mode” and it is in a liquid state,
which is represented by the existence of a large fragment.
For As = 200 with Coulomb, the distribution is quite different
from the others at the same excitation energy. There is a
large bump around Z ∼ Zs/2. This component is from fission
decay, which is caused by a large Coulomb energy. When the
Coulomb is turned off, this fission decay channel is closed
and the distribution becomes very similar to those of As = 40
and 100 with Coulomb. When Ex/A � 8 MeV, smaller IMFs
become dominant for all cases. These IMFs are produced
through a multifragmentation decay and they are in a gaslike
state, which is labeled “multifragmentation mode”.

A clear evolution of the two modes in the charge distri-
bution, an evaporation mode, or fission mode at the lower
excitation energy to the multifragmentation mode at the higher
excitation energy is observed. This provides an instructive
picture of the observed plateau in the caloric curves, which
reflects a transition of liquid-gas type in SMM.

A significant difference on the Coulomb force for a
large system was predicted in the multicanonical system in
Ref. [70]. In the SMM model, the absence of the Coulomb
force generates the negative heat capacity as the transition
from the evaporation mode to the multifragmentation mode.
When the Coulomb is turned on, the evaporation mode is
replaced by the fission mode and the negative heat capacity

054616-5



W. LIN et al. PHYSICAL REVIEW C 99, 054616 (2019)

6−10

5−10

4−10

3−10

2−10

1−10
1

10 /A = 2 MeV (a)xE

6−10

5−10

4−10

3−10

2−10

1−10
1

10 /A = 4 MeV (b)xE

6−10

5−10

4−10

3−10

2−10

1−10
1

10 /A = 6 MeV (c)xE

6−10

5−10

4−10

3−10

2−10

1−10
1

10 /A = 8 MeV (d)xE

sZ/Z
0 0.2 0.4 0.6 0.8 1 1.2

6−10

5−10

4−10

3−10

2−10

1−10
1

10 /A = 10 MeV (e)xE

/A = 2 MeV (f)xE

/A = 4 MeV (g)xE

/A = 6 MeV (h)xE

/A = 8 MeV (i)xE

 = 40sA
 = 100sA
 = 200sA

sZ/Z
0 0.2 0.4 0.6 0.8 1 1.2

/A = 10 MeV (j)xE

M
u

lt
ip

lic
it

y

With Coulomb w/o Coulomb

FIG. 9. Charge distributions of system sizes As = 40 (solid his-
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excitation energy from Ex/A = 2 to 10 MeV in 2 MeV step for
the SMM calculations with Coulomb (left) and without Coulomb
(right) at the same charge to mass ratio Zs/As = 0.45 and the same
fragmenting volume V = 6V0.

disappears. No drastic change is observed in the lighter system
for the existence (absence) of the Coulomb force, except
for the phase transition temperature values, which increase
1–2 MeV for the absence of the Coulomb force. For the
lighter system, the transition from the evaporation mode to
the multifragmentation mode occurs with or without Coulomb
with the increase of the excitation energy.

IV. DISCUSSION

In Sec. III A, the specific heat capacity Cv, dM/dT as well
as Fisher exponent τ predict a very similar phase transition
temperature T ∼ 5.5 MeV for three different system sizes.
The signal width increases as the system size increases for
these measures. These observables are quite different from
the results of a percolation model or a lattice gas model,
in which the phase transition signatures become prominent
when the system size increases [64,66,75,76]. In order to
address the different system-size effects of SMM and these
models, the antisymmetrized molecular dynamics (AMD)
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FIG. 10. Caloric curves of 36Ar at rwall = 7.8 fm (solid circles)
and 100Sn at rwall = 11 fm (open circles) from AMD.

model [17,18,77–79] is adopted. In those studies [17,18], a
static nature of the hot nuclear matter is studied, confining
hot nucleons in a fixed volume. A back-bending is observed
in the caloric curve along a constant pressure as a signature
of the phase transition for a rather small system of A = 36.
In our study, however, we focus on the critical behavior at a
constant volume, just because it is built in SMM. In this study
we apply the model for 36Ar and 100Sn systems at a constant
volume with rwall = 7.8 and 11 fm, respectively, which give
the same average density of ρ = 0.018 fm−3. rwall is the radius
of the potential wall used for the confinement of the nucleons.
The density corresponds to V ∼ 9V0 in SMM simulations,
but as discussed in Sec. III C, no significant change on the
phase transition temperature is observed in SMM. The time
evolution of AMD is calculated up to 99 000 fm/c for 36Ar
and 25 000 fm/c for 100Sn. The other procedures are the same
as those in Ref. [17].

Figure 10 shows the resultant caloric curves of 36Ar (solid
circles) and 100Sn (open circles) from AMD. One can see that
the flat plateaus are observed at temperature T ∼ 7 MeV for
both 36Ar and 100Sn, which reflects a similar phase transition
temperature for the two different system sizes in the AMD
simulations. A flatter plateau is found for the lighter system
of 36Ar, which indicates a narrower peak in the specific heat
capacity Cv . Therefore, the AMD results of the system-size
effect are consistent to those from the SMM calculations. This
suggests that the phase transition in SMM reflects the nucleon-
nucleon interaction effect through the binding energy, which
is not taken into account in the percolation or the lattice gas
model. The AMD results support the SMM results, which is
based on a thermodynamic concept, and the nucleon-nucleon
interaction through the binding energy plays a crucial role for
the phase transition signatures discussed in Sec. III.

V. SUMMARY

We investigate the system size, N/Z asymmetry, and
fragmenting volume effects as well as the Coulomb ef-
fect on several experimental measures including caloric
curve, Cv, dM/dT, M2, γ2, NVZ, τ , and ξ , which provide
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signatures for nuclear liquid-gas phase transition in heavy-ion
collisions in the framework of SMM.

The caloric curve, Cv , and dM/dT give a solid signal for
the first-order phase transition, independent of the system
sizes, the N/Z asymmetries, and the volumes of the system
at a similar value of the phase transition temperature, though
the shape of the signal slightly depends on the conditions as
a function of the Ex/A. For the other five measures, M2, γ2,
NVZ, τ , and ξ , all give a phase transition signal, but the phase
transition temperature decreases monotonically, as the size or
proton richness or volume of the system increases. Since the
caloric curve, Cv , and dM/dT show a consistent behavior at
or near the phase transition temperature, they provide the best
solid measure for the first-order phase transition.

A negative heat capacity is observed for system size As �
100 without the Coulomb force. The calculations do not show
negative heat capacity when Coulomb force is on even for sys-
tem size greater than 200. This is because the Coulomb force
strongly enhances the fission decay at a low excitation energy,

and the negative heat capacity, which is from the transition
from the evaporation mode to the multifragmentation mode,
disappears.
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