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Nonrelativistic expansion of Dirac equation with spherical scalar and vector
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By following the conventional similarity renormalization group (SRG) expansion of the Dirac equation
developed in [J.-Y. Guo, Phys. Rev. C 85, 021302 (2012)], we work out the analytic expression of the 1/M4

order and verify the convergence of this method. As a step further, the reconstituted SRG method is proposed
by using the resummation technique. The speed of convergence of the reconstituted SRG becomes much faster
than the conventional one, and the single-particle densities with the reconstituted SRG are also almost identical
to the exact values.
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I. INTRODUCTION

In atomic physics, it is well known that the fine structure
describes the splitting of the spectral lines of atoms due to the
electron spin and the relativistic corrections to the nonrela-
tivistic Schrödinger equation. The leading-order corrections,
including the relativistic correction to the kinetic energy, the
correction due to the spin-orbit coupling, and the Darwin term,
can be derived from the standard nonrelativistic expansion
of the Dirac equation by using the Taylor series [1,2]. In
nuclear physics, since the 1970s, the density function theory
(DFT) in both the nonrelativistic and relativistic frameworks
has achieved great successes in describing and understanding
the ground-state and excited-state properties of thousands of
nuclei in a microscopic and self-consistent way. The non-
relativistic expansion of the Dirac equation is considered to
be a potential bridge for the connection between these two
frameworks [3,4]. Recently, the nonrelativistic expansion of
the Dirac equation also shows promising applications for
investigating the origin of the pseudospin symmetry (PSS) and
its breaking mechanism [5].

The PSS is the quasidegeneracy phenomenon between
two single-nucleon states with the quantum numbers (n −
1, l + 2, j = l + 3/2) and (n, l, j = l + 1/2) [6,7]. Various
phenomena in nuclear structure have been discussed based on
this concept, such as superdeformation [8], identical bands
[9,10], pseudospin partner bands [11,12], and so on. See
also reviews [13,14] and the references therein. In 1997, the
PSS was shown to be a symmetry of the Dirac Hamiltonian,
where the pseudo-orbital angular momentum l̃ is nothing but
the orbital angular momentum of the lower component of
the Dirac spinor [15]. In addition, the equality in magni-
tude but difference in sign of the scalar potential S(r) and
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vector potential V (r) was suggested as the exact PSS limit
by reducing the Dirac equation to a Schrödinger-like equation
[15]. A more general condition d (S + V )/dr = 0 was pro-
posed [16], and it can be approximately satisfied in exotic
nuclei with highly diffuse potentials [17]. Along with this
direction, a conventional way is to reduce the Dirac equation
to a nonrelativistic Schrödinger-like equation for the upper or
lower component of the Dirac spinor. However, the effective
Hamiltonian thus obtained is not Hermitian, since the upper-
or lower-component wave functions alone, as the solutions
of the Schrödinger-like equation, are not orthogonal to each
other.

In 2012, Guo [5] proposed a novel method to perform the
nonrelativistic expansion of the Dirac equation by using the
similarity renormalization group (SRG). With this method,
the Dirac Hamiltonian can be transformed into a diagonal
form, i.e., the eigenequations for the upper and lower compo-
nents of the Dirac spinors are decoupled. The nonrelativistic
reduced Hamiltonian thus obtained is Hermitian, and it can
be expanded into the series in terms of 1/Mi (with M the
bare mass of nucleon). It was also proven that, by using the
SRG method, the relativistic correction to the kinetic energy
appears in the order of 1/M3, and the correction due to the
spin-orbit coupling and the Darwin term appear in the order of
1/M2, respectively. In short, SRG provides a systematic way
to derive all terms up to a given order.

Based on the nonrelativistic expansion with SRG, the study
of PSS was carried out not only in spherical [18–22] but also
in deformed [23,24] nuclei. As a step further, by using the
nonrelativistic reduced Hamiltonian by SRG, the origin of
PSS and its breaking mechanism were investigated quantita-
tively in the scheme of supersymmetry quantum mechanics
[25–27].

However, different from the atomic systems, in the nuclear
systems the most slowly convergent series is that in the pow-
ers of S/M, whose value is approximately 1/3, as typically
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S ∼ −350 MeV and M = 939 MeV. As a result, even for the
1/M3 order, the absolute value of its contribution to the single-
particle energy is up to 3 MeV. The remaining discrepancy
between the corresponding single-particle energies and the
exact ones is still around or more than 1 MeV for most
single-particle states [5]. In order to verify the convergence of
the SRG method, it is necessary to work out the nonrelativistic
expansion up to higher orders and evaluate their contributions
to the single-particle energy.

In this work, we will perform the nonrelativistic expansion
of the Dirac equation by using the SRG method up to the
1/M4 order for the first time. Beyond that, we will propose a
resummation method, where the expansion is written in terms
of 1/M∗i [with M∗(r) = M + S(r) the Dirac effective mass
of nucleon]. It will be proven that the new method provides
much faster convergence than the conventional expansion for
both single-particle energies and densities.

This paper is organized as follows. In Sec. II A, the theo-
retical framework of the conventional SRG method will be re-
called, and the expansion up to the 1/M4 order will be shown.
The theoretical framework for the novel reconstituted SRG
method with resummation will be introduced in Sec. II B. The
numerical details for solving the radial Schrödinger equation
in coordinate space and the results for the single-particle
energies and densities will be presented in Sec. III. Finally,
a summary and perspectives will be given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Conventional SRG method

In the relativistic scheme, the Dirac Hamiltonian with the
scalar S and vector V potentials for nucleons reads

H = α · p + β(M + S) + V, (1)

where α and β are the Dirac matrices and M is the mass of
nucleon.

Following Wegner’s formulation and the technique of SRG
[28,29], the Hamiltonian is transformed by a unitary operator
U (l ) as

H (l ) = U (l )HU †(l ), H (0) = H, (2)

with a flow parameter l . Further with the anti-Hermitian
generator η(l ) = dU (l )

dl U †(l ), the Hamiltonian flow equation
is obtained from the differential of the initial Hamiltonian H
as

dH (l )

dl
= [η(l ), H (l )]. (3)

It is convenient and appropriate to choose η(l ) in the form of

η(l ) = [βM, H (l )] (4)

to transform Dirac Hamiltonian into a diagonal form.
In order to solve Eq. (3), the technique in Ref. [29] was

adopted in Ref. [5]. According to the commutation and anti-
commutation relations with respect to β, the Hamiltonian is
divided into two parts:

H (l ) = ε(l ) + o(l ), (5)

where ε(l ) is an even operator or a diagonal part and o(l ) is an
odd operator or an off-diagonal part. They satisfy [ε, β] = 0
and {o, β} = 0, respectively.

Combined with Eqs. (4) and (5), Eq. (3) is transformed into

dε(l )

dl
= 4Mβo2(l ), (6a)

do(l )

dl
= 2Mβ[o(l ), ε(l )], (6b)

and the initial conditions are

ε(0) = β(M + S) + V, o(0) = α · p. (7)

Equations (6a) and (6b) can be solved perturbatively in
1/M [29]. It is convenient to introduce a dimensionless flow
parameter λ = lM2. The expansions of ε(λ)/M and o(λ)/M
are then done as follows:

ε(λ)

M
=

∞∑
i=0

εi(λ)

Mi
, (8a)

o(λ)

M
=

∞∑
j=1

o j (λ)

M j
. (8b)

To differentiate Eqs. (8a) and (8b) gives [5]

dεn(λ)

dλ
= 4β

n−1∑
k=1

ok (λ)on−k (λ), (9a)

don(λ)

dλ
= −4on(λ) + 2β

n−1∑
k=1

[ok (λ), εn−k (λ)]. (9b)

The solutions of Eqs. (9a) and (9b) are obtained as [5]

εn(λ) = εn(0) + 4β

∫ λ

0

n−1∑
k=1

ok (λ′)on−k (λ′) dλ′, (10a)

on(λ) = on(0)e−4λ

+ 2βe−4λ

∫ λ

0

n−1∑
k=1

[e4λ′
ok (λ′), εn−k (λ′)] dλ′, (10b)

with the initial conditions,

ε0(0) = β, ε1(0) = βS + V, εn(0) = 0 if n � 2,

o1(0) = α · p, on(0) = 0 if n � 2. (11)

Therefore, when λ → ∞ the diagonalized Dirac operator
up to the 1/M3 order is easy to be obtained as [5]

ε(∞) = Mε0(∞) + ε1(∞) + ε2(∞)

M

+ ε3(∞)

M2
+ ε4(∞)

M3
+ · · ·

= Mε0(0) + ε1(0) + 1

2M
βo2

1(0)

+ 1

8M2
[[o1(0), ε1(0)], o1(0)]

054324-2



NONRELATIVISTIC EXPANSION OF DIRAC EQUATION … PHYSICAL REVIEW C 99, 054324 (2019)

+ 1

32M3
β
(−4o4

1(0) + [[o1(0), ε1(0)], ε1(0)]o1(0)

+ o1(0)[[o1(0), ε1(0)], ε1(0)]

− 2[o1(0), ε1(0)][o1(0), ε1(0)]
) + · · · . (12)

Furthermore, the results of the next order, i.e., the 1/M4 order,
can also be worked out carefully as

ε5(∞)

M4
= 1

128M4
(−9[[o1(0), ε1(0)], o3

1(0)]

+ 3[o1(0), ε1(0)]2ε1(0) + 3ε1(0)[o1(0), ε1(0)]2

− 6[o1(0), ε1(0)]ε1(0)[o1(0), ε1(0)]

+ 3[o1(0)[o1(0), ε1(0)]o1(0), o1(0)]

+ [[[[o1(0), ε1(0)], ε1(0)], ε1(0)], o1(0)]). (13)

For the systems with spherical symmetry, the correspond-
ing Dirac equation reads[

�(r) + M − d
dr + κ

r
d
dr + κ

r 	(r) − M

][
G(r)
F (r)

]
= E

[
G(r)
F (r)

]
, (14)

where κ is a good quantum number defined as κ = ∓ ( j +
1/2) for j = l ± 1/2 and �(r) = V (r) + S(r) and 	(r) =
V (r) − S(r) are the sum of and the difference between the
vector and scalar potentials, respectively. The single-particle
energy E = ε + M including the mass of nucleon.

The initial conditions in Eq. (11) are then written as

ε1(0) =
[
�(r) 0

0 	(r)

]
, o1(0) =

(
0 − d

dr + κ
r

d
dr + κ

r 0

)
.

(15)

At the end of the flow, the Dirac Hamiltonian is transformed
into a diagonal form as o(∞) = 0 and

ε(∞) =
[H(F ) + M 0

0 H(D) − M

]
. (16)

As a result, the eigenequations for the upper and lower com-
ponents of the Dirac spinors are decoupled.

Hereafter, we will focus on the single-particle states in the
Fermi sea, which correspond to their counterparts in the non-
relativistic framework. Therefore, H(F ) will be investigated in
detail, and its superscript will be omitted when there is no
confusion.

In Ref. [5], the expansion of H was given up to the 1/M3

order as

H0 = �(r), (17a)

H1 = 1

2M
p2, (17b)

H2 = 1

8M2

(
−4Sp2 + 4S′ d

dr
− 2

κ

r
	′ + �′′

)
, (17c)

H3 = 1

32M3

(
−4p4 + 16S2 p2 − 32SS′ d

dr

− 8S�′′ + 16S	′ κ
r

− 2�′2 + 4�′	′
)

, (17d)

where

p2 = − d2

dr2
+ κ (κ + 1)

r2
(18)

and

p4 = d4

dr4
− 2

κ (κ + 1)

r2

d2

dr2
+ 4

κ (κ + 1)

r3

d

dr

+ κ (κ + 1)(κ + 3)(κ − 2)

r4
. (19)

In order to verify the convergence of the SRG approach,
here the results of the 1/M4 order are worked out as

H4 = 1

128M4

{
48Sp4 − 96S′ p2 d

dr

+
[

24	′ κ
r

− 24(�′′ + 3S′′) − 64S3

]
p2

+
[

24	′ κ

r2
− 24	′′ κ

r
+ 24(S′′′ + �′′′) + 192S2S′

]
d

dr

+
[
−12(�′ − 12S′)

κ (κ + 1)

r3
− 24	′ κ

r3

+ 12(�′′ + 4S′′)
κ (κ + 1)

r2
+ 24	′′ κ

r2

− 12	′′′ κ
r

− 96S2	′ κ
r

+ 9�′′′′ + 48S2�′′

+ 24S�′(�′ − 2	′)
]}

. (20)

It is noted that operators with higher-order derivatives
appear from H3, and thus the eigenequation containing up to
the second derivatives reads

[H0 + H1 + H2]ϕk (r) = εkϕk (r). (21)

In the following discussions, the eigenequation (21) will be
solved, and the higher-order terms H3 and H4 will be calcu-
lated by the perturbation theory.

B. Reconstituted SRG method

In Sec. II A, the conventional SRG approach introduced
in Ref. [5] has been followed. However, its speed of con-
vergence is rather slow, because the most slowly convergent
series is that in terms of the power of S/M, whose value is
approximately 1/3. As a result, the biggest contribution to
the single-particle energy at each 1/Mi order comes from the
term (−S)i−1

2Mi p2, which will be shown numerically in Sec. III A.
This observation reminds us the idea of resummation, which
is widely used in the studies such as the Brueckner theory
[30,31], and so on.

In the present case, there is only one term in H1,

1

2M
p2, (22)
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and it can be seen that this term is accompanied by its family
in the higher orders, i.e.,

1

2M
p2 − S

2M2
p2 + S2

2M3
p2 − S3

2M4
p2 + · · · (23)

Indeed, we can easily sum this series up to the infinite order
as

1

2M
p2 − S

2M2
p2 + S2

2M3
p2 − S3

2M4
p2 + · · ·

= 1

2(M + S)
p2 ≡ 1

2M∗ p2. (24)

Here the effective mass M∗ is nothing but the well-known
Dirac mass in the relativistic scheme.

In the next order, 1/M2, we have additional terms that do
not belong to the above family,

S′

2M2

d

dr
− κ

r

	′

4M2
+ �′′

8M2
. (25)

These terms are also accompanied by their family in the
higher orders. For example,

S′

2M2

d

dr
− 2SS′

2M3

d

dr
+ 3S2S′

2M4

d

dr
− · · · = S′

2M∗2

d

dr
. (26)

The same is also true for the new terms in the 1/M3 order,

�′2

16M3
− S′�′

4M3
− 1

8M3
p4. (27)

For example,

− 1

8M3
p4 + 3S

8M4
p4 − · · · = − 1

8M∗3 p4. (28)

In short, by replacing the bare mass M by the Dirac mass
M∗, we not only obtain the nonrelativistic expansion up to a
certain order but also sum up the terms that belong to their
families up to the infinite order.

Up to the 1/M3 order, we have the new expression

H = � + 1

2M∗ p2 + S′

2M∗2

d

dr
− 	′

4M∗2

κ

r
+ �′′

8M∗2

+ �′2

16M∗3 − S′�′

4M∗3 − 1

8M∗3 p4 + · · · (29)

Let us then discuss about the Hermitian properties of
the Hamiltonian. For example, on the one hand, now M∗
is not a constant, and the differential operator p2 is acting
only to the right-hand side. Thus, the term 1

2M∗ p2 alone in
the Hamiltonian is not Hermitian. On the other hand, the
following operator is Hermitian, which is nothing but

− d

dr

1

2M∗
d

dr
+ κ (κ + 1)

2M∗r2
= 1

2M∗ p2 + S′

2M∗2

d

dr
. (30)

In other words, in the expansion, we cannot just arbitrarily
truncate up to a certain order, such as 1/M∗, instead we should
keep the corresponding terms in higher orders in order to make
the truncated Hamiltonian Hermitian, such as those two terms
above, although the second term belongs to the next order.
Now let us see which terms we should keep together with

− 1
8M∗3 p4. The corresponding Hermitian operator reads

−p2 1

8M∗3 p2 = − 1

8M∗3 p4 − 3S′

4M∗4 p2 d

dr

+
(

− 3S′′

8M∗4 + 3S′2

2M∗5

)
p2

+ 3S′

2M∗4

κ (κ + 1)

r3
. (31)

Finally, the Hamiltonian in the new method, which we call
the reconstituted SRG expansion, is obtained as

H̃0 = �(r), (32a)

H̃1 = − d

dr

1

2M∗
d

dr
+ κ (κ + 1)

2M∗r2
, (32b)

H̃2 = − 	′

4M∗2

κ

r
+ �′′

8M∗2 , (32c)

H̃3 = −p2 1

8M∗3 p2 + �′2

16M∗3 − S′�′

4M∗3 . (32d)

Similarly to the conventional expansion, operators with
higher-order derivatives appear from H̃3, and thus the
eigenequation containing up to the second derivatives reads

[H̃0 + H̃1 + H̃2]ϕ̃k (r) = ε̃kϕ̃k (r). (33)

In the following discussions, the eigenequation (33) will be
solved, and the higher-order term H̃3 will be calculated by the
perturbation theory.

III. RESULTS AND DISCUSSION

In order to figure out the differences and improvements to
the results and discussion in Ref. [5], we use the Woods-Saxon
potentials for �(r) and 	(r), i.e., �(r) = �0 f (a0, r0, r) and
	(r) = 	0 f (a0, r0, r) with

f (a0, r0, r) = 1

1 + e
r−r0

a0

, (34)

where the parameters are the same as those in Ref. [5], i.e.,
�0 = −66.0 MeV, 	0 = 650.0 MeV, r0 = 7.0 fm, and a0 =
0.6 fm, which are the typical values for the nucleus 208Pb. The
mass of nucleon is taken as M = 939.0 MeV.

The Dirac equation (14) is solved in coordinate space by
the shooting method [32] within a spherical box with radius
Rbox = 20 fm and mesh size dr = 0.05 fm. The single-particle
energies and densities thus obtained will serve as benchmarks,
labeled as Exact in the tables and figures. The nonrelativistic
equations (21) and (33) are also solved in coordinate space by
the shooting method with the same box and mesh sizes.

A. Single-particle energy with conventional SRG

By taking four pseudospin partners (3p3/2, 2 f5/2), (2 f7/2,
1h9/2), (2d5/2, 1g7/2), and (2p3/2, 1 f5/2) as examples, the
eigenenergies ε1/M2 obtained from solving Eq. (21) are shown
in Table I. The results of the Dirac equation (14) labeled as
Exact, which serve as benchmarks, are also shown in the table.
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TABLE I. Eigenenergies of the Dirac equation (14) (Exact) and
Eq. (21) (ε1/M2 ) as well as their differences for four pseudospin
partners. All units are in MeV.

State Exact ε1/M2 ε1/M2 − Exact

3p3/2 −7.6933 −10.7831 −3.2632
2 f5/2 −8.7762 −12.3894 −3.7511
2 f7/2 −10.7584 −13.6666 −3.0079
1h9/2 −14.1161 −17.9759 −3.8640
2d5/2 −20.9981 −23.9082 −2.8937
1g7/2 −24.7003 −28.1825 −3.3606
2p3/2 −31.4007 −34.0185 −2.5216
1 f5/2 −34.7751 −37.6507 −2.6958

It is found that the eigenenergies ε1/M2 are all over bound by
around 3 MeV.

In the 1/M3 order, there are in total seven operators Oi (i =
1, 2, 3, . . . , 7) as shown in Eq. (17d). Their contributions
to the single-particle energies are shown in Table II for the
states 2d5/2, 1g7/2, 2 f7/2, and 1h9/2. The contribution of each
operator is calculated by the perturbation theory, i.e., εi(k) =
〈k|Oi|k〉 = ∫

ϕ∗
k Oiϕk dr.

The operator O1 corresponds to the relativistic correction
to the kinetic energy, and its contributions are in general neg-
ative. The operator O5 is related to the spin-orbit interaction,
so its contributions are also substantial, and they are negative
(positive) for the spin-up states with j = l + 1/2 (the spin-
down states with j = l − 1/2). In contrast, the contributions
from all the central terms O4, O6, and O7 are relatively minor,
and their influences can be ignored here. Because of S/M
is approximately 1/3, the biggest corrections in this order
come from the operator O2, which is related to the dynamical
effects. Its contributions are in general positive and as big as
around 3 MeV. Finally, although the contributions of another

TABLE II. Contributions of operators Oi in the 1/M3 order to the
single-particle energies for the states 2d5/2, 1g7/2, 2 f7/2, and 1h9/2.
The last line shows the total contributions in this order. All units are
in MeV.

i Operator 2 f7/2 1h9/2 2d5/2 1g7/2

1 − 1

8M3
p4 −0.4783 −0.4144 −0.3370 −0.2707

2
S2

2M3
p2 3.1763 3.0608 2.8875 2.6501

3
−SS′

M3

d

dr
0.0517 −0.1752 −0.0291 −0.1956

4 − S�′′

4M3
0.0111 0.0301 0.0160 0.0285

5
S	′

2M3

κ

r
−0.3138 0.5647 −0.2398 0.3942

6 − �′2

16M3
−0.0007 −0.0006 −0.0006 −0.0005

7
�′	′

8M3
−0.0144 −0.0127 −0.0121 −0.0095

Total 2.4319 3.0527 2.2849 2.5964

TABLE III. Single-particle energies ε1/M3 obtained by the con-
ventional SRG method with the perturbation corrections up to the
1/M3 order. The exact values and the differences between ε1/M3 and
the exact ones are also shown. All units are in MeV.

State Exact ε1/M3 ε1/M3 − Exact

3p3/2 −7.6933 −8.1468 −0.4536
2 f5/2 −8.7762 −9.3822 −0.6059
2 f7/2 −10.7584 −11.2347 −0.4763
1h9/2 −14.1161 −14.9232 −0.8071
2d5/2 −20.9981 −21.6233 −0.6252
1g7/2 −24.7003 −25.5861 −0.8858
2p3/2 −31.4007 −32.0691 −0.6684
1 f5/2 −34.7751 −35.6041 −0.8290

dynamical term O3 are not negligible, their specific values
depend on the detailed structures of the operator as well as
the single-particle wave functions.

After adding the contributions in the 1/M3 order to the
eigenenergies of Eq. (21), the single-particle energies ε1/M3

obtained by the conventional SRG method with the perturba-
tion corrections up to the 1/M3 order are shown in Table III.
All four pseudospin partners are still over bound. Although
they are reduced to the values between 0.5 MeV and 1 MeV
for most states, the differences between ε1/M3 and the exact
ones still cannot be ignored. Therefore, it is necessary to
further calculate the corrections from the 1/M4 order.

In the 1/M4 order, the 23 operators are numbered as Oi

(i = 8, 9, 10, . . . , 30) in sequence according to Eq. (20).
The dominant contributions to the single-particle energies
come from the relativistic correction to the kinetic energy O8,
the dynamical term O13, and the spin-orbit term O26. (See
Appendix for details.) After adding both the contributions in
the 1/M3 and 1/M4 orders to the eigenenergies of Eq. (21),
the single-particle energies ε1/M4 obtained by the conventional
SRG method with the perturbation corrections up to the 1/M4

order are shown in Table IV. Now the deeply bound states
are still slightly over bound, while the weakly bound states
become under bound. It is clear that the differences between
the single-particle energies ε1/M4 and the exact ones are less
than 0.2 MeV for all states, and even less than 0.1 MeV for
some states.

TABLE IV. Same as Table III, but for the single-particle energies
ε1/M4 with the perturbation corrections up to the 1/M4 order.

State Exact ε1/M4 ε1/M4 − Exact

3p3/2 −7.6933 −7.5200 0.1733
2 f5/2 −8.7762 −8.6384 0.1379
2 f7/2 −10.7584 −10.6587 0.0997
1h9/2 −14.1161 −14.1119 0.0042
2d5/2 −20.9981 −21.0144 −0.0163
1g7/2 −24.7003 −24.8220 −0.1216
2p3/2 −31.4007 −31.4969 −0.0962
1 f5/2 −34.7751 −34.9549 −0.1798
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FIG. 1. Energy spectrum of H for the four pseudospin partners
calculated by the conventional SRG method. The first, second, third,
and fourth columns show the single-particle energies up to the 1/M,
1/M2, 1/M3, and 1/M4 orders, respectively. The last column labeled
as Exact shows the eigenenergies of the Dirac equation (14).

In order to show the results concisely, the energy spectrum
of H for the four pseudospin partners calculated by the con-
ventional SRG method is shown in Fig. 1. The first, second,
third, and fourth columns show the single-particle energies up
to the 1/M, 1/M2, 1/M3, and 1/M4 orders, respectively. The
last column labeled as Exact shows the eigenenergies of the
Dirac equation (14).

For the discussions on the pseudospin symmetry, it is
found that among the perturbation corrections in the 1/M3

order, the spin-orbit term O5 and the relativistic correction to
the kinetic energy O1 reduce the pseudospin-orbit splittings,
while the dynamical terms O2 and O3 increase the splittings.
It is consistent with the findings in Ref. [5]. Furthermore,
among the perturbation corrections in the 1/M4 order, on the
one hand, the dominant spin-orbit and relativistic correction
terms are O26 and O8, respectively, and they reduce further the
pseudospin-orbit splittings substantially; on the other hand,
the dominant dynamical term O13 increases the splittings. This
supports the main conclusion in Ref. [5].

B. Single-particle energy with reconstituted SRG

Let us then investigate the speed of convergence of the
newly proposed reconstituted SRG method. First, by taking

TABLE V. Eigenenergies of the Dirac equation (14) (Exact) and
Eq. (33) (ε1/M∗2 ) as well as their differences for four pseudospin
partners. All units are in MeV.

State Exact ε1/M∗2 ε1/M∗2 − Exact

3p3/2 −7.6933 −6.2635 1.4297
2 f5/2 −8.7762 −7.2580 1.5183
2 f7/2 −10.7584 −9.3517 1.4067
1h9/2 −14.1161 −12.7160 1.4000
2d5/2 −20.9981 −19.9176 1.0805
1g7/2 −24.7003 −23.7312 0.9691
2p3/2 −31.4007 −30.6919 0.7088
1 f5/2 −34.7751 −34.1796 0.5955

TABLE VI. Contributions of operators Õi in the 1/M∗3 order
to the single-particle energies for the states 2d5/2, 1g7/2, 2 f7/2, and
1h9/2. The last line shows the total contributions in this order. All
units are in MeV.

i Operator 2 f7/2 1h9/2 2d5/2 1g7/2

1 −p2 1

8M∗3 p2 −1.4605 −1.2577 −1.1138 −0.8952

2
�′2

16M∗3 0.0015 0.0018 0.0015 0.0014

3 − S′�′

4M∗3 −0.0320 −0.0382 −0.0317 −0.0302

Total −1.4911 −1.2941 −1.1441 −0.9240

the same four pseudospin partners as examples, the eigenener-
gies obtained from solving Eq. (33) are shown in Table V. The
results of the Dirac equation (14) labeled as Exact also serve
as benchmarks in the table. Different from the conventional
SRG method, for four pseudospin partners, they are all under
bound, and the differences between the eigenenergies ε1/M∗2

and the exact ones are around 1 MeV, which are already
reduced a lot compared with the case of ε1/M2 .

In the 1/M∗3 order, there are only three operators Õi

(i = 1, 2, 3) as shown in Eq. (32d). Their contributions to
the single-particle energies for the states 2d5/2, 1g7/2, 2 f7/2,
and 1h9/2 are shown in Table VI. The contribution of each
operator is also calculated by the perturbation theory, i.e.,
ε̃i(k) = 〈k̃|Õi|k̃〉 = ∫

ϕ̃∗
k Õiϕ̃k dr. The dominant corrections

come from the relativistic correction to the kinetic energy Õ1.
They are in general negative, and their values are approxi-
mately as three times as those of O1 in the conventional SRG,
mainly because of the factor (M/M∗)3. On the other hand,
the essential corrections O2, O3, and O5 in the conventional
SRG have been absorbed in the lower orders in the present
reconstituted SRG method.

After adding the contributions in the 1/M∗3 order to the
eigenenergies of Eq. (33), the single-particle energies ε1/M∗3

obtained by the reconstituted SRG method with the perturba-
tion corrections up to the 1/M∗3 order are shown in Table VII.
Now the spin-up states are slightly over bound, while the
spin-down states are slightly under bound. It is clear that the

TABLE VII. Single-particle energies ε1/M∗3 obtained by the re-
constituted SRG method with the perturbation corrections up to the
1/M∗3 order. The exact values and the differences between ε1/M∗3

and the exact ones are also shown. All units are in MeV.

State Exact ε1/M∗3 ε1/M∗3 − Exact

3p3/2 −7.6933 −7.7167 −0.0235
2 f5/2 −8.7762 −8.7270 0.0492
2 f7/2 −10.7584 −10.8428 −0.0844
1h9/2 −14.1161 −14.0101 0.1060
2d5/2 −20.9981 −21.0617 −0.0635
1g7/2 −24.7003 −24.6552 0.0451
2p3/2 −31.4007 −31.4342 −0.0335
1 f5/2 −34.7751 −34.7598 0.0153
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FIG. 2. Energy spectrum of H̃ for the four pseudospin partners
calculated by the reconstituted SRG method. The first, second,
and third columns show the single-particle energies up to H̃1, H̃2,
and H̃3, respectively. The last column labeled as Exact shows the
eigenenergies of the Dirac equation (14).

differences between ε1/M∗3 and the exact ones are in general
less than 0.1 MeV, and for some states the differences are even
negligible. Therefore, it is not necessary to go to higher orders
in this novel expansion.

In order to show the results concisely, the energy spectrum
of H̃ for the four pseudospin partners calculated by the recon-
stituted SRG method is shown in Fig. 2. The first, second, and
third columns show the single-particle energies up to H̃1, H̃2,

and H̃3, respectively. The last column labeled as Exact shows
the eigenenergies of the Dirac equation (14).

C. Single-particle density

The single-particle density is another important physical
quantity, in particular, in the context of DFT. Moreover, as
the Hamiltonian has been transformed by unitary operators
in SRG, the single-particle wave functions are transformed
correspondingly, but the single-particle densities remain the
same. Therefore, it is also worthwhile to investigate the single-
particle densities ρ(r).

First, the single-particle densities ρ(r) = ϕ∗(r)ϕ(r)
[ρ(r) = ϕ̃∗(r)ϕ̃(r)] are calculated from the conventional
(reconstituted) SRG method by using the solutions of Eq. (21)
[Eq. (33)]. Then, according to the perturbation theory, the
wave functions are corrected as

ϕ
(1)
k = ϕk +

∑
n �=k

ankϕn, (35a)

ϕ̃
(1)
k = ϕ̃k +

∑
n �=k

ãnkϕ̃n, (35b)

and here

ank = 〈n|H3|k〉
εk − εn

, (36a)

ãnk = 〈n|H̃3|k〉
ε̃k − ε̃n

, (36b)

0.0

0.1

0.2

0.3

0.4

(r
) (

fm
-1
)

conventional SRG

(a) (b)a2d5/2

reconstituted SRG

0 2 4 6 8 100.0
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0.2

0.3

(c)

(r
) (
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-1
)

r (fm)

 Exact
 1/M2 order
 1/M3 order

0 2 4 6 8 10 12

(d)1g7/2

r (fm)

 Exact
 1/M*2 order
 1/M*3 order

FIG. 3. Single-particle densities for the 2d5/2 (upper panels) and 1g7/2 (lower panels) states. The solutions of the Dirac equation (14) are
labeled as Exact with the solid lines. The results by the conventional (reconstituted) SRG method are shown in the left (right) panels, where
the solutions of Eq. (21) [Eq. (33)] and those with the perturbation corrections up to the 1/M3 (1/M∗3) order are shown with the dash-dotted
and dashed lines, respectively.
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to the 1/M3 and 1/M∗3 orders, respectively. Finally, the wave
functions have been normalized after the perturbation.

In Fig. 3, the single-particle densities for the 2d5/2 and
1g7/2 states are shown, where the results by the conven-
tional and reconstituted SRG methods are compared with
the benchmark solutions of the Dirac equation (14). For the
conventional method, compared with the exact densities, even
with the corrections up to the 1/M3 order, obvious differences
can still be seen. In contrast, for the reconstituted method,
the direct results in the 1/M∗2 order have improved the
conventional ones. After considering the corrections in the
next order, the single-particle densities are almost identical to
the exact ones.

IV. SUMMARY AND PERSPECTIVES

By following the conventional SRG method, we have
successfully worked out the solutions of the 1/M4 order for
the first time. On the one hand, the investigation for the
higher order has successfully verified the convergence of the
conventional method. On the other hand, the numerical results
of the contributions in the 1/M3 and 1/M4 orders also support
that the pseudospin splittings are added by the dynamical
terms and are reduced by the spin-orbit interactions as well
as the relativistic corrections to the kinetic energy.

With the resummation of the operators, the reconstituted
SRG method has been proposed. By replacing the bare mass
of nucleon by the Dirac mass, the terms that belong to the
same families as those in the lower orders are also summed
to the infinite order. The superiority of the reconstituted SRG
method has been shown in two aspects. One is the single-
particle energy. The speed of convergence with the SRG
expansion has been improved significantly. For instance, the
results of the reconstituted SRG expansion up to the 1/M∗3

order are better than those obtained from the conventional
SRG expansion up to the 1/M4 order. The other one is the
single-particle density. After considering the corrections from
the 1/M∗3 order in the reconstituted SRG, the single-particle
densities are almost identical to the exact ones.

For the future studies, this novel nonrelativistic expansion
method establishes a potential bridge between the relativistic
and nonrelativistic density functional theories.

ACKNOWLEDGMENTS

The authors are grateful to Dr. Tetsuo Hatsuda for the help-
ful discussions on the Hermitian properties of the Hamiltonian
in the reconstituted SRG method. Y.G. also acknowledges the
financial supports from University of Science and Technology
of China and the hospitality of RIKEN. This work was par-
tially supported by the JSPS Grant-in-Aid for Early-Career
Scientists under Grant No. 18K13549 and the JSPS-NSFC
Bilateral Program for Joint Research Project on Nuclear mass
and life for unravelling mysteries of the r-process.

APPENDIX: CONTRIBUTIONS IN THE 1/M4 ORDER

We show in Table VIII the contributions of operators
Oi (i = 8, 9, 10, . . . , 30) in the 1/M4 order to the single-
particle energies for the states 2d5/2, 1g7/2, 2 f7/2, and 1h9/2.

TABLE VIII. Same as Table II, but for the operators Oi in the
1/M4 order.

i Operator 2 f7/2 1h9/2 2d5/2 1g7/2

8
3S

8M4
p4 −0.5338 −0.4579 −0.3878 −0.3099

9 − 3S′

4M4
p2 d

dr
0.0464 0.0514 0.0474 0.0413

10
3	′

16M4

κ

r
p2 0.0233 −0.0363 0.0121 −0.0177

11 − 3�′′

16M4
p2 −0.0020 −0.0043 −0.0021 −0.0030

12 − 9S′′

16M4
p2 −0.0320 −0.0696 −0.0349 −0.0496

13 − S3

2M4
p2 1.1399 1.0671 1.0466 0.9472

14
3	′

16M4r

κ

r

d

dr
0.0000 0.0013 −0.0003 0.0011

15 − 3	′′

16M4

κ

r

d

dr
−0.0067 0.0005 −0.0036 −0.0019

16
3S′′′

16M4

d

dr
0.0032 0.0084 0.0073 0.0062

17
3�′′′

16M4

d

dr
0.0006 0.0016 0.0013 0.0011

18
3S2S′

2M4

d

dr
0.0417 −0.0528 0.0117 −0.0693

19 − 3�′

32M4r

κ (κ + 1)

r2
−0.0001 −0.0003 0.0000 −0.0002

20
9S′

8M4r

κ (κ + 1)

r2
0.0056 0.0179 0.0027 0.0105

21 − 3	′

16M4r2

κ

r
−0.0006 0.0009 −0.0004 0.0006

22
3�′′

32M4

κ (κ + 1)

r2
0.0002 0.0014 0.0001 0.0009

23
3S′′

8M4

κ (κ + 1)

r2
0.0038 0.0295 0.0030 0.0193

24
3	′′

16M4r

κ

r
0.0011 −0.0045 0.0014 −0.0035

25 − 3	′′′

32M4

κ

r
0.0062 0.0017 0.0029 0.0036

26 −3S2	′

4M4

κ

r
−0.1170 0.2510 −0.0969 0.1816

27
9�′′′′

128M4
−0.0004 −0.0012 −0.0010 −0.0009

28
3S2�′′

8M4
0.0058 0.0150 0.0079 0.0143

29
3S�′2

16M4
−0.0004 −0.0005 −0.0004 −0.0004

30 −3S�′	′

8M4
−0.0088 −0.0092 −0.0081 −0.0072

Total 0.5760 0.8113 0.6089 0.7641

It is seen that the operator O8 is related to the relativistic
correction to the kinetic energy, and its contributions are
negative and comparable to those of O1 in the previous order.
Because of S/M ∼ 1/3, the biggest corrections in this order
come from the dynamical term O13, and its contributions are
positive and around 1/3 of those of O2. Another dynamical
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term O9 provides small positive contributions as well. The
operators O26 and O10 are related to the spin-orbit interac-
tion, and thus the signs of their contributions depend on the
states. The operators O14, O15, O21, O24, and O25 are also
related to the spin-orbit interaction, but their contributions
can be ignored. The operators O19, O20, O22, and O23 are

related to the centrifugal barrier, and the operators O27, O28,
O29, and O30 are related to the central force or mean-field
terms, but their contributions are all relatively minor. Fi-
nally, the origins of the other small terms are more compli-
cated, and their specific contributions depend on the detailed
structures.
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