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Asymmetry of the neutrino mean free path in hot neutron matter under strong magnetic fields
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The neutrino mean free path in neutron matter under a strong magnetic field is evaluated for the inelastic
scattering reaction and studied as a function of the neutron matter density in the range 0.05 � ρ � 0.4 fm−3 for
several temperatures up to 30 MeV and magnetic field strengths from B = 0 up to B = 1018 G. Polarized neutron
matter is described within the nonrelativistic Brueckner–Hartree-Fock (BHF) approach using the Argonne V18
nucleon-nucleon potential supplemented with the Urbana IX three-nucleon force. The LNS Skyrme interaction
is also used to describe polarized neutron matter in the Hartree-Fock approximation. Explicit expressions of
the cross section per unit volume for the scattering of a neutrino with a spin up or spin down neutron are
derived from the Fermi golden rule. Our results show that the mean free path depends strongly on the angle
of the incoming neutrino, leading to an asymmetry in this quantity. This asymmetry depends on the magnetic
field intensity and on the density, but it is rather independent of the temperature. For a density of 0.15 fm−3

at a temperature T = 15 MeV, the asymmetry in the mean free path is found to be, for both models, ≈0.2%
and ≈2% for B = 1016 and B = 1017 G, respectively, and ≈15% (≈26%) for the BHF (Skyrme) model for
B = 1018 G.
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I. INTRODUCTION

Neutrinos play a crucial role in the physics of supernova
explosions [1–3], during the early evolution of compact stellar
remnants [4,5], in neutron star cooling [6,7], and in neutron
star mergers [8–10]. A large number of neutrinos are produced
by electron capture processes during the gravitational collapse
of the core of a massive star. Most of the initial gravitational
binding energy is stored and released by the neutrinos. In
the early stages following the formation of a neutron star the
neutrino mean free path λ decreases and, above a critical value
of the density, becomes smaller than the stellar radius. Under
these conditions neutrinos are trapped in the star. Neutrino
trapping has a strong influence on the overall stiffness of
the equation of state (EoS) of dense matter [11,12], being
the physical conditions of hot and lepton-rich neutron stars
substantially different from those of the cold and deleptonized
ones. The cooling of a newly born hot neutron star is driven
first by the neutrino emission from the interior. There are sev-
eral neutrino emission processes that contribute to the cooling
of neutron stars. These include among others, the direct and
modified URCA processes, bremsstrahlung, and Cooper pair
formation, the latter operating only when the temperature
of the star drops below the critical temperature for neutron
superfluidity or proton superconductivity. A comprehensive
and detailed review of neutrino emission processes in neutron
stars can be found in Ref. [13]. Neutrino cross sections and
emissivity are fundamental inputs for supernova simulations
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and cooling calculations. These quantities can be substantially
affected by the presence of strong magnetic fields in neutron
stars. In the case of the so-called magnetars, the magnetic
field intensity can reach values up to 1014–1015 G at the star
surface and it can grow by several orders of magnitude in its
dense interior [14]. The emission of neutrinos, for instance, is
expected to be asymmetric (i.e., to depend on the direction of
the neutrino) under the presence of a strong magnetic field.

The asymmetrical emission of neutrinos has been sug-
gested as a possible mechanism to explain the so-called pul-
sar kick problem: the observation that pulsars do not move
with the velocity of its progenitor star, but rather with a
substantially greater speed. Although an asymmetry as small
as ≈1% would be enough to explain the pulsar movement,
this mechanism has been questioned as the (unique) source
for the pulsar kick (see, for instance, Ref. [15]). Other pos-
sible explanatory mechanisms include: an asymmetry in the
gravitational collapse of the progenitor, acceleration due to the
pulsar electromagnetic radiation, or the evolution of binary
system, which may produce rapidly moving pulsars. The
asymmetrical emission of neutrinos can have different origins.
Neutrino oscillation can be altered by the magnetic field,
resulting in an anisotropy in the momentum of the outgoing
neutrinos [16]. Parity violation can also induce an asymmetry
on the neutrino emission when multiple scattering of neutrinos
in slightly polarized neutrons is taken into account [17,18,47].
Here we are particularly interested in this last mechanism,
which on practice results from the addition of a modified
differential cross section plus the cumulative effect of multiple
scattering. In this case, two ingredients are important: the
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differential cross section and the neutrino mean free path.
In the absence of a magnetic field the nonrelativistic elastic
differential cross section of neutrinos with neutron matter can
be written as,

dσ

d�
= G2

F E2
ν

4π2

[
C2

A(3 − cos θ ) + C2
V (1 + cos θ )

]
, (1)

where GF is the Fermi coupling constant and θ is the scat-
tering angle. Even though the differential cross section is
not uniform, in the absence of a preference spatial axis, the
average emission of neutrinos from the whole neutron star
would be isotropic. However, the presence of a magnetic field
modifies this expression and produces an asymmetry in the
neutrino emission.

The second ingredient, the neutrino mean free path in
dense matter (defined as the inverse of the total neutrino
cross section per unit volume) has been studied in the ab-
sence of a magnetic field by many authors using various
approximation schemes and various models of the trapping
environment (see, e.g., Refs [19–32] and references therein).
The behavior of neutrinos in dense matter under the presence
of strong magnetic fields has been also considered in the liter-
ature [15–17,33–40]. However, the asymmetry on the neutrino
emission, due to the breaking of the isotropy by the field, has
not been discussed much.

The scope of the present work is to analyze the effect of
a strong magnetic field on the mean free path of neutrinos in
hot neutron matter focusing, in particular, on the asymmetry
on the neutrino emission induced by the presence of the field.
In neutron matter the two dominant mechanisms contributing
to the neutrino mean free path are the scattering of the neutrino
with a neutron and the absorption of the neutrino by the
neutron producing a proton and an electron in the final state.
In this work, however, we will restrict ourselves to the first one
of these mechanisms. The interested reader is referred, e.g., to
Ref. [24] for a complete description of all possible reactions
involving neutrinos.

In particular, we derive explicit expressions of the neutrino
cross section per unit volume for the scattering of a neutrino
with a spin up or spin down neutron. The description of
polarized neutron matter is made within the nonrelativistic
Brueckner–Hartree-Fock (BHF) approach using the Argonne
V18 [41] nucleon-nucleon potential supplemented with the
Urbana IX [42] three-nucleon force. The LNS Skyrme inter-
action [43] is also used to describe polarized neutron matter
in the Hartree-Fock approximation.

The paper is organized as follows. In Sec. II, we discuss
the inelastic scattering neutrino cross section with polarized
neutrons. Starting from the Fermi golden rule, we develop
expressions for the total neutrino cross section, taking the
nonrelativistic limit to be consistent with our models for the
polarized neutron matter EoS. Our results are presented in
Sec. III where we start discussing the properties of polarized
neutron matter, some generalities of the neutrino mean free
path, and we finish showing the asymmetry of this quantity
induced by the presence of a magnetic field. Finally, in Sec. IV
a summary, the main conclusions and future perspectives are
given.

pν pn

pν′ pn′
q

ν n

ν ′ n′

FIG. 1. The lowest-order Feynman diagram for the scattering re-
action ν + n → ν ′ + n′. The quantities pi and q denote, respectively,
the four-momentum of the involved particles and the corresponding
four-momentum transfer by the interaction.

II. NEUTRINO CROSS SECTION

In this section we derive the expression for the neutrino
total cross section per unit volume in hot neutron matter under
the presence of a strong constant magnetic field. As it has
already been said in Sec. I, in this work we restrict ourselves
to the neutrino scattering process,

ν + n → ν ′ + n′, (2)

denoting ν and n (ν ′ and n′) the incoming (outgoing) neutrino
and neutron, respectively. We note here that in this work
neutrinos are considered massless. Figure 1 shows the lowest-
order Feynman diagram contributing to this reaction. Using
the Fermi golden rule (see, e.g., Ref. [44]), we can write down
the contribution of this reaction to the total cross section per
unit volume simply as:

σ (pν )

V
=

∫
d �pν ′

(2π )3

∫
d �pn

(2π )3

∫
d �pn′

(2π )3

× (2π )4δ(4)(pν + pn − pν ′ − pn′ )

× fn( �pn, T )(1 − fn′ ( �pn′ , T ))
〈|Mν ′n′,νn|2〉
24EνEν ′EnEn′

, (3)

where pi = (Ei, �pi ) is the four-momentum of particle i,
Mν ′n′,νn is the so-called Møller invariant transition matrix,
which we discuss below, the symbol 〈 〉 denotes a sum over
final spins and an average over initial ones, and fi( �pi, T ) is the
particle distribution function, which in thermal equilibrium is
given by the Fermi–Dirac one,

fi( �pi, T ) = 1

1 + exp[(Ei( �pi, T ) − μi(T ))/T ]
, (4)

being Ei the single-particle energy of neutron i, μi its chemical
potential, and T the temperature of the system. The single-
particle energy Ei and the chemical potential μi should be
obtained from a particular model of neutron matter. In what
follows and for convenience, we discuss first the total neutrino
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cross section for a system of unpolarized neutrons and then we
consider the polarized case.

A. Neutrino cross section for an unpolarized system

The two ingredients necessary to obtain the neutrino total
cross section for an unpolarized system of neutrons are the
invariant transition matrix Mν ′n′,νn, and a model for the EoS
of neutron matter. The first of them describes a two-body
process mediated by the weak interaction, whereas the second
one characterizes the state of the strongly interacting neutron
system, and is obtained by solving the complicated many-
body problem. We focus now on the evaluation of the matrix
Mν ′n′,νn. Here we show the main steps on the derivation and
we refer the interested reader to the Appendix A for specific
details. Our starting point is the following Lagrangian density
written in terms of a current-current interaction as:

L= 1√
2

GF (ψ̄ν ′γ μ(1−γ5)ψν )(ψ̄n′γμ(CV −CAγ5)ψn). (5)

Here GF 	 1.436×10−49 erg cm−3 is the Fermi weak cou-
pling constant and the quantities CV = −1/2 and CA =
−1.23/2 are the vector and axial-vector couplings, respec-
tively. The matrix Mν ′n′,νn can be written from this La-
grangian density as:

Mν ′n′,νn = 1√
2

GF (uν ′γ μ(1 − γ5)uν )(un′γμ(CV − CAγ5)un).

(6)

It is convenient to express the square of this matrix as the
contraction of a leptonic (lμα) and an hadronic (Hμα) two-rank
tensor,

|Mν ′n′,νn|2 = 1
2 G2

F lμαHμα, (7)

with

lμα = (uνγ
μ(1 − γ5)uν ′ )(uν ′γ α (1 − γ5)uν ), (8)

and

Hμα = (un(CV + CAγ5)γμun′ )(un′γα (CV − CAγ5)un). (9)

If neutron matter is not polarized then 〈|Mν ′n′,νn|2〉 (and
consequently σ (pν )/V ) can be simply obtained from Eqs. (8)
and (9). However, the presence of a magnetic field induces a
(partial) spin polarization of the system. Since our final aim
is to consider the total neutrino cross section over polarized
neutrons, it is convenient to write the hadronic tensor Hμα

as sum of two terms by employing the spin projection opera-
tor, s = 1

2 (1 + γ5 /ws), with the four-vector ws = (0, 0, 0, s),
which projects into the spin up (s = +1) or spin down (s =
−1) configuration. Using the identity operator, written as I =
+1 + −1, in Eq. (9), we have,

Hμα = H+
μα + H−

μα, (10)

where,

Hs
μα = (uns(CV + CAγ5)γμun′ )(un′γα (CV − CAγ5)sun).

(11)

The hadron tensor is defined for the spin wave functions of
the particles involved in the scattering process. If the neutron
initial spin state is polarized with spin up (down), then the
total hadron tensor is reduced to H+

μα (H−
μα). In other words,

Eq. (10) does not represent a spin summation of two states
(one with spin up and the other with spin down), but the up
and down projection of one wave function into its spin up
and down components. The spin summation over final states
and the average over the initial ones is performed afterwards.
From this, it is convenient to work separately with H+

μα and
H−

μα . By contracting these hadronic tensors with the leptonic
one, we obtain the matrices |M+

ν ′n′,νn|2 and |M−
ν ′n′,νn|2. The

derivation is developed in Appendix A, where we present
explicit expressions for both 〈|M±

ν ′n′,νn|2〉. Furthermore, in
this Appendix, we show some prescriptions to obtain their
nonrelativistic limit, whose final results are,

〈|M+
ν ′n′,νn|2〉

= 16 G2
F m2

N EνEν ′
((

C2
V + 3C2

A

) + (
C2

V − C2
A

)
cos θνν ′

+ 2CA((CA + CV ) cos θν + (CV − CA) cos θν ′ )) (12)

and

〈|M−
ν ′n′,νn|2〉

= 16 G2
F m2

N EνEν ′
((

C2
V + 3C2

A

) + (
C2

V − C2
A

)
cos θν,ν ′

− 2CA((CA + CV ) cos θν + (CV − CA) cos θν ′ )
)
. (13)

By construction, these expressions do not depend on the
momentum of the incoming and outgoing neutron. Sim-
ilar expressions can be found in other works (see, e.g.,
Refs. [35,37]). Note that in Eqs. (12) and (13), we have
already performed the summation on final spins. As shown
in Eq. (2), in the initial state we have a neutrino and a
neutron. We are considering massless neutrinos, which are
left handed (or polarized). Analogously, in Eqs. (12) and (13),
we have also a defined state of polarization for the neutron.
In an unpolarized system we assume that it is equally likely
to have the neutron with spin up, as to have it with spin
down. Therefore, the average between these two states is
simply, 〈|Mν ′n′,νn|2〉 = (〈|M+

ν ′n′,νn|2〉 + 〈|M−
ν ′n′,νn|2〉)/2. We

have then,

〈|Mν ′n′,νn|2〉 = 16 G2
F m2

N EνEν ′
((

C2
V + 3C2

A

)
+ (

C2
V − C2

A

)
cos θν,ν ′

)
. (14)

The average leads to the cancellation among the terms pro-
portional to cos θν and cos θν ′ , which are present in Eqs. (12)
and (13).

By replacing Eq. (14) into Eq. (3), we have,

σ (pν )

V
= G2

F

∫
d �pν ′

(2π )3

(
C2

V (1 + cos θνν ′ )

+C2
A(3 − cos θνν ′ )

)S0(q0, �q, T ), (15)

where we have used the function δ(3)( �pν + �pn − �pν ′ − �pn′ )
to integrate over the momentum �pn′ of the outgoing neutron.
S0(q0, �q, T ) is the structure function describing the response
of neutron matter to the excitations induced by neutrinos,
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which reads:

S0(q0, �q, T ) = 1

(2π )2

∫
d �pn fn( �pn, T )(1 − fn′ ( �pn + �q, T ))

× δ[q0 + En( �pn, T ) − En′ ( �pn + �q, T )], (16)

being q0 = Eν − Eν ′ and �q = �pν − �pν ′ . The cross section in
Eq. (15), is the expression frequently found in the literature.
Note that the neutrino mean free path is simply λ = (σ/V )−1.
To evaluate Eq. (15) we use single-particle energies and
chemical potentials from an EoS model. Details on this point
are given in the next section.

B. Neutrino cross section for a polarized system

Note that not only the M±
ν ′n′,νn matrices are different for

neutrons with spin up and down, but that the single-particle
energies required for the evaluation of the structure function
have also a spin dependence for spin polarized systems. Let
us start, therefore, our discussion of the neutrino cross section
for a polarized system by analyzing first some general features
of the EoS.

In this work, to describe the bulk and single-particle prop-
erties of neutron matter under the presence of a strong mag-
netic field we use the BHF approximation of the Brueckner-
Bethe-Goldstone (BBG) nonrelativistic many-body theory of
nuclear matter and also the Hartree–Fock one with a Skyrme
interaction. A detailed description of both EoS approaches
can be found in Ref. [45] and references therein. It is worth
to mention that the inputs for these two EoS models are the
neutron density, the temperature, and the magnitude of the
magnetic field. By a minimizing process, both EoS models
give as a result the values for the single-particle energies of
neutrons with spin up and down, their chemical potentials
(which have no spin dependence, as we show below) and the
spin asymmetry A that describes the degree of polarization of
the system, defined as

A = ρ+ − ρ−
ρ+ + ρ−

, (17)

with ρ+ (ρ−) being the density of neutrons with spin up
(down). The value A = 0 corresponds to unpolarized neutron
matter, whereas A = +1 or A = −1 means that the system is
in a completely polarized state with all the spins up or down,
respectively. Partially polarized states correspond to values
of A between −1 and +1. The degree of spin polarization
corresponding to the actual physical state of the system is ob-
tained by minimizing the following thermodynamic potential
per unit volume,

U = F − �M · �B, (18)

with respect to A for fixed values of the density, the tem-
perature and the magnetic field. In the above expression F
and �M are, respectively, the Helmhotz free energy density
and the magnetization per unit volume of the system. This
minimization implies that in the physical state the chemical
potential of neutrons with spin up and spin down is the same,
i.e., there is only one chemical potential that is associated to
the conservation of the total baryonic number. In the following
lines we explicitly demonstrate this last statement.

The chemical potentials of neutrons with spin up and down
is simply given by

μs = ∂U
∂ρs

, s = ±1. (19)

Expressing ρ+ and ρ− in terms of the total density ρ = ρ+ +
ρ− and the spin asymmetry A it is easy to rewrite the chemical
potentials as

μs = ∂U
∂ρ

+ s

(
1 − sA

ρ

)
∂U
∂A

, s = ±1. (20)

The difference between the two chemical potentials reads
simply

μ+ − μ− = 2

ρ

∂U
∂A

, (21)

which clearly shows, as we already said that the minimization
of U with respect to A implies the existence of a unique
chemical potential in the physical state. Summarizing, given
the density, temperature and the magnetic field of the system,
from the EoS we obtain the chemical potential, the single-
particle energies of the neutrons and the spin asymmetry,
which is a global property of the system.

Being, therefore, neutron matter partially polarized un-
der the presence of a magnetic field, we need expressions
for the total cross section describing the neutrino scattering
with neutrons with either spin up or spin down, σ±(pν )/V .
These expressions are simply obtained by replacing Eqs. (12)
and (13), into Eq. (3) reading,

σ±(pν )

V
= G2

F

∫
d �pν ′

(2π )3

[(
C2

V + 3C2
A

) + (
C2

V − C2
A

)
cos θνν ′

± 2CA((CA + CV ) cos θν + (CV − CA) cos θν ′ )
]

×S0
±(q0, �q, T ), (22)

where the kinematical conditions of Eq. (22) are the same
as in Eq. (16). Depending on the neutron spin projection,
the neutrino mean free path is λ± = (σ±/V )−1. The structure
function has now a spin dependence and it is given by,

S0
±(q0, �q, T )

= 1

(2π )2

∫
d �pn f ±

n ( �pn, T )[1 − f ±
n′ ( �pn + �q, T )]

× δ[q0 + E±
n ( �pn, T ) − E±

n′ ( �pn + �q, T )]. (23)

The dependence with the spin projection of the neutron is
present in the distribution functions and in the single-particle
energies, which, together with the chemical potential, are
obtained from the two models of the polarized neutron matter
EoS. Within the BHF model, these quantities are employed to
evaluate numerically the structure function. At variance, for
the Skyrme scheme, an analytical expression of S0

±(q0, �q, T )
can be obtained. In this case the single-particle energy for a
neutron with spin s = ±1, in a magnetic field can be written
as,

E±( �p, T ) = | �p|2
2m∗±

+ U ± ∓ κB, (24)
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where m∗
± is the effective mass of neutrons with spin up

or down, U ± a potential term (see Ref. [45] for an explicit
expression), which depends on the density, the temperature,
and the magnetic field, but not on the momentum, and κ =
−1.913μN the anomalous magnetic moment of the neutron in
units of the nuclear magneton μN . Due to its simplicity, we
reproduce here the expression for the effective mass,

1

m∗
s

= 1

mN
+ 1

4
ρ (b0 + s b1 A). (25)

As before, we have s = 1(−1) for spin up (down). The con-
stants b0 = t1(1 − x1) + 3t2(1 + x2) and b1 = t2(1 + x2) −
t1(1 − x1), are written in terms of the standard parameters of
the Skyrme model, t1, t2, x1, and x2.

The quadratic dependence of the neutron single-particle
energies leads, in the case of Skyrme model, to the follow-
ing analytic expression for the structure function (see, e.g.,
Refs. [28,30,32]):

S0
±(q0, �q, T ) = 1

π

1

1 − e−q0/T

(m∗
±)2T

4πq
ln

(
1+e(A±+q0/2)/T

1+e(A±−q0/2)/T

)
,

(26)

where A± = μ± − m∗
±q2

0/2q2 − q2/8m∗
± and μ± ≡

μ − U ± ± κB with μ being the neutron chemical potential,
which in the physical state, as shown before, is independent
of the spin orientation.

Before we discuss our numerical results for the neutrino
mean free path λ, it is worth to make some general consider-
ations on Eq. (22). Let us consider first the nonpolarized limit
(A = 0). Averaging on spin from Eq. (22) and having in mind
that without polarization we have S0

− = S0
+ = S0, it is easy to

obtain the nonpolarized cross section [Eq. (15)].
From a comparison of Eq. (15) with Eq. (22), we see that

they differ in the terms proportional to cos θν and cos θν ′ .
These terms are due to the neutron polarization. Since the in-
tegration is done over �pν ′ , the contribution to the cross section
from the term proportional to cos θν ′ is almost negligible. Even
though it is not zero, since S0

± itself depends implicitly on
cos θν ′ through the transfer momentum �q, which involves the
angle θνν ′ , whose cosine can be easily written as (see Fig. 2),

cos θνν ′ = sin θν sin θν ′ cos φν ′ + cos θν cos θν ′ . (27)

It is obvious that the cross section depends on the energy and
momentum of the incoming neutrino. Note, in particular that
if the momentum of the incoming neutrino is perpendicular
to the magnetic field then cos θν = 0 and one expects no
appreciable differences with respect to the unpolarized case.

As a final comment for this section, we should call atten-
tion to our initial hypothesis about the uniform character of
the magnetic field. We have made this assumption to evaluate
the cross section of a neutrino with a single neutron. The use
of a dipole magnetic field for the whole neutron star could be a
possible choice for the geometry of the field. The curvature of
such a field would allow us to consider it as locally uniform
due to the scale of the neutrino–neutron scattering process.
However, the potential use of our results in a realistic code for
the diffusion of neutrinos in a neutron star, should care about
the curvature of the field by assigning a particular direction

FIG. 2. Geometry of the scattering process. The magnetic field
defines the z axis. The incoming neutrino, ν, has polar angle θν and
without loss of generality we take its azimuthal angle φν equal to
zero. For the outgoing neutrino ν ′, we have a polar angle θν′ and
an azimuthal angle φν′ . The angle between ν and ν ′ is θνν′ defined
through Eq. (27). Note that we have neglected the neutron momenta.

and strength to the magnetic field, according to the position
where the scattering takes place. Similar considerations can
be made for the density and the temperature, as this region
should be small compared to the whole neutron star, but big
enough to get a local solution of the EoS.

III. RESULTS AND DISCUSSION

In the following we present results for the mean free path
of neutrinos in homogeneous hot neutron matter under the
presence of strong magnetic fields. Results are shown for
densities in the range 0.05 � ρ � 0.4 fm−3 corresponding
approximately to the outer core region a neutron star, several
temperatures up to T = 30 MeV, and different values of the
magnetic field intensity ranging from B = 0 up to B = 1018 G.
As we have already mentioned, our description of the bulk
and single-particle properties of hot and magnetized neutron
matter is mainly based on the nonrelativistic BHF approach
developed in Ref. [45] using, in particular, the Argonne V18
nucleon-nucleon potential [41] supplemented with the Urbana
IX three-nucleon force [42]. In addition, in order to set a com-
parison with another model, we show also some results for
the LNS Skyrme interaction developed by Cao et al. [43]. We
have employed this particular parametrization of the Skyrme
interaction as it is specially suitable for a comparison with the
BHF model since its parameters were determined by fitting
the nuclear matter EoS calculated in the BHF framework.

Before discussing our results for the neutrino mean free
path, we analyze first the spin asymmetry A of the system, and
the structure function S0

±(q0, �q, T ) for different temperatures
and magnetic field intensities. As it was mentioned in the
previous section, the spin asymmetry A characterizes the
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(a) (b)

(c) (d)

FIG. 3. Dependence of the spin asymmetry A on density and magnetic field strength. Its density dependence is shown in (a) and (c), for
different values of the magnetic field strength and different values of the temperature, respectively. The spin asymmetry behavior with the
magnitude of the magnetic field is depicted in (b) and (d), for two different values of the density.

degree of polarization of the system. We note that the degree
of polarization of the physical state of the system is the
result of the competition between the strong interaction that,
together with the temperature, favor the nonpolarized state as
the physical one, and the magnetic field that tries to align all
the neutron spins antiparallel to it. In Figs. 3(a) and 3(c) we
show the spin asymmetry corresponding to the physical state
of the system as a function of density for several temperatures
and magnetic field intensities for both models, BHF (solid
lines) and Skyrme (dashed lines), of the polarized neutron
matter EoS. Although it is not shown in the figure, in the
absence of a magnetic field the physical state of the system
corresponds to the nonpolarized case (A = 0) for all densities
and temperatures. For low densities and temperatures, one ex-
pects that the system would be completely polarized (A = −1)
up to a given density, above which it becomes partially polar-
ized with a predominance of spin down states (−1 < A < 0).
The system is always more polarized in the case of Skyrme.
Within our range of temperatures, A grows monotonously
and the system would reach the nonpolarized state (A = 0)
asymptotically at high densities for the BHF model. This
is not the case for most of the Skyrme interactions, which
exhibit a so–called ferromagnetic instability at high densities
(A = −1). There is a general consensus nowadays that the
prediction of this instability is in fact a pathology of Skyrme

forces. In Fig. 3(a), one notices a decrease of A (i.e., becomes
more negative) at high densities, which would lead to this
instability. Up to the densities that we have analyzed, the
overall impact on our final results is small and a particular
study of the different Skyrme interactions goes beyond the
scope of the present contribution. As mentioned, our main
concern is the results within the BHF model, which does not
show this problem.

On the other hand, a comparison of the results for B =
1017 G, 1018 G, and 2.5×1018G [see Fig. 3(a)]1 shows a
significant decrease in the spin asymmetry at low densities as
the magnetic field grows. Eventually, at a very low density it
can turn into a system with complete polarization (A = −1).
Refereing now to the temperature dependence and as it is
seen in Fig. 3(c), the increase of temperature makes the
system to be less polarized as one intuitively expects since
it favors the disorder of the spins. The dependence of the
spin asymmetry with the magnetic field strength is shown in
Figs. 3(b) and 3(d). Since the spin asymmetry A is negative,

1In this figure and in the next two, we have included a magnetic
field intensity of B = 2.5×1018 G, a value that is rather high. This has
been done only to show, in a clearer way, the effect of the magnetic
field.
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for simplicity we have plotted the absolute value of A in a
logarithmic scale as a function of the logarithm of the strength
of the field. Results are shown for both models of the EoS for
T = 15 MeV and two densities ρ = 0.08 fm−3 [Fig. 3(b)] and
ρ = 0.32 fm−3 [Fig. 3(d)]. The spin asymmetry increases (in
absolute value) with the strength of the field, being always
larger for the Skyrme interaction. These figures suggest that
in the logarithmic scale, |A| exhibits a linear dependence
with log10 B. Moreover, within the range of the variables
considered, the slope of the lines seem to be the same for both
models, being approximately equal to one. We can not give
a simple explanation for this behavior, but we should stress
that the spin asymmetry saturates at |A| = 1. Therefore, for
the lowest densities or for arbitrarily high magnetic fields, this
linear behavior is lost. We should point out that for all models
one has A = 0 for B = 0, a point that can not be drawn in a
logarithmic scale. In addition, these two panels show that the
spin asymmetry becomes significant only for magnetic fields
larger than ≈1017 G as it can be seen also in Fig. 3(a).

Let us now give some insight into the effect of the structure
function S0

±(q0, �q, T ), defined in Eq. (23), on the neutrino
mean free path. In Fig. 4 we show S0

±(q0, �q, T ) as a func-
tion of q0 for a density of the system ρ = 0.16 fm−3. The
momentum transfer is fixed to the value �q = �pν/2 where
the magnitude of the momentum of the incoming neutrino
�pν has been taken according to the prescription | �pν | = 3T .
Results in the absence of a magnetic field for temperatures
T = 3 and T = 15 MeV are shown in Fig. 4(a) whereas in
Fig. 4(b) the structure function is shown for T = 15 MeV and
magnetic fields B = 0 G (which will serve as a reference) and
B = 2.5×1018 G. As it is seen in Fig. 4(a), an increase of the
temperature leads to a much broader structure function with
a larger area under it. The reason is simply due to the fact
that the phase space of the integral in Eq. (23) increases with
temperature. Consequently, an increase of the temperature
will give rise to a larger cross section and, therefore, to a
smaller neutrino mean free path when integrating Eq. (22),
as we will see later. Besides the dependence of the structure
function on q0, �q, and T , from its definition [see Eq. (23)],
it is clear that it depends also on the spin projection of the
neutrons. This, as it is observed in Fig. 4(b), leads to a splitting
between S0

+(q0, �q, T ) and S0
−(q0, �q, T ), with S0

+(q0, �q, T ) <

S0
−(q0, �q, T ), whose origin is the dependence of the neutron

single-particle energy on the spin polarization induced by the
presence of the field. The magnetic field polarizes partially
the system with a spin asymmetry −1 < A < 0 making the
single-particle energy for neutrons with spin down (the most
abundant component) less attractive that the one for neutrons
with spin up. As it is shown in Ref. [46] [see, in partic-
ular, Eqs. (23) and (24) of this reference], this is due to:
(i) the change in the number of pairs that a neutron with a
given momentum and spin projection can form with the other
neutrons of the system as neutron matter is polarized, and
(ii) to the spin dependence of the in-medium neutron-neutron
interaction in the spin polarized system. Indeed, as the spin
asymmetry decreases the single-particle energy of a spin down
neutron is built from a larger number of down-down pairs
that form a spin triplet state S = 1 and, due to the Pauli

(a)

(b)

FIG. 4. Energy dependence of the structure function
S0

±(q0, q, T ) for ρ = 0.16 fm−3. Results for B = 0 G with
T = 3 MeV and 15 MeV are shown in (a), whereas those for
T = 15 MeV and B = 0 G and B = 2.5×1018 G are presented in (b).
In both panels the momentum transfer is fixed to the value �q = �pν/2
with | �pν | = 3T .

principle, can only interact through odd angular momentum
partial waves. Conversely, the potential of the less abundant
component is built from a relatively larger number of up-down
pairs that can interact both in the S = 0 and S = 1 channels.
Thus, the potential of the less abundant component receives
also contributions from some important attractive channels
as, e.g., the 1S0. In the end, all this makes the phase space
of neutrons with spin up to be smaller than that of neutrons
with spin down and, therefore, after integrating Eq. (23) one
finds S0

+(q0, �q, T ) < S0
−(q0, �q, T ). Therefore, an increase of

the magnetic field strength will lead to a decrease (increase)
of the scattering cross section σ+ (σ−) of the neutrino with
a spin up (down) neutron and, consequently, to an increase
(decrease) of λ+ (λ−). This is illustrated in Fig. 5, where we
show λ± as a function of density for T = 3 MeV, two values
of the magnetic field B = 0 G and B = 2.5×1018 G, and an
angle of the incoming neutrino θν = π/2. Note that in the
absence of magnetic field we have, λ+ = λ−, represented by
the continuous line in the figure. Note also that the difference
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FIG. 5. Neutrino mean free path as a function of the density
at T = 3 MeV for B = 0 G and B = 2.5×1018G within the BHF–
model. The angle between the incoming neutrino and the magnetic
field is taken at θν = π/2. For the momentum of the incoming
neutrino we employ | �pν | = 3T .

between λ+ and λ− is larger for low and medium densities and
decreases for the higher ones.

We will focus our discussion now on the behavior of
the neutrino mean free path. Before starting our analysis,
however, we would like to make a general remark. Note that
in the absence of a magnetic field the total cross section [see
Eq. (15)] depends only on the magnitude of the momentum of
the incoming neutrino, but not on its direction. The reason is
simply that one can always take the ẑ axis along the direction
of the outgoing neutrino to perform the integral and, therefore,
the angle θνν ′ between the direction of both neutrinos is
integrated out. This is not the case when the magnetic field
is different from zero. Its presence establishes a preferred di-
rection in space and consequently, the total cross section [see
Eq. (22)] depends both on the magnitude of the momentum
of the incoming neutrino and on the angle θν between its
momentum �pν and the direction of the magnetic field. It is
interesting to note, however, that if �pν is perpendicular to the
magnetic field (i.e., θν = π/2) then the neutrino mean free
path is expected to have a weak dependence with the magnetic
field. The reason is that when θν = π/2, the term proportional
to cos θν ′ in Eq. (22) would cancel out except for the smooth
implicit θν ′ dependence of the structure function through the
angle θνν ′ [see Eq. (27)], which, however, is negligible for
θν = π/2. The only dependence on the magnetic field that
remains is, therefore, that of the structure function itself,
which is mostly appreciable in the low-medium density region
where the spin asymmetry A is smaller [i.e., more negative,
see Figs. 3(a) and 3(c)]. This is shown in Fig. 5, for the
extreme case of B = 2.5×1018 G. More details on this point
are given soon, when we discuss the results for θν = π/2.

We analyze now the temperature dependence of the neu-
trino mean free path and to simplify the discussion, we will
consider only the BHF–model, since the results using the

(a)

(b)

FIG. 6. Neutrino mean free path as a function of the density
at B = 1018 G and θν = π/2 for several values of the temperature
within the BHF–model. We consider neutrons with spin down. For
the momentum of the incoming neutrino we take | �pν | = 3T in
(a) and | �pν | = 15 MeV in (b). All results are evaluated using the
BHF–model.

Skyrme–model are similar. In addition, we show only to the
λ−, as the behavior of λ+ is qualitatively the same and its
analysis would add nothing different. In Fig. 6, we show
the density dependence of λ− for a magnetic field strength
B = 1018 G, θν = π/2, and the temperatures T = 3, 5, 15, and
30 MeV. The momentum of the incoming neutrino is taken
| �pν | = 3T in Fig. 6(a) and | �pν | = 15 MeV in Fig. 6(b). As it is
seen in both panels, λ− varies dramatically with temperature,
decreasing up to fours orders of magnitude [see Fig. 6(a)]
for increasing values of the temperature. This can be easily
understood from our previous analysis of the temperature
dependence of the structure function S0

±(q0, �q, T ). As we
just saw, a larger temperature implies a larger phase space
of the integral in Eq. (23), and, therefore, a larger (smaller)
total cross section (neutrino mean free path). Taking into
account that the typical radius of a neutron star is of the
order of 10–12 km, from these results one can easily conclude
that a neutrino would unlikely interact with matter at low
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(a)

(b)

FIG. 7. Neutrino mean free path as a function of the momentum
of the incoming neutrino, | �pν | for θν = π/2, within the BHF-model.
We consider neutrons with spin down. In (a) we present results for
B = 1017 G and for B = 1018 G in (b). In addition, we have chosen
three values for the angle of the incoming neutrino. Note that the | �pν |
scale is different among the two panels.

temperatures. From this, we can say that from temperatures
starting around T = 10 MeV, one has to care of the neutrino
scattering. Moreover, for T = 30 MeV, multiple scattering
should be considered.

Also Fig. 6 indicates that at a fixed temperature, for larger
values of | �pν |, one obtains smaller results for the neutrino
mean free path. In Fig. 7 we explore this behavior by fixing
the temperature at T = 15 MeV and considering B = 1017G
and ρ = 0.16 fm−3 in Fig. 7(a), while in Fig. 7(b) these values
are set at B = 1018G and ρ = 0.08 fm−3. We limit ourselves
again to λ− with θν = π/2 and with the BHF model as a rep-
resentative case. We observe that the mean free path decrease
for increasing values of | �pν |. This is due to the fact that the

(a)

(b)

FIG. 8. Neutron spin down (λ−) and spin up (λ+) partial con-
tribution to the mean free path within the BHF model. We set the
temperature at T = 15 MeV, while the magnetic field is B = 1017G
and B = 1018 G. Three different values for θν are considered. The
momentum of the incoming neutrino is | �pν | = 3T .

response of the system to the excitations induced by neutrinos,
described by the structure function, is larger for larger values
of the neutrino momentum. Consequently, the total cross
section is larger and the neutrino mean free path smaller.

As a next point, we examine the dependence of the neutrino
mean free path on the angle θν . The contributions λ− and
λ+ to the neutrino mean free path are respectively shown
in Figs. 8(a) and 8(b), as a function of the density for
T = 15 MeV, B=1017 G, and 1018 G and the angles θν =0,

π/2 and π , within the BHF model. We note first that both
contributions vary by more than two orders of magnitude
with the angle θν . This huge variation cannot be understood
by considering only the explicit angular factors in Eq. (22),
but it results from the combined effect of these factors and
the implicit angular dependence of the structure function. In
polarized neutron matter, neutrons with spin down (up) are
almost transparent to the neutrinos if the incoming angle of
the latter is θν = 0 (π ). Note also that λ− (λ+) is shorter for
θν = π (0).
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(a)

(b)

FIG. 9. Total neutrino mean free path dependence with the
magnetic field strength for three angles of the incoming neutrino.
Results for the BHF and Skyrme models are shown in (a) and (b),
respectively.

Up to now, we have analyzed the contributions to the neu-
trino mean free path due to the scattering of the neutrino with
spin up or spin down neutrons. However, under the presence
of a magnetic field neutron matter is partially polarized. In
Appendix B, we have developed a model for the total cross
section, which takes care of the partial polarization of the
system. The total neutrino mean free path is obtained from
Eq. (B10), having,

λ(pν ) = 2λ+(pν )λ−(pν )

(1 − A)λ+(pν ) + (1 + A)λ−(pν )
. (28)

In what follows, the reader should have in mind this expres-
sion when we refer to the total neutrino mean free path.

In Fig. 9, we show in two panels the total neutrino mean
free path as a function of the magnetic field strength. This is
done for T = 15 MeV and a density ρ = 0.15 fm−3. We also
assume the condition | �pν | = 3T . We present results for both
BHF and Skyrme models, in Figs. 9(a) and 9(b), respectively.
We observe, as it was mentioned before, a negligible B–

(a)

(b)

FIG. 10. Dependence of the total neutrino mean free path within
the BHF model. We show the dependence with the angle between
the incoming neutrino and the magnetic field, θν , for two values of
the temperature and two values of the magnetic field intensity. The
momentum of the incoming neutrino is | �pν | = 3T .

dependence of the neutrino mean free path for θν = π/2. The
situation is different for all other angles: we depict results
only for the extreme cases θν = 0 and θν = π . We observe
an increase of the mean free path for θν = 0, as the magnetic
field grows. This means that it becomes more unlikely that
the neutrino interacts with a neutron. The opposite situation
occurs for θν = π . The results for both models are similar, but
as expected within the Skyrme model the change in the mean
free path for increasing values of B, is more pronounced than
with the BHF model. Also from this figure and in a somehow
arbitrary way, one can assert that the splitting in the neutrino
mean free path for different θν values, becomes relevant from
B ≈ 1017G.

Finally, we show in Figs. 10 and 11 the total mean free
path for two magnetic field intensities, two temperatures, and
three angles for the BHF-model and the Skyrme scheme,
respectively. It is clear from our previous analysis that the
asymmetry in the mean free path comes from the spin asym-
metry factor A and the spin dependence of the structure func-
tions S0

±. Neutrinos are more transparent to polarized neutron
matter when moving in a direction parallel to the magnetic
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(a)

(b)

FIG. 11. The same as Fig. 10, but for the Skyrme model.

field (θν = 0). The situation is the opposite for neutrinos that
move in an antiparallel direction (θν = π ). In order to get a
better understanding on this asymmetry in the mean free path,
we define a mean free path asymmetry, as follows:

χλ = λ(θν = 0) − λ(θν = π )

λ(θν = π/2)
. (29)

In practice, λ(θν = π/2) can be considered as the average
value between the two extreme ones. In Table I, we show
some representative values for this ratio. Even though the
asymmetry is rather small, specially for B = 1016G, a small
asymmetry in the emission of neutrinos would have a signif-
icant physical impact in a compact object. The asymmetry

TABLE I. Mean free path asymmetry χλ, as a function of the
density at T = 15 MeV, for three values of the magnetic field
intensity. These results are rather independent of the temperature.

ρ[fm−3] χλ(B = 1016G) χλ(B = 1017G) χλ(B = 1018G)

BHF Skyrme BHF Skyrme BHF Skyrme

0.050 0.0032 0.0036 0.0322 0.0357 0.2705 0.3647
0.150 0.0021 0.0023 0.0232 0.0257 0.1516 0.2657
0.400 0.0019 0.0027 0.0151 0.0311 0.0519 0.3212

is specially relevant for low to medium densities. This is so
because of the dependence of the spin asymmetry parameter
A on the density (see Fig. 3). As the density increases, the
action of the nuclear strong interaction among the neutrons
overcomes the coupling of the neutrons with the magnetic
field. Although this is a general behavior for all EoS models,
we should mention that the use of the Skyrme model leads to
a bigger asymmetry for the mean free path, as it is shown in
the table. This is obviously due to the larger spin asymmetry
predicted by the Skyrme model.

At this point, we would like to mention that in a potential
stellar evolution code, one possible scheme would be to
consider that the neutrinos interact with neutrons either with
spin up or spin down. Therefore, the partial contributions to
the total mean free path shown in Fig. 8, should be employed
in the calculation. We refer to a semiphenomenological model
where one keeps track of an individual neutrino, using mean
free path and differential cross sections evaluated with quan-
tum mechanics. As already mentioned, in this case one should
care about the direction of the magnetic field in each particular
location. Another model would be to employ Eq. (28), using
local values of the density, temperature, and magnetic field,
all quantities that vary according to the position in the neutron
star. In fact, the EoS is obtained assuming infinite neutron
matter and one should model the star by assigning local values
for the single-particle energies, chemical potential, and spin
asymmetry, according to the local point under consideration.

In reference to others works on the subject, we should
mention the contribution by Maruyama et al. [47], where
the neutrino cross section through the direct URCA process
is calculated in proto-neutron-star matter in the presence of
a magnetic field B = 1017G. This calculation is performed
within an EoS obtained with a relativistic mean field approach.
The magnetic field is also locally uniform, by assuming a
uniform dipole magnetic field along the z direction, i.e., B =
B ẑ. In that work, results for the neutrino production and the
absorption during transport are given. The overall effect is that
the magnetic field increases the momentum flux of neutrinos
parallel to the magnetic field, while it does the opposite for
neutrinos moving antiparallel to the field. Due to the different
physical processes involved, a quantitative comparison with
our contribution is not feasible, but we have arrived at the
same qualitative result.

As a final comment for this section, we would like to call
attention to the different interactions involved in the evalua-
tion of the neutrino mean free path. First, the scattering matrix
is governed by the weak interaction. We make now some
considerations on the strong interaction. In this contribution
we have discussed results from the BHF and the Skyrme
models: mainly, the differences between these results come
from the different strong interactions employed. At this point
it is worth to mention the work by Rrapaj et al. [48], where it is
calculated the neutrino absorption rates due to charged-current
reactions using a realistic nucleon-nucleon interaction that fit
measured scattering phase shifts. This interaction is employed
to evaluated the nucleon self-energy within the Hartree-Fock
approximation in a self-consistent way starting from a realistic
nucleon-nucleon interaction without a strong repulsive core
derived in the framework of chiral effective field theory at the
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N3LO in the chiral expansion. This approach is conceptually
quite similar to the BHF one employed in the present work,
the main difference being the use of the more traditional
Argonne V18 two-body and Urbana IX three-body forces
to build up the G matrices, which describe the in-medium
nucleon-nucleon interaction and have a regular behavior even
for strong short-range repulsions. Unfortunately, the physical
process and conditions are different than ours, which does not
allow a comparison among both results. Also referring to the
strong interaction, its effect beyond the mean field can be also
important: the so-called ring approximation (see for instance
Refs. [39,40]) is perhaps the simplest way to account for the
effect of the strong interaction beyond the mean field. In this
case an effective nuclear interaction is employed, leading in
general to some reduction in the structure function. From this,
one can conclude that the choice for the strong interaction
and how the strong interaction is implemented within the
calculation is an important issue. Even though our results for
both models show some consistency, we consider that this
point deserves further attention.

IV. SUMMARY, CONCLUSIONS,
AND FUTURE PERSPECTIVES

In this work we have evaluated the neutrino mean free
path in neutron matter under the presence of a strong mag-
netic field. The description of polarized neutron matter has
been done within the nonrelativistic Brueckner–Hartree-Fock
(BHF) approach using the Argonne V18 nucleon-nucleon
potential supplemented with the Urbana IX three-nucleon
force, and within a Hartree-Fock approximation using the
LNS Skyrme interaction. We have considered only the neu-
trino scattering process. Starting from the Fermi golden rule
we have derived explicit expressions of the neutrino cross
section per unit volume for the scattering of a neutrino with
a spin up or spin down neutron. These expressions have been
obtained in the nonrelativistic limit to be consistent with our
description of polarized neutron matter. We have shown that
in the presence of a magnetic field the neutrino mean free path
depends on the angle between the momentum of the incoming
neutrino �pν , and the magnetic field, leading to an asymmetry
in this quantity.

In previous works by other authors, the asymmetry in
the neutrino emission refers to the one originated from the
differential cross section. This asymmetry and the one we
have considered here are different and should be considered
simultaneously to account for the actual asymmetric neutrino
emission. In principle, all differential cross sections are asym-
metric. However, in the absence of a preference spacial axis,
the average emission from the compact object is isotropic. We
have shown that this situation is altered by the presence of a
magnetic field. One should be aware that the mean free path is
the relevant variable in this problem: for low temperatures, the
mean free path can be much larger than the size of the compact
object itself. In this case, the asymmetry in the differential
cross section would not be relevant, as it would be unlikely
to have a collision. The total cross section (which is the
inverse of the mean free path), erases the angular information
of the differential cross section. That is, the asymmetry in

the mean free path has a different origin than the one from
the differential cross section. While the last one gives us
information on the way in which the weak interaction scatters
the neutrinos, the mean free path tells us about how often a
neutrino interacts with a neutron.

In this analysis the temperature is the key variable. In
the early stages of the cooling process of a neutron star, the
temperature is high enough to ensure several collisions of the
neutrinos with the neutrons before the neutrino leaves the star.
It would be interesting to analyze how the asymmetry in the
mean free path affects the cooling processes. This analysis is,
however, beyond the scope of the present work since among
other things one should also consider the absorbtion cross
section, where the neutrino is absorbed by the neutron, having
a proton and an electron as the final state. The inclusion of this
process is not straightforward as protons and electrons show
Landau levels in a magnetic field. We are presently working
to include this mechanism.

As a final comment, we believe that the asymmetric emis-
sion of neutrinos from a magnetar has still several unexplored
issues, which can be relevant for the problem of the pulsar
kick. In this work we have explored just one of them, namely,
the asymmetry in the mean free path. Apart from the absorp-
tion cross section just mentioned, another interesting point is
the effect of the strong interaction over the structure function.
To the best of our knowledge, this has been done only up to
the ring-approximation level, as discussed in the last section.
Our aim for the near future is to include the absorption cross
section in conjunction with the asymmetry in the differential
cross section to get a better understanding of the asymmetric
emission of neutrinos from a magnetar.
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APPENDIX A: EVALUATION OF 〈|Mν′n′,νn|2〉
In this Appendix we show some details on the evaluation

of the Mν ′n′,νn–matrix. We recall its expression from Eq. (6),

Mν ′n′,νn = 1√
2

GF (uν ′γ μ(1 − γ5)uν )(un′γμ(CV − CAγ5)un).

(A1)
In the calculation of the neutrino cross section, we need to
evaluate,

|Mν ′n′,νn|2 = 1
2 G2

F lμαHμα, (A2)

where lμα and Hμα are the leptonic and hadronic tensors,
respectively. To perform the spin summation we employ the
so-called Casimir’s trick (see for instance Ref. [49]), which
allows us to do the spin summations by the evaluation of
a trace of matrices. We introduce two traces Lμα and Hμα

from the leptonic and hadronic tensors, respectively. Explicit
expressions are given soon. We have,

〈|Mν ′n′,νn|2〉 = 1
2 G2

F LμαHμα. (A3)
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Let us recall that we sum over the final spin states, but we
average over the initial ones. Details on the average over the
initial spin states are given in the main text. Now we analyze
each trace separately.

1. Leptonic trace

The leptonic tensor is

lμα = [uν ′γ μ(1 − γ5)uν]†[uν ′γ α (1 − γ5)uν]. (A4)

Using standard properties of the γ matrices, the adjoint factor
of this tensor can be expressed as,

[uν ′γ μ(1−γ5)uν]† = u†
ν[γ μ(1−γ5)]†u†

ν ′ = uνγ
μ(1−γ5)uν ′ ,

(A5)

in this way, we have,

lμα = uνγ
μ(1 − γ5)uν ′uν ′γ α (1 − γ5)uν . (A6)

From the so-called Casimir’s trick, we can write,∑
spins

lμα = Lμα (A7)

where,

Lμα = tr[γ μ(1 − γ5)/pν ′γ
α (1 − γ5)/pν

]

= 2 tr(γ μ
/pν ′γ

α
/pν

+ γ5γ
μ
/pν ′γ

α
/pν

). (A8)

In this expression we have neglected the neutrino mass. After
some algebra, we obtain,

Lμα = 8
(
pμ

ν ′ pα
ν + pμ

ν pα
ν ′ − gμα (pν · pν ′ ) − iεμαγλ pν ′γ pνλ

)
.

(A9)

2. Hadronic trace

We follow similar steps as in the case of the leptonic trace,
but the evaluation is more complex as we have to distinguish
two terms, according to the spin projection of the neutron. The
hadronic tensor is,

Hs
μα = [un′γμ(CV − CAγ5)sun]†[un′γα (CV − CAγ5)sun],

(A10)

where, as stated in the main text, we have introduced the
spin projection operator over the initial neutron as, s =
(1 + γ5 /ws)/2, where ws = (0, 0, 0, s) with s = +1 (−1) for
spin up (down). We rewrite the adjoint factor of the hadronic
tensor as,

[un′γμ(CV −CAγ5)sun]† = unγ
0†

s [γμ(CV −CAγ5)]†γ 0un′ ,

(A11)

by making the substitution,

γ 0†
s [γμ(CV − CAγ5)]†γ 0 = s(CV + CAγ5)γμ, (A12)

we have,

Hs
μα = uns(CV + CAγ5)γμun′un′γα (CV − CAγ5)sun.

(A13)

As in the leptonic case, the spin summation of this expression
leads to the hadronic trace,

Hs
μα = tr(s(CV + CAγ5)γμ(/pn′ + mN )γα

× [CV − CAγ5)s(/pn + mN )]. (A14)

To evaluate this trace, we choose the rest frame where the
incident neutron is at rest. In this frame we have [s, /pn] = 0.
By using the standard rules for traces, together with the
property of the projection operator, (s)2 = s, the hadronic
trace can be rewritten as,

Hs
μα = tr[(CV + CAγ5)γμ(/pn′ + mN )γα (CV − CAγ5)

× (1 + γ5 /ws)

2
(/pn + mN )]. (A15)

For convenience, we split this trace into three contributions
proportional to C2

V , C2
A, and CV CA, respectively. Developing

each of these contributions we have,

Hs,V
μα = 2C2

V

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) + m2

N gμα

)
+ imN

(
εμαγλw

γ pλ
n − εμαγλ pλ

n′w
γ
))

,

Hs, A
μα = 2C2

A

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) − gμαm2

N

)
− imN

(
εμαλγ wλ pγ

n′ + εμαλγ wλ pγ
n

))
,

Hs,VA
μα = 4CV CA

(−mN (pn′μwα + pn′αwμ − gμα (pn′ · w))

− iεμαγλ pγ

n′ pλ
n

)
, (A16)

where for simplicity we have omitted the spin index in all w.
So we have,

Hs
μα = Hs,V

μα + Hs, A
μα + Hs,VA

μα . (A17)

It is convenient to give explicit expressions for each spin
component. To this end, we employ the explicit values
for ws = (0, 0, 0, s). We also employ the following proper-
ties, εμαγλw

λ = sεμαγ z, and wα = gαβwβ = sgαz, with s =
+1(−1) for spin up (down).

For the spin up terms, we have,

H+,V
μα = 2C2

V

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) + m2

N gμα

)
+ imN

(
εμα3λ pλ

n − εμα3γ pγ

n′
))

,

H+, A
μα = 2C2

A

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) − gμαm2

N

)
− imN

(
εμα3λ pλ

n′ + εμα3λ pλ
n

))
,

H+,VA
μα = 4CV CA

(−mN
(
pn′μg3α + pn′αg3μ + gμα p3

n′
)

− iεμαγλ pγ

n′ pλ
n

)
, (A18)

while the spin down terms are,

H−,V
μα = 2C2

V

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) + m2

N gμα

)
− imN

(
εμα3λ pλ

n − εμα3γ pγ

n′
))

,

H−, A
μα = 2C2

A

((
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn) − gμαm2

N

)
+ imN

(
εμα3λ pλ

n′ + εμα3λ pλ
n

))
,

H−,VA
μα = 4CV CA

(
mN

(
pn′μg3α + pn′αg3μ + gμα p3

n′
)

− iεμαγλ pγ

n′ pλ
n

)
. (A19)
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3. Evaluation of 〈|Mν′n′,νn|2〉
Finally, we build up 〈|M±

ν ′n′,νn|2〉. By replacing Eqs. (A9), (A18), and (A19), into Eq. (A3), we have,

〈|M+
ν ′n′,νn|2〉 = 4G2

F

(
pμ

ν ′ pα
ν + pμ

ν pα
ν ′ − gμα (pν ′ · pν ) − iεμαγρ pν ′γ pνρ

)(
2
(
C2

V + C2
A

)(
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn)

)
+ 2

(
C2

V − C2
A

)
m2

N gμα + 2
(
C2

V − C2
A

)
imNεμα3θ pθ

n − 2mN i
(
C2

V + C2
A

)
εμα3λ pλ

n′

− 4CV CA
(
mN

(
pn′μg3α + pn′αg3μ + gαμ p3

n′
) + iεμαλθ pλ

n′ pθ
n

))
〈|M−

ν ′n′,νn|2〉 = 4G2
F

(
pμ

ν ′ pα
ν + pμ

ν pα
ν ′ − gμα (pν ′ · pν ) − iεμαγρ pν ′γ pνρ

)(
2
(
C2

V + C2
A

)(
pn′μ pnα + pn′α pnμ − gμα (pn′ · pn)

)
+ 2

(
C2

V − C2
A

)
m2

N gμα − 2
(
C2

V − C2
A

)
imNεμα3θ pθ

n + 2mN i
(
C2

V + C2
A

)
εμα3λ pλ

n′

+ 4CV CA
(
mN

(
pn′μg3α + pn′αg3μ + gαμ p3

n′
) − iεμαλθ pλ

n′ pθ
n

))
. (A20)

The final step is to perform all contractions and to take the nonrelativistic limit of these expressions. We do this in two steps.
First, we take the neutron at rest (for both the initial and final state). Using this approximation together with the property,
εξφγ νελργ ν = −2(δξ

λδ
φ
ρ − δξ

ρδ
φ

λ ), we obtain,

〈|M+
ν ′n′,νn|2〉 = 16G2

F

((
C2

V + C2
A

)(
(pn′ · pν ′ )(pn · pν ) + (pn′ · pν )(pn · pν ′ )

) − (
C2

V − C2
A

)
m2

N (pν · pν ′ )

+C2
V mN

(
p3

ν ′ (pν · (pn − pn′ )) + p3
ν (pν ′ · (pn′ − pn))

) + C2
AmN

(
p3

ν (pν ′ · (pn + pn′ )) − p3
ν ′ (pν · (pn + pn′ ))

)
+ 2CV CAmN ((pν ′ · pn′ )p3

ν + (pν · pn′ )p3
ν ′ )

)
(A21)

and

〈|M−
ν ′n′,νn|2〉 = 16G2

F

((
C2

V + C2
A

)(
(pn′ · pν ′ )(pn · pν ) + (pn′ · pν )(pn · pν ′ )

) − (
C2

V − C2
A

)
m2

N (pν · pν ′ )

−C2
V mN

(
p3

ν ′ (pν · (pn − pn′ )) + p3
ν (pν ′ · (pn′ − pn))

) − C2
AmN

(
p3

ν (pν ′ · (pn + pn′ )) − p3
ν ′ (pν · (pn + pn′ ))

)
− 2CV CAmN

(
(pν ′ · pn′ )p3

ν + (pν · pn′ )p3
ν ′
))

. (A22)

By choosing the z axis along the direction of the magnetic
field, the nonrelativistic limit can be obtained by using the
following relations:

(pn · pn′ ) ∼= m2
N

(pn · pν ) ∼= mN Eν

(pn · pν ′ ) ∼= mN Eν ′

(pν · pn′ ) ∼= mN Eν

(pν ′ · pn′ ) ∼= mN Eν ′

(pν · pν ′ ) = EνEν ′ (1 − cos θνν ′ )

p3
ν = Eν cos θν

p3
ν ′ = Eν ′ cos θν ′ , (A23)

where θν (θν ′) is the angle between the incoming (outgoing)
neutrino with the magnetic field and θνν ′ is the angle between
the direction of the incoming and the outgoing neutrino. The
geometry of the scattering process is shown in Fig. 2. The
nonrelativistic limits of these equations are given in Eqs. (12)
and (13) in the main text.

APPENDIX B: TOTAL NEUTRINO CROSS SECTION
FOR A PARTIALLY POLARIZED SYSTEM

In this Appendix we derive an explicit expression for the
total neutrino-neutron scattering cross section in partially spin
polarized neutron matter. We start by evaluating the spin
average of the whole system 〈Ŝz〉System, which is simply,

〈Ŝz〉System =
(

N+ − N−
N+ + N−

)
h̄

2
, (B1)

where N+ and N− are, respectively, the number of neutrons
with spin up and down and Ŝz is the spin projection operator
(Ŝz|±〉 = ±(h̄/2)|±〉). Writing now N± = V ρ±, with V the
volume of the system, and using the definition of the spin
asymmetry A Given in Eq. (17) is easy to see that,

〈Ŝz〉System = A
h̄

2
. (B2)

We recall that A is obtained from the minimization of the
thermodynamic potential per unit volume defined in Eq. (18).

Let us assume that the system is made of a collection of
neutrons, each one of them being in the same mixed state of
spin up and spin down. The general mixed spin wave function
of each individual neutron is simply,

|χn〉 = α|+〉 + β|−〉. (B3)

Let 〈Ŝz〉χn be the mean spin value of this system of neutrons,
we know that this quantity is related with the mean value of a
single neutron by, 〈Ŝz〉χn = 〈χn|Ŝz|χn〉 [50]. We have then,

〈Ŝz〉χn = (|α|2 − |β|2)
h̄

2
. (B4)

As the next step, we make the hypothesis that 〈Ŝz〉χn =
〈Ŝz〉System. Therefore, we can write,

|α|2 − |β|2 = A

|α|2 + |β|2 = 1, (B5)

where the second equation simply reflects the normalization
condition of the wave function |χn〉. From here it is easy to
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obtain,

|α|2 = 1 + A

2
, |β|2 = 1 − A

2
. (B6)

Two independent wave functions are then obtained as,

|χn〉1 =
√

1 + A

2
|+〉 +

√
1 − A

2
|−〉, (B7)

|χn〉2 =
√

1 + A

2
|+〉 −

√
1 − A

2
|−〉. (B8)

These two wave functions have the same spin mean value,
〈Ŝz〉System, but they are not orthogonal, unless |α| = |β| =
1/

√
2. For |α| = |β|, it is straightforward to obtain the or-

thogonal partner for each of these wave functions, but for their
orthogonal partner the spin mean value is no longer 〈Ŝz〉System.

We discuss now how this result affects our evaluation
of the total neutrino-neutron scattering cross section. For
convenience, we start with the unpolarized case (A = 0). In
Sec. II A, our result for 〈|Mν ′n′,νn|2〉 is given in Eq. (14),
where the average over initial states is done with |+〉 and |−〉,
having each state the same weight. As long as we employ a
set of complete orthonormal states, the choice of the states is
arbitrary. If we consider the following states (instead of |+〉
and |−〉),

|χn (A=0)〉1 = 1√
2

(|+〉 + |−〉),

|χn (A=0)〉2 = 1√
2

(|+〉 − |−〉), (B9)

which are obtained from Eqs. (B7) and (B8) by making A = 0,
then we obtain the same result as in Eq. (14).

This last point is somehow subtle and deserves a detailed
explanation to avoid confusion. We can evaluate 〈|Mν ′n′,νn|2〉
by using a single spin wave function (then no average is
needed), as long as this spin wave function has already the
correct spin mean value. To do so, we employ Eq. (10) and

we choose |χn (A=0)〉1 as the initial neutron spin state. The
hadron tensor represents the square of a transition amplitude.
First, H+

μα (H−
μα) projects |χn (A=0)〉1 into its spin up (down)

component, which is |+〉/√2 (|−〉/√2) and then each contri-
bution is squared, given a common factor 1/2 for both the spin
up and down configurations. As expected, the final results is
the one in Eq. (14), but the procedure have been different. In
Sec. II A, we averaged the result for 〈|Mν ′n′,νn|2〉 from two
different states, |+〉 and |−〉. In the present case, we employ
one single state whose spin mean value is zero. We can repeat
the procedure with |χn (A=0)〉2, having the same result, as the
relative phase plays no role for this problem. The average of
two identical quantities is the same quantity. Note also that we
are using nonrelativistic spin wave functions. This is because
our starting point (the spin mean value from the EoS) is non-
relativistic. Having in mind that our results are nonrelativistic,
we consider that this is a reasonable approximation.

Finally, we consider the polarized case (A = 0). From the
discussion in the last paragraph, the result for the polarized
case is almost straightforward. We have two independent
states |χn〉1 and |χn〉2, which fulfill the correct average re-
quirement and, up to the physical process considered in this
work, we have the freedom to choose between one or the other.
Therefore, we can take either |χn〉1 or |χn〉2, and we discard
the orthogonal partner in the evaluation of 〈|Mν ′n′,νn|2〉 due
to it spin mean value, which, as it was said, is different from
〈Ŝz〉System.

From these considerations, we conclude that 〈|M+
ν ′n′,νn|2〉

should be weighted with a factor |α|2 and 〈|M−
ν ′n′,νn|2〉 with a

factor |β|2. The total cross section would read then,

σ (pν )

V
=

(
1 + A

2

)
σ+(pν )

V
+

(
1 − A

2

)
σ−(pν )

V
. (B10)

From here it is easy to find the total neutrino mean free path,
which is given in Eq. (28).
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