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We derive a simple formula relating the cross section for light cluster production (defined via a coalescence
factor) to the two-proton correlation function measured in heavy-ion collisions. The formula generalizes earlier
coalescence-correlation relations found by Scheibl & Heinz and by Mrowczynski for Gaussian source models.
It motivates joint experimental analyses of Hanbury-Brown-Twiss (HBT) and cluster yield measurements in

existing and future data sets.
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I. INTRODUCTION

The Large Hadron Collider (LHC) made available a di-
verse data set of production cross sections of light nuclear
clusters such as deuterons (D), helions (*He), and tritons
(*H) [1,2]. The LHC also brought progress in femtoscopy,
the study of the momentum-space correlations of particles
emitted in hadronic collisions [5-12]." These measurements
are a source of information on the state produced in heavy-ion
collisions [13-21]. A review of future prospects can be found
in Ref. [22].

In this paper we consider an interesting feature in the
data [23]: the anticorrelation between the source homogeneity
volume, probed in femtoscopy, and the coalescence factor of
nuclear clusters. This correlation was predicted two decades
ago in a seminal work by Scheibl & Heinz [17]. For a cluster
with mass number A and spin J4, observed at vanishing
transverse momentum p; = 0 in the collider frame, it is sum-
marized by the relation [20,23]%3

mR

By N21A+1< 0

3(1-A)
m2(A=1 "~ 24 /A «/271) '

Here, the coalescence factor is defined as By =
Py jﬁ;; )/ (pojTA;)A, where p°dN/d3p is the Lorentz-invariant
differential yield for constituent nucleons at p = P4/A. The
homogeneity volume is parametrized by the HBT radius R

[5-12].* m ~ 0.94 GeV is the nucleon mass.
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Equation (1) was predicted to apply in the limit that the size
parameter dy of the cluster’s wave function can be neglected
compared with the source homogeneity radius: d4 < R. For
small systems with R < dy, Eq. (1) receives a correction via
R?> — R?> + (ds/2)%. At finite p;, Ref. [17] suggested that
Eq. (1) should be modified by m — m, = (m*> + p*)'/2.

A comparison of Eq. (1) with LHC data was presented
in Ref. [23], which used it to extrapolate measurements in
Pb-Pb collisions into a prediction of the coalescence factor
of D, *He, and *H in p-p collisions. This extrapolation is
nontrivial. The HBT radius characterizing Pb-Pb collisions is
R ~ 4 fm, compared with R ~ 1 fm measured in p-p colli-
sions. Thus, Eq. (1) predicts a large increase in B4 going from
Pb-Pb to p-p: By /By ~ 4 x 103, Subsequent ALICE
measurements [2] in p-p collisions were consistent with this
prediction: Eq. (1) appears to work, at least to O(1) accuracy,
over orders of magnitude in 4. The question we ask (and
answer) in this study is why does it work?

To substantiate this question, note that Ref. [17] derived
Eq. (1) by using a number of assumptions and approximations.
A simple source model was used to describe the emission of
particles produced in hadronic collisions. This model imple-
mented collective flow with a specific velocity profile and a
Gaussian density profile, limited to radial symmetry in the
transverse direction. By using a saddle-point approximation
to evaluate Cooper—Frye integrals [27], Ref. [17] compared
their analytic results to a parallel analysis that used the same

' Also known as Hanbury-Brown—Twiss (HBT) [3,4] analyses.

2See also Ref. [16].

3See, e.g., Refs. [24-26] for the appearance of a similar formula
within a thermodynamic model.

“More practical details about the definition of R are given in
Sec. IV.
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assumptions to calculate HBT parameters [28] and found
Eq. ().

Given this procedure, it is natural to question the theoret-
ical basis for Eq. (1). For example, as noted in Ref. [17], it
is unlikely that the source model adopted there can actually
describe systems ranging from Pb-Pb to p-p in detail. Why
then does Eq. (1) work? Can we expect it to remain valid at
p: > 0; at intermediate centrality; and so on?

The outline of our analysis and the main results are as fol-
lows: In Sec. IT we focus on D formation (Sec. IT A) and two-
proton correlations (Sec. I1 B). Using nonrelativistic quantum
mechanics (QM) considerations, in idealistic settings ignor-
ing final-state interactions and other real-life complications,
we derive a relation between D formation and two-particle
spectra. In Sec. IIC we extend our results to a relativistic
formulation. Our main result is Eq. (24), giving B, as an
integral of the two-particle correlation function weighted by
the D probability density. The derivation does not require a
detailed model of the particle emission source. In particular,
we need not invoke the assumptions and approximations of
Refs. [17,28]. Another derivation is shown in Appendix A.

In Sec. III we show that, by adopting the same assump-
tions, our formalism reproduces Eq. (1) as found in Ref. [17].
The upshot is that our work makes Eq. (1) a generic pre-
diction. If, above, we argued that the model dependence
in Ref. [17] makes it a surprise that Eq. (1) successfully
describes systems from Pb-Pb to p-p, then in light of the
discussion in Sec. II it becomes nontrivial to imagine a system
for which Eq. (1) would fail. The downside is that Eq. (1) is
essentially a kinematical relation and can teach us relatively
little about the dynamics of the state produced in heavy-ion
collisions. Our analysis bears a connection to (being a less
sophisticated version of) Ref. [18], which showed that the
number of pion pairs produced in Coulomb bound states is
related to the number of free pion pairs at small relative
momentum. Our work is also close in spirit to the work by
Mrowczynski [14,29-33].

In Sec. IV we consider complications including final-state
interactions and source chaoticity (Sec. IV A). We do not
address these complications in detail, but show how exper-
imental analyses that take these issues into account can be
used to test the coalescence-correlation relation at the cost
of some model dependence. In Sec. IVB we generalize our
results to A > 2, postponing some details to Appendix B.
In Sec. IVC we compare our theoretical results to data.
In Sec. IVD we recap the results of Ref. [23], comparing
the coalescence-correlation relation with data across systems.
While our results are consistent with available measurements,
the uncertainties are large. Existing experimental analyses
were not geared for a direct comparison of femtoscopy and
cluster yields. This lack motivates dedicated experimental
work.

We conclude in Sec. V.

3 Apart from the fact that the natural definition we find for R is in
the so-called pair rest frame, compared with the longitudinal frame
adopted in Ref. [17], and apart from the replacement m — m,. Please
see Sec. III for details.

II. QUANTUM MECHANICS CONSIDERATIONS

Hadronic collisions produce a high-excitation state (HXS),
characterized by a density matrix pyx. QM allows us to cal-
culate the probability density to find a certain nonrelativistic
state in the HXS by projecting that state onto pyx. In this sec-
tion we use the QM formalism to derive a relation between D
and two-particle spectra. We then convert to Lorentz-invariant
quantities.

We emphasize that the QM formulation we use is
far from new. It had been utilized in different guises
in many early studies including (as a partial list)
Refs. [13,14,16,17,19,28,32-35]. Our discussion in Secs. IT A
and II B is merely intended to review the derivation of D and
particle pair formation, respectively, in the HXS, recalling
that the two phenomena stem from building blocks that
are closely related on general grounds. Our next step, in
Sec. I1C, is to explicitly combine the expressions into a direct
relation between coalescence and pair spectra, summarized in
Eq. (24). This result, as far as we know, is new to the current
work.

A. Deuteron formation

A D at laboratory-frame momentum P, is a two-particle
(neutron-proton) bound state |p,) with wave function

Ve, (x1, x2) = €% pu(7), (2)
where
X =0 +%0)/2 F=3%—%, 3)

and [ d*r|¢,(7)|* = 1. The probability density of D in the
HXS is [13]

dNy

5P, = (Yp, | Pux|Vp,)

—Gd/dxlfd%cz/d* /d3x;
X Yp (X1, X5)¥p, (X1, X2) pa (X, X35 X1, Xa585),  (4)

where p>(x|, x5;x1, x23¢¢) is the two-particle reduced HXS
density matrix. G, is a dimensionless normalization factor.
In this section, for simplicity, we assume the existence of a
well-defined freeze-out time ¢ and consider the HXS density
matrix as being specified at the moment 7;. We emphasize
that this simplification is not essential for the derivation, and
our main result [Eq. (24) below] holds also if we allow a
finite-duration freeze-out window. An alternative derivation
that makes this point manifest is given in Appendix A.

It is commonly assumed that the HXS density matrix can
be factorized into one-particle density matrices,

P2(xXy, Xh3x1, x051) = pr(xp, xi50)p1 (X, x058),  (5)

that can in turn be described in terms of Wigner densities f/,

&k i - X4 X
/. _ ik(x'=x) ¢W .
'ol(x’x’t)_/(zn)Se f‘] (ka 2 ’t)' (6)
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Inserting Eqgs. (5) and (6) into Eq. (4), we obtain
de '5 / / 3 N

R d’rDqa(q,
G = [ v [ S5 @i

P .3 7
Xfl( +‘1,R‘|‘ tf)fl( q,R— ztf)

@)

where D, is the Wigner density of the D,

Dy(§.7) = f &g, (?+ %)qﬂ; (7— %) ®)

In terms of the original variables of Eq. (4), R = (¥; + X| +
X2 +X,)/4 is the classical center-of-mass coordinate of the
two-nucleon system and 7 = (X; +X{)/2 — (X, +X5)/2 is the
classical relative coordinate between the nucleons.

It can be shown that neglecting +4 inside the f!" functions
in Eq. (7) is a reasonable approximation, valid to ~10% ac-
curacy for Pb-Pb collisions [17]. With this approximation we
can perform the g integration, which gives [ d*¢qD,(q,7) =
(270)*|¢a (7 )|?. Defining

we obtain

dN,
—d ~ Gd[d3q’D(q)/d R/‘dqre

xfi’ <?,R+ E;tf>fl (?vk_%? f)‘ (10)

Equation (10) expresses a nonrelativistic QM calculation
of the Lorentz noninvariant quantity dN/d>P,. In Sec. I1C
we return to the problem of connecting this result to the
total Lorentz-invariant D yield obtained by integrating over
different emission regions in an expanding HXS “fireball.”

B. Nucleon pair emission

Consider a state |5 ) describing two free propagating
. . P1-pat . .
protons in a spin-symmetric configuration. Ignoring final-
state interactions (FSIs), the position space representation
p . . . . .
of |1ﬁ.p]’p2) is an antisymmetric function of the particle
coordinates,
1 55 - .
Vi (1, X2) = ﬁez“”"w”2 —e7), (1)
where the average pair momentum and the momentum differ-
ence are defined as

=i +p2)/2, qg=pi— D (12)

. The probability density associated with [/, ) can be calcu-
|pa(F)I* = / d’ke" D(k) (9)  lated as [34,35]
|
dN* o a s
d3p1d®ps = (l/fpl,pzmHX'I//pl,pz)
=G [ dn [ @ [ @ [ g, o0, et i i), (13)

Assuming unpolarized isospin-invariant HXS, we use the
same pg(x/l,xg;xl,xz;tf) for the proton-proton and proton-
neutron reduced density matrix, appearing in Eqgs. (13) and
(4). Gj, is a normalization constant. Inserting Eqgs. (5) and (6)
into Eq. (13) we obtain

dN® i
Fpidiy, = G a1 p2) = PP,
‘FZ(P’ 11) = v/.dSR\/d37‘€ié;f1‘/‘/<}_£.,I_é‘|‘ %;tf)

xflvv(ﬁ,l_é— Z;tf),
2
Aa(py, pa) = / Exf¥ (5 Fstp) / ExfY (o Fty). (14)

We could express A, in Eq. (14) in terms of P and ¢, but we
keep pi1, and p, for clarity. The P, g notation is useful for the
JF> term, which expresses the QM correlation.

We can repeat the same steps above for the spin-

antisymmetric state [y ), for which the wave function is

an symmetric function of the particle coordinates. We find

dN*
3 = GlA(pr, Fa(P. q)), 15
Dpidps 5(Aa(p1, p2) + F2(P, q)) (15)
with G4 = G3/3.

C. Coalescence from two-particle correlations

Equations (10), (14), and (15) give the number of D and
proton pairs, respectively, per differential momentum element
when all momenta involved are small. The Lorentz-invariant
version of the quantities on the left-hand side (LHS) of
these equations are y;dNy/d>P; and yy,dN*?/d?p\d>p;.
Subtleties arise in the computation of the right-hand side
(RHS) because, for a relativistically expanding HXS, different
parts of the particle emission region are moving relativistically
with respect to other parts. This makes the spatial integrations
nontrivial [27]. In addition, instead of a homogeneous freeze-
out time 7y we expect a freeze-out surface 1y = ¢ (R). We now
consider these issues.
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Inspecting Eqgs. (10) and (14), we can write a differential
coalescence-correlation relation

d (dNy d
_— ~ Gy—
d*R\ d*P, d*R
The differential presentation reveals model-independence in

terms of the details of freeze-out. By either plugging in
Eq. (9), or proceeding directly from Eq. (10), we have

d (dN, P B,
ﬁ< P, ) Gdf1< Rtf> / Criga®I A"

Py - .
X T’R_r;tf . (17)

It is natural to regard the RHS of Eq. (17) as a Lorentz-
invariant distribution function f;. This was done in Ref. [17],
which used the Cooper—Frye prescription [27] to make the re-
placement y, [ d°Rf; — (1/2m) [[d*c, P14, where d*c*
is the volume element perpendicular to the HXS relativistic
freeze-out surface.

While Ref. [17] (which focused on D formation) arrived
at this procedure directly from Eq. (10), the same imple-
mentation of freeze-out with respect to the integration over
center-of-mass coordinate R can be used in integrating the
coalescence-correlation relation expressed by Eq. (16). There
is no need to specify the details of the freeze-out surface
t7(R) because Eq. (16) relates the pair emissivity and the D
emissivity per differential volume element d°R in the HXS.
Having noted this point, we can drop the differential d>R in
Eq. (16) and consider it as a relation between total D and pair
yields.

Let us now make contact with measurements. Experimen-
tal collaborations report the (Lorentz-invariant) coalescence
factor

d3cﬂ><q)fz< ,q> (16)

0 dNg
d d3P,
- _4Th (18)
dN \2
(P %5)

OdN

Bx(p)

with p = P;/2 and where p°J5- is the unpolarized proton
yield. The two-particle correlatlon function is constructed as

dN
P1p2—d3 PP

(P 50) (o)
The numerator on the RHS of Eq. (19) sums together the
different spin states of the proton pair. In the denominator,
the unpolarized differential yields at p; and p, are obtained
by scrambling between proton pairs from different events.
Still provisionally neglecting FSI and other complications

(which would be discussed later), Ref. [9] parametrized two-
proton correlation measurements in a way that can be put as

G (P.gq) = 19)

S

R 20)

G(Pq) = G“ e

By examining the g dependence we see that the C, term
in Eq. (20) comes from the F, term in Eq. (14), while the
1 comes from the 4, term there. More precisely, in the

nonrelativistic limit we have

CERF (1G] < m) = @1

)
A’
where the superscript PRF instructs us that g in CJRF is defined
in the pair center-of-mass frame. In the same limit, Eqgs. (16)
and (18) show that

Gy m
G5+ Gy m> A,
Assuming unpolarized isospin-symmetric HXS [36] we have

Gy 3
G +G: 341
Using these conventions and noting that y; ~ y, =~ y,; for
small |g | < m, we are finally led to the result:

3 . .
Bo(p) ~ o~ / gD (P, ). (24)
m

By(p) = / LaD@FG.P. (22

(23)

Following the discussion around Eq. (16), this result is not
limited to nonrelativistic p. It is limited to nonrelativistic
| |* < m?, but that is not a real concern because both C, and
D cutoff at |g | ~ 0.1m.

We comment that the coalescence factor B,(p) is defined
for on-shell D with Pj = 4p2 ~ (2m)?. Thus, there will ac-
tually be no on-shell proton pairs that satisfy pj = p5 = m?
along with (p; + p2)/2 = p at g # 0. This problem comes
from neglecting corrections of order g 2/m? in the derivation
of Eq. (24). We can find on-shell proton pairs to construct
CERF by allowing the energy component P° of the P4 vector
in Eq. (19) to deviate from p° of Eq. (18), while at the same
time enforcing P = P;/2 = p. In other words, we let p on the
LHS of Eq. (24) denote the four-momentum per nucleon of the
on-shell D, and we equate p between the LHS and the RHS,
but we do not enforce p° on the RHS to match p° on the LHS.
Corrections due to this approximation are of order g 2/m?>.

III. COMPARISON WITH PREVIOUS WORK

Scheibl & Heinz [17] used a Gaussian source model
(GSM) of the HXS one-particle Wigner densities to calculate
coalescence and two-particle correlations (following Ref. [28]
on the latter) and expressed the coalescence factor in terms
of the HBT radius parameters computed in their model. To
obtain analytic expressions, the D wave function was taken to
be Gaussian,

2
o

e a2

$a(r) = —— (25)
T @ant
with d = 3.2 fm. This leads to
D) = e+ (26)

For the HBT analysis, Ref. [17] used the parameters R, and
R)| in terms of which the correlation function in their model is
given by

CZPRF —e RLqL R‘q,

(GSM), 27)

where ¢; is the component of ¢ parallel to the beam axis and
G, spans the transverse direction. Plugging these expressions
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for D and CIRF in Eq. (24) we find®
373
2 2
2m(RT + (5)°) R + (%)

This reproduces Eq. (1) and the main result of Ref. [17] [see
Egs. (6.3) and (4.12) there], up to the replacement m — m, =
(m* + p?)!/2. Please note that we have defined R and R|
in the PRF, while Ref. [17] defined these parameters in the
YKP frame [28,38-40] which is offset by a transverse boost
compared with the PRF.

Mrowczynski discussed the connection between coales-
cence and two-particle correlations in a series of papers
[14,29-33]. This program resulted in a QM sum rule of the
neutron-proton correlation function, which was proposed to
give the D coalescence factor as a g integral on the correlation
function [33]. The power of this idea was in that there was no
need to correct the measured correlation function for long-
or short-range final-state interactions: the sum rule should
apply directly to the observable correlation. In practice, this
suggestion fails, apparently because the g integral proposed
in Ref. [33] receives contributions from large-g regions in the
integration.

In comparison to the sum rule of Refs. [32,33], Eq. (24)
is less ambitious. The correlation function entering Eq. (24)
does need to be corrected for final-state interactions, be-
cause it assumes a kinetic picture where an HXS density
matrix can be defined and projected into propagating particles.
Equation (24) also invokes assumptions such as isospin sym-
metry and smoothness for the HXS freeze-out surface. In
return, however, the RHS of Eq. (24) receives no contributions
from large-q modes because D(q) in the integrand constrains
the support to the small-g region, |g | < 0.1m.

A QM derivation of the coalescence factor using a spe-
cific one-dimensional Gaussian source model was given in
Ref. [19]. This derivation agrees with Eq. (28) up to the
replacement m — p° = my,.

B, = (GSM).  (28)

IV. REAL-LIFE COMPLICATIONS, A > 2 CLUSTERS,
AND COMPARING WITH DATA

Equation (24) is idealistic. In practice we cannot pull out a
directly measured correlation function C,, plug into Eq. (24),
and calculate B,. Two main complications preventing direct
implementation of Eq. (24) are that (i) long-lived resonances,
decaying outside of the freeze-out surface of the HXS, distort
the correlations, and (ii) long-range Coulomb and short-range
strong nuclear FSI cause the two-particle wave function to
differ from the plane-wave form. For proton pairs, FSI ac-
tually dominate the correlation function, meaning that the
QM statistics contribution must be extracted indirectly as a
subleading contribution to the actual observable C,. To make
things more difficult, different spin states exhibit different
short-range FSI.

We will not address the complications above in detail in
this paper, deferring such refinements to future work. Instead,

%See also Refs. [16,37].

we build on femtoscopy data analyses that explicitly treat
items (i) and (ii). The price we pay is to introduce model
dependence, which enters via an assumed simple analytic
form for the correlation function. Our procedure and results
are explained in the next sections.

A. The chaoticity parameter A

The GSM assumed in Refs. [17,19,28] predicts not only the
shape, but also the normalization of C,: it predicts CRF (g —
0) = 1. In reality, measurements show CiRF(g — 0) — A <
1, where A is known as the chaoticity (or intercept) parameter
[41,42]. In HBT analyses of pions, A < 1 follows from the
fact that a sizable fraction of the pions come from the decay of
long-lived resonances, leading to a non-Gaussian contribution
to C, that is concentrated at very small |g| and cannot be
resolved experimentally [41]. In HBT analyses of proton
pairs, hyperons are the resonant contamination [11,43,44].
Since strong FSI between pA and pp are crucial in shaping
the pA and pp correlation functions, studies [9,11,43,44]
separate the pA — pp and genuine pp contributions entering
the observed pp correlation into different terms, which are fit
in a combined analysis. In Refs. [9,11], separate chaoticity
parameters A,,, A,pn were assigned to the genuine pp pairs
and the pairs coming from pA — pp. The value of A defined
in this way could reflect intrinsic departures of the source
functions from Gaussianity.

In Ref. [28] (and many other analyses in the literature), A
was introduced as a free parameter. Thus, it did not enter into
the coalescence-HBT correspondence of Ref. [17]. However,
Eq. (24) shows that B, is directly proportional to a ¢ moment
of CYRF_ If we adopt the Gaussian form together with the A
modification as an empirical description of C,,

CPRF — ) Ria1-Ridi (GSM, chaoticity 1),  (29)

then B, should match Eq. (28) simply multiplied by the
experimentally deduced value of A:

373

B, = 2 2
2m(RE + (5))y/Ri + (%)

(GSM, chaoticity A).

(30)

B.A>2

Equation (24) can be generalized to clusters with A > 2.
Assuming an (A — 1)-dimensional symmetric Gaussian form
for the cluster’s relative coordinate wave function, and assum-
ing that the A-particle correlation function can be decomposed
as a product of two-particle Gaussian correlators described
by the same HBT radii R, and R); and chaoticity A, then the
analog of Eq. (30) is

A-1

Ba 120,41 Q)2

LR
2(A—1) A
m VA | i (R + (%)) JR2 + (%)

(€29

The definitions of the cluster wave function and its size
parameter dy, used in Eq. (31), are given in Appendix B.
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C. Comparing with data

Experimental collaborations often report the results of
HBT analyses in terms of empirical fit parameters R and
A [5-12], assuming Eq. (29) and accounting explicitly for
the spin symmetry of the pair wave function and for the
distortion due to FSI [18,34,45]. To compare our theoretical
results with data, we will therefore use Eqs. (30) and (31). We
further take the extra simplification of a one-dimensional HBT
parametrization with R = R =R.

Pion, kaon, and proton femtoscopy results in Pb-Pb col-
lisions were reported in Refs. [9,11]. Results for proton and
kaon femtoscopy in p-p collisions were given in Refs. [12]
and [6], respectively. The kaon results are of potential use
because Ref. [9] showed compatible results for the parameters
R and X obtained in proton and kaon correlations at the same
my. Using these HBT analyses we can calculate the RHS of
Egs. (30) and (31), and compare with experimental data on
the production of light nuclei [1,2].

1. Pb-Pb collisions

The top two panels in Fig. 1 summarize experimental
results for R and A in central (0%—10%) Pb-Pb collisions at
s =2.76 TeV [9]1.7 The bottom two panels show R and A
obtained in intermediate centrality (30%—-50%) data. For R,
we show the average values found for pp and pp pairs. The
uncertainties are mostly systematic, and the width of the band
neglects the statistical uncertainty. For A, we show the sum
App + Apa, take the average of the systematic uncertainty, and
average the result between particles and antiparticles.®

Plugging these values of R, A into the RHS of Eq. (30), we
obtain a prediction for B;. The result for (0%—10%) centrality
events is shown by the blue shaded band in the topmost
panel of Fig. 2. The uncertainty of the theory prediction was
obtained by using the lower value for A and the upper value
for R to calculate the lower value of the predicted B,, and vice
versa. An experimental measurement of B, [1] is shown in
the same plot as a gray band. We can also compare the data
with the theoretical prediction of Ref. [17]; this is done in the
second-from-top panel of Fig. 2. In the bottom two panels
of Fig. 2 we repeat the analysis by using the intermediate
centrality (30%-50%) HBT parameters, compared with 3,
data corresponding to events at (20%—40%) and (40%—-60%)
centrality events.’

7Useful details can be found in Tables 7.4-7.9 in Ref. [11].

8The reason to use the sum of App + Apa, and not just A,,, is
that we are interested in using Eq. (30), which assumes the same
single-particle spectrum normalization in the definition of C, and
B,. However, the single-particle spectrum entering the denomina-
tor of B, in the experimental analysis includes only the prompt
contribution, while the denominator in the C, experimental analysis
with pp and pA terms explicitly separated includes both prompt and
secondary protons.

°Note that the analysis of Ref. [17] was restricted to radially
symmetric HXS in the plane transverse to the beam axis. It should
not, in principle, be valid for intermediate centrality.
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FIG. 1. Experimental fit results for the one-dimensional HBT
radius R and A parameters, extracted from correlations of pp, pA,
and their antiparticles in central [0%—10%; panels (a) and (b)]
and intermediate centrality (30%—-50%; [panels (c) and (d)] Pb-Pb
collisions at /s = 2.76 TeV [9,11].
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(d)

0.003 Scheibl & Hei% ALICE (40-60%)
e
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FIG. 2. (a), (b) Experimental results for B, from central
(0%-10%) PbPb collisions at /s = 2.76 TeV [1], shown by gray
band, compared with Eq. (30) derived here (blue band) and to the
prediction of Ref. [17] (orange band). The coalescence calculation
uses the experimentally extracted HBT R and A parameters shown
in Fig. 1. (c), (d) Experimental values of 3, from two intermediate
centrality classes, (20%—40%) and (40%—-60%), and the theoretical
prediction calculated using HBT data from events at (30%-50%).

In Fig. 3 we consider experimental results for B; [1] from
centrality classes (0%—20%) and (20%—-80%), shown in the
top two and bottom two panels, respectively.

2. p-p collisions

Reference [12] reported R = 1.14f8:8; fm (comparable
statistic and systematic uncertainties were added in quadra-
ture) in a combined analysis of pp, pA, and other hyperon
correlation data from /s = 7 TeV p-p collisions at pair av-
erage momentum corresponding to m, = (1.2-1.6) GeV. The
analysis in this work effectively assumed A = 1. However, in
an analysis that allowed A to vary as a free parameter, kaon
correlations were found to give A ~ 0.5 at m, = 1.4 GeV,
along with R ~ 0.8 &+ 0.3 fm [6]. This is of potential interest
because Ref. [9] demonstrated HBT parameters that were the
same, within measurement uncertainties, for kaon and proton
final states at the same m;.

Using R ~ 1.14f8:8; fm as found in the pp analysis [12],
Egs. (30) predicts B, = 1072 x (0.8-0.9)x GeV?>. Using, in-
stead, R ~ 0.8 0.3 fm as found from kaon correlations
[6], Eq. (30) predicts B, = 1072 x (0.9-1.4)A GeV?. These
predictions can be compared with light cluster data from
Ref. [2], which found the experimental result B, &~ 1072 x
(1.6-2.2) GeV? at m, ~ 1.4 GeV.

Using R~ 1.147007 fm [12], Eq. (31) predicts B; =
1074 x (2.1-2.8)A> GeV*. For R~0.8+03 fm [6],
Eq. (31) predicts B; = 107* x (3.1-23)A> GeV*. The ex-
perimental result [2] is B;® &~ 107* x (1-3) GeV* at m, ~
(1.1-1.4) GeV.

D. Discussion: B, vs R, coalescence across systems

Measurement uncertainties on the HBT R and A parameters
lead to large uncertainties on our theoretical prediction of 3,
and B3, derived from Egs. (30) and (31). Part of this uncer-
tainty is due to our crude treatment of the data. For example,
our uncertainty estimate on B, and B3 in the left panels of
Figs. 2 and 3 added together the effects of the systematic
measurement uncertainties on R and A. As a result, while
Egs. (30) and (31) are consistent with the data, there is much
room to improve the analysis. The coalescence-correlation
correspondence motivates an experimental reassessment of
the data presented in Refs. [6,9,12] and [1,2], aiming at a joint
analysis of HBT and cluster yields in events sharing the same
p: and centrality classes.

Before we conclude, in Fig. 4 we take a broader look at
the data-theory comparison by considering the 54 — R (anti-
)correlation across different systems [23]. In Fig. 4, the gray
shaded band shows the theoretical prediction for B, (fop)
and Bj (bottom), calculated as function of R using Eqs. (30)
and (31). The calculation uses an estimate of the experimen-
tally measured value of A. To define the upper edge of the
bands, we interpolate between A = {1, 0.7, 0.7} defined at
R ={0.85, 2.5, 5}. To define the lower edge we interpolate
between A = {0.5, 0.3, 0.3} defined at R = {0.85, 2.5, 5}.
This range of A is roughly consistent with the experimental
results found in Refs. [6,9,12]. The red horizontal bands in
Fig. 4 show the (0%-10%) (for B,) and (0%—20%) (for Bs)
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FIG. 3. (a), (b) Experimental results for B; from central (0%—
20%) PbPb collisions at /s = 2.76 TeV [1], shown by gray band,
compared with Eq. (31) derived here (blue band) and to the predic-
tion of Ref. [17] (orange band). (c), (d) Experimental values of B;
from the centrality class (20%—80%), and the theoretical prediction
calculated using HBT data from events at (30%—50%).

coalescence factor measurements for Pb-Pb. Each of the three
red bands corresponds to a different bin in m,, among the three
bins shown in Ref. [9]. The blue horizontal bands show the
result for the (20%—40%) (for B,) and (20%—80%) (for 133)
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0.01F

0.003}

0.001}

0.0003+

0.0001

4
Byigev"

e om
1075}

10—6,

107¢

sl : : ‘ RIf
10 1 2 3 4 sRIm

FIG. 4. Summary of data. (top) 13, vs R. (bottom) 35 vs R.

events, respectively. The green band shows the result for p-p
collisions [2].

V. CONCLUSIONS

We considered the relation between nuclear cluster forma-
tion (defined via a coalescence factor B4) and two-particle
correlation measurements [known as femtoscopy or Hanbury-
Brown—Twiss (HBT) analyses, with two-particle correlation
function C,] in hadronic collisions. Scheibl & Heinz [17]
derived a theoretical result, Eq. (1), equating B4 to inverse
powers of the source homogeneity radius R measured in
HBT analyses. Equation (1) is consistent with LHC data
over several orders of magnitude in By, albeit with large
uncertainties [23]. Reference [17] based their derivation of
Eqg. (1) on a specific, simplified model of collective flow. This
model is unlikely to actually represent in detail the dynamics
in different systems ranging from Pb-Pb to p-p. The question
we addressed to ourselves was, therefore, why does Eq. (1)
work?

Using an idealized quantum-mechanical (QM) framework,
we derived a direct integral relation between the coalescence
factor and the two-particle correlation function. Our main
result is Eq. (24), which gives B, as an integral of C, weighted
by the D probability density. The derivation does not require
a detailed model of the particle emission source. In particular,
we need not invoke the assumptions and approximations of
Ref. [17]. If we specialize to the assumptions in Ref. [17], our
formula essentially reproduces Eq. (1). Importantly, Eq. (1)
also obtains under more general circumstances if the two-
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particle correlation function can be approximately described
empirically by a Gaussian form, as commonly used in experi-
mental HBT studies.

While our theoretical results are consistent with currently
available measurements, the uncertainties are large. Existing
experimental analyses were not geared for a direct comparison
of femtoscopy and cluster yields. No HBT analysis precisely
overlaps, in terms of, e.g., p; and centrality binning, with
cluster yield measurements. The recent study in Ref. [20]
(see also Ref. [46]) proposed to bypass this gap by replacing
the HBT part in the coalescence-correlation comparison with
multiplicity measurements that correlate with the HBT scales.
We suggest, instead, that the coalescence-correlation relation
offers a fundamental probe of the (generally defined) coales-
cence model, justifying dedicated experimental work aiming
to test the relation directly.
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APPENDIX A: COALESCENCE FROM CORRELATION
FUNCTIONS: KINETIC THEORY

Here we give another derivation of Eq. (24). The starting
point of our analysis is equivalent to Eq. (3.12) of Ref. [17],
derived in Ref. [15].

We assume that the two-particle source can be factorized as
a product of one-particle source terms. The production rate of
deuterons (D) at momentum P, per four-dimensional volume
in the source region parametrized by D formation coordinates
R, is given by

d dN, 3x2 [dd0 - .
- — D, (0.
FREP, ~ any | ny Dd@0)

X f(R+; Q+)Ffree(R—; Qi),

(AD)

where the factor 3 is due to the deuteron spin and the factor
2 is due to exchange of proton and neutron. ['g.. indicates
the production rate of free nucleons. We have Q. + Q* =
P;, and we take Q* slightly off-shell to ensure momentum

conservation. For small Q, we can approximate

3x?2

d dn, X ,
- " - d
d*R d3Pd (27_’:)3 / r|¢d(;)|

X f(R; Py /2T ree (R Pa/2).  (A2)

It is convenient to consider the coalescence problem in the
D rest frame (DRF). In the DRF, we define the source function
S as

M@ free ()

S0 = "Gy

(A3)

such that the free nucleon distribution function is given by

2 3 Yo .
Fo = F f d1s(1.3).
m

—00

(A4)

For small |Q|> < m?, the constituent nuclei energies are
~m in the DREF, so the Lorentz invariant D yield is

dN. DRF 2 1
(E d) ~ 03 % 220 ) f d*R3 / d*riga ()L’
m

‘&P
><S<R0 —t,é— I; )S(Ro,ﬁ—i- %,m)

(AS5)

[\

Now, consider the two-point correlation function C, (P, g).
C»(g, P) depends on the frame and we take the pair center-
of-mass frame (PRF). For clarity, we use the symbol CJRF
to define the two-point function in this frame. Under the
same source factorization assumption we considered for the
coalescence problem, we have [28]

4 [d*R [d*rS(R+ 5;P)S(R — §; P)e”

2’
(E45)

C2PRF(P, q) —

’

(A6)

where the factor 4 comes from the spin combinations.
Comparing Egs. (A5) and (A6), and using Eq. (9), we
reproduce Eq. (24).

APPENDIX B: CLUSTER WAVE FUNCTION

We consider the cluster internal wave function to be a
symmetric Gaussian function of the normalized Jacobi coor-
dinates &,, n=1,...,A—1,

GaGrs... Ear) = — (B1)

where [47]

> n - 1 e
";:n = —<rn+l - - Zrm>s (Bz)
Vnt+n n =

and where 7,, m=1,...,A are the Cartesian constituent
nucleon coordinates. The size parameter dy is related to the
cluster rms charge radius via [17,20,36]

,  3A-1)

rms 2A d/% . (B3)
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