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We suggest a generalized method for elimination of spurious admixtures (SA) from intrinsic nuclear excita-
tions described within the quasiparticle random-phase approximation (QRPA). Various kinds of SA corrections
are treated at the same theoretical ground. The known corrections are well reproduced. As relevant cases, we
consider subtraction of SA related with (i) violation of the translational invariance (isovector E'1 and isoscalar
toroidal and compression £1 modes), (ii) pairing-induced nonconservation of the particle number (E2(K = 0)
and E0 modes), and (iii) rotational invariance (E2(K = 1) and M1(K = 1) modes). The SA subtraction can
be done at the level of QRPA states, electromagnetic responses, and even transition operators. The additional
deformation-induced corrections for E 1 excitations are proposed and shown to be essential for the compression
isoscalar mode. The accuracy of the method is demonstrated by Skyrme QRPA calculations for axially deformed
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I. INTRODUCTION AND MOTIVATION

Theoretical analysis of intrinsic nuclear excitations is
often complicated by presence of spurious modes [1-6].
These modes appear in the intrinsic spectra if some sym-
metries (translational, rotational) and corresponding conser-
vation laws (for the total momentum P and angular mo-
mentum J) are violated by the intrinsic Hamiltonian. The
spurious modes of this kind represent the motion of the
whole nucleus (translation, rotation) in the laboratory frame.
They are obviously beyond the intrinsic nuclear dynamics
and so have to be removed from the intrinsic spectra. An-
other particular case is the pairing-induced nonconservation
of the proton and neutron numbers, when the nuclear wave
function is contaminated by admixtures from neighboring
nuclei.

Usually the intrinsic Hamiltonian breaks the conservation
laws in its mean field and pairing parts. There are many ways
for subtraction of emergent spurious admixtures (SA). For
example, in £ 1 isovector responses, SA are removed using the
proper effective charges [5]. In the second-order El toroidal
and compression isoscalar responses, SA are eliminated by
corrections in the transition operators, requiring the nuclear
center-of-mass to be in rest [7—10]. There is also a diversity of
projection techniques to exclude SA, e.g. [5,11-18].

Random-phase approximation (RPA) and its quasiparticle
version (QRPA) are now widely used for the self-consistent
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description of giant resonances and low-energy states in
spherical and deformed nuclei; see, e.g., Refs. [10,11,14-26].
As was shown by Thouless [1], RPA has a principle ability to
separate exactly spurious and physical states. In this method,
the spurious mode appears as RPA eigenstate with zero en-
ergy, which guaranties orthogonality of the spurious and phys-
ical states. Various aspects of this RPA (QRPA) feature are
described in detail elsewhere; see, e.g., Refs. [2-6,11,27,28].

The RPA advantage to exclude SA was used in early
studies within schematic models where violated symmetries
were restored by the proper choice of the residual interac-
tion compensating the contamination of the mean field [29].
Howeyver, this scheme is not relevant for the modern self-
consistent RPA methods (Skyrme, Gogny, relativistic), where
the RPA residual interaction is already fully determined by
the initial density functional. Another technique, also not
self-consistent, offers additional terms in the RPA residual
interaction to shift the spurious modes outside the energy
region of interest [30,31].

In fully self-consistent RPA (QRPA) models with a com-
plete configuration space, the spurious modes have to be
entirely located at zero-energy eigenstates. However, even in
modern self-consistent RPA calculations this is usually not the
case; see, e.g., discussion in Refs. [11,22]. Due to a limited
size of configuration space and numerical inaccuracy, we are
almost never able to put the spurious state exactly to the zero
energy: Its energy is usually a small positive value. Then
the spurious mode is not orthogonal to physical states and
contaminates them, at least neighboring ones. So the problem
of SA persists even in modern self-consistent models.

In the present paper, we propose a simple general method
for elimination of SA from QRPA states and electromagnetic
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responses. The method allows to extract arbitrary (related to
different symmetries) SA in the framework of one and the
same scheme. We partly use the idea [14,15,17,18] to refine
QRPA physical states requiring their orthogonality to the
spurious mode. However, in our study, this idea is realized in a
general way using basic QRPA properties. Our scheme allows
to remove SA not only from QRPA wave functions but also
directly from electromagnetic responses, e.g., by correcting
transition operators. Our amendments to E'1 responses repro-
duce well known effective charges and corrections obtained
by various prescriptions [5,8]. Moreover, we derive and test
for these responses the additional deformation-induced SA-
corrections.

In general, the method can be applied to both spherical
and deformed nuclei. We present the formalism and numer-
ical illustrations obtained within the self-consistent Skyrme
QRPA. The main relevant cases are considered: violation of
the translational and rotational invariance and pairing-induced
nonconservation of the particle number.

The paper is organized as follows. In Sec. II, the QRPA
background and detailed description of the method are pre-
sented. In Sec. III, we demonstrate and discuss examples of
SA elimination from E1, EQ, E2, and M1 excitations in the
axially deformed nucleus '3*Sm. In Sec. IV, the conclusions
are done.

II. THEORETICAL FRAMEWORK
A. QRPA equations

In this subsection, we sketch the basics of QRPA formalism
[5] used below in derivation and analysis. We consider even-
even axially deformed nuclei with the states characterized
by quantum numbers K™, where K is the component of the
angular momentum to the symmetry axis z and 7 is the space
parity. For nuclear interaction of multipolarity Au, we have
K = > 0 with w = (—1)* for electric and w = (—1)**! for
magnetic modes.

The intrinsic body-fixed Hamiltonian reads

I:Iintr = HBCS + ‘71‘653 (1)

where Hpcs describes mean field and pairing, Vies is the
residual interaction.

One-phonon QRPA eigenstates QT,|O) (with |0) being the
QRPA vacuum) are described by the phonon creation operator

Qi = Z (Xl.(j‘))otfotj+ - Yiy))a]—.a; ), 2)

i>j

defined as a superposition of A/ two-quasiparticle (2qp) ij
excitations with quantum numbers w”. The pairs ij with
K; + K; = pand ij with K; — K; = p are used. The condition
i > j means that we involve configurations with K; > K; >
0; v numerates the phonons with given u™; Xi(j”) and Yii.”)
are forward and backward 2qp amplitudes; |i) = 7i) are
time-reversed states. The time-reversed counterpart of Eq. (2)

reads

Qj_; = Z (Xi(j\))*a;ra;r — Yi;‘})*a/‘o{l‘). (3)

i>j
The phonon operators obey the features
530510) = u0jl0), SQ1I0) = —pQl0), (4

where J; is z component of the total momentum J.
Amplitudes X[.(j”) and Yij.v) and phonon energies fiw,
are obtained from QRPA equations of motion:

[ A, 011 = ho, O, (5a)
[ﬁintra Qv] = _hwv Ql)7 (Sb)
[0, 01 1=3,,. (5¢)

In the matrix form, these equations read [5]

A B\ (X® X
(5 2)Go) = () o

They include real matrices A and B:

Ajjiy = (Ei+E)S;
+ (BCS| [o iy [Vies, afaf11|BCS),  (7a)
B;; ;v = —(BCS|[oj o, [Vies, ooy ]] [BCS) (7b)

(where |BCS) is BCS vacuum) and one-column matrices

V) — .(V) V) — iv) Fe 1 L.
XV =X YW=y ij=1-- N. (8

According to our time-reversal convention for one-body
operators A,

TAT = yiA7 =

WAL = yr (A, GIALD) = —v7GIAD. O
we introduce time-even (y4 = +1) and time-odd (y4# = —1)
operators. Then, instead of the phonon creation and annihi-
lation operators, one may define the generalized time-even
coordinate and time-odd momentum operators

X, = Z é\;&”)(afaf + a504), (10a)
i>J
,ﬁu = 2731(1")(%*04!* — Othl;). (10b)
i>J
Following Eq. (9), their time-reversed conjugates are
X, =, P, =-P (11a)
) _ p)x ) (V)
XU’ =&, P =P (11b)
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Operators X, and P, are related to the phonon operators
Egs. (2) and (3) as

X, = UVJJ®+Q) (12a)
P2 e L, o)) (12b)
v — i i 5 D v/
and vice versa,
~ M,w, - i
P = X, — P, 13a
& 2h 2EM,w, (132)
N M,w, A i
5= X, + P, 13b
0 2h 20M,w, (13b)
The orthonormalization condition is
v 1R MWW __ -
(X, Pl1=—2) XVPI*=ins,,. (14)

i>j
If /'\,’i(j") is real, then 731.(;) is imaginary, and vice versa. Fol-
lowing Egs. (12)—(14), operators X, and P, are defined up
to an arbitrary factor M,, which cannot be fixed by the
normalization condition.

_ The QRPA Egs. (5) can be expressed in terms of X, and
P, as

[Hintra 75\)] = ihM (1)3 ‘XA‘IM (153)
in A
[Hmtn X] — _E P\n (ISb)
(X, PI1=ins,,, (15¢)
or, in the matrix form, as
A B\ (P" X<V>
A B\[ a&W 1o pw)
¢ A><_W>=m<_w

where, in analogy with Eq. (8), X and P are one-column
matrices for 2qp amplitudes of the generalized coordinate and
momentum. For given K7™, the intrinsic Hamiltonian Eq. (1)
in terms X, and P, has the form

) a7

n n P, ’P
Hmlr ~ HQRPA — Z( 2M 2
This expression shows that the parameter M, can be treated as
an inertia (mass) value for each QRPA state.

Note that (X, ﬁ)-presentation can be fruitful for con-
struction of modern self-consistent QRPA versions based
on the functionals with time-even and time-odd densities
and currents [19]; see particular cases of Skyrme QRPA in
Refs. [32,33].

B. Extraction of spurious admixtures

The invariance of the Hamiltonian I—Z-mr under translation
or rotation of the whole nucleus leads to the conservation

condition

[Himr’ ﬁ] = 07 (18)

where P is the corresponding time-odd transformation gen-
erator. The motion of the whole nucleus contaminates the
intrinsic nuclear excitations and leads to SA which have to
be extracted from the intrinsic spectra. For the translation,
generator P is the linear momentum operator of the whole
nucleus. In axial deformed nuclei, the center-of-mass trans-
lation contaminates the intrinsic K™ = 0~ and 1~ states. For
the rotation, P is the total angular momentum operator. The
rotation pollutes intrinsic K™ = 1% states.

Following Refs. [1,2], just (/? , ’ﬁ)-presentation of QRPA is
suitable for the treatment of spurious modes. Indeed, it is easy
to see that the first equation from QRPA set (15) reproduces
condition (18) if wy = 0 and generator P is identified with
QRPA generalized momentum P,. Then the Hamiltonian (17)

recasts to
» U>, (19)

. PoP] PP 1
Horea = 2M, + ;( M, >
where the spurious v = 0 state with wy = 0 yields the first
term [5]. The generallzed coordmate XAO is obtained from
Eq. (15b) for glven ’Po Note that Xo is absent in Eq (19). The
Spaces {XOv P(), v>0> U>0} and {X()v PO QV>Q’ Qv>0} consti-
tute the complete sets of QRPA states. The condition wy = 0
obviously hampers the construction of well-normalized spuri-
ous (s) phonon operator

A

20
hix, Po (20)

with x; = /My wo/(2R). So the exact spurious eigenstate can
be defined in terms of X, and P, but not in the phonon
representation.

In addition to Eq. (18), one may also consider the conser-
vation law for the particle number,

[ﬁintrv Nq] =O, (21)

Ol =x, X —

where Nq is the time-even particle-number operator for pro-
tons (¢ = p) or neutrons (¢ = n). Violation of this law results
in spurious admixtures in K* = 0% states. The condition (21)
is held by the QRPA Eq. (15b) if (a) N is identified with
the QRPA generalized coordinate X, and (b) we apply My —
400 and wy — 0 while keeping My} finite (though this can
be hardly realized in practice).

As mentioned in the Introduction, in self-consistent QRPA
calculations we are almost never able to put the energy of the
first eigenstate precisely to zero. Even very large 2qp basis is
usually not enough to get wy = 0. As a result, the conservation
laws Eqs. (18) and (21) are not held precisely and the spurious
mode, though being mainly concentrated in the lowest v = 0
state, still contaminates the neighboring physical states with
v > 0. In other words, the exact spurious mode and states with
v > 0 are not orthogonal.

Let’s suppose that we have almost pure spurious state [V =
0) whose energy dwy is yet not zero but a tiny positive value.
This state is a reasonable approximation to the exact spurious
mode, i.e., [V = 0) & |s). What is important for our aims, the
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state [v' = 0) with wy > 0 may be normalized,
[ %o, Pi1=in, (22)

and presented in the phonon form (20).

Let us further suppose that we have QRPA self-consistent
states |v) contaminated by SA. Our goal is to refine these
states from SA. This can be done requiring orthogonality of
the refined states [v' > 0) to the spurious mode |s) approxi-
mated by Eq. (20):

(V']s) =

The phonon operator for |V') =
0l = 0f — Py — B, Ao, 24)
where «, and B, should be defined from the condition (23).
This prescription reminds the projection methods used in
some previous studies for particular spurious modes; see, e.g.,
Refs. [14-18]. However, as compared with Refs. [14-16],
we use a more general expression, Eq. (20), for the spurious
state where both /?0 and 750 operators are included. As shown
below, our way allows to derive a more general scheme
for SA-elimination. There are also essential differences from
Refs. [17,18]; see discussion in Sec. IV D.
The condition (23) gives

o, = [<0| [g:, at) |o>] 8, — [<0| [QAVT, Pol |o>} 25)
(O1TPy, *o]10) (01TAg, Poll0)
or, using Eq. (22),

(01 [Qv, O1110) = 0. (23)
QI |0) is searched in the form

1 A
ay = — {0/ [Qv. Aol 0)*, By = <0| [0y, Poll0)*.  (26)

N I

It is easy to check that
0110w, A110) = (0] [Qv, Pol0) =0, 27)

i.e., within the quasiboson approximation, the refined physical
states are indeed orthogonal to the generators P and X and
so to the spurious state from Eq. (20). In this derivation, we
use the feature that average commutator of operators with the
definite time parity,

(OITA, B110) o (1 — y4v7), (28)

vanishes if operators A and B have the same time parity (y? =
y#) in the sense of Eq. (9).

Note that result given in Eq. (27) does not depend on the
concrete values of x;, M,,, and wg. For determination of «, and
B, we should know the symmetry operator and its conjugate,
i.e., Py and Xy. These operators are given below in Sec. III for
all the cases of interest.

The above scheme allows to refine QRPA states. However,
in practice we often need a direct refinement of the transition
matrix elements and responses. This can be done within our
approach as well. Let us consider the matrix element of the
transition operator M between the physical refined state |v')
and RPA vacuum:

(V| M0) = (0 [Qv, M]|0) = (0] [Dy, M]]|0)

— (0| [P], M1I0) — B0 [X], M]|0).
(29)

Using the feature Eq. (28) it is easy to see that, depending
on the time parity of M, the second (third) term in Eq. (29)
vanishes at y* = —1(y = 1). Then we get

(VIM0) = (v|M]|0) — %<v|2?o|0><0|[75*, M0y (30)

for time-even M and

N N A A
(V' |IM]0) = (v|M]0) + E(V|Po|0)(0|[XT, M]0)  (31)
for time-odd M. Equations (30) and (31) can be used for
calculation of the refined transition matrix elements.

Using Eqs. (30) and (31), the refined transition densities

and currents read

8pu (1) = 8p,(r) — i(OI[Qu, X 110)(0I[P], p()110), (32)

8ju (r) = 8jy(r) + — (OI[QV,PO]IO)(OI[X',J(Y)]IO) (33)

where the density and current operators are defined in
Appendix A.

One may go further and reduce SA-elimination to modifi-
cation of transition operators. InAdeed Egs. (30) and (31) can

be rewritten as (v'|M|0) = (v|M|0) with

X=X — %<0|[75T, MU0, for ' =1,  (34)

M=M+~ <0|[X‘, M0)Py  for ' = —1. (35)

Equations (34) and (35) suggest the simplest way for elim-
ination of SA from the responses. They lead to the important
conclusion that QRPA in principle allows to refine responses
through modification of transition operators. As compared
with building of the refined QRPA states (24), Egs. (30)—(35)
suggest more economical elimination prescriptions with usage
of initial QRPA states |v).

Note that there is an alternative way to obtain Egs. (34)
and (35). Since physical and spurious QRPA solutions form
the complete basis, any operator linear in the boson approxi-
mation can be expressed as [3,4,34]

M=)"(0I19,. M110) Q] —

v>0

(0119}, M110)0,)

+ %((OI[PT, M1|0) X — (OI[ X, M110)Po), (36)
where the last two terms are spurious contributions. Removal
of these contributions just gives Eqgs. (34) and (35). This
correspondence can be treated as the additional check of the
validity of our projection procedure defined by Eqgs. (23) and
(24). Note that our procedure is more comprehensive than
direct usage of Eq. (36) since it allows to refine not only
operators and their matrix elements but also QRPA wave
functions.

Equations (30)—(35) do not include the factor x,. However,
they need the knowledge of the spurious operators P and .
As shown in Sec. IV, in some cases, e.g., for E1 excitations,
both the symmetry operator and its conjugate are known, and
SA corrections acquire a simple analytical form. If not, then
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2qp amplitudes of the unknown conjugate and the parameter
M can be determined from equations [5]

Xy = Z(A Bl Pids (37)
My =2 Z P A —-B) P (38)
i>j, k>l
or
P = ihalMo Yy (A+B), X, 39)

kl

1 17!
—2{ > xP@A+B)y, A } . (40)

Vobisj k>l
As shown in Appendix B, the averages (0|[....]|0) in
Egs. (30)—(35) are directly calculated through 731(]0), l(]O) and
transition matrix elements.

III. DETAILS OF CALCULATIONS

The calculations for axially deformed '*Sm are performed
within QRPA approach with the Skyrme forces [11,19,35].
The total functional includes the Skyrme, Coulomb, and pair-
ing terms. Our approach is fully self-consistent since both
mean field and residual interaction are derived from the initial
functional, using all the available densities and currents. The
Coulomb contribution includes direct and exchange terms in
Slater approximation. The volume pairing is treated at the
BCS level. Both particle-hole and pairing-induced particle-
particle channels are involved [35]. More detail on the ap-
proach are given in the Appendix C. Implementation of the
approach to the code is described in Refs. [36,37].

We use Skyrme parametrization SLy6 [38], which was
found successful in our previous QRPA calculations for vari-
ous dipole excitations [10,23,32,33,35,39-41]. Hartree-Fock
(HF) mean field is computed using 2D grid in cylindrical
coordinates (with mesh size 0.4 fm and calculation box of
about three nuclear radii). The single-particle space embraces
all the levels from the bottom of the potential well up to
40 MeV (1533 proton and 1722 neutron levels in 154m).
The volume pairing is treated at the BCS level. The equi-
librium quadrupole deformation B = 0.339 is obtained by
minimization of the system energy. QRPA calculations use a
large 2qp basis. For example, for K™ = 1~ states, the basis
includes &~ 9000 proton and ~ 16000 neutron quasiparticle
pairs. The Thomas-Reiche-Kuhn sum rule [5] and isoscalar
dipole energy-weighted sum rule [8] are exhausted by 95%
and 97%, respectively.

Strength function for X A transitions between the ground
state |0) and QRPA states |v) reads

Se X E) = (e )| (v Mysal0) 2 8a(E — hivy),

(4D
where X = E, M marks electric and magnetic cases, fiw, is
the excitation energy of v state, (v| Mx;,,|0) is the transition
matrix element. Components o # 0 embrace both +u and —p

35-: 154Sm

[ fm?]

phot

E[MeV]

FIG. 1. The total QRPA photoabsorption cross section (black
solid curve) and its w = 0 and p = 1 branches (green dashed and

brown dashed-dotted curves) as compared with the experimental data
[42].

contributions. Further,

Su(E — o)) = - Aho,) 42)
AV T RO =5 (E — hay)? + [A(hwy)/ 212

is the Lorentz weight simulating smoothing effects beyond
QRPA (escape width and coupling to complex configura-
tions). To simulate a general growth of the smoothing with the
excitation energy, the energy-dependent folding parameter is
used [39]:

A(fl ) N A() for ha)v < E(), (43)
=) Ag + a (iw, — Ey)  for fiw, > Eo,

where the values Ag, a, and E(, are adjusted to describe the
experimental photoabsorption cross section. For 1>*Sm, these
values are Ag = 0.1 MeV, a = 0.45, and E;, = 8.3 MeV. Then
the calculated photoabsorption cross section

oz’ SWElLw E) (44
137-9¢ 1T

n=0,£1

Ophot (E) =

well reproduces the experimental data [42]; see Fig. 1. Here
the ordinary effective charges ' = N/A and ¢$/" = —Z/A are
used. In the next section, these charges are derived in the
framework of our SA-elimination method.

Being comfortable for description of the high-energy pho-
toabsorption, the particular energy-dependent folding Eq. (42)
with the small low-energy averaging Ag = 0.1 MeV is gen-
erally not convenient for illustration of SA-elimination in
various low-energy excitations. So, in the next section, we use
the folding with the larger constant averaging Ay = 0.4 MeV.

IV. RESULTS AND DISCUSSION

In this section, we apply our SA-elimination method to the
following particular cases: (1) violation of the translational
invariance (K™ = 0~ and 1~ states; ordinary, toroidal (tor)
and compression (com) E'1K transitions), (2) pairing-induced
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nonconservation of the particle number (K™ = 07 states; EO
and E20 transitions), (3) violation of the rotational invariance
(K™ = 17 states; E21 and M 11 transitions).

We show in Sec. IV A that elimination of SA from ordinary,
compression, and toroidal E'1 responses is reduced to simple
corrections in the transition operators. Just this simplest way
is used in numerical calculations. In the cases of nonconser-
vation of the particle number (Sec. IV B) and violation of
the rotational invariance (Sec. IV C), the building of simple
SA-corrections is hampered. So, in these cases, the numer-
ical results are obtained by formation of the refined QRPA
states (24). Namely, using the known symmetry operator
and relations (37)-(40), the set of Pi(f> and Xi(jo) is obtained.

Then, following Eq. (B1), the averages (0| [Q,, M] |0) are
calculated and coefficients «, and $, are determined to con-
struct finally the refined state.

A. E1 transitions
1. Ordinary El transitions in the long-wave limit

The center-of-mass (CoM) translation of the whole nucleus
can lead to SA in intrinsic dipole nuclear states K™ = 0~ and
17. For u = K, the operator of CoM linear momentum is

A
Potur = =i Y (V) (45)

k=1
where 1 =0,%£1, Vo =2, Vi = *fi (X ii;—y), Vi =
(—1)“+1V_M. Then, subject to the normalization condition

[‘)?0[#]’ 75;[”]] = ih, the CoM coordinate operator has the
form

. [ax 1 &
Xofu) = TJTZ Z[VYIM(;")]k- (46)
=1

The operators (45) and (46) can be obviously treated as QRPA
operators constituting the spurious state (20). This state has
the inertia parameter My = mA and fully exhausts the energy-
weighted sum rule EWSR = ; ;’;A for isoscalar long-wave
dipole excitations.

Now let us consider the proton transition dipole operator in
the long-wave limit:

V4

M=) (Vi 47)

k=1
Following Eq. (34), this time-even operator is refined as

.
f

2 ~ i A« ~ A
MEI[J, - MEI;L - E<0|[P0[M’ MEI/L“O)XO[/J]- (48)

Using the relation [ﬁg MElM] = —ihZ,/% and Eq. (46)

(ul
for Xop,.1, the above expression is reduced to

R z 7 A
Mir =Y (Ve = 5 D (Vi
k=1

k=1

>z

VA 7 N
kglj(rm)k 22 e (49)

k=1

So, for E'1pu-transitions, we get the standard effective charges
e;ff = N/A and T = —Z/A, This justifies validity of our
method in this particular case. The dipole strength function
obtained with this effective charges is demonstrated in Fig. 1.

2. Compression El transitions

The transition operator for E'1 compression mode (CM)
is [8]

N 1
Mitoeom = 15 22 4" DY (50)

q=n,p keq

The effective charges are

e;AT) = eflAT) =1 forisoscalar case AT =0, (51)
e;M) = —eAT) =1 forisovector case AT = 1.

Usually CM is observed in the isoscalar reaction («, ) [8], so
the channel AT = 0 is most relevant. However, for the com-
pleteness, we also consider the case AT = 1. Operator (50)
originates from the second-order term in the long-wave de-
composition of the total electric E1 transition operator; see
Ref. [10] for more details. E1 compression mode can be
affected by CoM motion. The spurious QRPA momentum and
coordinate operators from Eqgs. (45) and (46) are obviously the
same as for ordinary E'1 transitions considered above.

Since the transition operator (50) is time-even, its refined
version is determined by Eq. (34):
= MAED (52)

Elp,com

/\jt(Aﬂ

Elp,com
i " ~ N
Il (AT)
_% (0l [PO[;J,P MElu,com] 10} Xogu1-

Using relations Eqgs. (D1)—(D3) for vector spherical harmon-
ics, given in Appendix D, we get

OI[Bg > M o 10)

Elp,com
il 5 2
=— E e(AT){— 1), — ——=c, (rY. }, (53)
10\/§ q=n,p ! 2ﬁ< ><1 \/g M( 20>(1

where ¢, = —2 for u = O and 1 for u = £1. Besides,

(r’), = f d*rp,(0)r?, (rPYa), = / d’rp,(r)r*Ysy, (54)

where p,(r) is the proton or neutron density.
Substitution of Egs. (46) and (53) into Eq. (52) yields

s . 1 .
(AT AT
ME];L,)com = M;flu,)com - mDElll
5
x 2 eé”)<§<r2>q —dé‘), (55)
q=n,p
where
A
Deip =Y (Vi (56)
k=1
4 |
i = 3 \/;cﬂ(rzyzo)q. (57)
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FIG. 2. The QRPA compression E1 strength function Eq. (41) in **Sm calculated with the parametrization SLy6. The isoscalar (left
panels) and isovector (right panels) strengths are considered. The branches © = 0 (top), © = 1 (bottom) are plotted for the polluted strength
“no elim” (red dotted curves) and refined strengths “sph elim” and “full elim,” calculated without (blue dash curve) and with (black solid

curves) deformation correction d}/, respectively.

The correction d}f with (r2Y20)q appears only in nuclei with an
axial quadrupole deformation. To our knowledge, this is the
first derivation of the deformation-induced CoM correction
for the dipole compression operator.

In the important isoscalar AT = 0 case, we have

2 A 1 4 5
Mg)l)u com — Mg)l)u com _DEllt _<r2>0 - d(l;
’ ' 10 3
1 & 5
=1 > [r,i - rk(§<r2)0 - d{,‘)}ym(fk), (58)
k=1
where
1 1
(o = L)+ (), df = 2(dy + ) (59)
and

2 1, 2 2
(r'Yao)o :Z((r Y20)p + (rYao)n) & 5/(4m)B(r")o, (60)

with B being the deformation parameter. The term ~(r?)
in Eq. (58) precisely reproduces the familiar CoM correction
for E1 CM operator in spherical nuclei [7-10,14,20,22]. This
confirms the validity of our approach.

In the isovector case AT = 1, we get

1 . 5
- _DEI/L A5

—_ A
=M 10 3

Elp,com

/\31(”

Elp,com

(r’ — df‘), (61)

with (r2); = 1/A((r?), — (r*),) and d}' = 1/A(d); — d}). So
the CoM correction persists in the isovector E1 CM as well.

In Fig. 2, we demonstrate elimination of SA from E'1
compression strength functions (41) in '**Sm. The strength
function has no any energy multiplier and so actually repre-
sents the reduced transition probability B(E 1w, com, AT) =
|(v|J\>l§]TH|O) |>. We exhibit & =0 and y = 1 strengths for
AT = 0 and AT = 1 channels, computed with the transition
operators (58) and (61). The following cases are shown: “no
elim”—without SA-elimination corrections inside the paren-
theses in Egs. (58) and (61); “sph elim”—using only spherical
part of the corrections (djy; = 0); “full elim”—using the full
corrections.

Figure 2 shows that, for AT =0, the SA pollution is
absent at £ > 15 MeV, noticeably changes the strength at
4-8 MeV < E < 15 MeV, and gives a huge spurious peak
at 0 < E < 4 MeV. Both SA eliminations, spherical and
full, suppress the lowest spurious peak and drastically change
the low-energy CM strength. What is remarkable, the spher-
ical (d} =0) and full (dj # 0) corrections result in very
different low-energy spectra: concentrated in one peak in
“sph elim” and fragmented in “full elim.” So, for low-energy
CM(AT = 0), the deformation-induced correction dj' is very
important.

Right plots of Fig. 2 demonstrate SA-elimination in isovec-
tor CM. In this case, the spurious mode is concentrated in one
significant peak at a few MeV and is negligible at a higher
energy. In general, the pollution effect for AT = 1 is much
smaller than for AT = 0. This is not surprising since the
spurious mode is isoscalar and so should contaminate mainly
AT = 0 strength. We see that the low-energy spurious peak is
fully removed by our SA-corrections. The options “sph elim”
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and “full elim” give almost indistinguishable strengths; i.e.,
the impact of d}' is negligible.

3. Toroidal E1 transitions

The toroidal E1 transition dipole operator [10] is

a3

M(AT)

Elp, tor =

23

s .0 )

where Y(l)u and Y%ﬂ are vector spherical harmonics. Oper-

ator of the nuclear current JA7) = jAT) 4 J(AT) i5 the sum
of the convective and magnetization parts; see Appendix
A. Effective charges e{*") are defined in Eq. (51). The
toroidal operator (62) is just the second-order term in the
long-wave decomposition of the total electric E1 transition
operator [10].

For E1 toroidal mode (TM), the spurious QRPA mo-
mentum and coordinate operators are again the same as for
ordinary and compression E1 modes considered above, i.e.,
are given by Egs. (45) and (46). However, unlike the previous
E1 cases, the toroidal E'1 transtion operator is time-odd in
the sense of Eq. (9). This can be easily recognized taking
into account the time-odd character of the nuclear current

J

J2

Eq. (A2). Then, following Eq. (35), the refined transition
toroidal operator is

MAT)  _ py(an)

Elp,tor E1lp,tor

E1lp,tor

i rer .
+ﬁ<0|[xgm,/\4<”> 110) oy (63)

Note that M(AT)

Elutor includes the total nuclear current. At the

same time, the magnetization current j*7 does not contribute
to the commutator average (0|[XOTM, M%A]/TL?MHO) and so to
the SA correction.

Using Egs. (D4) and (D5), the commutator average in

Eq. (63) can be written as
(O M5 e ]10)

Elp,tor
1 enl 3
— 4 (AT) 2
= —14— E;K Z eq |:<I" )q + Ed:{|, (64)
q=n,p

where (rz)q and deformation correction dj; are defined in
Egs. (54) and (57). Then, using the relation

Py = Vam f iY@ (69)

with the isoscalar convective current j(, the refined transition
toroidal operator (63) acquires the form

2 1 N 1, 3
M(EAI/TL,)Lor = _m f d3r |:<j(AT)(r) . [?Y%u(f’) + Y(l)/t(f’):|r2) - Z(JEO)(I') : Y(l)pt) Z e;AT)<<V2)q + Ed5>:| (66)

A

For AT = 0 transitions with neglected .]g?), we obtain

s 1 R V2
M(E()I);L,tor = - 2ﬁ/d3r {JEO)(I')' [?r

q=n,p

3
10°°

Y7, (F) + Y?M(?)<r2 — () - —d“)} } (67)

The term ~(r?), in Eq. (67) precisely reproduces the ordinary CoM correction for E1 toroidal operator, obtained earlier for
spherical nuclei [10,21,22]. This once more confirms the validity of our approach. Note that the previous derivation of this
correction exploits some approximate relations following from sum rules; see, e.g., Ref. [10]. Instead, the present derivation is

free from such approximations.
In the isovector AT = 1 case, the refined operator is

A =

E1lp,tor

where (r?); and d} are defined in the previous subsection
for CM. Note that, despite the transition operator is isovec-
tor, its SA-correction is determined by the isoscalar current
operator .

In Fig. 3, the SA-elimination effect for the toroidal E'1
excitations is illustrated. Unlike CM(AT = 0) case in Fig. 2,
SA in TM(AT = 0) strength is almost fully concentrated in
the lowest peak while the strength at a higher energy is not
contaminated. The difference in SA pollution for CM and
TM is explained by different character of these modes. CM
is irrotational and so is strongly affected by CoM which is
also irrotational. Instead TM is basically vortical [10] and so
the CoM impact on TM is much less. For TM(AT = 1), the
pollution is almost absent. Figure 3 shows that our procedure

3

1 "
Ettor T ﬁ/ﬂpr[ EO)(r)~Y?,L](<r2>1 + Ed{‘), (68)

(

fully suppresses spurious peaks in TM(AT = 0). In all the
plots, the green dashed and black solid lines practically coin-
cide; i.e., effect of the deformation-induced corrections d(’)f Rt
negligible. This is explained by a small (as compared to CM)
relative weight of d(‘)f , in the toroidal SA-corrections given in
Egs. (67) and (68).

B. Elimination of SA from E0 and E 20 excitations

The pairing treated within Bardeen-Cooper-Schrieffer
(BCS) procedure leads to violation of the conservation law
Eq. (21) for the particle number N, [5]. This results in spurious
admixtures in electric monopole E0 and quadrupole E20
excitations with K = 0. Time-even operators for EQ and E20
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FIG. 3. The same as in Fig. 2 but for toroidal £1 response.

transitions are

MED =" 2D (o) (69)

with A = 0 and 2.

The symmetry operator is the time-even operator of the
particle number N,. It can be associated with the spurious
operator X, (for snnph(:lty of notation, we omit below the
index g). Then, within BCS, we get

Xo=N = Z X‘;‘?)(aj*ajf +aja;), (70)
Jj>0

with X;})) =2U,;V; and U;, V; being BCS pairing ampli-
tudes. Following Eq. (10b) the time-odd conjugate spurious
operator is

ij
Since the values X (-) are known, we can obtain their conju-
gates 73( ) from Eq. (39) Then, using Eq. (B1) from Appendix

B, we can calculate the averages (0| [Q,, M110), determine
the coefficients «, and B, and finally build refined states. Just
this prescription was used to get the numerical results shown
in this subsection. It partly reminds the earlier projection
scheme proposed for EQ excitations in Ref. [15]. However,
our prescription is more general. As shown below, we also
suggest the direct refinement of the transition matrix elements
and operators.

As an alternative way, we can also construct the refined
transition operator. Following Eq. (34), it reads

2 ~ I N ~ ~
Mg = M3y = 2 OI[F, Mg ToN - (72)

(A1) _ (aT)g
ME)»O E)»O N

with
i PN
vir = (OI[A), Mi30']10) (73)
2i
=5 D[P 1M 10).

ij

6001 154G AT=0
* exp Youngblood 2004
4004 SLyé = exp ltoh 2003
............ no e“m
— — with elim
>
()
=
<
S
=
—
o
o
w
=)
(72}
0 T S |. T T T T 1
0 5 10 15 20 25 30 35

E [MeV]

FIG. 4. Skyrme QRPA strength function (41) for isoscalar (top
panel) and isovector (bottom panel) EQ transitions. Results for AT =
0 are compared with («, ') experimental data of Youngblood et al.
[43] and M. Itoh et al. [44]. The strengths without (red dotted curve)
and with (black solid curves) SA elimination are shown.

In quasiparticle representation,

M) = iIMEY 100 e + o) (74)
ij
with
HIMEDI0) = GJIMBD10) — 2y 808U V. (T5)

So, to exclude SA, the transition operator can be corrected
only in matrix elements with |jj). The factor U;V; is large
only for states near the Fermi level and, therefore, just these
states mainly contribute to the correction.

The SA elimination effect for the monopole strength
So(EQ) and quadrupole strength Sy(E20) is demonstrated
in Figs. 4 and 5. Both strengths embrace the same set of
QRPA K™ = 0% states calculated with the particle-particle
channel [35].

Figure 4 illustrates elimination of SA from the isoscalar
and isovector EO responses calculated with effective charges
from Eq. (51). In the upper panel, the calculated strength
So(E0) rather well reproduces experimental data [43]. Both
features, two-hump structure of the giant monopole resonance
(GMR) and vanishing the strength above GMR, are described.
At the same time, So(£0) deviates in these features from the
data [44]. There is a definite discrepancy between the data of
Refs. [43] and [44], though both of them are obtained from
(a, o) reaction; see discussion in Ref. [24].

Figure 4 shows that in both AT = 0 and AT = 1 channels
SA are not merely concentrated in the lowest peak but essen-
tially contaminate low-energy excitations at £ < 8 MeV. At
the higher energy, the pollution is negligible. Our procedure
successfully removes the spurious strength.

In the top panels of Fig. 5, the quadrupole strength So(E£20)
with and without SA-elimination is demonstrated. In contrast
to EO case, the SA contamination is almost negligible. Some
elimination effect is visible only for the minor lowest spurious
peak at E &~ 2 MeV in AT = 1 channel. The difference in
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FIG. 5. Isoscalar (left) and isovector (right) £20 (u = 0) and E21 (i = 1) strength functions calculated without (red dotted curves) and

with (black solid curves) SA elimination.

the pollution of EO and E2 strengths can be explained by
basically monopole character of the pairing. So just EQ but
not E2 strength is contaminated.

C. Elimination of SA from E21 and M11 excitations

The rotational invariance is related with the conservation
of the total angular momentum J of the nucleus [3-5]. Since
in axial deformed nuclei the rotation around the intrinsic sym-
metry z axis is forbidden, the conservation law is formulated
through 4+ = £1 components of J, combining intrinsic x and
y axes:

[Hintrv jy,::i:l ] =0. (76)
Below we consider only
A r . . N 1
J1=——=Ui+i)y) =L + o1, )

2 2

where L; and o| are components of the angular momentum
and Pauli matrix for 4 = 1. The violation of the conservation
law (76) leads to SA in K™ = 17 states and contaminates
E21 and M 11 transitions between these states and the ground
state. The symmetry operator J; is time-odd and so can be
associated with the spurious operator 750 [3,5,27]:

# A 0
hi=P=) P}

ij

(78)

— oj05),

where 731.(](.)) = (ij| J, |0) are real two-quasiparticle matrix ele-
ments. The angle operator ®, being the time-even conjugate

to J;, matches the spurious operator )?o [5]:
O, =X = Z Xi(jo) (o @ + aj07),
ij
where Xl.(jo) = (ij| Xy |0) are imaginary. The operators obey
the normalization condition [220, ﬁ(; 1=1[6,, JT] = ih. Us-
ing known matrix elements Pi(;)) = Ji(jl) = (ij| J, |0), the val-

(79)

ues Xi(]p) are obtained from the inversion equation (37). Then,
as in the previous subsection, we can calculate the averages
(0] [0,, M]]0), determine the coefficients «, and By, and
finally construct the refined QRPA states. This way was
utilized to get the numerical results shown below.

The parameter M, is calculated combining Eq. (38) with
Eq. (22). It has the physical meaning of the principal © = 1
component of the moment of inertia F; [3,5,27]:

My=Fi~2) J"(A=B);y J)-
ijkl

(80)

The E21 and M 11 transition operators are characterized by
the time-even operator

~ (AT
M) = Z ef,AﬂZ(VzYzl)k

q=n,p keq

1)

and the time-odd operator

~ary _ e |3 ATY IO, w0
My = me\ ax Z Z[e(q Y+ 848 . 82
q=n.p kegq
where /| fk) and §§k) are (u = 1) components of operators of the

orbital momentum and spin for kth nucleon. Further, eflAT) are
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FIG. 6. The convective isoscalar current transition density in the
x-z plane of the intrinsic frame, calculated following Eq. (33) for
the first (v = 0) spurious QRPA K™ = 17 solution with the energy
hiwy = 0.95 MeV. The panels show: (a) 5_](AT Y(r) without SA

elimination, (b) the SA correction term in the right-hand side of
Eq. (33), (¢) 8j/;” (r) with SA elimination.

effective charges. They are taken from Eq. (51) for E21 and
as e*) =1 and e¢{*" = 0 for M21. Gyromagnetic factors
84 = &,n are composed from the nucleon bare factors g; with
the quenching parameter n = 0.7 [8].

The corresponding refined operators are

i

Mgy = M) — 2 Ol Mg 1000, (83)
i
Migh! = Mg+ 2 0I[6] MpVNI0h. 84)

Following Appendix B, the average commutators in Eqs. (83)
and (84) can be computed as

Z [PT Gl M1 100, (85)

22 x0T

SA corrections in Egs. (83) and (84) include Ji and, in
this sense, correspond to the corrections suggested earlier in
Refs. [3,5,27].

In the bottom (u = 1) plots of Fig. 5, we demonstrate
subtraction of SA from E21 responses. The plots show the
strong elimination effect for low-energy states, especially in
AT = 0 channel.

To illustrate the elimination mechanism, we show in
Fig. 6 the convective part of the isoscalar current transition

7 AT
(OI[/}. Miy]10

(0I[67, Mz ]10 (@il MAD 10y, (86)

6'_ (a) 154Sm ......... no 9”"7
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FIG. 7. The total (top), orbital (middle), and spin (bottom) M 11
strength functions calculated without (red dotted line) and with
(black solid line) SA elimination.

density (33) for the spurious K™ = 17 state at 0.95 MeV (this
state is depicted by the dotted red linein AT = 0 and AT =1
bottom plots of Fig. 5). Following Eq. (33), the refined current
transition density 8j,—o is the sum of the initially polluted
8jv=o and the correction current. In the plot (a) with §j,—g, we
see a clear spurious rotation. The SA-correction current shown
in the plot (b) demonstrates the opposite rotation. These two
currents compensate each other and thus give the vanishing
8jv =0 in the plot (c).

Further, Fig. 7 shows the SA-elimination effect for
M1(K = 1) strength in '*Sm. The strength functions are
calculated for M 11 transition operator from Eq. (82) consist-
ing of the orbital and spin parts. As seen from the figure,
orbital part of M11 operator generates M1(K = 1) orbital
scissor mode located at 2—4 MeV [plot (b)], while the spin
part of the operator produces the spin-flip resonance lying at
6-11 MeV [plot (c)]. We see that the spuriosity caused by the
nuclear rotation concerns only the low-energy orbital part of
M11 strength. Our SA-elimination method fully suppresses
the spurious peak at 0.95 MeV in the orbital M 11 strength.

D. Comparison with other approaches

In our method, we get the refined QRPA physical states
from the condition given in Eqgs. (23) and (24), i.e., request-
ing orthogonality of physical states to the spurious mode
(which can be also considered as projection of contami-
nated states onto refined physical states). This simple and
evident condition was also used in some previous works,
e.g., Refs. [14-18]. Let us briefly compare our and previous
studies.

The works [14—16] consider subtraction of SA from com-
pression E1(AT = 0) [14], monopole EO(AT = 0) [15], and
dipole E1(AT = 1) [16] QRPA states in spherical nuclei.
The principle difference of our approach with these works is
that we use a more general expression (20) for the spurious
state where both Xo and Po operators are included. This
allows us to get, in the same theoretical frame, the general
SA-subtraction recipe covering various symmetry violations.
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In Refs. [17,18], the spurious state embraces both time-
even and time-odd parts. However, these works deal with
specific QRPA versions: finite amplitude method [17] and
Green’s function method [18]. So their recipes have specific
forms determined by particular QRPA realizations. Besides
these recipes address only transition densities [17] or strength
functions [18]. Instead, our method is based on the con-
ventional matrix QRPA and suggests SA elimination for a
wider set of characteristics: wave functions, transition matrix
elements (transition densities), and transition operators.

Altogether, the major differences and advantages of our
method as compared to the previous studies [14-18] can be
summarized as:

(a) Unlike [14—-18], we propose SA-corrections at different
stages of the calculations: for QRPA states, matrix elements,
and even transition operators. Various symmetry violations
can be covered, both spherical and deformed nuclei can be
considered. This flexibility is indeed important in practical
calculations.

(b) Our method reproduces well known SA-corrections
for conventional E1(AT = 1) [5], compression E1(AT = 0)
[7,10] and toroidal E1(AT = 0) [10,21] excitations, obtained
earlier in different models. In Refs. [14—18], these corrections
are considered as independent items to be compared with
the projection results. We show that the previous corrections
can be derived on the same theoretical footing within the
projection technique. This deepens our knowledge on the
nature and accuracy of SA elimination in dipole states.

(c) For the first time, deformation-induced analytical cor-
rections for £'1 compression and toroidal transitions were de-
rived and numerically tested. They were found to be essential
for compression E1(AT = 0) low-energy excitations.

V. CONCLUSION

A general simple method for elimination of spurious ad-
mixtures (SA) from RPA/QRPA intrinsic nuclear excitations
is proposed. The SA corrections are derived from the require-
ment of orthogonality of physical QRPA states to the phonon
spurious state. Within this projection technique, the most rel-
evant cases are inspected: violation of the translational invari-
ance (ordinary, compression and toroidal E'1 modes), pairing-
induced nonconservation of the particle number (E2(K = 0)
and EO modes), and violation of the rotational invariance
(E2(K = 1) and M1(K = 1) modes). Various familiar SA
corrections are rederived on the same theoretical footing and
new elimination schemes are proposed.

For each relevant case, the SA subtraction is illustrated by
Skyrme QRPA calculations for axially deformed '>*Sm. High
efficiency and accuracy of the method are demonstrated.

The method is universal. Both isoscalar (AT = 0) and
isovector (AT = 1) excitations are covered. The refinement
from SA can be carried out at different levels of calculations:
for each RPA/QRPA state and directly for various electric
and magnetic responses. In the later case, the SA corrections
are derived for transition matrix elements and even for transi-
tion operators. For E'1 excitations, the analytical expressions
for SA corrections are proposed. For axial deformed nuclei,
the additional deformation-induced SA corrections for the

compression and toroidal E 1 strengths are derived. It is shown
that these corrections are important for the low-energy part
of the E1(AT = 0) compression mode. The method can be
applied to various RPA/QRPA approaches, including self-
consistent ones.
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APPENDIX A: OPERATORS OF NUCLEAR DENSITY AND
CURRENT

The density operator is

pANm =e Y ety (e —ro),

g=n.p keq

(AD)

with the effective charges e =e!” =1 in the isoscalar
(AT = 0) case and e},l) = —eV = 1 in the isovector (AT =
1) case.

The operator of the nuclear current

JP@ =3 + 5 (A2)
consists from the convective and magnetization parts
A h
AT) oy — (AT)
i) = lzm Z €
g=n.p
X Y 80 —r) Vi + Vidr—r)l,  (A3)
keq

N el A
iahm = %q;pgqgv X Sr—r). (A4

Here m is the nucleon mass, § is the spin operator, g, is the
nucleon gyromagnetic factor.
APPENDIX B: COMMUTATOR AVERAGES

If M =3, (ijIMBCS)(e;fa + yajey), then aver-
ages in Eqgs. (30)—(35) have the form

(01 [Q,, M]|0) (B1)
=Y [XW" + My (i1 MIBCS),

(Ol X, M110) (B2)
0 for time-even M
2%, X0 (ijl M|BCS)  for time-odd M,

o[ [Py, M]I0) (B3)
{2 > P (ij] MIBCS)

for time-even M
for time-odd M ,

where |BCS) is the BCS vacuum.
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APPENDIX C: SKYRME QRPA FRAMEWORK

The total functional & includes Skyrme, Coulomb, and
pairing parts [11,19,35]:

Eot = gSk + gCoul + 5pair~ (C1)

The Skyrme part Egy {Jq§ } depends on the set {Jq§ } of densities
and currents (listed by ¢) for protons and neutrons (g =
p, n). This set includes time-even (nucleon p,, kinetic-energy
7,4, spin-orbit J,) and time-odd (current j,, spin s,, vector
kinetic-energy T,) items. The Coulomb functional Ecou{pp)
consists from the direct term and exchange terms in Slater
approximation [11,35].

The pairing functional £p.ir {04} can be taken in the surface
and volume forms, i.e., with and without the density depen-
dence [35,45]. For simplicity reasons, we consider here the
volume form

1
G =g 2 Vi [drin P, )

q=n.p

where V,, are neutron and proton pairing constants and

Bo®) =2 floul () (©3)

ieq

are pairing densities with single-particle wave functions v;(r),
Bogoliubov pairing factors v; and u;, and energy-dependent
cutoff weights £ [35].

The nuclear mean field is determined by Hartree-Fock
method using first functional derivatives §(Esk + Ecoul)/ 8];

over time-even densities J;. The volume pairing is treated
within the BCS scheme [35].

The residual interaction is determined by the second func-
tional derivatives 82&0t/8Jq§ SJ;, [35]. The contributions of
all time-even and time-odd densities and currents, including
the pairing density in Eq. (C3), is taken into account. Both
particle-hole (ph) and pairing-induced particle-particle (pp)
channels are involved, see detailed expressions in Ref. [35].
In ph-channel, Coulomb contribution is included.

Our QRPA approach is fully self-consistent since (i) both
the mean field and residual interaction are obtained from the
same initial functional, (ii) contributions of all the densities
and currents are taken into account, (iii) both ph- and pp-
channels are considered.

APPENDIX D: USEFUL RELATIONS

In derivation of SA corrections to E1 transition operators,
the following relations were used [46]:

3y a 1 2 4 5,
Vor’Yio(F) = —= | 5r'Yp + —=rY(#)|, (DI)

V3 V5
3 ~ 1 2 2 2 ~
Vurhoi(P) = % —5r"Yp + EI’ Yo (7) |, (D2)
Yoo = 1/Q2y/7), (D3)
1
[Y?M]* 'Y%M = \/ﬁyw Cus (D4)
* 1
(Y9I Y, = o (D5)

where ¢, = =2 for ¢ = 0 and 1 for u = +1.
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