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Imprint of the speed of sound in nuclear matter on global properties of neutron stars
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Internal structure and macroscopic properties of neutron stars are strongly correlated with the equation of state
(EOS) of dense matter, while the EOS remains exceedingly uncertain especially at high densities. The observed
massive neutron star with gravitation mass of ≈2 M� have imposed strong constraints on the EOS of super-dense
matter. The upper limit of the speed of sound, as a crucial quantity to characterize the stiffness of the EOS, has
significant influence on the maximum mass of a neutron star. The main propose of this work is to probe the
possible lower bound for the upper limit of the speed of sound, where being coincident with the observations for
massive neutron stars is considered. By employing a set of heterogeneous EOSs and through a constructed EOS
model to describe the high-density part of the employed EOSs, we conclude that the upper limit of the speed of
sound can be as low as 0.5386 c (where c is the speed of light). Furthermore, to eliminate the effect of the model
dependence for the EOSs, we adopt a set of parameterized and model-independent EOSs to investigate this
problem. As a result, a lower bound 0.5749 c of the upper limit of the speed of sound is obtained, which is very
close to the free-quark-matter’s speed of sound, 1√

3
c. In addition, we semiempirically analyze the characteristics

of the profile of neutron star M-R relations and find out that the profiles of M-R relations mainly depend on the
speed of sound of the central density of neutron star sequences in the mass range around 0.3 to 1 M�. However,
the M-R profile also can be explained by the universal relation proposed by Lattimer et al. Astroph. J. 550, 426
(2001), where the case with extremely soft EOS in ρ0 to 2ρ0 should be excluded.
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I. INTRODUCTION

As a natural laboratory for the study of dense matter,
neutron stars (NSs) have drawn much attention from vari-
ous research fields, including nuclear physics, astrophysics,
particle physics, etc. In the hydrostatic equilibrium case, the
global stellar properties of a nonrotating NS, including the
observable mass (M) and radius (R) of NS, can be determined
by the Tolman-Oppenheimer-Volkoff (TOV) equations [1,2]
once the equation of state (EOS) is supplied. Unfortunately,
the EOS of the super dense nuclear matter is not determined
very well currently. The primary reason lies in the deficient
understandings of the isospin dependence of nuclear-nuclear
interaction and the nature of multibody problems [3–7].

Fortunately, the observations of massive NSs have imposed
strong constraints on the EOS of super-dense matter (see
also the references about the NS mass distribution [8,9]). In
astronomical observation, the number of NSs with accurate
measurements in binary systems is rapidly increasing due
to development in relevant techniques and instruments. At
present, there are 35 individual pulsars having precise deter-
minations in mass in the range of 1.17–2.01 M� [10], in which
the most massive one is J0348 + 0432 with gravitational mass
of 2.01 ± 0.04 M� [11].

The accurate determination of the maximum mass of NS
is of great concern in the study of astrophysics [12], because
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it helps identify whether an observed massive object is a
NS or a black hole. While in nuclear theory, the EOS that
cannot support the observed maximum mass of NS will be
excluded. In the aspects of theoretical sense, many efforts
have been made on giving the maximum mass of NSs [13–15].
For example, Rhoades and Ruffini provided an estimation
of maximum mass for nonrotating NS as Mmax � 3.2 M� by
using variational techniques [16]. However, the observation
of GW 170817 has opened a new window in understanding
the maximum mass of NS. In the past year, by using the
observational data of GW 170817, great efforts have been
made in constraining the maximum mass [17–19]. For exam-
ple, by combining the electromagnetic and gravitational wave
information from the GW170817, an upper limit of maximum
mass �2.17M� is placed at 90% confidence level [17].

The maximum mass of NS depends strongly on the EOS
of β-stable nuclear matter [20–23]. Normally, a stiffer EOS
will support a higher maximum mass of neutron star [24].
The speed of sound of dense matter, defined as vs = c( d p

dρ
)

1
2

(where c is the speed of light, p is the pressure, and ρ is
the energy density), is an important parameter to describe the
stiffness and incompressibility of EOS for dense matter. As
early as the 1960s, scientist realized that at ultrahigh densities
the speed of sound will be very high and can be up to the
speed of light [25], even exceed the speed of light [26]. As
we know, limited by the principle of causality (a detailed
discussion about the causality in dense matter please refer
to Ref. [27]), the speed of sound within the star should not
exceed the speed of light [16,28]. Therefore, the speed of light
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places an absolute upper limit on the speed of sound. Can the
speed of sound in neutron star be sure as high as the speed
of light? Many of the researchers believe that the speed of
sound in NS cannot reach such a high speed [12,29,32,33].
Lattimer have argued that the causal limit is too extreme
theoretically because the highly compressed hadronic matter
may convert asymptotically to free quark matter where the
speed of sound is vs = c/

√
3 [29]. Interestingly, based on

the observation of the massive neutron star (≈2.0M�) and
specific EOSs, two recent works declare that there is an
irreconcilable contradiction between the upper limit of sound
velocity vs = c/

√
3 and the massive neutron star observation

[30,31]. In fact, to place the upper limit of the speed of
sound in neutron star comes to be an essential research in
both nuclear theory and astrophysics related compact stars.
For example, based on the model-dependent EOSs and the
observation of massive neutron star, Tews et al. argued that
the speed of sound should reach values closer to the speed
of light at a few times of the nuclear saturation density [33].
And based on a flexible piecewise polytropic equation of state
model, Alsing et al. obtained a lower bound on the maximum
speed of sound vmax

s > 0.63c (99.8%) inside the neutron star,
where the Gaussian mass likelihoods and Bayesian parameter
inference are employed to determine the maximum mass of
neutron star [32].

To sum up, the determination of maximum speed of sound
in neutron star is extraordinarily important in both understand-
ing the property of NS and constraining EOS of dense matter.
In this paper, we will discuss the influence of the speed of
sound on the M-R relation first, and we will try to understand
the characteristics of the profile of neutron star M-R relation
by the speed of sound. And then we construct a set of EOS
models describing the high-density part of the employed
EOSs and further investigate the possible lower upper limit
of the speed of sound. Furthermore, to eliminate the effect
of the model dependence for the EOSs, we will employ the
parameterized and model-independent EOSs reinvestigating
the same question.

The paper is organized as follows. The influences of the
speed of sound on the global properties of neutron stars are
discussed in Sec. II, including a qualitative discussion on
both maximum mass and M-R profile. We probe the possible
lower bound for upper limit of the speed of sound in Sec. III.
Conclusions are given in Sec. IV.

II. THE EFFECT OF THE SPEED OF SOUND
ON THE GLOBAL PROPERTIES OF NS

To qualitatively demonstrate the effects of constraining the
speed of sound, we adopt several EoS models for neutron
star. They are: (1) APR EOS [34], (2) DBHF EOS [35],
(3) SLY4 EOS [36], (4) L25 and L45 EOS [37], and (5)
Soft and Stiff EOSs [24]. The APR EOS adopts variational
chain summation methods and considered the new Argonne
18 two-nucleon interaction, which provides an excellent fit
to all of the nucleon-nucleon scattering data in the Nijmegen
database [34]. The DBHF EOS employs the Dirac equation
for single-particle motion in nuclear matter, and the nucleon
wave function is obtained self-consistently. Actually, the

FIG. 1. Pressure-density relation for the EOSs. The inset shows
details of these EOSs at ρ < ρ0, where the nuclear saturation density
ρ0 = 2.7 × 1017 kg m−3.

description of the nucleon motion in nuclear matter with a
Dirac spinor can be regarded as effective many-body force
contributions [35]. The SLY4 EOS is based on the Skyrme-
Lyon effective nucleon-nucleon interactions with a new set of
improved parameters which can reproduce the experimental
data of the day very well [36,38]. L25 EOS and L45 EOS take
a range of the slope of the symmetry energy L from model
analysis of terrestrial nuclear laboratory experiments coupled
with the theoretical calculations of pure neutron matter [37].
Hebeler et al. constructed a couple of EOSs, and among
them Stiff EOS and Soft EOS are separately possible stiffest
and softest EOSs under the constraint of causality and their
models [24]. For more details on the EOSs please refer to the
corresponding references.

The adopted EOSs are presented in Fig. 1. It is shown that
among the adopted EOSs there is a remarkable disparity in
the supranuclear density region. It is clear that at the higher
density region, the Stiff EOS is the stiffest one, while the Soft
EOS is the softest one (in the density region ≈1 ρ0 to 4 ρ0).
As for L25 EOS and APR EOS, they are also relatively soft
in this region. Nevertheless, the stiffness at higher density is
different, APR EOS is the stiffest one in the density region
from ≈6.5 ρ0 to 9 ρ0, while L25 EOS at exceedingly high
density (above 9 ρ0) becomes the stiffest one. In fact, such
differences among nuclear EOSs will have dramatic effects
on the maximum mass configuration of NS. However, EOSs
at density lower than ρ0 also have small differences, as shown
in the inset of Fig. 1. Fortunately, EOS in this region only has
negligible contribution to the maximum mass.

For a static and spherical symmetric compact star, the
hydrostatic equilibrium equations were first deduced from
Einstein’s equations by Tolman et al., also named TOV
equations [1,2]:

d p

dr
= − (p + ρ)[m(r) + 4πr3 p]

r[r − 2m(r)]
,

(1)
dm(r)

dr
= 4πr2ρ,

where m(r) is the mass within the given radius r, and the
geometrical unit (G = c = 1) is adopted in these equations.
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FIG. 2. The M-R curves for EOSs demonstrated in Fig. 1. The
red dots denote the maximum masses for the corresponding EOSs
when causality is considered.

The TOV equations are integrated from the origin (r = 0,
ρ = ρc) to the surface of the star (r = R, p = 0) when an EOS
is given. From the function m(r) and p(r) obtained in this way,
it is possible to determine any of the macroscopic properties
of the NS. In this manner, an EOS generates a unique M-R
relation for NSs.

The M-R profiles predicted by the adopted EOSs are dis-
played in Fig. 2. It is shown that the prediction for radius of
a typical NS (≈1.4 M�) have a large uncertainty with a wide
range of about 10.0–13.5 km. As pointed out by Ref. [39],
the stellar radius is relevant to the pressure at vicinity of 2 ρ0.
Ignoring the constraint of the speed of sound for the EOSs,
the M-R relations are consistent with the massive neutron star
observations [11], as shown in Fig. 2. For further analysis, the
speed of sound as a function of density is plotted in Fig. 3. It is
easier to see from the figure that most EOSs are not described
by a single theoretic model. Generally, they are jointed with
at least three parts: outer crust, inner crust, and core; see also

FIG. 3. The speed of sound as a function of the density for the
EOSs, where the speed of sound is in units of speed of light c. The
horizontal dash line denotes the speed of light as causality constraint
at which several EOSs in the figure are truncated when causality is
considered. The vertical bands from left to right indicate the speed
of sound at central density of NS with mass of 0.3–1 M� under Stiff
EOS, DBHF EOS, and Soft EOS, respectively.

TABLE I. Properties of most massive NS for some of the EOSs
mentioned in Fig. 1, where Mmax are the deduced maximum masses
regardless of causality, and Mcausal are the maximum masses con-
sidering the causality, where ρcausal and pcausal are the corresponding
central density and pressure, respectively.

EOSs Mmax (M�) Mcausal (M�) ρcausal (ρ0) pcausal (1034Pa)

APR 2.1869 2.0820 6.6863 7.0015
DBHF 2.2559 2.2559 8.7688 11.4829
L25 2.0920 1.7854 6.6748 5.5759
L45 2.0914 2.0604 8.1854 9.0599

in Ref. [40]. The obvious jumps in the figure of the speed of
sound are caused by the merger of EOS models for different
segments.

Several EOSs shown in Fig. 3 are noncausal at high density.
Obviously, an EOS that does not satisfy the law of causality is
nonphysical. This feature will draw some effect on the value
of the maximum mass of NS. The boundary that satisfies
the law of causality is indicated in red point, as shown in
Fig. 2 (see Table I for the exact data). It is shown that after
considering the causality constraint, some of the maximum
masses decrease more or less. For example, the reduction for
APR EOS and L25 EOS are prominent, and that for DBHF
EOS and L45 EOS are not significant. Generally, causality
constraint will not violate the accordance with observations
of massive neutron star, except for L25 EOS. According to the
implication of causality on the maximum mass configuration
of NS, it is deduced that the well-known and fundamental
constraint condition (causality) has imposed certain but not
strict enough constraint on the upper limit of the speed of
sound in neutron stars.

There is another interesting phenomenon worth noting, that
is, the profiles of M-R relations of NSs displayed in Fig. 2
can be simply divided into two types: (1) The stellar radius
decreases monotonously with the increase of stellar mass in
the whole sequence, where the EOSs include the APR, SLY4,
L25, and L45. (2) Beginning from ≈0.5 M�, the stellar radius
increases with the growth of stellar mass, where the EOSs
include the DBHF, Soft and Stiff. Nevertheless, all of the
NS sequences are still stable, as they satisfy the stellar stable
condition ∂M(ρc)/∂ρc > 0, as shown in Fig. 4. It is well-
known that the behavior of EOS has the decisive effect on the
properties of NS. We speculate that the speed of sound for NS
EOS may provide clue to explain the different characteristics
among the M-R profiles yielded by the EOSs above. To further
the discussion, we present the profile of gravitational mass
versus the speed of sound at central density in Fig. 5. It seems
that the speed of sound at stellar center, with respect to the
mass range of 0.3–1 M�, is relatively higher for the second
catalog of EOSs in Fig. 2.

As shown in Fig. 5, the speeds of sound of the central
density for the EOSs (DBHF, Soft, and Stiff) at the stellar
mass region around 0.3–1 M� are comparatively large and
grow rapidly. We suspect that the divergence of the speed of
sound leads to the different types of M-R relations. To further
demonstrate this speculation, we select the Soft EOS as a
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FIG. 4. The stellar masses as a function of the central densities
for the adopted EOSs.

sample to investigate the influence on the M-R profile by the
speed of sound. We enlarge or diminish the speed of sound
through modifying the stiffness of Soft EOS. Through piece-
wise modifying of the speed of sound for the NS sequences,
we investigate the effects on the profiles of the M-R relations
by the speed of sound of the central densities. The results
are plotted in Fig. 6, where the left panel presents the M-R
relations yielded by the modified EOSs, and the right panel
shows the modified EOSs (the inset) and the speed of sound
at central density versus the corresponding stellar mass. It is
shown that only when the speed of sound at mass regions of
about 0.3–1 M� is changed to some degree, would the shape
of M-R profile transform prominently. We also investigate the
situation of other EOSs in this manner, and a similar result
is obtained. We qualitatively understand this consequence as
follow: as the radius increases with the increase of mass, the
speed of sound at central density corresponding to 0.5 M�
begins to rise, forming a heavier core for the neutron star
to balance the gravity, and thus reducing the radius through
the contraction with the increase gravity. Based on discussion
above, we argue that the M-R relation profile of NS mainly
depends on the speed of sound at the central density with
respect to the gravitational mass of 0.3–1 M�.

FIG. 5. The relations between the stellar mass and speed of
sound of the central density for the corresponding NS sequences.

FIG. 6. Left panel: the M-R relation profiles reproduced by the
Soft EOS without modification and with piecewise modification on
the speed of sound. Right panel: the speed of sound at central density
ρc vs. the stellar mass for EOSs mentioned in the left, where the inset
is the p-ρ relations of the modified EOSs. The legend is the same for
both plots.

Moreover, the universal relation proposed by Lattimer et al.
[39] provides another way to understand the characteristics
of the profile of NS’s M-R relation. The universal relation is
expressed as follows:

C(n, M ) ∼= RMPn
− 1

4 , (2)

where RM is stellar radius with respect to the given gravita-
tional mass M, and Pn is pressure at the given baryon density
n. As has been pointed out in Ref. [39], this universal relation
is not suitable for the case when the EOS becomes extremely
soft in ρ0–2ρ0. To understand this universal relationship fur-
ther, we studied dozens of equations of state and calculated
the quantity C(n, M ). We note that this quality is definitely
associated with the n and M. It is clear that the quantity C is
related to two degrees of freedom, n and M. To minimize the
uncertainty of C(n, M ), we try to find the specified relation
n(M ) first. Satisfactorily, this specified relation n(M ) does
exist. The optimization of n(M ) relation is plotted in Fig. 7.
This n(M ) relation ensures the best universality of Eq. (2).

FIG. 7. The n(M ) relation, where the squares are the minimal
deviation of C(n, M ) found in the original computation grid and the
solid line is the smooth approximation of n(M ) estimated from
the scatters. To obtain this relation, the C[n(M ), M] is assured having
the best universality at each stellar mass.
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TABLE II. The quantity Cn in the units of km fm3/4 MeV−1/4 with respect to the given gravitational mass M in the units of M�.

M 0.52 0.54 0.56 0.58 0.60 0.62 0.64 0.66 0.68 0.70 0.72 0.74 0.76 0.78 0.80
Cn 9.50 9.39 9.30 9.21 9.13 9.06 8.98 8.92 8.86 8.80 8.75 8.70 8.66 8.62 8.58
M 0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02 1.04 1.06 1.08 1.10
Cn 8.54 8.51 8.47 8.45 8.43 8.40 8.38 8.35 8.33 8.30 8.27 8.24 8.20 8.14 8.05
M 1.12 1.14 1.16 1.18 1.20 1.22 1.24 1.26 1.28 1.30 1.32 1.34 1.36 1.38 1.40
Cn 7.91 7.73 7.55 7.39 7.27 7.21 7.17 7.14 7.11 7.08 7.04 7.00 6.96 6.92 6.88

According to the unique path of n(M ), the coefficient
in Eq. (2) could be written as C(n, M ) = Cn(M ), and the
calculation results of Cn(M ) are presented in Table II. Then
we can get the derivative of radius with respect to the mass as

dRM

dM
= Pn

1
4

(
dCn

dM
+ 1

4

Cn

Pn

dn

dM

dPn

dn

)
, (3)

where dn/dM is determined by the path of n(M ), and the
dCn/dM is obtained from the tabular Cn(M ), while both
dPn/dn and Pn could be interpolated from the EOSs. Thus,
we can numerically calculate dRM/dM, and the results are
presented in Table III. It is shown that for the seven EoSs,
excluding the Soft EOS (extremely soft in the density region
ρ0–2ρ0), the characteristics of the M-R profile is consistent
with the dRM/dM extracted from the universal relation of
Eq. (2).

III. THE LOWEST UPPER LIMIT
OF THE SPEED OF SOUND

One of the motivations of this work is to inversely constrain
the upper limit of the speed of sound by considering the
astronomical observation. To probe the lowest upper limit of
the speed of sound, we hypothesize a speed of sound vc as
the theoretical value for the upper limit of the speed of sound.
We subsequently construct a maximum mass configuration by
employing the following constructed EOS:

nuclear EOS, ρ < ρcrit;

p = v2
c (ρ − ρcrit ) + pcrit, ρ � ρcrit. (4)

According to Eq. (4), the EOS is divided into two regions.
In the region of density less than the critical density ρcrit, the
original nuclear EOS presented in Fig. 1 is employed. It is
clear that the constructed EOSs can automatically guarantee
the continuity of the speed of sound at ρcrit. As in the region

TABLE III. The quantity of Pn, dPn/dn, and dR/dM at
M = 1.0 M�.

EOSs Pn (MeV fm−3) dPn/dn (MeV) dR/dM (km M�−1)

APR 5.0245 50.5362 − 0.53827
DBHF 4.6332 87.1611 0.3281
SLY4 7.0306 97.1336 − 0.1778
L25 2.9663 45.1035 − 0.0218
L45 4.5573 66.3625 − 0.0869
Soft EOS 2.7253 21.5545 − 0.6458
Stiff EOS 6.8819 159.4117 0.8317

above ρcrit, the pressure is extended in the form of p = v2
c (ρ −

ρcrit ) + pcrit, it is easy to understand that the EOS was softened
at high density comparing with the original EOS. Normally,
the constructed EOSs only modify the EOSs at relatively high
densities (>1.5ρ0), as shown in Table IV,while at low density
region the constructed EOS remains the same data from its
original EoS.

We obtain the unique minimum value of the upper limit
of the speed of sound vmin for the constructed EOSs in the
following way. To an constructed EOS, we first adopt a
relatively higher value for ρcrit, where the speed of sound at
this density is denoted as vs. Then we can get a maximum
stellar mass by the constructed EOS with the adopted ρcrit and
the corresponding vs. As we continuously decrease the ρcrit,
we will finally obtain a lowest quantity for vs (denoted as vmin)
that corresponds to M = 2.01M�. At this ρcrit, the correspond-
ing vc is just the unique vmin to support the precisely observed
maximum mass M = 2.01M� by the constructed EOS. It is
worth pointing out that for those EOSs with the speed of sound
not increasing monotonically with density (such as the SLY4,
Stiff, and Soft EOSs, as shown in Fig. 3), the speed of sound
vc at ρcrit may be smaller than the speed of sound vc at a lower
density. In this case, we need to synchronously modify the
EOSs at the lower density part in the same way.

The minimum possible values for the upper limit of
the speed of sound for the adopted EOSs are presented in
Table IV. It is shown that the values of vmin for various nuclear
EOSs lie between the two extreme cases: (1) The minimum
limit with value of 0.5386 c for Stiff EOS, which is even less
than the speed of sound for free quark matter EOS with the
value of c/

√
3. (2) The extremely high limit with value of light

speed c for Soft EOS and L25 EOS. As shown in Table IV,
the possible lowest values for the upper limit of the speed of
sound vmin deduced from Stiff, DBHF, and SLY4 EOSs, are

TABLE IV. The minimum possible values for the upper bounds
of sound speed for the adopted EOSs supporting the mass observa-
tional constraints.

EOSs vmin(c) ρcrit(ρ0) pcrit(1034Pa) ρc(ρ0)

APR 0.7381 3.9974 1.8315 9.6577
DBHF 0.5934 2.5161 0.7538 7.5007
SLY4 0.6233 4.4618 2.5533 8.1629
L25 1.0030 6.6748 5.5759 12.0911
L45 0.7275 3.8611 1.6735 9.5022
Soft EOS 1.0000 8.8807 10.6020 8.8807
Stiff EOS 0.5386 1.5350 0.2291 4.1414
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FIG. 8. Effects on the mass-radius curves for three representative
EOSs by the sound speed limitation. Solid lines are computed with
the original EOSs (ignoring any constraint of the sound speed). Dash
lines are obtained by the constructed EOSs with vmin supporting
Mmax = 2.01M�.

comparatively small (around 0.6 c), and their corresponding
critical densities are also lower, but for Soft EOS and L25
EOS, they have extremely high upper limit of the speed of
sound. What has made such a significant difference on the
vmin for these adopted EOSs? We can seek the answer in
Figs. 1 and 3. It is clear that the former kinds of EOSs are
relatively stiffer at density below about 4 ρ0, as shown in
Fig. 1, and these EOSs also have relatively higher sound
speeds at densities below about 3 ρ0, as shown in Fig. 3.

To further clarify the maximum mass dependence on the
upper limit of the speed of sound, we select three typical
EOSs (APR, Soft, and Stiff) as samples for the next analysis.
The M-R relations yielded by their original EOSs and the
constructed EOSs (with ρcrit at their minimum upper limit of
the speed of sound vmin) are displayed in Fig. 8, respectively.
It is shown that the impact of the upper limit of the speed of
sound on the maximum mass is prominent (with the exception
of Soft EOS, which was constructed by Hebeler et al. with the
consideration of causality, and since its vmin is equal to the
speed of light, it results to the coincidence of two curves). It
is clear that the EOS with a lower vmin can support a higher
maximum mass. For the typical example of Stiff EOS with
vmin = 0.5386 c, it yields the NS with the maximum mass as
large as 2.9 M�.

It is easy to understand that the lowest upper limit of the
speed of sound vmin will strongly depend on the value of
the observed maximum mass Mobs

max of NS. If a more massive
neutron star (with mass larger than 2.01 M�) is observed, then
the lowest upper limit of the speed of sound vmin will increase
correspondingly. To show this point more clearly, we display
the dependency of the vmin on the Mobs

max in Fig. 9. It is clear
that a higher upper limit of the speed of sound is needed if a
more massive NS is observed in the future.

The discussion above is based on a set of model-dependent
EOSs. To eliminate the effect of the model dependence
for the EOSs, we employ the parameterized and model-
independent EOSs to probe the possible lowest upper limit

FIG. 9. The dependence of the lower upper limit of sound speed
vmin on the maximum observational mass Mmax.

of the speed of sound. The following is a brief introduction to
the parameterized and model-independent EOSs.

The nucleon specific energy E (ρ, δ) can be well approxi-
mated by the empirical parabolic law as [41,42]

E (ρ, δ) = E0(ρ) + Esym(ρ)δ2 + O(δ4), (5)

where E0(ρ) is the energy per nucleon of symmetric nuclear
matter, Esym(ρ) is the symmetry energy of asymmetric nuclear
matter and δ is the isospin asymmetry, defined as δ = (ρn −
ρp)/ρ, in which ρn and ρp are the number densities of neutron
and proton, respectively, and ρ = ρn + ρp. Considering the
fact that the equation of state of the neutron-rich asymmetric
nuclear matter is still not determined very well, it is helpful to
parametrize the expansion coefficients first, that is [43]

E0(ρ) = E0(ρ0) + K0

2

(
ρ − ρ0

3ρ0

)2

+ J0

6

(
ρ − ρ0

3ρ0

)3

, (6)

Esym(ρ) = Esym(ρ0) + L

(
ρ − ρ0

3ρ0

)
+ Ksym

2

(
ρ − ρ0

3ρ0

)2

+ Jsym

6

(
ρ − ρ0

3ρ0

)3

, (7)

where ρ0 = 2.7 × 1017 kg m−3 is the nuclear saturation den-
sity. According to the existing knowledge on the parameters
at saturation density, the most probable values of them are as
follows: K0 = 230 ± 20 MeV, Esym(ρ0) = 31.7 ± 3.2 MeV,
L = 58.7 ± 28.1 MeV, and −300 � J0 � 400 MeV, −400 �
Ksym � 100 MeV, −200 � Jsym � 800 MeV. It is worth not-
ing that the Taylor expansions will become increasingly in-
accurate as the density gradually deviates from the saturation
density and do not converge when ρ > 1.5ρ0. At the high-
density region, the parameters J0, Ksym, and Jsym are no longer
to be the Taylor expansion coefficients but the free parameters
expecting to be resolved by the future astronomy observations
[43].

In the above parameter space, we generate about 100 000
EOSs to seek the lowest upper limit of the speed of sound. It
should be pointed out that here we directly use the generated
EOSs and do not construct the EOSs at the high-density part
as Eq. (4). The corresponding results are presented in Fig. 10.
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FIG. 10. The scatter diagram of the lower upper limits of the
speed of sound vs. the corresponding central densities, where the
lower upper limits of the speed of sound of all the trial EOSs are
obtained by meeting the requirement to support the maximum stellar
mass 2.01 M�. The red point at the bottom of the graph denotes the
lowest upper limit of the speed of sound among the tens of thousands
of EOSs, where the values of the corresponding parameters Ksym,
Jsym, and J0 of this point are shown in the legend (beside the red
point). The parameter spaces of Ksym, Jsym, and J0 are also labeled in
the legend (beside the black point).

In this manner, a lower limit 0.5749 c of the upper limit of
the speed of sound is obtained. Unexpectedly, this lower limit
is coincidentally very close to 1√

3
c, the well-known upper

limit of the speed of sound deduced from free quark matter
[29]. We are not sure if there is a physical connection of this
coincidence.

IV. CONCLUSIONS

We investigate the effect of the speed of sound on the
global properties of NSs. First, we recheck the basic require-
ment, that is, the causality condition vs � c for the adopted
EOSs. It is shown that the condition vs � c reduces the

maximum mass of NSs for a class of nuclear models (such
as L25 and APR EOSs). We found that the tendency of
M-R relation mainly depends on the speed of sound at the
corresponding central density for NSs within 0.3–1 M�. This
conclusion is also analyzed with a semiempirical formula that
derived from the universal relation found by Lattimer et al.
[39]; however, the EOSs which are extremely soft in ρ0–2ρ0

violate this rule.
We adopt the precisely observed maximum stellar mass

2.01 M� as a fundamental requirement to set the lower upper
limit of the speed of sound. By employing a constructed
model to describe the high density part of EOSs, the lowest
quantity for the upper bound of the speed of sound in the
interior of neutron star is investigated among a heterogeneous
set of EOSs. As a result, it is found that the Stiff EOS
holds the lowest value (vmin = 0.5386 c) for the upper bound
of the speed of sound. Furthermore, to eliminate the effect of
the model dependence for the EOSs, we use a parameterized
and model-independent EOS model to investigate this prob-
lem, where the parameters of EOSs are constrained by the
terrestrial experiment. We obtain a lower bound 0.5749 c for
the upper limit of the speed of sound, which is very close to

1√
3
c, the speed of sound of free quark matter [29]. Moreover,

we also probe the relation between the lower upper limit of
the speed of sound and the maximum observed stellar mass,
and it is shown that there is a strong dependence of the lower
upper limit of the speed of sound on the maximum observed
stellar mass. Obviously, if a more massive NS is observed in
the future, a higher lower upper limit of the speed of sound
should be needed.
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