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Nambu-Jona-Lasinio interactions
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We apply the basis light front quantization (BLFQ) approach to describe the valence structures of the charged
light meson ground states. Specifically, the light front wave functions of 7+, p*, K*, and K** are obtained as
the eigenvectors of the light front effective Hamiltonians with confinement potentials supplemented by the color
singlet Nambu—Jona-Lasinio (NJL) interactions. We adjust our model such that the spectrum of these ground
states and the charge radii of the pseudoscalar states agree with experimental results. We present the elastic form
factors and parton distribution amplitudes (PDAs) as illustrations of the internal structures of the pseudoscalar

pions and kaons in terms of valence quarks.
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I. INTRODUCTION

Light mesons provide testing grounds for nonperturbative
approaches to quantum chromodynamics (QCD), as explain-
ing their structures in terms of quarks and gluons requires
formulating the strong interaction beyond the perturbative
expansions. While the underlying symmetry of QCD is the
SU(3) local color gauge symmetry, in the limit of vanish-
ing quark mass there exist global chiral symmetries in the
Lagrangian. However, these chiral symmetries are broken
by nonzero quark masses and by the dynamics of QCD.
With only quarks as the effective degrees of freedom, the
Nambu—Jona-Lasinio (NJL) model maintains the local chiral
symmetry in the Lagrangian while allowing for the dynamical
breaking of such symmetry [1-4]. Therefore, the NJL inter-
actions are natural candidates for the effective dynamics of
quarks inside the light mesons. With equal time quantization,
light meson structures have been solved using the NJL model
within the framework of Bethe-Salpeter equations (BSEs) in
Refs. [5-7]. With the NJL interactions, one could also solve
for the baryon systems [8—10]. While with QCD interactions,
various approaches have been applied to solve for the struc-
tures of meson systems, including BSE [11-31], lattice QCD
[32-39], and other approaches [40-43].

In the light front quantization framework, quantization
conditions for fields are specified at equal light front time
xt =x%+ x3. Within this framework, the basis light front
quantization (BLFQ) is a Hamiltonian approach for solving
bound-state problems. Specifically, the light front wave func-
tions, expanded in terms of orthonormal basis functions, are
obtained as eigenfunctions of the light front Hamiltonian. The
Hamiltonian of the system under investigation then takes the
form of a matrix in the representation of these orthonormal
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functions. A significant advantage of the light front Hamilto-
nian approach is the facility for evaluating observables using
the resulting light front wave functions, as we illustrate for the
charged light mesons in the present work.

Earlier applications of the BLFQ were developed for the
positronium system with a discretized longitudinal momen-
tum basis and the two-dimensional (2D) harmonic oscillator
basis for the transverse momenta [44-49]. The addition of
a longitudinal confinement potential to the effective Hamil-
tonian allowed the expansion of the longitudinal momentum
dependence of the light front wave function in terms of
square-integrable functions. Combining the transverse and
longitudinal confinements with the one-gluon exchange inter-
action was subsequently applied to the valence structures of
heavy quarkonium [50-56]. Meanwhile, further developments
within the BLFQ approach are being made for a number of
applications in hadron physics [57-59].

In this work, we describe the structure of charged light
mesons in terms of the light front wave functions for the
valence quarks. By subsuming self-energy contributions to the
meson structure from sea quarks and gluons, these valence
quarks resemble the constituent quarks. The parameter space
of our BLFQ-NJL model is spanned by the quark masses, the
confining strengths, and the coupling constants of the NJL
interactions. This parameter space is constrained to reproduce
the mass spectrum for the 7%, p*, K%, and K** ground
states summarized by the Particle Data Group (PDG) [60].
Aside from the mass spectrum, we also consider the com-
parison of 7 and K™ elastic form factors with available
experimental data. The charge radii extracted from these form
factors are then used to fix the remaining scales of our model.
We also present decay constants and parton distribution am-
plitudes (PDAs) of ™, p*, K™, and K**.

Experimental results on the elastic form factor for the pion
are available in Refs. [61-65]. Measurements of the elastic
form factor for the kaon can be found in Refs. [66-68],
with data from the JLab 12 GeV experiment expected [69].

©2019 American Physical Society
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References [70,71] and references therein provide additional
discussions on these elastic form factors. For the pion PDA,
Refs. [72,73] provide experimental results. A selection of
theoretical calculations of the pion and the kaon PDAs can
be found in Refs. [19,74-78].

This article is organized as follows. Section I gives the
introduction. Section II briefly introduces the Lagrangian of
the color singlet NJL model. Section III describes the BLFQ
framework and how to evaluate the matrix elements of the
NIJL interactions within this framework. We present our re-
sults for decay constants, charge radii, elastic form factors,
and parton distribution amplitudes in Sec. IV. The summary
and concluding remarks are given in Sec. V.

II. COLOR SINGLET NAMBU-JONA-LASINIO
INTERACTIONS

With only quarks as the explicit degrees of freedom, the
Nambu-Jona-Lasinio model is constructed through a La-
grangian that preserves global chiral symmetries. Therefore,
within this model of low-energy QCD, dynamics due to gluon-
quark coupling and gluon self-couplings are absorbed into
local fermion self-interactions. The Lagrangian of color sin-
glet four-fermion interactions in the three-flavor NJL model is
given by Ref. [1] as

8
LG su) = WGl —my+Gr S LAY + (Fiyshiyp)?]

i=0

8
— G ) @YY + Gyuysdip)’]

i=0
— vy ) — Ga(Wryuysv)’. (1

Here ¢ = (u,d, s)T with u, d, and s representing the up,
down and strange quark Dirac spinor fields respectively. The
letter “T” on the superscript stands for the matrix transpose.
The A’ are the Gell-Mann matrices in the flavor space. The
coefficients G, G,, Gy, and G, are independent coupling
constants of the theory. In this article, we consider color
singlet NJL interactions in the form of Eq. (1) only, although
color octet interactions are also available in Ref. [1].

Within the NJL Lagrangian given by Eq. (1), local chiral
symmetries are explicitly broken only by the nonvanishing
quark mass, while dynamical chiral symmetry breaking hap-
pens at the level of Green’s functions. The global U(1) axial
symmetry is still preserved by the interactions in Eq. (1).
However, this axial symmetry is broken in QCD by field the-
ory effects. Determinant terms can be introduced to account
for such effects in the NJL model [1]. Explicitly, we have the
following term in additional to Eq. (1):

Laee = Gpldet Y (1 + ys)y +det (1 —ys)¥], (2)

where the determinants are taken in the flavor space, resulting
in six-fermion interactions. Notice that aside from the kine-
matic term, interactions in Egs. (1) and (2) are all local contact
interactions.

In the scenario where only the up quarks and the down
quarks are active, determinant terms in Eq. (2) are reduced

to four-fermion interactions. Explicitly, we have
Lot = 2Gp{uudd + uysudysd — ud du — uysd dysu}. (3)

In this case of only two light quarks, one version of the
Lagrangian for the NJL model is given by

_ G, — _
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where 7' are the Pauli matrices. Equation (4) is consistent with
the three-flavor Lagrangian in Eq. (1) when determinant terms
defined by Eq. (2) are added. After setting G4 = 0, Eq. (4) is
reduced to the NJL Lagrangian in Ref. [5].

III. BASIS LIGHT FRONT QUANTIZATION IN THE
MESON VALENCE QUARK FOCK SECTOR

A. Basis representation for the meson valence quark Fock sector

Within the framework of light front quantization, structures
of bound states are embedded in the light front wave functions
|W). The light front wave function is solved from the light
front Schrodinger equation

Her|W) = M*| W), S

where H.g is the effective Hamiltonian of the system. For
simplicity, our model only concerns the valence quark Fock
sector of the mesons, leaving contributions to the hadron
structures from sea quarks and gluons implicit. We only need
to construct the valence Fock sector wave functions for the
positively charged mesons, leaving properties of negatively
charge mesons obtainable through the charge conjugation.
Explicitly, when the Fock space of the hadron wave func-
tion is truncated to the valence quark and antiquark, the light
front eigenstate for the positively charged meson is given by

|\pmeson(P+a T,)J_’ J, I’I’l]))
+oo Jpt d_k)J‘ +o0 dp+ d?l
- Z/O Akt / 2n)? fo 4 p* / Q)
X 4rPTS( + pt — PHQAS(K L+ B P
X W,y (k, p; P, J, m)bl(k)d! (p)|0) (6)

—
dx+

_ : dx L
= IZ;/O 471’)6(1 _X) (27.’:)2 I/frs(x, K )

x b (xPt, B +xB L)

xd (1 —=x)Pt, =R+ + 1 —x)BH0), )

where P =k + p is the total momentum of the meson,
x =kT/P" is the longitudinal momentum fraction carried
21l _ 7L _ Pl :
by the valence quark, and ¥ — = k — —x P — is the relative
transverse momentum. In this limited Fock space, the meson
has fixed total angular momentum projection m;. The total
angular momentum J is dynamical in light front quantization,
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the conservation of which is expected if one does not trun-
cate the Fock space expansion. We find it is approximately
conserved in our previous BLFQ works for low-lying states
[46—48,50-58] as well as in this work so we include it as a
label for our solutions. In Eq. (6), the creation operator dJ »)
creates an antiquark with spin s and light front 3-momentum
p from the vacuum, while the operator b (k) creates a quark
with spin r and momentum k. In Eq. (7), momenta are
written in terms of longitudinal momentum fractions and the
relative transverse momentum, such that the conservation of
the total light front 3-momentum P is ensured. The function
Yy (X, 7”) is recognized as the valence Fock sector light
front wave function in momentum space for the meson, with
its normalization defined by
dxt

Z/l o Y R s ® L) = 1
2 Jy el —x) ] @ Vet €V e =

®)

In order to solve the light front wave function v, (x, *h
from Eq. (5), we formally decompose the effective Hamilto-
nian into a two-body term and an interaction term. Explicitly,
we write down

Her = Hp + Hiiflf, 9)

where H, contains the kinematic terms and the two-body
confinement potentials, leaving HS with the remaining in-
teraction terms. Following Refs. [50,52], in the valence Fock
sector H is given by

—2 2 =2 =2
HO: Kl+m KL+m +K4x(1_x)—r)i
X 1—x
LA (1= x) (10)
— ————5 OxX(1l — X)0y,
(m + m)?

where the first two terms are the kinematic energy of the quark
and the antiquark, the third term is the transverse confinement
potential, and the last term is the longitudinal confinement
potential. Here m and m are the quark mass and the antiquark
mass respectively. Notice that the vector ¥ | stands for the
relative transverse momentum of the valence quarks while
7 | is the conjugate variable of % . The scalar k is the
confining strength, which is unrelated to the modulus of | .

Following Refs. [50,52], we then choose the expansion of
the light front wave function for the valence quarks,

-1
-1y _ —K
Vs, % )—%w(n,m,z,r,s)¢nm<m)xl<x),
(11)

where ¢, is the two-dimensional (2D) harmonic oscillator
function, and y; is the longitudinal basis function. Explicitly,
Gnm 18 defined as

m|
S (T L1 b) = 1 4mn! |71>L| | oxp _7]u2
e b\ (n+|m)'\ b 212

—q>u )
x L,'{"(—bz )g’m‘/’, (12)

with tan(¢p) = ¢*/¢' and L!"' being the associated Laguerre
function. Meanwhile, y;(x) is given by

xi(xa, B)
Fd+ 1D +a+B+1)
= /47 (2 1
VATQlta+p+ )\/F(l+a+1)r(l+ﬁ+1)
x xPI2(1 = x)?2 PeP 2x — 1), (13)

with Pl(”’ﬂ '(2) being the Jacobi polynomial and

o = 2m(m +m)/«k>, (14a)

B = 2m(m +m)/k>. (14b)

Additionally, in terms of the basis expansion defined by
Eq. (11), the normalization condition specified by Eq. (8)
becomes

Z v, m, L, s)Y(m,m,l,r,s)=1. (15)

nmlrs

In this article, the default choice of the scale parameter b in
Eq. (12) is identical to the confining strength « in Eq. (10).
Then, with the definitions of the basis functions given by
Egs. (12) and (13), the Hp term in Eq. (10) is diagonal with
respect to elements of the basis expansion. Explicitly using
Eq. (6), one can show that

(Wheson (P, B0 Ho| Wneson (P, P 1))

meson

— 47 PSPt — P2 S(Pt — P

! dx’' dr+
X 5r’r83’s
ZZ /o 4rx'(1—x) ) Qn)
X /l dx d7l 1/f/* (x/ ?/L)
o dmx(1—x) ) @m)r "
X Ho Yry(x, ). (16)

Here |W’) and |W) are independent kets with the same J
and my which have been suppressed to simplify the nota-
tion. Therefore, Eq. (16) allows the matrix element of Hj to
be calculated for arbitrary wave functions v, (x’, %1 and
Vrs(x, ®1). This allows any basis representation, including
Eqg. (11), to be applied for the eigenvalue problem of the
effective Hamiltonian.

Specifically, with the basis expansion of ¥/,,(x, ¥ 1) in the
form of Eq. (11), Eq. (16) becomes

(Won (P P 1) Ho [ Wineson (PF, P 1))

meson

= 4z PTS(P* — PHQa28(B* — B

X Z Z SnOmmO11851751852'52

n'm'l's1's2' nmlsls2

X No(n, m, DY, m', I, s\, s5) ¥ (n,m, 1, 51, 52).

a7
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When the light front wave function is given by one basis
function from Eq. (11) such that ¢'(n',m',l',s|,s,) =
Y(n,m,l, s, 8)=
8N Omm 0118515105252, EQ. (17) is apparently a diagonal matrix:

SN S Sy Ss151/ 8525 and

(n',m', l', s\, s5|Holn, m, 1, s1, 52)

= AO(n» m, l)8n’n8m’m8‘rl’s18s2/s2» (18)
with its eigenvalue given by

Ao(n,m, [;m, m, k)

=m+m)’ +22Q2n+ |m| +1+3/2)
4

K
+ ml(l + D). 19)

B. Matrix elements of the NJL interactions

The light front Hamiltonian P~ is obtained by the Leg-
endre transform of the corresponding Lagrangian after we
eliminate the constrained field components, which usually
leads to instantaneous interactions. The effective Hamiltonian
in Eq. (5) is then related to the light front Hamiltonian by

Hoye = PTP~ — TJ)M, where P+ and P are the conserved
total momenta. While introducing the NJL dynamics into the
BLFQ effective Hamiltonian, we ignore instantaneous inter-
actions due to the NJL interactions for simplicity. Therefore
we only consider the contribution to the light front effective
Hamiltonian from the NJL interactions directly from the
Legendre transform, which is simply the interaction term in
the NJL Lagrangian multiplied by —P*. We then take the
obtained Hamiltonian term as the interaction term HS in
Eq. 9).

Specifically for the 7+ and p* mesons, the flavor structure
of their valence quarks is ud. If the G,; term in Eq. (4) is kept
as the only nonvanishing NJL interaction, after the Legendre
transform we obtain

H . = /dx /d—“ <

as the HT term in Eq. (9) for the w-p system. Here the
fermion field is given by ¥ = (u,d)", and ¢’ are the Pauli
matrices in the flavor space. We do not use the G, term, be-
cause the role of binding p mesons is taken by the confinement
potentials in Eq. (10). After expanding in the flavor space,

Eq. (20) then becomes

HY = /dx /d7i<

—4Tysd dysu+(ﬁu)2+(dd>2 — (Tysu)*—(dysd)*}.
1)

)[(W)2 + (Wiys T Y

(20)

) {2tudd + 2Tysudysd

In terms of creation and annihilation operators, we ex-
plicitly write down the eigenstate for the positively charged

mesons with up and antidown valence quarks as

Wrnesons (P, TD”))
3 dx+ 1
Zf 4nx(1—x) g Vet )

x bl (xP*, R +xP L)

xdi(1—x)P", =R+ (1 -—0BH0). (22

Regarding the subscripts of the creation operators in Eq. (22),
the nonitalic letters represent the flavors while the italic letters
designate the spins. After ignoring the self-energy contribu-
tions, the operator expansion of Eq. (21) relevant to Eq. (22)
is

HG =) f dk,dkydkydk, 48k + ki — ki — k)
s1s2s3s4

—

X QuPs(Kt+ KE— KL - T HGP*

X {Uy1Uus Va3 Va2 + Ua1 Vslus Va3 Y5Va2
+ 2 U1 Y5Va2 D3 Ysitua ), dydasbua, (23)

where the number subscripts distinguish different fermion
spins and momenta while the summation indices are only
the spin labels. We use this compact subscripting convention
when explicit integration variables permit. Additionally, the
momentum space integral measure is defined as

+00 dk+ +o00 dkj_ +00 ko_
/d/;:/ —/ —L -2 (24
o A4mkt J_o 27 J_o 27
We then evaluate the valence Fock block of the NJL

effective Hamiltonian matrix given by Eq. (23) for the meson
wave function in Eq. (22). Explicitly, we have

—
< meson+(P/+ /L)|H§I§f1‘,n|q’meson+(1)+, P J‘)>
— 4xPTS(P't — PHQRa)S(B - P Y
517525152
5 /1 dx’ dw"™* /1 dx dxt
o dnx(1—x)J) @n)? Jy dnx(1—x) ) QQm)?

X Wity O k)2, k)
X Gy {thust () ttus1 (P1) Vas2(P2)Vas2 (D)
+ U1 (P} Ysttus1 (P1) Vas2 (P2)YsVas2 (P5)
+ 2851 (P} Y5vas2 (P3) Va2 (P2) Ysttust (1)} (25)

with the momentum dependence of the spinors given by

—
pir=xpPt, Pr=w"t+xP", (26a)

P = (=X, B =R+ (1 —x)P, (26b)
pr=xP*, Pr="'4xP (26¢)
pi=(-xPt, Br=—R'+0-0PL  (26d)

Spin decompositions of all terms in Eq. (25) can then
be easily calculated using definitions in Appendix 1. Subse-
quently for any given combination of the basis functions in
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Eq. (11), because the momentum dependence of the wave
function is exactly known, we can calculate the corresponding
matrix element explicitly.

Within the basis representation given by Eq. (11), let us
define the matrix element for the first term in Eq. (25) through

(W' m'l's' s) |y, Dgva|nmlsys;)

Vaxy (Vdx dq* (dq+
E/o E/o EXI’()C )Xz(x)/ e | Gy
X G (G Vb (G ) sty (P st (p1)
X Tag(p2)vas2 (Ph), (27)

where the spinor momenta are also given by Eq. (26). Sim-
ilarly one can define (n'm'l’s|s|uyysuy Vaysva|lnmisis;) and
(n'm'l's\ 55 [ty ysva Vaysuu|nmlsysz). Because the interactions
in HST are all local, the matrix elements in our basis rep-
resentation can be calculated exactly without resorting to
quadrature. The expressions of these matrix elements and
details on how to obtain them are given in Appendix.
For the KT-K*T systems, we take

HY = / dx~ / dX* (—=GgPT)

8

X Y L@ = GAysy )], (28)
i=1

as the Hiflflf term in Eq. (9). Similar to the case of the p

meson, the binding of K* meson is addressed by the confining

potentials. Meanwhile, the expansion of the Dirac bilinear in

the flavor space with the up, down, and strange quarks is given

by

8

D @AY Yy

i=1

= (Uy u+dy’d)’* + @y’d + dy ')’
+2[Ey’s)* +2ay’ssy’u+2dy’ssy’d],  (29)

where (7 )? stands for any contractions of y matrices. With
the assistance of Eq. (29), Eq. (28) becomes
H = / dx~ / d ¥+ (—2GxP™){tudd + ud du + Us5u

—Uysudysd — Uysd dysu — UyssSysul. (30)

The wave function for positively charged K mesons is
given by Eq. (22) with the flavor subscript of the dg , operator
modified into that of dJ,. After ignoring self-energy contribu-
tions, we expand Eq. (30) in terms of relevant creation and
annihilation operators as

= Y [dhdbdidindmstl + k6 - - k)
s1s2s3s4
x QrPs(KE+ Kt — K+ —KHokpt
X =2y V52 Vs3tys + 2 Uy1 Y5052 Vg3 V5itus}

x bl dd by 3D

Again, the number subscripts distinguish different spins and
momenta while the summation indices are only the spin
labels.

We then evaluate the matrix elements of the NJL effec-
tive Hamiltonian given by Eq. (31) for the K*-meson wave
function. Explicitly, we have

—> —>
<\pr/neson+(P/+7 P,L)|H§EE,K|qlmeson+(P+a PL))

— 47 PSPt — P21 S(Pt — P

y Z /1 dx' /] dx
o 4mx'(1—x") Jy 4mx(1 —x)

s1's2's1s2
A" [diH
_— - fin 1
(27-[)2 (27T)2 I//S/I*/SZ’(x/’K/ )wSIsZ(x»K )

x Gg {—2 ﬁusl’(p/l Y2 (p/z) ) (p2)“usl (pl )
+ 27451 (P} Y5 Vss2 (D)) Uss2 (p2) Vsttust (1)}, (32)

where the definitions of relative momenta are still given in
Eq. (26).

Similar to the case of the wT-p™ systems, within the basis
representation defined by Eq. (11), we need to evaluate the
following matrix elements (n'm’l’s| s} |u,vs Vsutu|nmisys2) and
(W'm'U's| 85wy ysvs Usysuy|nmlsys2). The explicit expressions
of these matrix elements are also given in Appendix.

IV. RESULTS WITH BASIS TRUNCATIONS

A. Basis truncations and model parameters

With the matrix elements of the effective Hamiltonian
known exactly in our basis representation, the mass spectrum
and the wave functions are to be solved numerically by
diagonalizing the effective Hamiltonian. We truncate the basis
representation by imposing maximums on the allowed basis
modes. Specifically, the infinite summations in Eq. (11) are
replaced by the following finite sums:

max max  Lmax

IES DI (33)

nml n=0 m=—My,x [=0

where Npax, Mmax, and Ly, are natural numbers specifying
basis cutoffs. The truncations of the basis function given by
Eq. (33) indicate the existence of both infrared and ultraviolet
regulators of our model. Because the off-diagonal matrix
elements given by Tables IX, X, XI do not couple to angular
excitations with |m| > 3, we choose M,,,x = 2 as one natural
basis cutoff on the orbital angular momentum. Meanwhile,
we choose Npax as the cutoff on the transverse momentum.
Doing so fixes the scale of our model. The default choice of
the longitudinal cutoff is Ly,x = 8, except when calculating
the meson PDAs.

Roughly speaking, the infrared cutoff of our theory
iS AR = b//2Nmax + 1, while the ultraviolet cutoff is
Auv = V2Nmax + 1b, with b being the scale parameter in
Eq. (12) [50,52]. Because the low-energy effective descrip-
tions of QCD are expected to change dramatically with model
scales, in this article we do not explore extensively the de-
pendence of our results on the transverse basis cutoffs. Also,
because our model is a low-energy effective description, we
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expect it to be only valid for the ground states of the light
mesons and we therefore restrict our application to these
states.

Within our modeling of the light meson systems, our cal-
culated results show that the masses of the vector mesons p*
and K** are not sensitive to the coupling constants of the NJL
interactions in Eqs. (21) and (28). Furthermore, the valence
wave functions for the lowest vector states are almost entirely
given by n = m = [ = 0 with spin triplet configurations:

-1
Ve, B = o) ¢oo[ﬁ}
8,48, (for my = +1)
< % (form; = 0) G4
6,—0s— (for my = —1),

where the total angular momentum projection is defined by
my =m—+r+s. The masses of the lightest vector meson
with different m; are almost degenerate and can be well
approximated by the corresponding diagonal matrix elements
in Eq. (19), whereas the masses of the lowest pseudoscalar
states are most sensitive to the coupling constants G, and Gk
in Egs. (21) and (28).

We work in the limit of the SU(2) flavor symmetry where
the up quark mass and the down quark mass are identical,
while the strange quark is expected to be heavier than the
light quarks. Because we do not have SU(3) flavor symmetry,
scales of the m-p system and those of the K-K* system
are expected to be different. We therefore assign different
confining strength «, quark mass, and antiquark mass to these
two systems.

Specifically, we have three free parameters in our model
for the m*-p™ system. They are the light quark mass m;, the
light-light confining strength «j;, and the pseudoscalar binding
strength G, while for the K*-K** system, we have four free
parameters. They are the light quark mass my, the strange
quark mass mys, the light-strange confining strength ks, and
the pseudoscalar binding strength Gg.

In order to fix these parameters, we use the p* mass and
the K** mass as two constraints for the quark masses and
system confining parameters (using an “1” subscript to label a
light quark) my, mg, Ky, and k5. Specifically, since the vector
states are almost entirely given by the n = m = [ = 0 states,
we have from Eq. (10) that for the 7 ™-p™ system

4mi + 3k >~ m?, (35)
while the corresponding relation in the K+-K** system is
given by

2

2 2
4my + 3k =~ mj,

(my + ms)z + 3/(125 = mlz(*» (36)

with m; in Eq. (36) allowed to be different from the one
in Eq. (35). The mass of the 7™ then fixes G,. While the
mass of KT determines Gg. We then choose the confining
strength such that the charge radii of the 7= and K™ agree
with experiments. The difference in the sizes of the 7 and
the K* implies different cutoffs on the dressing of the light
quarks. Such dressing effects are approximated by Egs. (35)

TABLE L. Input parameters for the 71-p* system of the BLFQ-
NJL model. The corresponding basis cutoff scales are AR =
55.06 MeV and Ayy = 935.9MeV.

m K Gn Nmax Mmax Lmax

337.01 MeV  227.00 MeV  18.5095 GeV > 8 2 8

and (36) to reproduce the p* mass. At different confining
strengths, this effective treatment accounts for the constituent
light quarks being heavier in the 7% and the p* than in the
K* and the K**.

The resulting model parameters for the 7+-p* system are
given in Table 1. Our model reproduces the experimental 7+
mass and the o™ mass as shown in Table II. The uncertainty
in the o™ mass of our model comes from the slight splitting
of the p™ states with different angular momentum projections,
while the model parameters for the K*-K** system are given
in Table II. Similarly, we reproduce the K+ mass, with
the uncertainty in the K** mass due to sensitivity to the
total angular momentum projections. Our model for the K™
mesons also finds a scalar state with the mass of 858.35 MeV.
See Table IV for details.

B. Calculations of decay constants, elastic form factors,
and parton distribution amplitudes

1. Elastic form factor and charge radius

To calculate the elastic form factors from the light front
wave functions within the impulse approximation, we apply
the Drell-Yan-West formula [79,80] within the Drell-Yan
frame Pt = Pt

2 J*(0)
Ly, (Q7) = (W(P', m))| ——— 2Pt [W(P, my))
d*kt
Z/ 47tx(1 —-x)J @Qm)?

x {eg ¥ (x, Tt +(1-x7"hH

Fequ (K —x GO, K,
@37

TABLE II. Mass spectrum, decay constants, and the charge radii
of the 7T and p* ground states. The BLFQ-NIJL results are obtained
using parameters in Table 1. The small uncertainty in the calculated
vector meson mass is due to splitting among states with different total
angular momentum projections. The uncertainty of the pseudoscalar
state charge radius reflects the error in the numerical evaluation
of Eq. (39). The experimental decay constant for the p meson is
extracted by Refs. [13,17]. Other PDG results are from Ref. [60].

Parameter BLFQ-NJL PDG

My 139.57 MeV 139.57 MeV
mpy 775.23 £ 0.04 MeV 775.26 £ 0.25 MeV
fr 202.10 MeV 130.2 £ 1.7 MeV
fo 100.12 MeV 221 = 2MeV
VA |zt 0.68 £0.05 fm 0.672 + 0.008 fm
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TABLEIIL. Input parameters for the K+-K** system of the BLFQ-NJL model. The corresponding basis cutoff scales are Ar = 66.94 MeV

and Ayy = 1138 MeV.

ny my Kis GK Nmax Mmax Lmax
307.66 MeV 445.14 MeV 276.00 MeV 13.6455 GeV ™2 8 2 8
with ¢ = P’ — P and Q> = —¢°. Here e is the charge of the  data. Experimental results for Fx(Q?) with Q> > 1 GeV? are

antiquark, while e is the charge of the quark. The elastic form
factors of the pseudoscalar states are then given by

Fo(Q%) = Io.0(Q). (38)
The charge radius is then defined through the first Taylor
expansion coefficient of the elastic form factor at the origin:

<r2> —6 hm

c

o Q2 Fo(Q). (39)

We then evaluate Eq. (37) numerically using the pseu-
doscalar state wave functions obtained by our model with
parameters given in Tables I and III. The resulting elas-
tic form factors for the 7™ meson and for the K™ meson
are illustrated in Figs. 1 and 2 respectively. We calculate
the charge radii of the 7+ and Kt mesons by fitting the
behaviors of the elastic form factors as quadratic functions
of 0% at small Q% = (0, 1, 4, 9, 16, 25, 36, 49, 64)«2/16.
The resulting radii are listed in Tables II and IV, with the
95% confidence intervals defining the fitting uncertainties.
By using them as constraints in our parameter fitting, our
results for these charge radii are in close agreement with the
experiments.

The functional form of the dipole elastic form factors in
Figs. 1 and 2 is F(Q%) = (1 + (rcz) Q2/6)71. For both the 7T
and the K, the elastic form factors based on our model cross
the dipole result twice, once at small Q> ~ x? and another
time at around 2 GeV? for the 7+ and around 3 GeV? for
the K. We expect deviations in the elastic form factors to
occur when Q* > 6/(r?), because only with small Q? is the
form factor fixed by the charge radius. For the 7, both our
result and the dipole form agree with available experimental

TABLE IV. Mass spectrum, decay constants, and the charge
radii of the K* and K** ground states. The BLFQ-NJL results are
obtained using parameters in Table III. The uncertainty of the vector
meson mass is due to splitting among states with different total
angular momentum projections. The uncertainty of the pseudoscalar
state charge radius reflects the error in the numerical evaluation
of Eq. (39). The experimental decay constant for the K* meson is
extracted by Refs. [13,17]. Other PDG results are from Ref. [60].

Parameter BLFQ-NJL PDG

Mgy 493.68 MeV 493.68 + 0.02 MeV
MKt 891.82 4+ 0.06 MeV 891.76 + 0.25 MeV
Mt 858.35 MeV 824 £+ 30 MeV
fx 235.99 MeV 155.6 0.4 MeV
S« 104.57 MeV 224 + 11 MeV
\/@|K+ 0.54 £0.03 fm 0.560 + 0.031 fm

available, but are not included in Fig. 2 because of the large
experimental uncertainties [68].

2. Decay constant and parton distribution amplitude

We take the definition of the meson decay constants as the
matrix elements of current operators between the vacuum and
the meson wave functions. Specifically, the decay constants
for scalar mesons, pseudoscalar mesons, vector mesons, and
axial vector mesons are defined by

O y* ¥IS(p)) = P" fs. (40a)
Oy y"ys Y [P(p)) =i p" fo, (40b)
O y* ¥IV(p)) = € (pymy fv, (40¢)
Oy y"ys Y |A(p)) = €' (p) ma fa. (40d)

respectively. Here the polarization vector for the vector and
axial-vector mesons is defined as
< P+ M pl ) for A= 0

my A’ mVAP+ V.A

=

with @+ = (1, £i)/v/2.
In terms of the valence sector light front wave functions,
the decay constants are then given by [52,81]

e(p) = @1)

) for A ==1

d*ict
fon = 2v2Ne / 4714/7)6(1 —n ) @r2
X [P (6, KH) =Yy (e, D, (42a)
I’I’Lj:()
d?*ct
fs.v = 2v2N / 471\/x(1_— 0] @)y
X[Yaex, K+, €HI| . (42b)
my;=0

with the condition m; = m + s; + s, = 0 specifying that only
the states with zero angular momentum projections are used
in the calculation. Based on our model, the decay constants
for the 7+ and p* are given in Table II. The decay con-
stants for the K™ and K** are given in Table IV. We note
that the decay constants calculated from our model are de-
pendent upon the transverse basis cutoff. Specifically with
Nmax = 6, we have f; = 187.93MeV and fx = 220.36 MeV.
Meanwhile with Ny = 10, we find f; = 213.35MeV and
fx = 248.38 MeV. On the other hand, the decay constants
for the vector states are insensitive to Npy.x due to the wave
functions being dominated by the lowest basis state. The
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FIG. 1. The elastic form factor for the 7 *. The red solid line is the result from the BLFQ-NJL model. The blue dashed line is the dipole
form with a charge radius of 0.672 fm. The orange stars, yellow plus signs, purple crosses, green boxes, and light blue diamonds with error
bars correspond to experimental measurements from Refs. [61-65] respectively. The elastic form factor of the 7 is plotted on the left panel.

On the right panel, the same form factor is multiplied by Q.

increase of the pseudoscalar ground-state decay constants
with an increase in Ny, is also observed for heavy mesons in
Refs. [50,52,55,59]. Without an explanation of this behavior,
we do not assign importance to our results on the decay con-
stants. However, the ratio of the K™ and 7 decay constants
from our model is fx/fr = 1.168(4), which is close to the
experimental value fx/f, = 1.1928(26) [60].

The parton distribution amplitudes (PDAs) of the pseu-
doscalar states are defined as [52]

(e 1) = Y2 1 d*rct
o) = T ) @y

X (Yo (x, ®H) — Y_i(x, © D], (43)

with the fp being the decay constant defined by Eq. (42a) such
that the PDAs are normalized to 1. The PDA for the vector

1.2 T T
|T — = = Dipole r . =056 fm
BLFQ-NJL
Dally:1980dj
Amendolia: 1986ui

: I

Q2 /Gev?

state is defined using the m; = 0 state as

oy = | a2t
W) = ] @ny

X [Py (x, €+ ¥ (x, ©H)] (44)

my=0

Within the BLFQ-NJL model, the number of colors we use
is N, = 3. Our basis truncation provides the ultraviolet cutoff
of = /2Nnax + 1b for the transverse integrals in Egs. (43)
and (44) [52].

At the corresponding model scales, the PDAs for the 7+
and K+ are given by Figs. 3 and 4 respectively. Both PDAs
contain multiple humps, the number of which is dependent
on the longitudinal cutoff parameter L.x. The pion PDA
is symmetric about x = 0.5, while the kaon PDA is skewed
toward my /(my + ms) = 0.4. The results with different L.«

0.2 — = = Dipole r . =056 fm
BLFQ-NJL
0.1 ¥ Dally:1980dj
Amendolia:1986ui
0 L L L
0 2 4 6

Q2% /Gev?

FIG. 2. The elastic form factor for the K*. The red solid line is the result from the BLFQ-NJL model. The blue dashed line is the dipole
form with a charge radius of 0.560 fm. The orange plus signs and yellow boxes with error bars correspond to experimental measurements from
Refs. [66,67] respectively. The elastic form factor of the K™ is plotted on the left panel. On the right panel, the same form factor is multiplied

by Q%
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6 x (1-x)
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X

=
’\l:
<
05F JI [— — —BLFQ-NJL L, =08 \
, ax ‘
j, |- -BranL L, -6 '
BLFQ-NJL L =32 1
,I max \
Iy fitx @ (1-x) ° / B(a+1.b+1) '
ol : : : : \
0 0.2 0.4 0.6 0.8 1

X

FIG. 3. Parton distribution amplitude for the 7 * at the scale u = 935.9 MeV. On the left panel, the blue solid line is the fit to the BLFQ-NJL
model using Eq. (45) with @ = b = 0.62. The red dot-dashed line corresponds to the same functional form with the a and b parameters
extrapolated to Ly,,x — +00. The orange dashed line represents the 6 x(1 — x) from perturbative QCD. On the right panel, PDAs for the 7+
with Ly,.x = 8, 16, 32 are plotted in dashed line, together with the fit to the L,,x = 32 case.

are obtained with the same set of quark mass parameters,
confining strength k, Nmax, and My, specified in Tables I
and III. The NJL coupling constants G, and Gk are adjusted
such that the masses of the pseudoscalar and vector states
are within 1% of their experimental values. Notice that the
scale u of the PDAs is independent from the choices of
Lmax, since the transverse cutoff is kept fixed at Npyx = 8.
The scale for the w*-p™ system is u = 935.9MeV, while
the scale for the KT-K** is pu = 1138 MeV. Therefore,
humps on the right panels of Figs. 3 and 4 are numerical
artifacts.

Based on Figs. 3 and 4, one observes that with an increase
in Ly,x, the PDAs for the pseudoscalar states trend toward a
smooth function with decreasing oscillation amplitude about
a single-peaked function. We therefore fit the PDAs for the
7t and K* from our model with different Ly, using the

fitx @ (1-x) ° / B(a+1,b+1)
Extrapolation
6 x (1-x)

0 0.2 0.4 0.6 0.8 1
X

following functional form [76],

x4(1 —x)?
Ba+1,b+1)

where B(a+ 1,b+1)=T(a+ DI'(b+ 1)/T(@a+b+2) is
the Euler g function. With L,.x = 32, we find out that for
the pion PDA the best fitting parameters are a = b = 0.62,
while for the kaon PDA with the same L., the best fit is
specified by a = 0.65 and b = 0.70. Fits are also performed
for other values of L. € {8, 12, 16, 20, 24, 28, 32} and
extrapolated to Ly,x — 400 by fitting the resulting a and b
as quadratic functions of Ll . We find out the extrapolated
values for the 7+ PDA are a = b = 0.60, while for the K+
PDA, the extrapolated values are a = 0.64 and b = 0.69. See
Table V and Fig. 5 for details of these extrapolations. Then
using these extrapolated values, the corresponding PDAs are

P(x) = (45)

15
1k
g
=
=
05F — \
| [-—-BraNL L 08 |
| |- — BN L =16 |
| BLFQ-NJL L, =32 ‘\
I fitx @ (1-x) ° / B(a+1,b+1) \‘\
0 L L L L AN
0 0.2 0.4 0.6 0.8 1

X

FIG. 4. Parton distribution amplitude for the K at the scale © = 1138 MeV. On the left panel, the blue solid line is the fit to the BLFQ-NJL
model using Eq. (45) with a = 0.65 and b = 0.70. The red dot-dashed line corresponds to the same functional form with the a and b parameters
extrapolated to Ly,,x — +00. The red dashed line represents the 6 x(1 — x) from perturbative QCD in the SU(3) flavor symmetric limit. On
the right panel, PDAs for the Kt with Ly, = 8, 16, 32 are plotted, together with the fit to the Ly,,x = 32 case.
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TABLE V. Dependence of the PDA fitting parameters and the decay constants of 7+ and K* on the longitudinal basis cutoff L. The

extrapolations are carried out by fitting to quadratic functions of L

—1
‘max

Linax 8 12 16 20 24 28 32 Extrapolated to +o00
nta=b 0.7897 0.6951 0.6562 0.6380 0.6285 0.6234 0.6204 0.5996

fr MeV) 202.10 204.09 204.92 205.32 205.53 205.65 205.72

Kta 0.7589 0.6969 0.6727 0.6609 0.6575 0.6513 0.6507 0.6398

Ktbh 0.8413 0.7594 0.7282 0.7130 0.7089 0.7006 0.7001 0.6874

fx MeV) 235.98 238.01 238.81 239.20 239.37 239.51 239.56

given as the dot-dashed lines on the left panels of Figs. 3 and
4, which are barely distinguishable from the L,,x = 32 fitting
results. We notice that the decay constants, the charge radii,
and the elastic form factors each depend weakly on Ly, as
shown in Table V.

We also present the PDAs for the p* and K*t vector
mesons from the BLFQ-NJL model in Fig. 6. The conver-
gence of the vector meson PDAs with respect to Lyax is much
faster than the case with the pseudoscaler mesons. In Fig. 6,
we also show the PDAs calculated with only the dominant
basis component specified by Eq. (34). The subdominant basis
components of the p™ light front wave function makes the
PDA broader by the enhancements near x = 0 and x = 1. For
the K*T, the enhancement is also observed near x = 0, with
the additional feature that the PDA becomes slightly negative
near x = 1.

V. SUMMARY

We have combined the chiral dynamics in the form of
the Nambu—Jona-Lasinio model with the basis light front
quantization framework. With our basis representation of the
valence Fock sector light front wave function for the mesons,
we calculated the matrix elements of the NJL interactions

0.8

analytically. We then solved the ground-state light front wave
functions for the valence quarks of 7+, o™, K+, and K** by
diagonalizing the effective light front Hamiltonian with con-
finement potentials and the NJL interactions. The parameters
of our model were adjusted to reproduce the experimental
mass spectrum of these mesons.

‘We found that the vector ground states were almost entirely
given by one momentum space basis with spin triplet configu-
rations, while the pseudoscalar states were complex mixtures
of many basis functions. We calculated decay constants for
7T, pT, KT, and K*T and found that the ratio f; / fx was close
to the experimental value. Specifically for the 7 and K, we
presented our results for the elastic form factors along with
comparison to available experimental data. We calculated
the charge radii of these two states by analyzing the small
Q? behaviors of the corresponding elastic form factors. The
choice of the scale parameters of our model were optimized
through adjusting the charge radii of the pseudoscalar states
to agree with experimental data.

We also calculated the parton distribution amplitudes for
at, pT, KT, and K** at our model scales. We illustrated
their good convergence on the longitudinal cutoff parameter
Linax. For the PDAs of the pseudoscalar states, we fitted their

fit a=b fita /*
% BLFQ-NJLa=b — — —fitb 7
08} BLFQ-NJL a V2
0.75 b 4 BLFQ-NJLb 7/
/7
w (2]
é é 0.75 . X
% 07} § ¥
3 S o7 ,|-|-"l
o [
+k< & /
0.65 | . 5 -
065F =
0.6 - L 0.6 " L
0 0.05 0.1 0.15 0 0.05 0.1 0.15
1L 1/L
max max

FIG. 5. Extrapolations of the dependence of fitting parameters on the longitudinal basis cutoff using quadratic functions of L. .

On the left panel, the red stars are the parameters a = b from fitting the BLFQ-NJL PDA for the 7% using the functional form
given by Eq. (45). The blue solid line is the fitted quadratic function of Ll . The right panel shows the extrapolation of fitting
parameters for the Kt PDA obtained using the BLFQ-NJL model. The orange stars are the parameters a from fitting BLFQ-NJL
using the functional form given by Eq. (45). The blue solid line is the fitted quadratic function of L_! for the parameter a.
The purple stars are the parameters b from fitting the BLFQ-NJL PDA using the functional form given by Eq. (45). The red dashed line
is the fitted quadratic function of L for the parameter b.

‘max
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FIG. 6. Left panel: parton distribution amplitude for the p™ at the scale u = 935.9 MeV. Right panel: parton distribution amplitude for
the K** at the scale © = 1138 MeV. Legends are identical on both panels and therefore are only shown on the right. The green dashed line
corresponds to 6 x(1 — x) from perturbative QCD in the SU(3) flavor symmetric limit. The blue, red, and orange solid lines are PDAs obtained
at Ly, = 8, 16, 32 respectively. The purple dot-dashed line corresponds to the functional form in Eq. (45) with parameters p = (8 + 1)/2 =
491, g = (e +1)/2 = 4.91 for the p*, and p= (B + 1)/2 =3.54, g = (a + 1)/2 = 4.90 for the K*". These o and B are calculated by
Eq. (14) with parameters in Tables I and III to indicate the result with only the leading basis state contributing to the PDAs.

PDAs obtained at different Ly, by the functional form in
Eq. (45). We then extrapolated the results to Lp,x — +00.
The PDAs for the p* and K** vector states were also pre-
sented. They showed faster convergence with respect to Ly,x,
with differences to the results using the dominant light front
basis functions illustrated.

We expect to generalize our NJL-BLFQ model to describe
the structures of flavor singlet light mesons, including 7°,
n, 1, p°, w, and ¢. The flavor neutral terms of the NJL
interactions indicate nontrivial flavor wave functions for the
valence quarks of these mesons. With flavor contents of
the wave functions to be determined by the Hamiltonian, the

. —=0 . . .
mixing between K° and K is another interesting feature to
explore.
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APPENDIX: SPIN DEPENDENCE OF THE
NJL INTERACTIONS IN BLFQ

1. Dirac spinors and bilinears

We adopt the Weyl representation of the Dirac matrices.
They are explicitly given by

0 1 ; 0 o
=i o) wer= (50 5)

(AD)

with i € {1, 2, 3}. Here o' are Pauli matrices defined as

1 <O 1)’ 5 (0 —i)’ 1 <1 0 >
1 0 i 0 0o -1
(A2)

One can then verify that

olol =187 + ik ok, (A3)

where €% is the Levi-Civita symbol. Consequently, we
have {y*,y"}=2¢"", with g% =41 and g = —1 for
i=1, 2, 3. Additionally, the light front y matrices are
defined as y* = y° £ 3.

The Dirac spinors are then given by

1
ur1p(p) = ——= P +m)y™ xa1), (Ada)
2/ p*
(») ! ( VA (A4b)
v = —m s
+1/2(P 2\/}? p YV XF12
with the spin vectors defined as
X+12=0,0,1,0)", x_12=(0,1,0,0)".  (A5)

We can then calculate the spin decomposition of the
Dirac bilinears. Specifically, we need to calculate the fol-
lowing three combinations: Uy (p))usi(P1) Vs2(p2)vsa (P5),
1 (P52 (D) Vso (p2)us1 (1), and g1 (P vsvs (P)) Vs2 (p2)
ysus1(p1). The explicit spin decompositions of these three
terms are given in Tables VI, VII, and VIIL In these tables, m
is the mass of the quark, while m is the mass of the antiquark.
The transverse momenta ¢ + and ¢ '+ are defined by

-2

—
P /L

xX'(1—x")q ®t=

and ¥r=x1-x7q",

(AO6)
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TABLE VI. The spin dependence of the scalar bilinear product
uu vv written in terms of momentum fractions and relative momenta.

st (P)ust (P1) Vas2 (p2)Vas (P5)
(5T ) (R
() et — [t —x —»
nmx-+x)(V54;’L Vﬁ%géL)

/L L

51858281

++++

+++-
++—+

—(x' 4+ x—2x'x)q"q

+/X T =xN)x(1 = x)(g™* + ¢*%)

m(x’ +x)<Eq F /R)

/R L

++——

(1 = xxq"q® +x'(1 —x)g"q
=A@ =xx(T =x)(q"q® + 4"“q%)
++++
+ 4+ +—
(et - [t )e v = x)
+ 4+ ++
( x)q/L R+x(1 x)q/R L
=V (A =xx(T =x)(g" g + 4"“q%)
++ -+
—(x' + x — 2x'x)gRgR
FV/ (T =31 =) (g™ +¢*)
+ —++
-+ ++
+ 4+ ++

TABLE VII. The spin dependence of the scalar bilinear product
uv vu written in terms of momentum fractions and relative momenta.

51858281 st (P))Vss2 (D) Vss2 (P2)ttust (p1)
++++ q"qR
+++— gt (y/5m— [m)
+ 4+ —+ + 4+ 4+—
+ 4+ —— q/LqL

1—x' X =
+ — 4+ ( ?m—‘/§m>qR
+—4— C/ ‘m— | 10(/ ‘m — )
+ - —+ + —+—
4o _< /1;;‘/m— 1i;’ﬁ)qL
-+ ++ +—++
—++- + — 4
-+ —+ + -+
- — 4+ _q/RqR
e _q/R< l;xm_ l,\:m>
P q/RqL

TABLE VIII. The spin dependence of the pseudoscalar bilinear
product uysv vysu written in terms of momentum fractions and
relative momenta.

51858281 1 (P v (Py) U2 (p2)y w1 (p1)
+ 4+ ++ qv R
([ )
+ 4+ —+ =) +++-
—+ 4+ —— _q/LqL

I v
+ - ++ <\/Tm+ |—x/m>qR

_ _ [x'm4(1—x")m][xm+(1—x)m]
=+ A (=a)x(1=x)
+ - —+ - +—-—4+-
o v

+o oo (e +/5m )
—+++ =D +—-++
-+ 4+ =) +—-+-
-+ —+ + - +—
- (=1) +———
— — 4+ q/RqR
e ~(Jm+/m)g®
- ——+ =D —=+-
- - _q/RqL
with ¥+, ®'L, x, and X given in Eq. (26). The left and right

transverse momenta are defined as ¢“ = g; — ig, and gR =
q1 + iqa.

2. Transverse and longitudinal integrals

With the spin dependence of the Dirac bilinears in Egs. (25)
and (32) given by Tables VI, VII, and VIII, we proceed to
evaluate the matrix elements of the NJL interactions in our ba-
sis representation. Explicitly, we calculate the corresponding
cases where the matrix elements are defined in agreement with
Eq. (27). Doing so requires the transverse and longitudinal
integrals explicitly calculated with the incoming and outgoing
wave functions given in any configuration of the basis.

Because the interactions defined by Eqs. (21) and (30)
contain no momentum transfer, the transverse integrals in
Eq. (27) are reduced to the first few moments of the harmonic
oscillator functions. Explicitly, the radial moments of ¢,,, are
given exactly as

“+00
My 9dq /ﬂ(z M1y M2 2 M
R (b)_f0 2wb\ (kD) b) e L, (q"/b")q
+

oM ML/t
/al dyyMe L) (2y)

NCICES))
MM C(n+4+ M+ 1)(=2)"
S A+ M) = T(n—m+ Dl(m+ 1)

(A7)

:2MbM+1 [( +M)'( l)n
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TABLE IX. The spin decomposition of the matrix elements defined by Eq. (27). Here L'(a, b) and L(a, b) stand for Ly (a, b;«, B) and
Li(a, b;a, B) respectively. Notice that the dependences on [ and I’ are implicit. The quark mass parameters have been written in boldface to
distinguish them from the angular excitation number m.

88585281 (n'm'U's sy [uuvv|nmls, s,)
R (=1 B2 /708 08 momm{L'(1/2, 1/2)L(—1/2, —1/2)
+L'(—=1/2,1/2)L(1/2, —1/2) + L'(1/2, —1/2)L(—1/2,1/2) + L'(—1/2, —1/2)L(1/2, 1/2)}
(=" Q2B {0+ 18, —18m0lL'(1,0)L(—1/2,1/2) + L'(0, 0)L(1/2, 1/2)]
+++—
=+ 18, 08,1 [L'(1/2,1/2)L(0,0) + L'(—1/2, 1/2)L(1, 0)]}
(=" Qb Jmym{n’ + 18, —18m0[L'(0, 1)L(1/2, —1/2) + L'(0, 0)L(1/2, 1/2)]
++ -+
=1+ 18,y 08m1[L'(1/2,1/2)L(0, 0) + L'(1/2, —1/2)L(0, 1)]}
s (=11 @b* ) = W+ D+ D8, —18m,1[L'(0, DL(1,0) + L'(1, 0)L(0, 1)]
HV @ + D@+ 2)8,0 28m0 + /(1 + D+ 2)8 08 21L'(1/2, 1/2)L(1/2, 1/2)}
(=10 Q03 Jym{/n + 18,y 18, 0[L' (0, DL(1/2, —1/2) + L'(0, 0)L(1/2, 1/2)]
+—++
=+ 18, 08, 1L/ (1/2, 1/2)L(0, 0) + L'(1/2, —1/2)L(0, 1]}
A (=1 (@4b* 7 )+ D+ DSy —18m—1L'(1, 0)L(O, 1) + 8, 18,1 (0, L(1, 0)]
[V + D@ +2)+ /(n+ 1)(n+ 2)18,r.08mol (1/2, 1/2)L(1/2,1/2)}
+ - —+ ++++
+ - — +++—
(—1)"/+’1(2b3/7t)ﬁ{«/n/ + 18,7 18molL’(1,0)L(—1/2,1/2) + L' (0, 0)L(1/2, 1/2)]
—+++
=1+ 18,y 08m,—1[L'(1/2,1/2)L(0, 0) + L'(—1/2, 1/2)L(1, 0)]}
—++- ++++
4+t (_l)n,+n(4b4/ﬂ){\/ (n/ + 1)(” + 1)[8111/.18111,]L/(11 O)L(O, 1) + 51}1/.—16m,—1L/(07 I)L(la O)]
V@ + DWW +2)+ /(n+ 1) (n+ 218w .08mol’ (1/2,1/2)L(1/2,1/2)}
-+ — ++ -+
iy (=1 (@b )+ D+ D 18m,-1[L'(0, DL(1,0) + L'(1, 0)L(0, 1)]
=/ + D +2)8u 280 + /(1 + D)0+ 2)8, 08, —21L'(1/2, 1/2)L(1/2, 1/2)}
- —+- + —++
- ——+ —+++
- ——— ++++

with M = |m| and ¢ = | ¢ *|. For the second step of Eq. (A7), we have applied the variable substitution g> = 2b%*y. Meanwhile,
the angular parts of the transverse integrals are trivial to carry out. The transverse integrals needed are then given by

while the integrals of ¢,

aqt b

W(bnm(q )=Rn(b)8m0= ?(_l)n(Sm,Oa (ASa)
d
n )2q R ¢un(q ) = Ry(D)Syn _1—2b2\/ L 18, (A8b)

d
/ G )zq bun(q )=R;(b)8m1—2b2,/ ST (A8¢)
/ # (@ (T = RED) 2 = 4% W(—l)"sm,_z, (A8d)
— 1
f DI (P (T = Ry = 40 | LT DOED (s (AS¢)
o )2 -
/ R (T = R0 = 40| CEDAED s (ASf)
(27m)? b1

are given by Eq. (A8) with m — —m for the corresponding Kronecker §.
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TABLE X. The spin decomposition of the matrix elements (n'm'l’s|s,|uv vu|nmls,s,). Here L'(a, b) and L(a, b) stand for Ly (a, b;«, B)
and L, (a, b; o, B) respectively. Notice that the dependences on [/ and I” are implicit. The quark mass parameters have been written in boldface
to distinguish them from the angular excitation number m.

518585281 (n'm'l's| s, [uv vulnmls, sy)

+ 4+ 4+ (= 1"+ (@b* /7 )T+ D)+ 1), —18,—1 L'(0, 0)L(0, 0)

+++- (—1)”’+"(2b3/71)\/m8,,,/,,18,”,0 L'(0,0)mL(1/2,—1/2) —mL(—1/2,1/2)]
++—+ +++-

+4+—— (=1 @b* )+ D+ 1) 8181 L' (0, 0)L(0, 0)
+—++ (=120 J7 )N/ + 18y 08,1 [mL'(1/2, —1/2) — ML'(—1/2, 1/2)]L(0, 0)

(_l)n/+n(b2/ﬂ) 8»1’,08;71,0 {m2 L/(l/z’ _I/Z)L(l/z’ _1/2)

o —mm[L (1/2, —1/2)L(=1/2, 1/2) + L'(=1/2, 1/2)L(1/2, —1/2)] + m> L'(—1/2, 1/2)L(—1/2, 1/2)}
+-—+ +—+-

+-— (=120 1 )/n+ 18y 08,1 ML (1/2, —1/2) =M L'(—1/2, 1/2)IL(0, 0)

—+++ +—++

—++- +—+-

-+ —+ +— -

- —++ (= 1y (@b )T+ D)+ 1) 8,181 L'(0, 0)L(0, 0)

- —+- (=1 Q2D 1 )/0 18,180 L'(0, 0)[m L(1/2, —=1/2) — M L(—1/2, 1/2)]

-——— (=1 (@4b* /70 )T+ 1)+ 1) 80181 L'(0, 0)L(0, 0)

With the transverse integrals reduced to Eq. (A8), in order to calculate the matrix elements of the interactions in Egs. (25) and
(32), the remaining x, x’ dependence in Tables VI, VII, and VIII contributes to the longitudinal integrals. These integrals can be
further reduced to

U dx b 4
Li(a,b;a, B) = / o (I =x)"xixa,B)
0 T

= /21+0‘+'B+1 rd+Drd+a+B+1) ldxxﬂ/2+b(1_x)a/2+up(a,/3)(2x_1)
4 Fl+a+DIA++1D Jy !

2l te+p+1 r(l+1)r(z+a+ﬁ+1)z’: [+« l+:3)(_])l—m

N 4 Fl+a+DII+B+1) m J\l—m

m=0

xB<§+b+m+l,%+a+l—m+1), (A9)

where B(s,t) = I'(s)["(t)/T'(s 4 t) is the Euler 8 function.
To evaluate L;(a, b; o, ) numerically, we first rewrite Eq. (A9) as

1
2l +a+ B+ 1
Li(a,b;a, B) = ___Z;E__E Cim(a, b;a, B), (A10)
m=0

with

D) YTT+ DI+ a+ B+ DVTU+a+ DIC+B+DIB/2+b+m+ Dl(@/2+a+1—m+ 1)
Fm+ D +a—m+1) ri—m+DI(B+m+1) rB/2+b+a/2+a+1+2)

Cl,m

(Al1)
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TABLE XI. Spin dependences of the matrix elements (n'm’'l's|s,[@y>v vy ulnmls,s,). Here L'(a, b) and L(a, b) stand for Ly (a, b; ., B)
and L;(a, b; «, B) defined by Eq. (A9) respectively. Notice that the dependences on / and [’ are implicit. The quark mass parameters have been
written in the boldface to distinguish them from the angular excitation number m.

51855251 (W'm'Us| sy |uy v vy ulnmlssy)

++++ (=1 (@b )+ DY+ Dy 18, -1L'(0, 0)L(0, 0)
+++- (=D Q2B 7N+ 18,0 215, L' (0, 0)[mL(1/2, —1/2) + ML(—1/2, 1/2)]
+4+ —+ - +++-

++—= (=1 @6 )T+ D+ Dy 181 L0, 0)L(0, 0)

+—++ (=1)"4"Q2B3 /7)1 4 18 08, 1 [ML'(1/2, —1/2) + WL (—1/2, 1/2)1L(0, 0)
+—+— (= 1" (B2 /70 )8p 08m0[ML (—1/2,1/2) + mL'(1/2, —1/2)][ML(—1/2, 1/2) + mL(1/2, —1/2)]
+——+ -D+-+-

+—— (=16 [7 )0+ 18, 081 [ML'(—1/2,1/2) +mL'(1/2, —1/2)IL(0, 0)
—+++ D +-++

—++— - +-+-

—+—+ +—+—

e -D+-—-—

- —++ (=141 @b )7+ D+ Dy 18,-1L' (0, 0)L(0, 0)

——+— (=120 )/ T8,18m0L (0, 0)[ML(—1/2, 1/2) + mL(1/2, —1/2)]
———+ (- ——+-—

-—— = (=1 @b* /) F D+ D 18,1L'(0, 0)L(0, 0)

We then obtain the following recurrence relations for Cj ,:

e _ [ Dla+p+1) T@B/2+b+Dl(@/2+a+]1) (Al22)
WTVT@+DIB+1) TB2+b+a/2+a+2)

Co _ _ [U+PU+a+p) @/2tatl for 1>1 (A12b)

Ci_10 (I +a) B/2+b+a/24+a+1+1 -

Cw _ _Ute—mtDA—m+DB2+b+m) (A120)

Crmo m(B+m)(a/2+a+1—m+1) -

The longitudinal integral L;(a, b; o, 8) can then be calculated by first generating and then summing the following sequences:

Co,0

\2

Cio+Cia

J

Co+ G +Con ,

\2
Go+GCi1+CGr+Gs

!
using Eq. (A12).

3. Matrix elements in the basis representation

With both the longitudinal and transverse integrals known exactly, the explicit matrix elements are defined by Eq. (27), and
similarly the matrix elements (n'm’l’s s} |uv vu|nmliss;) and (n'm'l's| s, |uysv vysulnmls;s,) are readily calculated. Results for
these matrix elements are given by Tables IX, X, and XI.
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