
PHYSICAL REVIEW C 98, 054315 (2018)

Temperature dependence of the volume and surface contributions to the nuclear symmetry
energy within the coherent density fluctuation model

A. N. Antonov,1 D. N. Kadrev,1 M. K. Gaidarov,1,* P. Sarriguren,2 and E. Moya de Guerra3

1Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Sofia 1784, Bulgaria
2Instituto de Estructura de la Materia, IEM-CSIC, Serrano 123, E-28006 Madrid, Spain

3Grupo de Física Nuclear, Departamento de Física Atómica, Molecular y Nuclear, Facultad de Ciencias Físicas, Unidad Asociada
UCM-CSIC(IEM), Universidad Complutense de Madrid, E-28040 Madrid, Spain

(Received 9 July 2018; revised manuscript received 15 October 2018; published 26 November 2018)

The temperature dependence of the volume and surface components of the nuclear symmetry energy (NSE)
and their ratio is investigated in the framework of the local density approximation. The results of these quantities
for finite nuclei are obtained within the coherent density fluctuation model (CDFM). The CDFM weight function
is obtained using the temperature-dependent proton and neutron densities calculated through the HFBTHO
code, which solves the nuclear Skyrme-Hartree-Fock-Bogoliubov problem by using the cylindrical transformed
deformed harmonic-oscillator basis. We present and discuss the values of the volume and surface contributions
to the NSE and their ratio obtained for the Ni, Sn, and Pb isotopic chains around double-magic 78Ni, 132Sn,
and 208Pb nuclei. The results for the T dependence of the considered quantities are compared with estimations
made previously for zero temperature showing the behavior of the NSE components and their ratio, as well as
with the available experimental data. The sensitivity of the results on various forms of the density dependence
of the symmetry energy is studied. We confirm the existence of “kinks” in these quantities as functions of the
mass number at T = 0 MeV for the double closed-shell nuclei 78Ni and 132Sn and the lack of kinks for the Pb
isotopes, as well as the disappearance of these kinks as the temperature increases.
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I. INTRODUCTION

The study of the nuclear symmetry energy and, particu-
larly, its density (ρ) and temperature (T ) dependence is an
important task in nuclear physics. This quantity is related to
the energy connected with the conversion of isospin asym-
metric nuclear matter into symmetric nuclear matter. It is an
important ingredient of the nuclear equation of state in a wide
range of densities and temperatures (see, e.g., [1–3]). Using
approaches like the local density approximation [4–7] and the
coherent density fluctuation model [8–10], knowledge of the
equation of state can give information on the properties of
finite systems. As noted in [11] information on the nuclear
symmetry energy (NSE) from laboratory experiments can
be obtained from quantities that are sensitive to it, such as
static properties, nuclear excitations, collective motions, and
heavy-ion reactions. One can add also interesting phenomena
including supernova explosions, properties of neutron stars
and rare isotopes, and frequencies and strain amplitudes of
gravitational waves from both isolated pulsars and collisions
involving neutron stars that depend strongly on the equation
of state of neutron-rich nuclear matter. Here we would like
to mention a broad range of works devoted to the study of
T dependence of single-particle properties of nuclear as well
as neutron matter (e.g., [4,12–19]) and of the ρ dependence
of the NSE (e.g., [20–24]). Among the important studies
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of the T dependence of hot finite nuclear systems we note
Ref. [25], on thermal Hartree-Fock (HF) calculations, the
semiclassical approaches based on the microscopic Skyrme-
HF formalism [26], the Thomas-Fermi (TF) approximation
[27], the inclusion of continuum effects in HF calculations at
finite temperature [28], the refined TF approach [29], and the
extended TF method [30]. We mention also the Hartree-Fock-
Bogoliubov (HFB) models [31–34], as well as the relativistic
TF approach with different relativistic mean-field nuclear
forces [15]. Here we should also note the studies of the
role of short-range and tensor nucleon-nucleon correlations,
which change considerably the kinetic and potential energy
contributions to the NSE (e.g., [1,11]).

The method of the coherent density fluctuation model
(CDFM) [35,36] allowed us to make the transition from
nuclear matter to finite nuclei in studies of the NSE for
spherical [8] and deformed [9] nuclei, as well as for Mg
isotopes [10] using the Brueckner energy-density functional
(EDF) of asymmetric nuclear matter [37,38].

In our previous work [39] we used a similar method to
investigate the T dependence of the NSE for isotopic chains
of even-even Ni, Sn, and Pb nuclei following the local density
approximation [4–7] and using, instead of the Brueckner
EDF, the Skyrme EDF with SkM∗ and SLy4 forces. The T -
dependent local densities ρ(r, T ) and kinetic energy densities
τ (r, T ) were calculated within a self-consistent Skyrme HFB
method using the cylindrical transformed deformed harmonic-
oscillator basis (HFBTHO) [40,41] with the same forces. For
comparison, the kinetic energy density τ was calculated also
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by the TF expression (for low temperatures) up to the T 2 term
[16]. In addition, we studied the T dependence of NSE for
208Pb using the extended TF method [26,30] and the rigorous
density functional approach [42] to obtain T -dependent local
density distributions.

In his pioneering work [43] Feenberg in 1947 showed
that the surface energy should contain a symmetry energy
contribution due to the failure of nuclear saturation at the
edge of the nucleus and that the volume saturation energy
also has a symmetry energy term. In later works [44–47]
analyses of the volume and surface components of the NSE,
as well as of their ratio, were given. We should also mention
some works in which the volume and surface components of
the NSE and their ratio are explicitly related to the neutron-
skin thickness [48–58]. Agrawal et al. [4] pointed out the
substantial change in NSE coefficients for finite nuclei with
the temperature in comparison with the case of nuclear matter.
Lee and Mekjian [16] emphasized the greater sensitivity of
the surface component of the NSE to the temperature with
respect to the volume energy term. We note also studies of
the volume and surface NSE, e.g., in Refs. [59–65], including
those analyzing the experimental nuclear binding energies
[64,65].

The values of the temperature-dependent symmetry energy
coefficients for 69 spherical and nonspherical nuclei with
mass 36 � A � 218 and charge 14 � Z � 92 numbers, re-
spectively, have been evaluated in Ref. [66] in the subtracted
finite-temperature TF framework using two different EDFs. A
substantial temperature dependence of the surface symmetry
energy was found, while the volume symmetry energy turned
out to be less sensitive to the temperature. As a result, the
symmetry energy coefficient of finite nuclei decreases as the
temperature rises [66], an observation that has been confirmed
in Ref. [39]. A study of the decomposition of the NSE into
spin and isospin components is carried out in Ref. [67] within
the Brueckner-Hartree-Fock approximation with two- and
three-body forces.

In our work [68] the volume and surface contributions to
the NSE and their ratio were calculated within the CDFM
using two EDFs, namely, the Brueckner [37,38] and Skyrme
(see Ref. [69]) ones. The CDFM weight function was obtained
by means of the proton and neutron densities obtained from
the self-consistent deformed HF + BCS method with density-
dependent Skyrme interactions. The obtained results in the
cases of Ni, Sn, and Pb isotopic chains were compared with
results of other theoretical methods and with those from other
approaches which used experimental data on binding energies,
excitation energies to isobaric analog states, and neutron-skin
thicknesses and with results of other theoretical methods. We
note that in [68] the obtained values of the volume and surface
components of the NSE and their ratio concern the case at
T = 0 MeV.

The aim of the present work is to evaluate the above-
mentioned quantities for temperatures different from 0. The
T -dependent local density distributions ρp(r, T ) and ρn(r, T )
computed by the HFBTHO code are used to calculate the
T -dependent CDFM weight function. Such an investigation of
the thermal evolution of the NSE components and their ratio
for isotopes belonging to the Ni, Sn, and Pb chains around the
double-magic nuclei will extend our previous analysis of these
nuclei considering them as cold systems [68]. At the same
time, the obtained results within the CDFM provide additional

information on the thermal mapping of the volume and surface
symmetry energies that has been poorly investigated till now
(e.g., Ref. [66]). In addition, we study the sensitivity of the
calculated T -dependent quantities to different available forms
of the density dependence of the symmetry energy.

The structure of this paper is the following. In Sec. II we
present the main relationships for the NSE and its volume
and surface components depending on the temperature that
we use in our study, as well as the CDFM formalism, which
provides a way to calculate the mentioned quantities. Sec-
tion III contains the numerical results and discussion. The
main conclusions of the study are given in Sec. IV.

II. THEORETICAL FORMALISM

We start this section with the expression for the nuclear
energy given in the droplet model, which is an extension of
the Bethe-Weizsäcker liquid drop model, to incorporate the
surface asymmetry. It can be written as [59,70]

E(A,Z) = −BA + ESA
2/3 + SV A

(1 − 2Z/A)2

1 + SSA−1/3/SV

+EC

Z2

A1/3
+ Edif

Z2

A
+ Eex

Z4/3

A1/3

+ a�A−1/2. (1)

In Eq. (1) B � 16 MeV is the binding energy per particle
of bulk symmetric matter at saturation. ES , EC , Edif , and
Eex are coefficients that correspond to the surface energy
of symmetric matter, the Coulomb energy of a uniformly
charged sphere, the diffuseness correction, and the exchange
correction to the Coulomb energy, respectively, while the last
term gives the pairing corrections (� is a constant and a = +1
for odd-odd, 0 for odd-even, and −1 for even-even nuclei).
SV is the volume symmetry energy parameter and SS is the
modified surface symmetry energy parameter in the liquid
model (see Ref. [59], where it is defined by SS∗).

In our previous work [39] we studied the temperature
dependence of the NSE S(T ). For the aims of the present
work we rewrite the symmetry energy [the third term on the
right-hand side of Eq. (1)] in the form

S(T )
(N − Z)2

A
, (2)

where

S(T ) = SV (T )

1 + SS (T )
SV (T )A

−1/3
= SV (T )

1 + A−1/3/κ (T )
(3)

with

κ (T ) ≡ SV (T )

SS (T )
. (4)

In the case of nuclear matter, where A −→ ∞ and
SS/SV −→ 0, we have S(T ) = SV (T ). Also, at large A
Eq. (3) can be written in the known form (see Ref. [45])

S(T ) = SV (T )

1 + SS (T )
SV (T )A

−1/3
� c3 − c4

A1/3
, (5)
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where c3 = SV and c4 = SS . From Eq. (3) follow the relations
of SV (T ) and SS (T ) with S(T ):

SV (T ) = S(T )

(
1 + 1

κ (T )A1/3

)
, (6)

SS (T ) = S(T )

κ (T )

(
1 + 1

κ (T )A1/3

)
. (7)

In what follows we use essentially the CDFM scheme to
calculate the NSE and its components (see Refs. [35,36,38]),
in which the one-body density matrix ρ(r, r′) is a coherent
superposition of the one-body density matrices ρx (r, r′) for
spherical “pieces” of nuclear matter (“fluctons”) with densi-
ties ρx (r) = ρ0(x)�(x − |r|) and ρ0(x) = 3A/4πx3. It has
the form

ρ(r, r′) =
∫ ∞

0
dx|F (x)|2ρx (r, r′) (8)

with

ρx (r, r′) = 3ρ0(x)
j1(kF (x)|r − r′|)
(kF (x)|r − r′|) �

(
x − |r + r′|

2

)
, (9)

where j1 is the first-order spherical Bessel function and

kF (x) =
(

3π2

2
ρ0(x)

)1/3

≡ β

x
(10)

with

β =
(

9πA

8

)1/3

� 1.52A1/3 (11)

is the Fermi momentum of the nucleons in the flucton with
radius x. The density distribution in the CDFM has the form

ρ(r) =
∫ ∞

0
dx|F (x)|2ρ0(x)�(x − |r|). (12)

It follows from (12) that in the case of a monotonically
decreasing local density (dρ/dr � 0) the weight function
|F (x)|2 can be obtained from a known density (theoretically
or experimentally obtained):

|F (x)|2 = − 1

ρ0(x)

dρ(r )

dr

∣∣∣∣
r=x

. (13)

We have shown in our previous works [8,9,68] that the NSE
in the CDFM for temperature T = 0 can be obtained in the
form

S =
∫ ∞

0
dx|F (x)|2S[ρ(x)], (14)

where the symmetry energy for the asymmetric nuclear mat-
ter, which depends on the density S[ρ(x)], has to be deter-
mined using a chosen EDF (in [68] Brueckner and Skyrme
EDFs are used).

In this work the T -dependent NSE S(T ) is calculated by
expressions similar to Eq. (14) but containing T -dependent
quantities:

S(T ) =
∫ ∞

0
dx|F (x, T )|2S[ρ(x, T )]. (15)

In Eq. (15) the weight function |F (x, T )|2 depends on the
temperature through the temperature-dependent total density
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FIG. 1. Mass dependence of the NSE S(T ), its volume SV (T )
and surface SS (T ) components, and their ratio κ (T ) for nuclei from
the Ni isotopic chain at temperatures T = 0 MeV (solid line), T =
1 MeV (dashed line), T = 2 MeV (dotted line), and T = 3 MeV
(dash-dotted line) calculated with the SkM∗ Skyrme interaction for
values of the parameter γ = 0.3 (left panel) and γ = 0.4 (right
panel).

distribution ρtotal(r, T ),

|F (x, T )|2 = − 1

ρ0(x)

dρtotal(r, T )

dr

∣∣∣∣
r=x

, (16)

where

ρtotal(r, T ) = ρp(r, T ) + ρn(r, T ), (17)

ρp(r, T ) and ρn(r, T ) being the proton and neutron T -
dependent densities, which in our work [39] were calcu-
lated using the HFB method with the transformed harmonic-
oscillator basis and the HFBTHO code [40].

As mentioned, in the present work we consider the T
dependence of the NSE S(T ) but, also, of its volume SV (T )
and surface SS (T ) components and their ratio κ (T ) [Eq. (4)].
Following Refs. [48,56,61,68] an approximate expression for
the ratio κ (T ) can be written within the CDFM,

κ (T ) = 3

Rρ0

∫ ∞

0
dx|F (x, T )|2xρ0(x)

{
S(ρ0)

S[ρ(x, T )]
− 1

}
,

(18)

where |F (x, T )|2 is determined by Eq. (16), R = r0A
1/3 [61],

and S(ρ0) is the NSE at equilibrium nuclear matter density ρ0

and T = 0 MeV. For instance, the values of S(ρ0) for different
Skyrme forces in the Skyrme EDF are listed in Table II in
Ref. [68]. In what follows we use the commonly employed
power parametrization (first, in Sec. III A) for the density
dependence of the symmetry energy (e.g., [49,56,61]):

S[ρ(x, T )] = SV (T )

[
ρ(x, T )

ρ0

]γ

. (19)

There exist various estimations for the value of the parameter
γ . For instance, in Ref. [61] γ = 0.5 ± 0.1 and in Ref. [56]
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FIG. 2. Same as Fig. 1, but with the SLy4 Skyrme interaction.

0.54 � γ � 0.77. The estimations in Ref. [71] (listed in
Table 2 there) of the NSE based on different cases within
the chiral effective field theory and from other predictions
are γ = 0.60 ± 0.05 (N2LO), γ = 0.55 ± 0.03 (N3LO), γ =
0.55 (DBHF), and 0.79 (APR [72]). Another estimation of
γ = 0.72 ± 0.19 is also given in Ref. [73].

Using Eq. (19) [and having in mind that S(ρ0) = SV ],
Eqs. (15) and (18) can be rewritten as follows:

S(T ) = S(ρ0)
∫ ∞

0
dx|F (x, T )|2

[
ρ(x, T )

ρ0

]γ

, (20)

κ (T ) ≡ SV (T )

SS (T )
= 3

Rρ0

∫ ∞

0
dx|F (x, T )|2xρ0(x)

×
{[

ρ0

ρ(x, T )

]γ

− 1

}
. (21)
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FIG. 3. Same as Fig. 1, but for nuclei from the Sn isotopic chain.
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FIG. 4. Same as Fig. 2, but for nuclei from the Sn isotopic chain.

III. RESULTS OF CALCULATIONS AND DISCUSSION

A. Results with the density dependence of the symmetry
energy given by Eq. (19)

Calculations of the T -dependent nuclear symmetry energy
S(T ), its volume SV (T ) and surface SS (T ) components, and
their ratio κ (T ) = SV (T )/SS (T ) were performed using the
relationships (15) and (18)–(21) with the weight function
|F (x, T )|2 from Eqs. (16) and (17). As mentioned in Sec. II,
the T -dependent proton ρp(r, T ) and neutron ρn(r, T ) density
distributions, as well as the total density ρtotal(r, T ) [Eq. (17)],
were calculated using the HFBTHO code from Ref. [40] with
the Skyrme EDF for SkM∗ and SLy4 forces. We note that in
the calculations of S(T ) [Eq. (20)] and κ (T ) [Eq. (21)] we
use the weight function |F (x, T )|2 from Eq. (16), where the
density distributions for finite nuclei are used. The quantity
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FIG. 5. Same as Fig. 1, but for nuclei from the Pb isotopic chain.
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FIG. 6. Same as Fig. 2, but for nuclei from the Pb isotopic chain.

S[ρ(x, T )] in Eqs. (15) and (18) is the symmetry energy for
asymmetric nuclear matter chosen in the parametrized form of
Eq. (19). Our calculations are performed for the Ni, Sn, and
Pb isotopic chains.

Studying the T dependence of the mentioned quantities
we observed (as shown below) a certain sensitivity of the
results to the value of the parameter γ in Eq. (19). In order
to make the choice of its value we imposed the following
physical conditions: (i) the obtained results for the considered
quantities at T = 0 MeV must be equal or close to those
obtained for the same quantities in our previous works on
the NSE, its components, and their ratio [39,68]; and (ii) their
values for T = 0 MeV must be compatible with the available
experimental data (see, e.g., the corresponding references in
[68]).

In Figs. 1–6 the results for S(T ), SV (T ), SS (T ), and κ =
SV (T )/SS (T ) are given as functions of the mass number A for
the isotopic chains of Ni, Sn, and Pb nuclei for temperatures
T = 0–3 MeV calculated using the SkM∗ and SLy4 Skyrme
forces. The results are presented for two values of the param-
eter γ = 0.3 and 0.4. The reason for this choice is related to
the physical criterion mentioned above. It can be seen that at
T = 0 MeV and γ = 0.4 the value of κ is around 2.6. This
result is in agreement with our previous result obtained in
the case of the Brueckner EDF in Ref. [68], namely, 2.10 �
κ � 2.90. The latter is compatible with the published values
of κ extracted from nuclear properties presented in Ref. [61]
from isobaric analog states and skins [49] (2.6 � κ � 3.0)
and from masses and skins [48] (2.0 � κ � 2.8). In the case

of γ = 0.3 our result for T = 0 MeV is κ = 1.65, which is
in agreement with the analyses of data in Ref. [61] (1.6 �
κ � 2.0), as well as with the results of our work [68] in the
case of the Skyrme EDF, namely, for the Ni isotopic chain
1.5 � κ � 1.7, for the Sn isotopic chain 1.52 � κ � 2.1, and
for the Pb isotopic chain 1.65 � κ � 1.75, all obtained with
SLy4 and SGII forces.

Before comparing our results for S(T ) at T = 0 MeV
with our previous results from Ref. [39] (there the NSE
is denoted esym), we mention that though the latter are in
good agreement with theoretical predictions for some specific
nuclei reported by other authors, we showed that they depend
on the suggested definitions of this quantity. The comparison
of the results in the present work for S at T = 0 MeV with
those from our work in Ref. [39] (the latter illustrated in
Fig. 12 there) shows that they agree with our present values
of S within the range of γ = 0.3–0.4, except in the case of
Pb with SLy4 force, where the present results are somewhat
lower.

It can be seen in Figs. 1–6 that the quantities S(T ),
SV (T ), and SS (T ) decrease with increasing temperatures
(T = 0–3 MeV), while κ (T ) slowly increases when T in-
creases. This is true both for Skyrme forces (SkM∗ and SLy4)
and for the three isotopic chains of the Ni, Sn, and Pb nuclei.
Here we would like to note that the values of γ between 0.3
and 0.4, which give agreement of the studied quantities with
the data, as well as with our previous results for T = 0 MeV,
are in the lower part of the estimated limits of the values of γ
(e.g., in the case of γ = 0.5 ± 0.1 [61]).
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FIG. 7. Temperature dependence of the NSE S(T ), its volume
SV (T ) and surface SS (T ) components, and their ratio κ (T ) obtained
for values of the parameter γ = 0.3 (solid line) and γ = 0.4 (dashed
line) with SkM∗ (left panel) and SLy4 (right panel) forces for 78Ni
nucleus.

It can be seen also in Figs. 1–6 that there are “kinks” in
the curves of S(T ), SV (T ), SS (T ), and κ (T ) for T = 0 MeV
in the cases of the double closed-shell nuclei 78Ni and 132Sn
but no kinks in the Pb chain. This had been observed also
in our previous work on S(T ) [39], as well as on its volume
and surface components and their ratio κ at T = 0 MeV in
Ref. [68].

In Figs. 7–9 we give the results for the T dependence of
S(T ), SV (T ), SS (T ), and κ (T ) for the double-magic 78Ni,
132Sn, and 208Pb nuclei obtained using both SkM∗ and SLy4
Skyrme forces. The results are represented by gray areas
between the curves for the values of the parameter γ = 0.3
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FIG. 8. Same as Fig. 7, but for 132Sn nucleus.

and γ = 0.4. It can be seen that S(T ), SV (T ), and SS (T )
decrease, while κ (T ) slowly increases, with the increase in
temperature for both Skyrme forces.

B. Comparison with results from alternative parametrizations
of the density dependence of the symmetry energy

In this part of our work we study the sensitivity of the
obtained results to different density dependences of the sym-
metry energy. First, we note Eq. (6) from Ref. [74]:

S(ρ) = Ck

(
ρ

ρ0

)2/3

+ C1

(
ρ

ρ0

)
+ C2

(
ρ

ρ0

)1.52

. (22)

This relationship, which coincides with the shape from the
density-dependent M3Y interaction [75], is similar to that of
Eq. (9) in Ref. [76], where the last term of Eq. (22) is ex-
changed for C2(ρ/ρ0)5/3. Second, we use also the dependence
of the symmetry energy [54,74]

S(ρ) = 12.5

(
ρ

ρ0

)2/3

+ 17.6

(
ρ

ρ0

)γ

. (23)

It is noted in [54] that the analysis of both isospin diffusion
and double ratio data involving neutron and proton spectra
by an improved quantum molecular dynamics transport model
suggests values of γ = 0.4–1.05.

Concerning the values of the coefficients C1 and C2 in
Eq. (22), we determined them by fitting the three curves of
S(ρ) [for different values of S(ρ0)] presented in Fig. 4 of
Ref. [74] and note them as S1(ρ) when S(ρ0) = 29.4 MeV,
S2(ρ) when S(ρ0) = 31.6 MeV, and S3(ρ) when S(ρ0) =
33.8 MeV. We mention also the remark in Ref. [74] that the
expressions for S(ρ) in Eqs. (19) and (23) “do not reproduce
the density dependence of the symmetry energy as predicted
by the mean-field approach around nuclear saturation den-
sity.” Nevertheless, in what follows compare our results from
Sec. III A with those calculated using not only Eq. (22) but
also S(ρ) from Eq. (23), which we note as S4(ρ).

Figure 10 illustrates the behavior of the density dependence
of the symmetry energy S(ρ) by giving some of the curves
for different functions, namely, S2(ρ), three curves using
Eq. (19), which we label as S0(ρ) with γ = 0.3, 0.4, and
0.7, as well as three curves for S4(ρ), which correspond to
γ = 0.2, 0.3, and 0.7. At this point we emphasize that the
CDFM weight function |F (x, T )|2 which is used in Eqs. (15)
and (18) has the form of a bell with a maximum around x =
R1/2 at which the value of the density ρ(x = R1/2) is half the
value of the central density equal to ρ0 [ρ(R1/2)/ρ0 = 0.5].
So, namely, in this region (around ρ/ρ0 = 0.5), the values of
the different S(ρ)’s play the main role in the calculations of
S(T ) [Eq. (15)] and κ (T ) [Eq. (18)].

In Fig. 11 we consider, as an example, the mass depen-
dence of S(T ), SV (T ), SS (T ), and κ = SV (T )/SS (T ) in the
case of the Ni isotopic chain for temperatures T = 0–3 MeV
using the SLy4 Skyrme force. The results are given when the
symmetry energy has the form of S4(ρ) at γ = 0.2 and 0.3.
One can see that, e.g., the value of κ at T = 0 MeV and
γ = 0.2 is 1.90, which is close to the result obtained using
Eqs. (19) and (21) for γ = 0.3 (it is κ = 1.66), shown in the
left panel in Fig. 2. The value of κ when γ = 0.3 is 2.69,
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FIG. 9. Same as Fig. 7, but for 208Pb nucleus.

which is similar to that in the case of Eqs. (19) and (21)
for γ = 0.4 (κ = 2.64), shown in the right panel in Fig. 2.
There exist in these cases similarities also to the behavior
of the quantities S(T ), SV (T ), and SS (T ) as functions of

 20
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FIG. 10. Behavior of the density-dependent symmetry energy:
S2(ρ ) with S(ρ0) = 31.6 MeV [Eq. (22) with Ck = 17.47, C1 =
27.94, and C2 = −13.81; dash-dotted blue line]; S4(ρ ) [Eq. (23)]
with γ = 0.2 (short-dashed red line), γ = 0.3 (solid red line), γ =
0.7 (dashed red line), and S0(ρ ) [Eq. (19)] with γ = 0.3 (solid black
line), γ = 0.4 (dotted black line), and γ = 0.7 (dashed black line).

T in the corresponding cases. The reason for the mentioned
similarities is the closeness of the corresponding curves shown
in Fig. 10 in the region around ρ/ρ0 = 0.5.

In Fig. 12 we show, as an example, the T dependence of
S(T ), SV (T ), SS (T ), and κ in the case of the 78Ni nucleus
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FIG. 11. Same as Fig. 2, but with the use of S4(ρ ) [Eq. (23)]
for values of the parameter γ = 0.2 (left panel) and γ = 0.3 (right
panel).
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using the density dependence of the symmetry energy S4(ρ)
for γ = 0.2 and γ = 0.3 in the case of SLy4 force. This
figure corresponds to Fig. 7 (right panel) and one can see the
similarities of the presented quantities. As mentioned before,
the reason for the latter is the closeness of the corresponding
curves at around ρ/ρ0 = 0.5.

Table I reflects the above-noted similarities of the results
for κ and S(T ) at T = 0 MeV in the cases where Eqs. (19)
and (23) are used. However, the results obtained for κ using
the density dependence from Eq. (22) are quite different from
those in Table I with either set of parameter values: κ = 10.2
for S1(ρ), κ = 11.9 for S2(ρ), and κ = 13.82 for S3(ρ) [while
the values of S(T ) for the same symmetry energy forms are
14.62, 14.22, and 13.85 MeV, respectively]. The reason for

TABLE I. Values of the parameter γ , the ratio κ , and the sym-
metry energy S(T ) (in MeV) for the 78Ni nucleus at T = 0 MeV in
the case of the density dependence of the symmetry energy given by
Eq. (19) (left part) and by S4(ρ ) [Eq. (23)] (right part).

γ κ S(T ) γ κ S(T )

0.3 1.66 21.35 0.2 1.90 19.00
0.4 2.64 19.08 0.3 2.69 17.48
0.5 4.09 17.20 0.4 3.74 16.23
0.7 10.67 14.26 0.7 9.82 13.58

this comes from the fact that the integrand in Eq. (18) for κ
is strongly peaked around ρ(R1/2)/ρ0 = 0.5, and the results
depend on the behavior of S2(ρ) with respect to S0(ρ) and
S4(ρ) in this region (see Fig. 10). It is also worth mentioning
that the large values of the ratio κ given above are comparable
with those presented in Table I at large values of the parameter
γ (γ = 0.7).

IV. CONCLUSIONS

In the present work we perform calculations of the tem-
perature dependence of the NSE S(T ), its volume SV (T )
and surface SS (T ) components, and their ratio κ (T ) =
SV (T )/SS (T ). Our method is based on the local density
approximation. It uses the coherent density fluctuation model
[35,36] with T -dependent proton ρp(r, T ), neutron ρn(r, T ),
and total ρtotal(r, T ) = ρp(r, T ) + ρn(r, T ) density distribu-
tions. The latter are calculated within the self-consistent
Skyrme HFB method using the cylindrical transformed
harmonic-oscillator basis (HFBTHO) [40,41] and the corre-
sponding code with SkM∗ and SLy4 Skyrme forces. In the
calculations we used in Eqs. (15) and (18) different density
dependences of the symmetry energy S[ρ(x, T )], namely,
Eq. (19) in Sec. III A and the alternative cases, Eqs. (22) and
(23), in Sec. III B. The quantities of interest are calculated for
the isotopic chains of Ni, Sn, and Pb nuclei.

The main results of the present work can be summarized as
follows:

(i) With increasing T , the quantities S, SV , and SS de-
crease, while κ slightly increases for all the isotopes
in the three chains both for Skyrme forces and for
all used density dependences of the symmetry energy.
The same conclusion can be drawn for the thermal
evolution of the mentioned quantities in the cases of
the three considered double-magic nuclei: 78Ni, 132Sn,
and 208Pb.

(ii) The results for S(T ), SV (T ), SS (T ), and κ (T ) are
sensitive to the choice of the density dependence of
the symmetry energy S[ρ(x, T )] in Eqs. (15) and
(18). In Sec. III A the sensitivity of the studied quan-
tities to the values of the parameter γ in Eq. (19)
is shown. In Sec. III B we consider in detail the
results when other, different density dependences of
the symmetry energy [Eqs. (19), (22), and (23)] are
used. The similarities and differences between the
results from various functional forms are related to the
behavior of the corresponding values of S[ρ(x, T )]
around the value of the ratio ρ(x, T )/ρ0 = 0.5 for
which the CDFM weight function has a maximum.

(iii) In the cases of the double-magic 78Ni and 132Sn nuclei
we observe “kinks” for T = 0 MeV in the curves
of S(T ), SV (T ), SS (T ), and κ (T ) but not in the
case of Pb isotopes. This effect was also observed
in our previous works. It is also worth mentioning
that the kinks are blurred and eventually disappear as
T increases, demonstrating its close relationship with
the shell structure.
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