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Octupole phonon model based on the shell model for octupole vibrational states
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A model is proposed for a description of the octupole vibrational states based on the nuclear shell model.
In this model, a one-octupole-phonon representing the collective octupole vibration across the magic core is
introduced onto the shell-model states that are microscopically calculated within the valence nucleon space.
With this model, a unified description is now possible for the pure shell-model states made by valence nucleons,
and the octupole-phonon states excited on the shell-model states. The model is applied to various nuclei around
the 2°®Pb nucleus. Energy levels and electric octupole transition probabilities are well reproduced for both the

pure shell-model states and the octupole vibrational states.

DOL: 10.1103/PhysRevC.98.044321

I. INTRODUCTION

Octupole correlations play an important role in determin-
ing the low-lying structure of nuclei throughout the periodic
table [1,2]. Nuclei around the double-magic nucleus 208py,
provides an ideal laboratory to study the concept of octupole-
phonon vibrations in nuclear systems because the first excited
3~ states of these nuclei have long been interpreted as collec-
tive one-octupole-phonon states. In fact large electric octupole
transition probabilities between low-lying 3~ states and the
ground 0% states have been experimentally observed in 2°Pb
[3,4], 2%Pb [5,6], and 2'°Pb [7]. A high-spin alternating
parity band was also discovered in >'°Rn [8]. Microscopically,
they result from the long-range, octupole-octupole interaction
between nucleons occupying pairs of orbitals with Aj =3
and Al = 3. One-octupole-phonon and multioctupole-phonon
excitations around 2*®Pb have been studied in theory by many
authors [9-17].

The nuclear shell model is one of the most successful
models in nuclear structure. In our previous studies [18-21],
low-lying states in the mass number A = 130 and 200 regions
were systematically reproduced in the nuclear shell model.
The octupole-phonon states, which arise from one-particle
one-hole excitations across the magic cores were excluded in
the previous framework of the nuclear shell model, where the
number of the shell-model configurations was limited due to
the computational feasibility.

The octupole vibration and deformation are closely re-
lated to the parity (P) odd nuclear moments. The nuclear
Schiff moments and the magnetic quadrupole moments can be
largely enhanced in deformed nuclei, for example >*°Ra [22],
161Dy, and 237Np [23]. Moreover, an additional enhancement
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mechanism due to the coexistence of collective quadrupole
and octupole modes was suggested, and the effect has been
confirmed in RPA-based calculations [24,25]. Another en-
hancement mechanism of the C P violating interactions due
to a-cluster structures is expected in light nuclei [26-28]. In
spherical nuclei the nuclear Schiff moment of '*Xe [29-31]
and nuclear dipole moments of '>*Xe [32,33] and 'Hg [34]
are precisely calculated in the nuclear shell model.

In this paper the shell-model states and one-octupole-
phonon states are unified by introducing an octupole phonon,
which is helpful to identify the octupole vibrational states
based on the shell-model configurations. The model is applied
to various nuclei around the 2 Pb nucleus.

This paper is organized as follows. In Sec. II theoretical
framework is given where the collective octupole phonon ( f
boson) is introduced. In Sec. III numerical results are given.
Finally, a summary is given in Sec. IV.

II. THEORETICAL FRAMEWORK

A phenomenological model is introduced in this paper to
describe collective octupole-phonon excitations based on the
shell-model (SM) states. In this model a collective octupole-
phonon (f boson) weakly couples with each shell-model
state. The total Hamiltonian reads

H = Hsy + Hy + Hsyy, (D

where Hgy is the shell-model Hamiltonian for valence neu-
trons and protons. The explicit form of the shell-model
Hamiltonian and the strengths of the interactions are given in
Ref. [20] for the neutron number N < 126 and in Ref. [21]
for N > 126. In these works, the shell-model configurations
involve all the valence nucleons and all the single-particle
orbitals in each one-major shell.
The f-boson one-body Hamiltonian is given as

Ay =esft- 1, 2
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where fTand f, = (—1)>~* f_, are the f-boson creation and
annihilation operators, respectively, with angular momentum
3 and negative parity. As will be discussed in detail, the sin-
gle f-boson energy ¢ is introduced as a phenomenological
parameter.

The interaction between one f boson and each shell-model
state is simply assumed to be a dipole-type with a coupling
constant o:

Hsv-y =a Isu-Ly, 3)

where Igy indicates the angular momentum in the valence
space and L ; is the angular momentum of the f boson that is
defined as

LY = VL IO, @

This dipole-type interaction represents the Coriolis force that
does not admix the pure shell-model states with the one-
octupole-phonon excited states. Then f-boson state coupled
with each shell-model state is explicitly constructed as

17:0), = 1H @ [ )] 5)

where |I]] ), is the kth eigenstate with spin / and parity 7 of
the shell-model Hamiltonian within the valence space. Here
the shell-model states |/ ),, are given by diagonalizing the
shell-model Hamiltonian as

I:ISMVI?)SM = ESM(I/?)|II?)SM' (©6)

The total angular momenta J of the f-boson state coupled
with the shell-model I state are given by

J=II-3], | =-3]+1, ..., I +3. @)

It should be noted that the f-boson state coupled with the
shell-model ;" state has the opposite parity to the correspond-
ing shell-model state. The energy of the f-boson state coupled
with the shell-model I state is given as

Ef(I70) = Esw(I{) + 5
+ialJJ+D—I1Ud+1)—12]. ©®)

As for the single f-boson energies ¢, the excitation ener-
gies of the 3 states are adopted if they are experimentally
known. Those values are e =2.648 and 1.870 MeV for
206.210py, respectively, and e ; = 2.387, 1.537, and 1.275 MeV
for 210:212.214pg respectively. For other nuclei where any 3~
states are not observed, linearly optimized values with mass
number A given in MeV as

er =—0.121A 4 27.3, ©))

are employed. Here the neutron-closed, proton-closed, and
deformed nuclei are excluded in the process of optimization.

Figure 1(a) shows the ratio [Rs)» = E(4])/E(2])] of the
excitation energy of the experimental 4;“ state to that of ZT
state. In the lead region the value is in between one and two,
indicating that these nuclei are spherical. In heavy Ra and
Th isotopes, the ratio changes from 2 to 3.3, which indicates
that these nuclei exhibit vibrational to rotational nature as
the valence neutron number increases. Figure 1(b) shows
the experimental excitation energies of the 3| states. It is
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FIG. 1. (a) Ratio of the excitation energy of the 4/ state to that
of the 2] state, and (b) Excitation energies of the 3| states for
proton-closed (red), neutron-closed (green), deformed (violet), and
other open-shell (blue) nuclei. The dot-dashed line indicates the
single f-boson energy € as a function of mass A. A more detailed
discussion on the optimized parameters of the single f-boson energy
& is given in the text.

shown in the figure that there is a strong correlation between
two quantities [R42 and E(37)]. The deformation feature
appears in the A > 224 region, whose nuclei are not treated
in the present paper. As for the Coriolis coupling strength, an
optimum choice is « = —0.02 MeV throughout all the nuclei
considered.

The electric octupole (E3) transition operator is simply
given as

O =er (1= 1), (10)

where e, represents the effective charge of the collective
f boson. Here it is assumed that the contributions to E3
transition probabilities from valence nucleons are small, com-
pared with the collective contributions. The reduced transition
probabilities are then given by

B(E3;(I; J)f — 1)) = €} 81,18k an
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TABLE I. Experimental B(E3) values in units of W.u. Excitation energies (Exc.) are given in units of MeV. The Weisskopf unit for the
electric octupole transition is given as By,(E3) = 5.940 x 1072 A2 in units of ¢*fm® [2]. In the last column type of each electric octupole

transition is given. Ambiguous type is enclosed in parentheses.

J* Exc. I Exc. B(E3;J" — I™) Type
206pp 3- 2.648 ot 0 36 (2) [5,35] collective

7" 2.200 4+ 1.998 0.28 (3) [35] noncollective

7" 2.200 4+ 1.684 0.361 (8) [36] noncollective

12+ 4.027 9- 2.658 0.137 (12) [35] noncollective
208pp 3~ 2.615 ot 0 34.0 (5) [3,4,37] collective
210pp 3~ 1.870 ot 0 26 (6) [7,38] collective

3- 2.828 ot 0 14 (4) [7,38] (collective)

11- 2.512 8+ 1.278 21(2) [39] (collective)
214Rn 13- 2.676 10" 1.928 44 (8) [40] collective
22 At 18+ 2.250 15~ 1.605 24 (1) [411* collective

22° 3.506 19* 2.264 29 (9) [41,42] collective

25~ 4.772 22+ 4.547 26.8 (14) [41-43] collective
24py 11+ 0.638 8~ 0.122 10 (4) [44,45] (noncollective)

14~ 1.661 11t 0.638 25 (5) [44,45] collective

*Nuclear Data Sheets [42] is not consistent with the original paper.

As shown in Table 1, large B(E3) values of the ground 0*
states to the 3] states are measured with good accuracy for
206pp [5,6], 298Pb [3,4], and >'°Pb [7], which demonstrates the
collective nature of the 3] states.

III. NUMERICAL RESULTS

As noted in the formalism, the shell-model I state in-
dicates |1} )y While |I]7; J)f is referred to as the f-boson

J™ state coupled with the shell-model IT state. Here the
f-boson state has the opposite parity 7’ to the parity 7 of
the corresponding shell-model state.

In the following calculations it should be noted that in the
case of 2°¢210Pb and 2!°Po the shell model configuration space
involves only two-particle (hole) configurations. However, in
the case of 2!2214Po and also Rn, At, and Fr isotopes the shell-
model configuration space includes all particles in the valence
shells.

Figure 2 shows the energy spectra of gPb iso-
topes (*°219Pb). The 2°Pb nucleus consists of two va-
lence neutron holes out of the doubly magic core of
208ph, The valence space consists of six neutron orbitals,
2[)1/2, 2[)3/2, 1f5/2, 1f7/2, 0/’19/2, and 0i13/2. Thus, the low-
est spin among all the negative parity states in the valence
space is 2, and the 1~ states were out of the shell-model
configurations. As shown in Fig. 2, the experimental negative-
parity states with spin 2 and spin 3 cannot be described in
the shell-model framework either. In fact, the shell-model
27 and 3] states are predicted at 5.735 MeV (not shown in
the figure) and 4.660 MeV, respectively. Without any kinds
of core-excitations, low-spin negative-parity states cannot be
reproduced.

In the present framework, where collective octupole-
phonon excitations are taken into account, the one-to-one
correspondence between theory and experiment for all the
negative-parity states with spin I < 3 is well retained with

the single f-boson energy as e, = 2.648 MeV. As shown in
Table I, the experimental B(E3) value from the 7| state to
the 47 state, and that from the 12 state to the 9, state, are
both one order of magnitude smaller than the single-particle
estimate. In fact our calculation suggests that the 7; and 12}
states correspond to the pure shell-model states, which are not
related to the octupole-phonon excitations.

The >'°Pb nucleus consists of two valence neutrons out of
the doubly magic core of 2*®Pb. Experimental energy levels
and electromagnetic properties of low-lying states were well
reproduced in the previous shell-model study except for the
3] state observed at 1.870 MeV [21]. The most plausible
explanation for the 3] state is that this state is the one-
octupole-phonon excitation across the 2°*Pb core on top of the
ground 0% state. Recognizing that the 3] state is a collective
octupole-phonon excited state (f-boson state), a number of
f-boson states, not only on top of the ground state, but also
on top of other shell-model states such as the 2, and 4] states,
should be observed. The energy difference between such kind
of an f-boson state and the corresponding shell-model state
should be not so much different from the excitation energy of
the 3] state if the f-boson state and the shell-model state are
weakly coupled. It is indeed assumed weak in this work.

In the present framework, there should be an f-boson 3~
state coupled with the shell-model 2T state, which is predicted

at 2.753 MeV with the configuration of [|f) ® |2T)](3). In
the previous shell-model calculation [21], the 3, was pre-
dicted at 2.682 MeV with the configuration of (vgo2jis/2)-
The experimental B(E3) values in Table I, some of which
were obtained by Coulomb excitations [7,38], are helpful
to identify the structure of the experimental 3, state. It is
shown from Eq. (11) that the theoretical B(E3) value from
the f-boson 3~ state to the shell-model 0] state should be
exactly zero if the f-boson 3~ state is excited from the shell-
model 2T state. Taking into account the above, we have the
following assumption for the experimental 37, 35, and 35
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FIG. 2. Theoretical energy spectra including collective octupole-
phonon (f-boson) excitations for Pb isotopes in comparison with
experimental data [35,36,38,39]. As for the f-boson states in-
dicated with filled circles, only the lowest state for each spin-
parity is displayed unless the corresponding state is observed. The
17, 27, 37, 47, and 5~ states in *?°Pb and the 3 state and 5, state
in 21°Pb are ones of the exceptions.

states as
130) = alf ®0f) + BI3 sw (12)
13,) = BIf ®0F) — a3} )sm (13)
13;) = ILf ®2{19), (14)

where a? 4+ 8% = 1. Here the coefficients « and B may be
calculated through the octupole-octupole interaction between
the valence nucleons and the octupole phonon. In this case
a sum rule is obtained through Eq. (11), B(E3;3] — OT) +
B(E3;3;, — 0]) = e?.

Another possibility is that the experimental 3; and 3;
states arise from two different kinds of collective-octupole
modes with respect to neutron and proton degrees of free-

dom, namely f, and f. In fact there should be two kinds
of excitations expressed as | fi) = «|f,) + Bl fz) and | fo) =
Bl f,) — a| fz) where a® + B> = 1. However, this possibility
is low, considering the fact that in 2 Pb the 3| state appears
at 2.615 MeV, but the 3, state appears at 4.051 MeV, which
is rather high in energy. In order to avoid the complexity,
this possibility is not discussed further, but left as a future
problem. In this paper only one kind of collective mode
characterized by the first 3~ state is assumed.

Figure 3 shows the energy spectra of g4Po isotopes
(310:212.214pg) The 2!°Po nucleus consists of two valence pro-
tons in the shell model. In the previous shell-model study [20],
the experimental 3, (115), (12;), 13}, and 14, states and
some 57, 67, and 7~ states were not reproduced. Adopting
the excitation energy of the experimental 3| state as the single
f-boson energy ¢, all the experimental 57, 67, 77, and 11~
states are well reproduced except for the 5] state. The 57
state is supposed to have nature of a single-particle excitation
across the core. Here it should be noted in mind that the exper-
imental 5] state appearing at 3.198 MeV in 208pb, In contrast
neither of the (12;), 137, and 14 states are reproduced in
the present framework. The f-boson 127, 137, and 14~ states
are actually predicted more than 6 MeV higher in energy (not
shown in the figure). These high-spin states seemingly have
nature of single-particle excitations across the core on top of
the pure shell-model states. For example, the 14 state is so
constructed that the lowest 6~ particle-hole excitation across
the core is coupled to the shell-model 8;’ state. The excitation
energy of 6 state in 208pp, is 3.920 MeV. Therefore 4~, 5,
and 6~ one particle-one hole excitations are necessary for the
description of the (12]7), 13}, and 14 states, respectively.

For 2!2Po, the negative-parity states with spins lower
than 11 were reported by the EUROBALL collaboration
[46,47]. The authors assumed that the (3;), (5;), (7;), and
(97 ) states mainly consist of one-octupole-phonon excitations
based on an analogy of the shell-model study in 48Gd [49].
In the previous shell-model calculations of 212pg [21], all the
negative-parity states were predicted high in energy compared
with experiment. The shell-model 3] state was calculated at
2.430 MeV whereas the experimental 3| state is observed at
1.537 MeV. Adopting the excitation energy of the experimen-
tal 3] state as the single f-boson energy &£, not only the
experimental (3;), (5;), (7,), and (9] ) states, but also the
(11;7) and (137) states are well reproduced.

In contrast it is impossible in the present study to repro-
duce the low-lying (47), (67), and (87) states just below
the excitation of 2 MeV. Based on enhanced E1 transition
probabilities, the EUROBALL group pointed out that these
states may have o + 208pp, cluster structure, which are out of
the present framework. A further study is necessary to draw a
definite conclusion.

Concerning the 2'*Po nucleus in Fig. 3, the experimen-
tal 17, (27), and (3]) states were out of the shell-model
framework [21]. In the present calculation with the f boson
they are reproduced with the single f-boson energy as e, =
1.275MeV, where the excitation energy of the experimental
3| state is adopted. The first f-boson 2~ and 1~ states, and
the second 1~ state are coupled with the shell-model 2}, 2,
and 4 states, respectively.
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FIG. 3. The same as Fig. 2, but for Po isotopes. The experimental
data are taken from Refs. [36,38,42,44,46—48].

Figure 4 shows the energy spectra of ggRn isotopes
(?'*215Rn). In 2'*Rn and ?'°Rn, 3~ states have not been ob-
served to date. In 2'*Rn a low-lying state with unassigned spin
and parity is observed at 1.331 MeV (not shown in the figure),
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FIG. 4. The same as Fig. 2, but for Rn isotopes. The experimental
data are taken from Refs. [36,44,50].

which is rather high in energy for the positive-parity states
predicted in the previous shell-model framework. Thus this
state is presumed as the collective octupole-phonon excited
state. As for the single f-boson energies, linearly optimized
values of ¢y = 1.406 MeV and 1.164 MeV in Eq. (9) are
adopted for 2'*Rn and 2'®Rn, respectively. The shell-model
117, 137, 197, 20, and 22 states of >'*Rn were calculated
[21] slightly high in energy in comparison with experiment.
In the present framework with f boson, the experimental
137, 197, (207), and 22 states are preferably reproduced.
The experimental B(E3;13] — 10]) value of 44(8) W.u.
shown in Table I is considerably larger than the single-particle
estimate. Therefore it is inferred that the experimental 137

state mainly consists of the f-boson state, [| ) ® |10fr)](13).

The experimental (18)~ state at 3.579 MeV with ambiguity
in spin cannot be well reproduced both in the previous shell-
model calculation and the present framework with f boson. A
two-octupole-phonon state on top of the shell-model 12} state
at 2.389 MeV may correspond to the (18)~ state.
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FIG. 5. The same as Fig. 2, but for >'>At. The experimental data are taken from Refs. [36,42].

In *'°Rn, the 137, 157, 17;, and 19| states were ob-
served through the 208pp, (180, 202n) reaction [8]. These
negative-parity states and the 16?r state at 3.238 MeV are
well reproduced in the present framework. The first f-boson
137,157, 177, 197, and 16" states are so constructed by
the octupole-phonon excitation on top of the shell-model
10;’, IZT, 14;”, 16;”, and 13 states, respectively.

Figure 5 shows the energy spectrum of 2{2At. One of the
almost degenerate (12]) and (127) states (at 1.262 MeV
and 1.283 MeV), and the (13?) state are well reproduced in
the present framework. As shown in Table I, B(E3) values
larger than 20 W.u. are measured for the (18?), (227), and
(257) states, which demonstrates that these states are mainly
constructed by the collective octupole-phonon excitations. In
the present framework with £, = 1.648 MeV, some f-boson
18" and 22~ states appear close to the experimental (18])
and (22 ) states in energy. In contrast, the (25] ) state cannot
be reproduced in the present framework. The (25]) state with
ambiguity of spin-parity can be regarded as a two-octupole-
phonon state on top of the one-octupole-phonon 22/ state
predicted above 4.273 MeV. Spin and parity of the (25]) state
should be confirmed in experiment.

Figure 6 shows the energy spectrum of 2,1;7‘Fr. Low-
lying (117) and (12%) states are well reproduced. In the
present framework, the (1 lfr) state, where B(E3;11T —
87) = 10(4) W.u. is observed, preferably corresponds to the
shell-model 117 state. The neutron configuration of the shell-
model 111+ state consists of the (vjis,2) orbital while that of
the 8, state consists of the (vgg/,) orbital. The experimental
B(E3) value is not so different from the single-particle es-
timate of B(E3;0j15,2 — 1g9/2) = 4.84 W.u., assuming the
neutron effective charge of e, = e. Another possibility is to
assume that the experimental 11} and 113 states are mixtures
of the shell-model 11]L state and the first f-boson 117 state as

1117) = alf ® 87) + BI11T s (15)
1113) = BIf ®87) — el )su, (16)

where o? + B2 = 1.

As shown in Table I, the value of B(E3;14~ — 117) =
25(5) W.u. is reasonably large so that the (14 ) state mainly
consists of f-boson states. In the present framework, the
lowest two f-boson 14~ states and the shell-model 14 state
are calculated approximately at the same energy of the exper-
imental (14, ) state. However, the higher f-boson 14~ state is
excluded since this state is constructed by an octupole-phonon
excitation on top of the shell-model 12] state and then it
cannot contribute to the E3 transition (see the discussion on
the 3, state of 21OPb). In contrast, the lower f-boson 14~
state is constructed on the shell-model llfr state, and then
cause a large E3 transition to the shell-model 117 state. In
conclusion, it is inferred that the (14, ) state is a mixture of
the first f-boson 14~ state coupled with the shell-model 117,
and the shell-model 14| state.

Through the present study, it is found that, among the
experimental states whose B(E3) values were measured, the

3
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Z§X ®e n éD
8]
L PR X )
2 [°E, i)@&?
= |+ ® . x X X 4 ) @
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1

FIG. 6. The same as Fig. 2, but for >'*Fr. The experimental data
are taken from Refs. [36,44].
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37 state of *°Pb, the 3] state of 2°®Pb, the 3] state of *'°Pb,
the 13} state of >'*Rn, the 18/, 22, and 25 states of *!?At,
and the 14 state of 214Fr are mainly constructed by the col-
lective octupole-phonon excitations. Using these experimental
B(E3) values, the effective charge of the collective f bosons
is evaluated as

e} = (8.1£0.7) x 10* ¢’ fm®, (17)

which corresponds to 31 4= 2.7 W.u. for the B(E3;3~ — 0%)
transition with A = 208.

IV. SUMMARY

A model is proposed for the octupole vibrational states
based on the nuclear shell model. In this model, a one-
octupole-phonon representing the collective octupole vibra-
tion across the magic core is introduced on the microscopi-
cally calculated shell-model states. The model is applied to
various nuclei around 2°Pb nucleus. Both pure shell-model
states and octupole vibrational states are well reproduced.
The type of each electric octupole transition is classified
by either collective or noncollective nature. The electric
octupole transition probabilities between the octupole vibra-

tional states and the pure shell-model states are consistent
with the simple estimate in Eq. (11). The effective charge for
the f boson is obtained in comparison with the experimental
data.

In this work we have introduced only one-octupole-
phonons. There is some indication of two-octupole-phonon
states. For instance in '*Rn, a two-octupole-phonon state
coupled with the shell-model 12| state may correspond to the
(18); state. Two-phonon states should be included in the fu-
ture. Also we need to introduce other high angular momentum
excitations such as 5~ and 4~, which have excitation energies
of 3.197 and 3.475 MeV in 2%Pb. In this work we have only
considered the Coriolis coupling between the shell-model
states and the octupole phonon states. The model needs to
be expanded by introducing other effective interactions that
mix both the pure shell-model states and the f-boson states
coupled with the shell-model states.
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