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Critical point of nuclear matter and beam-energy dependence of net-proton number fluctuations
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The beam energy dependence of net baryon number susceptibilities is studied in the framework of the hadron
resonance gas model with the attractive and repulsive van der Waals interactions between baryons. The collision
energy dependences for the skewness Sσ and kurtosis κσ 2 deviate significantly from the Poisson baseline and
demonstrate the existence of rich structures at moderate collision energies. This behavior may result from the
critical end point of the nuclear liquid-gas first-order phase transition. In particular, κσ 2 shows a nonmonotonic
energy dependence, and, in contrast to the standard scenario for the QCD critical point, it does not decrease at
low collision energies. It is also found that the measurable net proton fluctuations differ significantly from the net
baryon fluctuations when interactions between baryons cannot be neglected. The results are compared with the
experimental net proton number fluctuations measured by the STAR collaboration.
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I. INTRODUCTION

One of the main goals of today’s experiments in nucleus-
nucleus (A + A) collisions is to search for the critical point
(CP) of QCD matter [1–5] (see also recent reviews [6,7]).
Theoretical arguments suggest the enhancement of net baryon
number fluctuations in the critical region [1,2,8–11]. On the
experimental side, the STAR collaboration has presented the
beam energy scan data of proton cumulants in Au+Au
collisions for center of mass energies per nucleon pair,

√
sNN ,

of the BNL Relativistic Heavy Ion Collider (RHIC) from
7.7 GeV to 200 GeV. At moderate collision energies, the
data [12–14] on skewness Sσ and kurtosis κσ 2 of the net
proton number fluctuations show an interesting nonmono-
tonic behavior and exhibit large deviations from the Poisson
baseline. This is considered as a possible signal for the
CP [15–21]. The experimental data are also influenced by
other effects, such as initial state fluctuations [22], system
volume fluctuations [23–25], stopping effects [26], acceptance
effects [27,28], global charge conservation [29,30], effects of
the hadronic phase [11,31], etc. Some of these effects have been
studied with transport models [32–34]. It has also been argued
that correlation functions, expressible through cumulants, may
provide cleaner information about the underlying dynamics in
heavy-ion collisions [35].

In this paper, we focus on the interactions between baryons
within the quantum van der Waals (QvdW) equation of
state [36–38]. In Ref. [39] the hadron resonance gas (HRG)
model with QvdW interactions between baryons and be-
tween antibaryons was formulated and compared with lattice
QCD simulations at zero chemical potentials in the crossover
temperature region. Inclusion of the QvdW interactions has
only a minor influence on the pressure and energy density
in comparison with the ideal HRG (IHRG) model, but they

change significantly the structure of all high-order fluctuations
of conserved charges, in most cases leading to a much better
agreement with the lattice data, e.g., a quantitative agreement
up to T � 160 MeV is obtained for the net baryon number
susceptibilities. The influence of nucleon-nucleon interactions
and the associated nuclear liquid-gas criticality on baryon
number fluctuations had previously also been pointed out
in Refs. [40,41]. In the following, we calculate the baryon
number fluctuations along the chemical freeze-out line within
the QvdW-HRG model and make a comparison with the STAR
data. We employ the QvdW formalism in this paper because it
is the simplest and straightforward way to include the nuclear
matter physics into the hadronic equation of state.

II. MODEL

Searching for the CP signatures (or, more generally, for
any notable deviations from the Poisson baseline) within an
equilibrium HRG model is only possible if appropriate hadron-
hadron interactions are taken into account. Following [39] we
assume that the pressure of the QvdW-HRG system can be
written as the sum of three terms:

p(T ,μ) = pM (T ,μ) + pB (T ,μ) + pB̄ (T ,μ), (1)

where partial pressures of mesons, baryons, and antibaryons
are given by

pM (T ,μ) =
∑

j∈M

pid
j (T ,μj ), (2)

pB(B̄ )(T ,μ) =
∑

j∈B(B̄ )

pid
j

(
T ,μ

B(B̄ )∗
j

) − an2
B(B̄ ). (3)

Here, pid
j are the ideal Bose-Einstein [Eq. (2)] or Fermi-

Dirac [Eq. (3)] pressures, μ = (μB,μS, μQ) are the chemical
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potentials which regulate the average values of the total
baryonic number B, strangeness S, and electric charge Q. In
Eqs. (2), (3), μj = bjμB + sjμS + qjμQ and

μB∗
j = μj − b pB − a b n2

B + 2 a nB, (4)

nB =
∑

j∈B

nj = (1 − bnB )
∑

j∈B

nid
j

(
T ,μB∗

j

)
(5)

are, respectively, the shifted chemical potentials for different
baryons and total density of all baryons. Note that Eq. (3)
implicitly contains terms of arbitrary large powers of nB(B̄ ),
through the transcendental equations (4) and (5). The expres-
sions for μB̄∗

j and nB̄ for the antibaryons are analogous to
Eqs. (4) and (5). The net baryonic density is ρB = nB − nB̄ .
The QvdW interactions are assumed to exist between all pairs
of baryons and between all pairs of antibaryons, including
all the strange (anti)baryons, with the same parameters as
for nucleons, a = 329 MeV fm3 and b = 3.42 fm3 [39].
These a and b parameters were obtained in Ref. [37] by fitting
the saturation density, n0 = 0.16 fm−3, and binding energy,
E/A = −16 MeV, of the ground state of nuclear matter.
Baryon-antibaryon, meson-meson, and meson-(anti)baryon
QvdW interactions are neglected. Thus, the present version of
the QvdW-HRG model is a “minimal interaction” extension of
the IHRG model. It should be noted that the vdW parameters
a and b may attain different values in the meson-dominated
region of the phase diagram at small μB/T and high T (see,
e.g., the recent analysis of the lattice data [42]). As our focus
here is on the effects of the nuclear liquid-gas criticality in the
baryon-rich region, we retain the a and b parameter values
found from nuclear ground state properties. For the same
reason we omit the possible vdW-like interactions between
baryons and antibaryons. Since we do not study strangeness
related observables, we do not consider also the possible
inclusion of the uncharted strange baryons suggested in [43].
The sums in Eqs. (2) and (3) include all stable hadrons and
resonances listed in the Particle Data Tables [44].

The QvdW-HRG equation of state (1)–(5) leads to the
liquid-gas phase transition in the symmetric nuclear matter,
with a CP at Tc

∼= 19.7 MeV and μc
B

∼= 908 MeV [37], where
a singular behavior of baryon number fluctuations appears [38].

To calculate the particle number fluctuations in A + A
collisions we adopt the thermodynamic freeze-out parameters,
which were obtained in Refs. [45,46] by fitting the particle
yields at different collision energies within the HRG model.
The following simple functional form of the freeze-out curve
was obtained [45]:

T = a1 − a2μ
2
B − a3μ

4
B, μB = b1

1 + b2
√

sNN

(6)

with a1 = 0.166 ± 0.002 GeV, a2 = 0.139 ± 0.016 GeV−1,
a3 = 0.053 ± 0.021 GeV−3, b1 = 1.308 ± 0.028 GeV, b2 =
0.273 ± 0.008 GeV−1. A flatter chemical freeze-out curve,
with a possibly lower limiting T ∼ 145 MeV value at μB = 0,
was also suggested in Refs. [47–50] based on fluctuations
of conserved charges. As our focus here is the baryon-rich
region, we retain the original parametrization of Ref. [45]. It
was obtained by analyzing the hadron yield data at collision

energies as low as at the Schwerionen Synchrotron (i.e.,
μB/T � 15).

The fluctuations of conserved charges can be calculated in
the grand canonical ensemble (GCE) from the system pressure
by taking the derivatives over the corresponding chemical
potentials. The net baryon number fluctuations are given by
the following normalized cumulants (susceptibilities) (n =
1, . . . , 4):

χn = ∂n(p/T 4)

∂ (μB/T )n
= ∂n(pB/T 4)

∂ (μB/T )n
+ (−1)n

∂n(pB̄/T 4)

∂ (μB̄/T )n

≡ χB
n + (−1)nχB̄

n , (7)

where μB̄ ≡ −μB is the baryochemical potential (not to be
confused with the shifted chemical potentials μB∗

j which are
only auxiliary quantities). The simple presentation of the
χn, with the χB

n and χB̄
n cumulants in Eq. (7) is due to

the absence of correlations between baryons and antibaryons
in the QvdW-HRG model, i.e., the probability distribution
P (NB,NB̄ ) of the number of baryons and antibaryons is the
product P (NB,NB̄ ) = PB (NB )PB̄ (NB̄ ).

In the following, we consider the normalized skewness and
kurtosis for the net baryonic number fluctuations. They are
defined as the corresponding ratios of cumulants

Sσ = χ3

χ2
, κσ 2 = χ4

χ2
. (8)

III. RESULTS AND DISCUSSION

The μB-T contour plots of Sσ and κσ 2, as calculated in
the QvdW-HRG model, are depicted in Fig. 1. The IHRG
model chemical freeze-out curve (6) from Ref. [45] is depicted
in Fig. 1 by the dash-dotted line. At each μB-T point, the
strangeness and electric charge chemical potentials μS and μQ

are determined in the QvdW-HRG model from the condition
of strangeness neutrality, S = 0, and fixed electric-to-baryon
charge ratio, Q/B = 0.4. Figure 1 shows that signals from
the nuclear matter CP shine brightly in net baryon Sσ and
κσ 2 across the whole phase diagram probed by the heavy-ion
collision experiments.

The mean values, 〈NB〉, and central moments, mB
n =∑

NB
(NB − 〈NB〉)nPB (NB ), of the corresponding baryon

number distributions may be measured in A + A collisions.
From these measured values the cumulants of P (NB ) distribu-
tion are found:

KB
1 = 〈NB〉, KB

2 = mB
2 , KB

3 = mB
3 ,

KB
4 = mB

4 − 3mB
2 . (9)

Similar expressions hold for antibaryon quantities.
The cumulants Kn are connected to χn in Eq. (7) as Kn =

V T 3 χn, where V is the system volume. Therefore, all ratios
of cumulants χn, in particular those in Eq. (8), are equal to
the corresponding ratios of Kn. The “required acceptance”
[27,51,52] for the event-by-event measurements in A + A
reactions should then satisfy the following requirements: The
GCE can be used if only the accepted phase-space region is a
small part of the whole system. On the other hand, this region
should be large enough to capture the relevant physics.
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FIG. 1. The contour plots of (a) Sσ and (b) κσ 2 for net baryon fluctuations in the μB -T plane, as calculated within the QvdW-HRG model.
The dash-dotted line shows the IHRG model chemical freeze-out curve [Eq. (6)] from Ref. [45], while the semitransparent shaded area along
it depicts the uncertainty in the parameters of this freeze-out curve. The nuclear liquid-gas phase transition is depicted by the thick black line
which ends at the CP depicted by full circle. The red circles with error bars correspond to the thermal fits performed within the QvdW-HRG
model to the hadron yield data at AGS (

√
sNN = 5 GeV) and SPS (

√
sNN = 6.3, 7.7, and 8.8 GeV).

Following Refs. [11,27], it is assumed that acceptance
corrections from all different sources can be modeled by
binomial distributions,

P (n) =
∞∑

N=n

P (N )
N !

n!(N − n)!
qn(1 − q )N−n, (10)

where n represents the measured number of baryons (or an-
tibaryons), and N represents their true numbers. Equation (10)
includes the possible effects of isospin randomization, which
are also modeled by the binomial distribution [11,53]. The
parameter q (0 � q � 1) describes the acceptance effects.
In general, it can be different for baryons and antibaryons.
Equation (10) gives P (n) = P (N ) for q = 1, whereas P (n)
becomes the Poisson distribution with 〈n〉 = q〈N〉 in the limit
q → 0. Using Eq. (10), the calculation of all moments and all

cumulants cn, for all accepted baryons and antibaryons, are
straightforward. They are presented as linear combinations,
cn = a1K1 + · · · + anKn, with ai = ai (q ) (see details and ex-
plicit expressions in Refs. [11,27]). The STAR data correspond
to accepted, efficiency corrected protons and antiprotons at
midrapidity (|y| < 0.5), in two different transverse momen-
tum intervals: 0.4 < pT < 0.8 GeV/c [13] and 0.4 < pT < 2
GeV/c [14]. It is further assumed that parameters q for baryons
and antibaryons attain the same value. We take q = 1 and 0.2,
which approximately represents two cases: (1) the ideal case of
all baryons and antibaryons (q = 1); (2) a more realistic case
of protons and antiprotons within a particular acceptance (q =
0.2), including the possible isospin randomization [11,53].

Figure 2 shows the skewness and the kurtosis, as calculated
in the QvdW-HRG model, as functions of

√
sNN along the

chemical freeze-out line (6). Solid lines represent the results

FIG. 2. The (a) Sσ and (b) κσ 2 of net baryons in full acceptance (solid lines) and net protons in finite acceptance (dash-dotted lines)
as a function of the collision energies in the QvdW-HRG model. The bands estimate the uncertainty coming from the chemical freeze-out
curve [Eq. (6)]. The dotted lines correspond to the Skellam distribution baseline of noninteracting hadrons. The STAR collaboration data for
the midrapidity net proton fluctuations in the 0.4 < pT < 0.8 GeV/c [13] and 0.4 < pT < 2 GeV/c [14] intervals are shown by full and open
red circles, respectively.
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of Sσ and κσ 2 of the QvdW-HRG model under the assumption
of a full acceptance for both baryons and antibaryons, q = 1
in Eq. (10). The kurtosis κσ 2 shows nonmonotonic behavior at
moderate collision energies, similar to the STAR data for net
protons [14]. Dash-dotted lines represent the results for q =
0.2. Obviously, acceptance effects have a large quantitative and
qualitative influence on the behavior of both Sσ and κσ 2, and
appear to bring them closer to the experimental measurements.
Note that the model does not reproduce the preliminary STAR
data at the lowest collision energies. This could signal new
physics not contained in the purely hadronic QvdW-HRG
model, although it may be more prudent to await for these
data to be finalized before stronger conclusions can be drawn.

At small q, the QvdW-HRG results approach the baselines
obtained from ideal gas calculations, shown in Fig. 2 by the
dotted lines. Note that there would be no difference between
net baryon and accepted net proton cumulant ratios in the
IHRG model. This is because the binomial filter acts as a
“Poissonizer”, and therefore it does not introduce differences
between cumulant ratios of net proton and net baryon dis-
tributions in the IHRG model, where fluctuations correspond
to Poisson statistics. More detailed IHRG model studies [54]
show that net proton fluctuations remain very similar to net
baryon fluctuations in the IHRG model even when more
effects, such as the probabilistic resonance decays, are taken
into account. In contrast to the IHRG model, the presence of
baryon-baryon interactions in the QvdW-HRG model makes
the net baryon distribution quite different from the Poisson
statistics. In this case, the application of the binomial filter
changes the cumulant ratios and is the reason for the large dif-
ference between the results for net baryon (q = 1) and accepted
net proton (q = 0.2) fluctuation observables seen in Fig. 2.

The binomial filter is only a schematic way to do an
acceptance correction, and a more accurate analysis should
take into account the correlation range relative to the accep-
tance. Nevertheless, the binomial filter is fully sufficient to
illustrate that the presence of the QvdW interactions between
baryons at the chemical freeze-out leads to differences be-
tween experimentally observed net proton fluctuations and net
baryon fluctuations. This difference can be quite large when
baryon-baryon interactions are non-negligible, as suggested
by our calculations within the QvdW-HRG model. If the
effects of baryonic interactions are indeed significant, then
the justification for the direct correspondence between the net
baryon cumulant ratios, calculated either from first principles
in lattice QCD [55,56] or within effective models for QCD
equation of state [57–59], and the net proton cumulant ratios
measured in heavy-ion collisions at RHIC, can be questioned.
Corrections for differences between net proton and net baryon
fluctuations are then required.

We also stress an importance of including the full spectrum
of baryonic resonances, which is a new element compared to
the earlier works [38,40]. The resonance decay feed-down to
the final proton yield could be neglected in the very vicinity
of the nuclear liquid-gas transition (T � 30 MeV), but it
is essential at the higher temperatures probed by heavy-ion
collisions: the resonance decay feed-down accounts for about
10% of all observed protons already at the HADES energy of√

sNN = 2.4 GeV, and for about 50% of all observed protons at

the lowest STAR-BES energy of
√

sNN = 7.7 GeV. The feed-
down from unstable mass fragments can also be important [60].
In the present work we took into account the resonance
decay contribution approximately, by applying the binomial
filter to all baryons and antibaryons. The full probabilistic
decay treatment was considered in Ref. [54] for the IHRG
model, a consistent result with binomial filter was reported: no
additional significant differences between net proton and net
baryon cumulant ratios. It will be interesting to consider the
full probabilistic decay treatment in the QvdW-HRG model as
well to verify the accuracy of the binomial filter.

One more comment is appropriate here: The chemical
freeze-out line (6) used in our studies is determined from
the thermal fits to heavy-ion hadron yield data within the
simple statistical model for noninteracting hadrons—the IHRG
model. This may be approximately valid in the QvdW-HRG
model at large collision energies. However, as thermal fits
are affected by hadronic interactions [61,62], it is not clear
whether a simple IHRG model is appropriate for determination
of the chemical freeze-out conditions in the baryon-rich matter
created in heavy-ion collisions at

√
sNN = 7.7 GeV and at

lower collision energies. As a crosscheck, we have performed
thermal fits to the hadron yield data in central heavy ion colli-
sions at the Alternating Gradient Synchrotron (AGS) (

√
sNN =

5 GeV) [63] and Super Proton Synchrotron (SPS) (
√

sNN =
6.3, 7.7, and 8.8 GeV) [64] within the chemical equilibrium
QvdW-HRG model. The results are depicted in Fig. 2 by the
red symbols. This leads to the increased uncertainties of the T
and μB chemical freeze-out values. Nevertheless, the overall
picture is consistent with the chemical freeze-out curve given
by Eq. (6). In fact, in the IHRG model itself the chemical freeze-
out parameters are also rather uncertain, as illustrated in Fig. 1.
Further refinements will be studied in the ongoing and future
heavy-ion experiments, such as the HADES experiment [65],
the NA61/SHINE experiment [7,66], the STAR fixed-target
program [67], the future CBM experiment at FAIR [68], and
the future NICA project [69]. The moderate collision energies,√

sNN � 7.7 GeV, look as the most interesting region for the
studies of baryon number fluctuations.

We emphasize that our results give a qualitative description
of the net proton fluctuations measured at midrapidity in heavy-
ion collision experiments. A complete analysis has to take into
account other effects including the initial state fluctuations and
global charge conservation, as well as possible loss of informa-
tion about equilibrium fluctuations during the nonequilibrium
evolution in the hadronic phase [31]. A dynamical model,
incorporating the above effects, and the baryonic interactions,
can be used in a quantitative study.

IV. SUMMARY

In summary, the QvdW-HRG model, which includes at-
tractive and repulsive vdW interactions between the pairs of
baryons and antibaryons, is used to study the higher order
cumulants of particle number fluctuations. The cumulant ratios
which define the skewness Sσ and the kurtosis κσ 2 for
baryonic number fluctuations are calculated. These quantities
show nonmonotonic structures along the chemical freeze-out
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FIG. 3. A schematic view of the collision energy dependence of
kurtosis κσ 2 of net proton fluctuations in two different scenarios.
(a) The “standard scenario” [70], where the energy dependence is
determined by the chiral CP of QCD. (b) The scenario where the κσ 2

behavior is determined by the nuclear liquid-gas criticality.

line, which bear similarities to the data presented by the STAR
collaboration. These results emphasize the importance of the
interactions between baryons for higher order fluctuations.
Any serious thermodynamics-based analysis of the net baryon
fluctuation measurements should take into account the effects
arising from the nuclear liquid-gas criticality.

The QvdW-HRG model predictions for higher-order net
baryon fluctuations presented here are quantitatively reliable
in the vicinity of the critical point of nuclear matter. A more
precise description away from nuclear matter will require
refinements and modifications. The present results, however,
are sufficient to make an important point regarding the beam
energy dependence of the baryon number fluctuations. In the
“standard scenario” for the QCD CP, shown in the upper
panel of Fig. 3, it is expected that the kurtosis κσ 2 decreases
with decreasing

√
sNN at moderate collision energies, because

the chemical freeze-out (T ,μB )-point moves away from the
hypothetical QCD CP [70]. In contrast, here (lower panel of
Fig. 3) κσ 2 keeps increasing with decreasing

√
sNN , as the

chemical freeze-out point moves closer towards the nuclear
CP. Future fluctuation measurements and their analysis at
moderate collision energies should be able to distinguish these
scenarios.
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