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Constraining the �-nucleus potential within the Liège intranuclear cascade model
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The new version of the Liège intranuclear-cascade model (INCL), recently extended to the production of strange
particles and hypernuclei, is used to investigate the �-nucleus potential in a broad range of nuclear masses from
Si to Pb. The combination of the INCL calculation results with experimental cross sections of � hypernuclei,
obtained from (π+, K+) reaction studies, allows us to constrain the �-nucleus potential depth with an accuracy
of about 0.9 MeV. Our results show that the potential depth increases with the mass number (A) from 28 MeV in
the region of medium-mass hypernuclei up to a maximum of 39.6 MeV in the region of heavy hypernuclei around
A = 208. This deviation could be related to the nucleon-isospin dependence of the three-body �-nucleon-nucleon
force in asymmetry matter whose contribution is more relevant in hyperneutron matter due to a strong contribution
from �nn interactions.
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The experimental study of hypernuclei is one of the few
possibilities to obtain information about nucleon-hyperon
(NY ), hyperon-hyperon (YY ), and hyperon-nucleon-nucleon
(YNN ) forces, which have a high impact in astrophysical
applications [1–6]. For some years NY potentials fitted to
the existing experimental data on elastic NY scattering have
been available for the theoretical description of hypermatter
and hypernuclei [7]. Unfortunately, since the experimental data
are rather scarce in comparison with the nucleon-nucleon case,
the corresponding potentials are not very constrained [8–10].
In the case of YY and YNN forces the situation is even more
complicated because there are no available data.

Experimental data from emulsion studies provided the first
measurements of binding energies for light hypernuclei [11].
These experimental findings were followed by many theoreti-
cal studies that were aiming at determining the potential-well
depth of � particles in nuclear matter. On the one hand, in
the first phenomenological studies based on a Woods-Saxon
potential well, it was found that a potential depth of about
30 MeV could provide a reasonable description of the data [12].
Subsequent phenomenological investigations showed that a
multiparameter fit of binding energies changing the nuclear
radius and the �-nucleus potential gives a better agreement,
obtaining a potential well with a depth of about 28 MeV
[13,14]. On the other hand, from more sophisticated models
based on Brueckner-Hartree-Fock [9], Skyrme-Hartree-Fock
[15], or soft-core one-boson exchange [8] approaches the po-
tential depth could fluctuate between 21 and 35 MeV. However,
these studies were only carried out for light- and medium-mass
hypernuclei because of the scarce measurements of heavy
hypernuclei.

*Corresponding author: joseluis.rodriguez.sanchez@usc.es

In past decades, the strangeness-exchange reactions
(π+,K+) and (K−, π−) were also utilized for the
spectroscopic study of hypernuclei using the excitation spectra
to extract information about the �-shell structure, obtaining the
binding energies of �-single-particle states with an uncertainty
of less than 2 MeV [16–19]. In the case of (π+,K+) reactions,
the cross sections were also determined with an uncertainty of
less than 7%.

In this Rapid Communication, we propose to study the
�-nucleus potential depth by combining experimental data
of hypernuclei produced in strangeness-exchange (π+,K+)
reactions with theoretical calculations performed with sophis-
ticated dynamical reaction models based on the intranuclear-
cascade (INC) approach [20–24]. In these models, the reaction
is described by means of a two-step process usually applied in
spallation, fragmentation, and charge-exchange reactions [25–
27]: The collision itself where part of the nucleons contained in
the target nucleus are removed or modified and some excitation
energy and angular momenta are gained by the remnant and
subsequent deexcitation processes by evaporation of particles
or, if applicable, by fission. Here, INC models are considered
as a Monte Carlo method to solve numerically the dynamic
transport equations describing the hadron-nucleus collision.
The nature of INC models is essentially classical, being as-
sumed that nucleons are perfectly localized in phase space and
that they are bound by a potential. In this approach, the nuclear
reaction process is treated as successive relativistic binary
hadron-hadron collisions separated in time where the positions
and momenta of the hadrons are followed as time evolves. It
is also assumed that hadrons move along straight trajectories
until they undergo a collision with another hadron or until they
reach the surface where they could eventually escape. Cross
sections are determined from a set of collision events taken at
different impact parameters and for which nucleon positions
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and momenta are initially sampled for each participant
nucleus.

For our purpose, we use the Liège intranuclear-cascade
model (INCL) [28] that has been recently extended towards
high energies (≈15 GeV) including multipion production
[29,30], strange particles, such as kaons and hyperons [31,32],
and the production of η and ω mesons [33]. This new version of
the INCL allows us to predict the formation of hyperremnants
and their characterization in atomic, mass, and strange numbers
together with their excitation energies and angular momenta.
These improvements in INCL also require deexcitation models
considering the emission of hyperons, in particular, the evap-
oration of � particles. Currently, there are a few numbers of
deexcitation models that treat the evaporation of hyperons and
the formation of hypernuclei. In this Rapid Communication
we use the evaporation model ABLA07 developed at GSI by
Kelić and collaborators [34], recently extended to hypernuclei
by us including the evaporation of � particles on the basis of
Weisskopf’s approach according to Ref. [35].

In the new version of the INCL elementary cross sections re-
lated to the production and interaction of strange particles (such
as K, K̄, �, and �) were implemented using sophisticated
parametrizations of available experimental data as well as their
characteristics: angular distributions, momenta, and charge
repartition of the particles in the associated final states [31,32].
These new ingredients made the INCL become a powerful
tool to study the production of strange particles in nuclear
matter and to go further in the understanding of hypernuclei
formation.

Target density profiles are prepared at the first step of
the simulation assuming independent Woods-Saxon density
distributions for protons and neutrons according to the method
described in Ref. [36]. For the Woods-Saxon density dis-
tribution the radius (R0) and the diffuseness parameter (a)
are taken from Hartree-Fock-Bogoliubov calculations since
they provide a good description of single-nucleon knockout
reactions [37]. The initial nucleon momenta are uniformly
distributed in hard Fermi spheres of radii (2Z/A)1/3pF for
protons and (2N/A)1/3pF for neutrons (see Ref. [38] for
details). Moreover, the nucleons are sampled in phase space
taking into account the correlations between the kinetic energy
and the radius of the potential well [36]. The relation is such
that the space density distribution is given by the Woods-Saxon
distribution. For � particles we also use a Woods-Saxon
potential well taking the diffuseness parameter (a�) as for neu-
trons and a nuclear radius R�

0 = (1.128 + 0.439A−2/3)A1/3

since this parametrization provides a reasonable description
of the distance between hypernuclei binding energies [13].
In Table I are summarized the nuclear radii utilized to define
the Woods-Saxon potential well of neutrons, protons, and �

particles. In the case of � particles the nuclear radius is not
defined since its potential is repulsive and therefore this particle
is always emitted at the end of the cascade process. Finally, the
�- and �-nucleus potential wells are set to constant values of
16 (repulsive) and 28 (attractive) MeV by default according
to Refs. [39] and [13], respectively, although the �-nucleus
potential will be modified later to constrain its depth within
the strangeness-exchange (π+,K+) reactions.

For the dynamical description of the collision between
projectile and target nuclei, each event is fired at a given impact

TABLE I. Nuclear radii (in femtometers) for neutrons, protons,
and �’s used in the INCL to define the Woods-Saxon potential well
of the nuclei investigated in this Rapid Communication as well as the
separation energies (in MeV) used in the deexcitation process.

Nucleus Rn Rp R� Sn Sp S�

28
� Si 3.25 3.29 3.57 16.00 10.30 16.0
89
� Y 5.01 4.84 5.13 9.55 6.51 22.1
139
� La 5.85 5.83 5.93 7.04 5.87 23.8
208
� Pb 6.76 6.64 6.76 5.88 7.74 26.5

parameter b, ranging from 0 to a distance bmax given by the
maximum radius of the target nucleus. If two hadrons approach
each other at a distance shorter than a minimum distance, they
interact. The minimum distance is calculated from energy-
dependent parametrizations of the hadron-hadron interaction
cross sections for all possible collisions according to Ref. [40].
During the cascade process, the particles are divided into
participants and spectators. Participants are defined as particles
that have collided with at least one other participant, whereas
spectators are the other particles. Collisions between spectators
are forbidden in order to eliminate the spontaneous boiling
of the Fermi sea, which leads to particles that could escape
from the target, even if the particle is left alone. This condition
is used because the spontaneous boiling is a direct violation
of the Pauli-exclusion principle. For nucleons, a strict Pauli
blocking is also applied to the first collision to account for
surface effects and for effects of the depletion of the Fermi sea
[41]. For the subsequent collisions, we apply the Pauli blocking
according to the usual procedure by means of statistical
blocking factors, which do not have any effect in the case of
single-� hypernuclei. In addition, a consistent dynamical Pauli
blocking is applied to all particles at the end of the cascade
process to reject unphysical results, see Ref. [36] for more
details. The excitation energy of the remnants is calculated
from energy and momentum conservation laws applied over
all existing particles in the initial configuration and at the end
of the cascade process [36].

In Fig. 1 we display the kinetic energy of the positive kaons
emerged from the reaction π+(1.06 GeV/c) + 28Si producing
hyperremnants of 28

� Si; this means that in this picture we do not
take into account the deexcitation stage in which the excited
hyperremnant could evaporate any particle. Here, the vertical
lines indicate the angular selection of hyperremnants that will
then enter the evaporation stage since the kaon emission angle
is not affected by the deexcitation process.

For modeling the deexcitation stage, we use the ABLA07
code [34] that describes the deexcitation of a nucleus emitting
γ rays, neutrons, light-charged particles, and intermediate-
mass fragments according to Weisskopf’s formalism [42]. For
a more realistic description of this process, the separation
energies are taken from the atomic mass evaluation of 2016
[43], and the emission barriers for charged particles are
determined with the Bass potential [44]. This model has been
extended by us to account for the emission of � particles and
the production of cold hypernuclei, close to what has also
been performed in Refs. [35,45]. The �-separation energies
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FIG. 1. Scatter plot of the INCL predictions for the kinetic energy
of K+ particles emitted in the production of hyperremnants 28

� Si(Rem)

as a function of angle θ for the reaction π+(1.06 GeV/c) + 28Si. The
vertical lines located at 2◦ and 14◦ are to indicate the hyperremnants
selected to enter the evaporation stage.

are parametrized according to the fit of experimental binding
energies described in Ref. [46]. In addition, neutron and proton
separation energies are modified in the case of hypernuclei to
take into account the hyperenergy released from the presence
of the � particle [45]. The values of all the separation energies
used in this Rapid Communication are also listed in Table I.
For this specific Rapid Communication, we do not need to
introduce more ingredients in the deexcitation process since
we are only interested in the survival probability of the isobaric
hyperremnant that is determined basically by the number
of excited hyperremnants with an excitation energy that
does not go beyond the minimum particle-separation energy,
defined as Smin = min{Sn, Sp, S�}. This probability can be
written as

PE∗�Smin = 1

N

N∑

j=0

�(Smin − E∗
j ),

where � is the Heaviside function and N is the total number
of isobaric hyperremnants produced by strangeness-exchange
reactions. Finally, the cross section of the isobaric strangeness-
exchange hypernuclei will be used to study and constrain the
� potential as explained below.

In Fig. 2 we show the results obtained from our calculations
for the strangeness-exchange reactions indicated in each panel.
In these pictures we illustrate how the cross section evolves
with the �-nucleus potential depth. One can see that the
cross sections increase with the � potential, which is basically
explained by the increase in the phase space compatible with
the kinetic energy gained by the � particle. After defining these
correlations for each hypernucleus, we can use the experimen-
tal cross sections, indicated in the figure with vertical dashed
lines, to constrain the �-nucleus potential depth.

Our findings for the �-nucleus potential depth (open
squares) are displayed in Fig. 3 together with the results
obtained in other works. For hypernuclei with mass numbers
below 89 we obtain a potential depth of around 28 MeV that is

0 5 10 15

20

25

30

35

40

45 Pb
208

Λ
) 

+
,K+πPb (

208

0 5 10 15

20

25

30

35

40

45 La
139

Λ
) 

+
,K+πLa (

139

0 5 10 15

20

25

30

35

40

45 Y89

Λ
) +,K+πY (89

0 5 10 15

b/sr]μCross section [

20

25

30

35

40

45 Si28

Λ
) +,K+πSi (28

-n
uc

le
us

 p
ot

en
tia

l [
M

eV
]

Λ

FIG. 2. Correlation between the �-nucleus potential and the cross
section of hypernuclei produced in the reactions indicated in each
panel for a pion momentum of 1.06 GeV/c. The vertical lines indicate
the experimental cross sections, obtained from Ref. [17], that were
used to determine the potential-well depth.

in agreement with the values reported in other works based on
phenomenological approaches [13] and on Skyrme-Hartree-
Fock calculations [15]. However, for higher masses we find a
potential depth of 36.2 MeV for 139

� La and 39.6 MeV for 208
� Pb,

which were not observed in previous investigations because of
the scarce experimental measurements in the region of heavy
hypernuclei. We also performed INCL calculations assuming
a smaller phenomenological radius of R�

0 = 1.165A1/3 sug-
gested by Gal and collaborators [47], which leads to a lower
�-potential depth for Pb of about 37 MeV, but this value is
still far from being adequate according to other theoretical
predictions, and thus it cannot explain the observed deviation.
Recently, some works have also pointed out this possible
deviation [10] whose understanding is still not clear.
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FIG. 3. �-nucleus potential obtained from our model calculations
(open squares) compared with the values reported in other works
(solid circles). The dashed area is just to show the expected region for
the �-potential depth.

To go further, in Fig. 4 we also display the �-nucleus
potential depth as a function of the asymmetry of the target
nucleus, defined as (N − Z)/A, where N is the number of
neutrons, Z is the number of protons, and A is the mass
number. This asymmetry parameter was proposed recently
by Lonardoni and Pederiva [48] to study the nucleon-isospin
dependence of the three-body �NN force in neutron-rich
hypermatter that could be important for the prediction of
neutron star properties, although the conclusions drawn from
that work are still under debate since the � particle as well
as the �N and �N couplings were not considered. In this
sense, our calculations take into account these channels, which
were introduced in our model through the parametrization of
the existing elementary cross sections [31]. In the picture, we
can observe a strong increase in the �-potential depth with
the asymmetry parameter when we move towards neutron-rich
nuclei, which have a large neutron abundance at the surface that
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FIG. 4. �-nucleus potential obtained from our approach as a
function of the asymmetry (N − Z)/A (open squares). The dashed
line is just a guide to the eye. The solid circles also refer to our
calculations but inhibiting the presence of the � particle.

enhances the �nn interaction. Here, we also show a calculation
without considering the production and absorption of the �

particle (solid circles) to understand its role in the constraint
of the �-nucleus potential depth. As can be seen, the presence
of the � particle and its couplings are more important in
the region of neutron-rich nuclei, reducing in around 3 MeV
the �-nucleus potential depth of 208

� Pb. Nevertheless, both
calculations lead to an increase in the potential depth with
the asymmetry of the nucleus, and therefore, this deviation
can tentatively be attributed to a strong �nn interaction. Note
that in our INCL calculations we do not take into account
three-body collisions, but it is clearly evident that their effects
are included in the experimental separation energies and cross
sections that we use as an input in our approach. Therefore, the
deviation that we find in Figs. 3 and 4 could be considered as the
first strong hint of such dependence that should be investigated
in detail.

It is sometimes difficult to find evident numerical implica-
tions about one parameter in the results of a multiparametric
model. But in our case, we think that our conclusions are rather
strong because the formation of hypernuclei depends only on
the creation and propagation of hyperons, mainly � and �

particles, inside nuclear matter. These features are embodied
by the elementary strangeness cross section, which is well
known, and by the average �-nucleus potential, which are
thus not really sensitive to the parameters of the nonstrange
sector.

In conclusion, a new version of INCL has been used for
the first time to investigate the production of hypernuclei in
strangeness-exchange collisions. The INCL calculations that
account for the production and absorption of the � and �

particles together with experimental �-separation energies
are utilized to establish direct correlations between the cross
sections of hypernuclei produced via the strangeness-exchange
reactions (π+,K+) and the �-nucleus potential depth. Exper-
imental cross sections are then used to determine the potential
depth with an average accuracy of 0.9 MeV. These constraints
provide a potential depth of about 28 MeV for medium-mass
hypernuclei that is consistent with the results obtained in other
works, whereas for heavy hypernuclei around Pb, we obtain
a potential depth of 39.6 MeV. To go a step further in the
interpretation, we also investigate how the �-nucleus potential
depth evolves with the asymmetry of the nucleus. Surprisingly,
we find a strong increase in the �-nucleus potential depth when
we move towards neutron-rich nuclei. This deviation cannot
be explained by the �N -�N couplings during the cascade
process, and thus, we conclude that this fact could be a first
indication of a strong �nn interaction in neutron-rich matter.
We also think that more measurements in the region of heavy
hypernuclei and theoretical analysis should be performed in
order to confirm and understand this interesting behavior.
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