
PHYSICAL REVIEW C 98, 014308 (2018)

Shell-model study of Pb, Bi, Po, At, Rn, and Fr isotopes with masses from 210 to 217
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Large-scale shell-model calculations are performed for even-even, odd-mass, and doubly odd nuclei of Pb, Bi,
Po, At, Rn, and Fr isotopes in the neutron rich region (N > 126) assuming 208Pb as a doubly magic core. Seven
orbitals above the magic number 126, the 1g9/2, 0i11/2, 0j15/2, 2d5/2, 3s1/2, 1g7/2, and 2d3/2 orbitals, are considered
for neutrons and all the six orbitals between the magic numbers 82 and 126, the 0h9/2, 1f7/2, 0i13/2, 2p3/2, 1f5/2,
and 2p1/2 orbitals, are considered for protons. For a phenomenological effective two-body interaction, one set
of the monopole-pairing, quadrupole-quadrupole, and multipole-pairing interactions is adopted for all the nuclei
considered. The calculated energies and electromagnetic properties are compared with the experimental data.
Many isomeric states are analyzed in terms of the shell-model configurations. The spins and parities of some
experimentally ambiguous states are suggested.
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I. INTRODUCTION

Structure of heavy nuclei has not been studied enough
compared to that of light nuclei. Recent experimental situation
on some of heavy nuclei (Z � 82, N > 126) is as follows. The
212Bi nucleus was studied using a 238U beam, and two isomers
with long half-lives of 25 min and 7 min were confirmed
[1]. However, the number of observed states in this nucleus
is limited so that the spins and parities of only a few states
are assigned. The level structure of 213Po was studied through
the 18O + 208Pb reaction using the γ multidetector array [2].
The level scheme was built up to about 2 MeV of excitation
energy and spins were assigned up to 25/2 using the triple γ
coincidence data. The constructed level scheme was compared
with an empirical shell-model calculation. The 211Pb nucleus
was studied through the deep-inelastic reactions between a
beam of 208Pb ions and a 238U target [3]. Spins and parities
of high-spin states including three high-spin isomers were
identified. Configurations of several states were assigned by
comparing them with a shell-model calculation using empirical
interactions. High-spin states of 210Pb and 211Bi were studied
using deep-inelastic collisions of a pulsed beam of 208Pb ions
on a 238U target [4]. Configurations of some isomers were
discussed and analyzed.

Nuclei with a few valence nucleons have been studied
theoretically using the shell-model approach. The 210Bi nu-
cleus is a system with one valence neutron and one valence
proton outside the doubly magic core 208Pb and it is relatively
easy to analyze theoretically [5–9]. It is an intriguing nucleus
to study the interaction between a neutron and a proton.
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One of the theoretical problems on this nucleus is associated
with the fact that the spin-parity of the experimental ground
state is 1− with the (νg9/2 ⊗ πh9/2) configuration. The 0−,
1−, . . ., 9− states with the (νg9/2 ⊗ πh9/2) configuration are
observed in this nucleus. From the Nordheim strong coupling
rule [9,10], the 0− state should be the lowest among the
states with the (νg9/2 ⊗ πh9/2) configuration. However, as
mentioned, the experimental observation is different from
this theoretical prediction. It was concluded in theoretical
studies using empirical two-body interactions that tensor-
force components are necessary to reproduce the ground
state [5–7].

Recently, precise calculations employing the interaction
delivered from the NN potential were performed and good
agreements with the experimental data were obtained [9]. The
(πh9/2 ⊗ νg9/2), (πf7/2 ⊗ νi11/2), (πh9/2 ⊗ νi11/2), (πf7/2 ⊗
νg9/2), and (πh9/2 ⊗ νj15/2) configurations in the low-lying
states of 210Bi, 212Bi, 212At, 216At, and 216Fr were compared
with the experimental results [11]. The structure of the low-
lying states and transition rates of 210Pb and 210Bi were calcu-
lated using a conventional shell-model approach with a central
Gaussian-shaped interaction [12]. Although orders of energy
levels of several states were reversely predicted, transition rates
and M1-E2 branching ratios were well reproduced.

In the previous paper [13], even-even, odd-mass, and doubly
odd nuclei for 82Pb, 83Bi, 84Po, 85At, 86Rn, and 87Fr isotopes
with neutrons less than 126 were calculated. In that work 33
nuclei were analyzed using the large-scale shell model. Good
agreements with the experimental data were obtained.

In this paper, the isotopes with neutrons larger than 126, and
with up to four valence neutrons are considered assuming 208Pb
as a doubly magic core. Energy spectra and electromagnetic
properties are calculated and compared with the experimental
data. Isomeric states are analyzed in terms of the shell-model
configurations. As shown above, some nuclei in this mass
region have been analyzed theoretically. However, in most
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studies only a few nuclei are considered and there are no
systematic calculations in this mass region.

This paper is organized as follows. The general framework
of the present shell-model study is given in Sec. II. Energy
spectra and electromagnetic properties are presented and com-
pared with the experimental data for each nucleus in Sec. III.
Some characteristic features on even-even nuclei in this mass
region are analyzed and discussed in Sec. IV. Finally, this work
is summarized in Sec. V.

II. THEORETICAL FRAMEWORK

Systematic studies are carried out for even-even, odd-mass,
and doubly odd nuclei around the double-magic 208Pb nucleus
using a shell-model framework. For neutron single-particle
levels, seven orbitals above the magic number 126, the 1g9/2,
0i11/2, 0j15/2, 2d5/2, 3s1/2, 1g7/2, and 2d3/2 orbitals, are taken
into account. For proton single-particle levels, all the six
orbitals in the major shell between the magic numbers 82 and
126, 0h9/2, 1f7/2, 0i13/2, 2p3/2, 1f5/2, and 2p1/2 orbitals, are
taken into account.

The single-particle energies ετ (τ = ν or π ) employed in
the present calculations are listed in Table I, which are extracted
from the experimental energy levels of 209Bi (for proton
single-particle energies) and 209Pb (for neutron single-particle
energies). As for the neutron 0j15/2 and 0i11/2 orbitals and the
proton 0i13/2 and 1f7/2 orbitals, the single-particle energies are
assumed to be changed linearly with the numbers of valence
neutrons and protons. They are determined in units of MeV as
follows:

εν(j15/2) = −0.050Nν − 0.160Nπ + 1.473, (1)

εν(i11/2) = −0.070Nν − 0.050Nπ + 0.849, (2)

επ (i13/2) = −0.050Nπ + 1.659, (3)

επ (f7/2) = −0.170Nν + 0.050Nπ + 0.846, (4)

where Nν and Nπ represent the numbers of valence neutrons
and valence protons, respectively. The number dependence is
introduced for a better reproduction of the low-lying states of
odd-mass nuclei.

As an effective interaction, an extended pairing plus
quadrupole-quadrupole interaction is employed. The effective
shell-model Hamiltonian is given by

Ĥ = Ĥν + Ĥπ + Ĥνπ , (5)

TABLE I. Adopted single-particle energies ετ for neutrons
(τ = ν) and protons (τ = π ) in units of MeV. The single-particle
energies for the neutron 0j15/2 and 0i11/2 orbitals and the proton 0i13/2

and 1f7/2 orbitals are changed linearly with the numbers of valence
neutrons (Nν) and valence protons (Nπ ). Definitions of εν(j15/2),
εν(i11/2), επ (i13/2), and επ (f7/2) are given in the text.

j 1g9/2 0i11/2 0j15/2 2d5/2 3s1/2 1g7/2 2d3/2

εν 0.000 εν(i11/2) εν(j15/2) 1.567 2.032 2.491 2.538

j 0h9/2 1f7/2 0i13/2 2p3/2 1f5/2 2p1/2

επ 0.000 επ (f7/2) επ (i13/2) 3.119 2.826 3.634

TABLE II. Strengths of adopted two-body interactions between
neutrons (ν-ν) and those between protons (π -π ). G0 and G2 indicate
the strengths of the monopole (MP ) and quadrupole-pairing (QP )
interactions, respectively. GL (L = 4,6,8,10) denote the strengths for
higher multipole-pairing (HMP ) interactions. The strengths of the
MP and HMP interactions are given in units of MeV. The strengths
of the QP interactions are given in units of MeV/b4, where b is the
oscillator parameter.

G0 G2 G4 G6 G8 G10

ν-ν 0.102 0.008 0.425 0.500 0.500 0.450
π -π 0.145 0.013 0.400 0.400 −0.600 0.000

where Ĥν , Ĥπ , and Ĥνπ represent neutron, proton, and neutron-
proton interactions, respectively. The interactions among like
nucleons are expressed as

Ĥτ = Ĥcτ + Ĥhτ . (6)

The first term Ĥcτ (τ = ν or π ) represents the conventional
pairing interactions, which consist of spherical single-particle
energies, the monopole-pairing (MP ) interaction, and the
quadrupole-pairing (QP ) interaction,

Ĥcτ =
∑
jm

εjτ c
†
jmτ cjmτ − G0τ P̂

†(0)
τ P̂ (0)

τ − G2τ P̂
†(2)
τ · ˆ̃P (2)

τ .

(7)

The second term Ĥhτ in Eq. (6) represents higher-order in-
teractions, which consist of higher multipole-pairing (HMP )
interactions,

Ĥhτ = −
∑

L=4,6,8,10

GLτ P̂
†(L)
τ · ˆ̃P (L)

τ . (8)

The adopted two-body interaction strengths are listed in Ta-
ble II. Only one set of strengths is adopted for all the nuclei
considered. Detailed definitions of the interactions are given
in Ref. [14].

Only for the proton part, an additional pairing interaction
with spin 8 between two protons in the 0h9/2 and 1f7/2 orbitals
(MP -8) is added to Eq. (6). It is explicitly defined as

Ĥ (8)(πh9/2f7/2) = −G
(8)
πh9/2f7/2

P̂ †(8)
π (h9/2f7/2) · ˆ̃P (8)

π (h9/2f7/2),

(9)

with

P̂
†(8)
Mπ (h9/2f7/2) = [

c
†
h9/2

c
†
f7/2

](8)
M

, (10)

and the strength is taken as G
(8)
πh9/2f7/2

= 0.50 MeV. Here, two
protons in the 0h9/2 and 1f7/2 orbitals are coupled with spin
8, which is the maximum spin available between these two
orbitals, and positive parity. c†j is the nucleon creation operator
in the orbital j . The necessity of this interaction was discussed
and its effects were analyzed in the previous paper [13].

The interaction between neutrons and protons Ĥνπ consists
of the quadrupole-quadrupole (QQ) interaction, which is given
as

Ĥνπ = −κνπQ̂ν · Q̂π , (11)
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where the strength is taken as κνπ = 0.080 MeV/b4. Here
harmonic-oscillator states are used as the single-particle basis
states with the oscillator parameter b = √

h̄/Mω.
The number occupancy v2

j is defined as

v2
j ≡ 〈



(
Iπ
i

)∣∣n̂j

∣∣
(
Iπ
i

)〉
, (12)

where n̂j is the number operator in the orbital j and |
(Iπ
i )〉 is

the ith eigenstate with spin I and parity π of the Hamiltonian
in Eq. (5) for a specific nucleus.

In this mass region, shell-model dimensions for diago-
nalization are too large to perform full calculations without
truncation. Thus it is necessary to truncate the shell-model
dimensions. In this study, the same truncation scheme adopted
in Sec. II B of Ref. [14] is taken for all the nuclei. All
calculations are performed with the truncation of Lc = 500.
Here the definition of Lc is the same as given in Sec. II
B in Ref. [14]. This truncation is found to be sufficient
for reproducing low-lying energy levels and electromagnetic
transitions among low-lying states after checking the effect of
truncation by increasing Lc = 500 to Lc = 1000.

In this paper, E2 transition rates, magnetic moments, and
quadrupole moments are also calculated. For E2 transition
rates and quadrupole moments, the effective charges are taken
as eν = 1.00e for neutrons and eπ = 1.50e for protons. For
magnetic moments, the gyromagnetic ratios of orbital angular
momentum are taken as g�ν = 0.00 and g�π = 1.00, and
the gyromagnetic ratios of spin are taken as gsν = −2.87
and gsπ = 2.79. These effective charges and gyromagnetic
ratios are adjusted to reproduce the experimental data for
single-closed nuclei on the whole. Further details of the
electromagnetic transition operators are presented in Ref. [14].

III. NUMERICAL RESULTS

In this section, the results are given for each nucleus.
Energy spectra, E2 transition rates, magnetic moments, and
quadrupole moments are calculated. For energy spectra, up to
four observed energy levels from the yrast state are shown for
each spin-parity. As for the theoretical states, the two lowest
energy levels are shown for each spin-parity in general.

A. Pb isotopes

Here 210−212Pb isotopes are discussed. Figure 1 shows the
theoretical energy spectrum of 210Pb in comparison with the
experimental data [15,16]. The 210Pb nucleus is a system with
two valence neutrons outside the doubly magic core 208Pb. This
nucleus tells us information about the interactions between two
neutrons. The calculation reproduces the yrast band well. In
particular the narrow energy gap between the 4+ and 6+ states
and that between the 6+ and 8+ states are well reproduced.
The 6+ and 8+ states are isomers with half-lives of 49 ns and
201 ns, respectively [15]. The 2+

1 , 4+
1 , 6+

1 , and 8+
1 states mainly

consist of the (νg2
9/2) configuration, although the structure

of the ground (0+
1 ) state is not simple. In the ground state

the occupation numbers (v2
j ) are 1.28, 0.35, and 0.21 for the

neutron 1g9/2, 0i11/2, and 0j15/2 orbitals, respectively. The 10+
1

state consists of the (νg9/2i11/2) configuration, which explains

FIG. 1. The theoretical energy spectrum of 210Pb (Calc.) in
comparison with experimental data (Expt.). The experimental data
are taken from Refs. [15,16]. The squares and diamonds represent
experimental positive and negative parity states, respectively. The ×
marks and + marks represent theoretical positive and negative parity
states, respectively.

the large energy gap between the 8+
1 and 10+

1 states. The 12+
1

and 14+
1 states consist of the (νj 2

15/2) configuration.
Figure 2 shows the theoretical energy spectrum of 212Pb

in comparison with the experimental data [15,17]. In 212Pb

FIG. 2. Same as Fig. 1, but for 212Pb. The experimental data are
taken from Refs. [15,17].
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FIG. 3. Same as Fig. 1, but for 211Pb. The experimental data are
taken from Refs. [15,18].

the spins and parities of only several states are assigned in
experiment. The yrast band up to spin 8 is well reproduced and
the unobserved 10+

1 state is calculated at 1.633 MeV. In 210Pb
and 212Pb the almost degenerate 3−

1 , 4−
1 , . . ., 12−

1 states are
predicted at 2.682 MeV and around 2.69 MeV, respectively,

TABLE III. The calculated B(E2) values in units of W.u. for Pb
isotopes (Calc.) in comparison with the experimental data (Expt.)
[3,15–18].

210Pb B(E2)

Expt. Calc.

2+
1 → 0+

1 1.4(4) 3.130

4+
1 → 2+

1 4.8(9) 3.435

6+
1 → 4+

1 2.1(8) 2.450

8+
1 → 6+

1 0.7(3) 1.056

10+
1 → 8+

1 0.154
212Pb Expt. Calc.

2+
1 → 0+

1 5.535

4+
1 → 2+

1 1.353

6+
1 → 4+

1 0.766

8+
1 → 6+

1 0.303

10+
1 → 8+

1 0.186
211Pb Expt. Calc.

5/2+
1 → 9/2+

1 2.870

7/2+
1 → 9/2+

1 4.924

11/2+
1 → 9/2+

1 0.052

13/2+
1 → 9/2+

1 3.125

21/2+
1 → 17/2+

1 1.36(23) 2.290

27/2+
1 → 23/2+

1 1.0+2
−3

a 1.583

aUsing theoretical transition energy of 29 keV [3].

in theory. However, the experimental 3−
1 states are located at

1.870 MeV and 1.820 MeV, respectively. These octupole one-
phonon states are constructed by the particle-hole excitations
[19,20], which are beyond the present shell-model framework.
The low-lying 3− states made by core excitations are also seen
in Pb isotopes in the mass 210 region as discussed in Ref. [13].

Figure 3 shows the theoretical energy spectrum of 211Pb
in comparison with the experimental data [15,18]. Low-lying
states are well reproduced. A (27/2+) state is observed at
1.679 + x MeV with x unknown and its half-life is 159 ns
[15]. The 27/2+

1 state is calculated at 1.554 MeV and consists
of the (νg2

9/2i11/2) configuration, which is consistent with the
result in Ref. [3]. The (21/2+) state observed at 1.193 MeV is
also an isomer with a half-life of 42(7) ns and decays to the
(17/2+) state observed at 1.056 MeV [15]. Both the initial
and the final states consist of the (νg3

9/2) configuration in
theory.

Calculated results for B(E2) values and electromagnetic
moments of Pb isotopes are given in Tables III and IV in
comparison with the experimental data [3,15–18]. Most of
the B(E2) values are well reproduced in the calculation. The
largest discrepancy between the experimental value and the
theoretical one is seen in the B(E2; 2+

1 → 0+
1 ) value of 210Pb.

The calculated result is 2.2 times larger than the experimental
one. The calculated B(E2; 10+

1 → 8+
1 ) values of 210Pb and

212Pb are much smaller than the other transition rates among the
yrast states. The 8+

1 state consists of two neutrons in the 1g9/2

orbital. However, one neutron needs to be excited to the 0i11/2

orbital to make the 10+
1 state and the configuration is changed

from the 8+
1 state to the 10+

1 state. The E2 transition rate from

TABLE IV. The results of magnetic dipole moments μ in units of
μN and electric quadrupole moments Q in units of eb for Pb isotopes
(Calc.) in comparison with the experimental data (Expt.) [15–18].

210Pb μ Q

Expt. Calc. Expt. Calc.

2+
1 −0.343 +0.016

4+
1 −0.969 +0.015

6+
1 −1.872(90) −1.602 −0.137

8+
1 −2.496(64) −2.360 −0.433

10+
1 −0.207 −0.677

212Pb Expt. Calc. Expt. Calc.

2+
1 −0.316 −0.123

4+
1 −0.894 −0.086

6+
1 −1.469 −0.093

8+
1 −2.182 −0.176

10+
1 −0.187 −0.511

211Pb Expt. Calc. Expt. Calc.

5/2+
1 −0.842 −0.040

7/2+
1 −1.095 −0.332

9/2+
1 −1.4037(8) −1.380 +0.087(62) −0.177

11/2+
1 +1.167 −0.338

13/2+
1 −1.658 −0.228
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FIG. 4. Same as Fig. 1, but for 211Bi. The experimental data are
taken from Refs. [15,21]. Each ambiguous state with only one possible
set of spin-parity in experiment is shown with parentheses, while each
ambiguous state with more than two possible sets of spin-parity is
shown separately with square bracket.

the isomeric 21/2+
1 state to the 17/2+

1 state, B(E2; 21/2+
1 →

17/2+
1 ), is well reproduced. For the quadrupole moment of the

9/2+
1 state in 211Pb, the experimental value (0.087) has a large

error (0.062). Thus at the moment we cannot have any definite
conclusion about the discrepancy between the theoretical value
and the experimental one.

B. Bi isotopes

Here 210−213Bi isotopes are discussed. Figure 4 shows the
theoretical energy spectrum of 211Bi in comparison with the
experimental data [15,18]. Low-lying negative parity states are
well reproduced. The (25/2−) state observed at 1.257 MeV
is an isomer with a half-life of 1.4 μs and decays to the
(21/2−) state at 1.227 MeV by the E2 transition [15]. Both
the 25/2−

1 and 21/2−
1 states consist of the (νg2

9/2 ⊗ πh9/2)
configuration. In the 25/2−

1 state, two neutrons in the 1g9/2

orbital are stretched to have spin 8. The maximum spin in the
(νg2

9/2 ⊗ πh9/2) configuration is 25/2. The spin-parity of the
state observed at 0.767 MeV is assigned as (9/2,11/2)−. The
theoretical 9/2−

2 and 11/2−
1 states are predicted at 0.944 MeV

and 0.799 MeV, respectively. Thus the spin-parity of this
ambiguous state is suggested to be 11/2−.

Figure 5 shows the theoretical energy spectrum of 213Bi in
comparison with the experimental data [15,21]. In 213Bi, only
the 9/2−

1 and 7/2−
1 states are definitely assigned in experiment.

The states observed at 0.593 MeV and 0.759 MeV are assigned
as (5/2,7/2,9/2)− and (5/2−,13/2−), respectively. The 5/2−

1
and 13/2−

1 states are calculated at 0.682 and 0.818 MeV,
respectively. Thus it is inferred that the states at 0.593 MeV
and 0.759 MeV are spin-parity 5/2− and 13/2−, respectively.

Figure 6 shows the theoretical energy spectrum of 210Bi
in comparison with the experimental data [15,16]. The 210Bi

FIG. 5. Same as Fig. 4, but for 213Bi. The experimental data are
taken from Refs. [15,18].

nucleus is a system with one neutron and one proton outside
the doubly magic core 208Pb. This nucleus tells us information
on the interactions between neutrons and protons. The value

FIG. 6. Same as Fig. 1, but for 210Bi. The experimental data are
taken from Refs. [15,16].
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FIG. 7. Comparison of the low-lying energy levels of 210Bi with
those by the strength parameter κνπ = 0.06 MeV/b4, which are
indicated by the filled circles. This value of κνπ = 0.06 MeV/b4 is
the same in magnitude as used in Ref. [13].

of the strength parameter κνπ = 0.08 MeV/b4 adopted in
the present study is slightly larger in magnitude than κνπ =
−0.06 MeV/b4, which had been throughout used for nuclei
with neutrons less than 126 and protons more than 82 [13].
The energy spectra for low-lying states of 210Bi are compared
with two choices of κνπ in Fig. 7. As seen in the figure, the
experimental spectra are better reproduced with the strength
of κνπ = 0.08 MeV/b4.

The spin-parity of the ground state is 1− in experiment.
From the Nordheim strong coupling rule [9,10], the 0− state
should be the lowest among the states with the (νg9/2 ⊗ πh9/2)
configuration. However, the 0−

1 , 1−
1 , . . ., 8−

1 states with the
(νg9/2 ⊗ πh9/2) configuration are as a whole well described
in our calculation. Thus it is suggested that the quadrupole-
quadrupole interaction between the neutron and the proton is
the main part of the interaction, although some tensor-force
components might be necessary to reproduce the ground state.
In our calculation the 1−

2 , 2−
3 , 3−

3 , 4−
3 , 5−

3 , 6−
3 , 7−

2 , and 8−
2 states

consist of the (νg9/2 ⊗ πf7/2) configuration, whereas the 1−
3 ,

2−
2 , 3−

2 , 4−
2 , 5−

2 , 6−
2 , 7−

3 , 8−
3 , 9−

2 , and 10−
1 states consist of the

(νi11/2 ⊗ πh9/2) configuration.
Figure 8 shows the theoretical energy spectrum of 212Bi in

comparison with the experimental data [15,17]. In 212Bi nega-
tive parity states are densely observed and calculated below 0.5
MeV. In theory the spin-parity of the ground state is 2−. The
lowest members of the 0−

1 , 1−
1 , · · · , 9−

1 states mainly consist
of the (νg2

9/2i11/2 ⊗ πh9/2) configuration in our calculation,
whereas the second lowest members of the 1−

2 , 2−
2 , . . ., 8−

2
states mainly consist of the (νg2

9/2i11/2 ⊗ πf7/2) configuration.
Positive parity states are calculated above 1.0 MeV.

Calculated results for B(E2) values and electromagnetic
moments of Bi isotopes are given in Tables V and VI in
comparison with the experimental data [15–18,21]. As for
B(E2) transition rates, experimental data are given only for
211Bi. The calculated B(E2) value from the isomeric 25/2−

1
state to the 21/2−

1 state, B(E2; 25/2−
1 → 21/2−

1 ), is 2.533
W.u. The long half-life of 25/2−

1 state is caused by the small

FIG. 8. Same as Fig. 4, but for 212Bi. The experimental data are
taken from Refs. [15,17].

energy gap between the 21/2−
1 and the 25/2−

1 states. Most
of experimental values for the electromagnetic moments are
well reproduced. However, the small experimental value of the
magnetic moment for the 1−

1 state of 210Bi is hardly reproduced
without precisely adjusting the gyromagnetic ratios.

TABLE V. Same as Table III, but for Bi isotopes. The experimen-
tal data are taken from Refs. [15–18,21].

211Bi B(E2)

Expt. Calc.

7/2−
1 → 9/2−

1 1.07(10) 0.624

9/2−
2 → 7/2−

1 >0.00015 0.392

9/2−
2 → 9/2−

1 >0.0031 0.747

11/2−
1 → 9/2−

1 3.405

13/2−
1 → 9/2−

1 3.984

21/2−
1 → 17/2−

1 1.44(11) 4.682

25/2−
1 → 21/2−

1 2.533
213Bi Expt. Calc.

7/2−
1 → 9/2−

1 0.857

9/2−
2 → 7/2−

1 4.276

9/2−
2 → 9/2−

1 0.807

11/2−
1 → 9/2−

1 3.417

13/2−
1 → 9/2−

1 8.816
210Bi Expt. Calc.

3−
1 → 1−

1 3.489

3−
1 → 2−

1 0.015

0−
1 → 2−

1 14.438
212Bi Expt. Calc.

3−
1 → 2−

1 1.905

0−
1 → 2−

1 7.964
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TABLE VI. Same as Table IV, but for Bi isotopes. The experi-
mental data are taken from Refs. [15–18,21].

211Bi μ Q

Expt. Calc. Expt. Calc.

7/2−
1 +4.5(7) +4.147 −0.623

9/2−
1 (+)3.79(7) +3.647 −0.687

11/2−
1 +2.698 −0.463

13/2−
1 +2.978 −0.559

213Bi Expt. Calc. Expt. Calc.

7/2−
1 +4.095 −0.778

9/2−
1 +3.717(13) +3.584 −0.60(5) −0.853

11/2−
1 +3.325 −0.775

13/2−
1 +3.218 −0.880

210Bi Expt. Calc. Expt. Calc.

1−
1 −0.04451(6) +0.218 +0.136(1) +0.199

5−
1 +1.530(45) +1.286 −0.034

7−
1 +2.114(49) +1.834 −0.349

9−
1 2.728(42) +2.336 −0.471(59) −0.754

212Bi Expt. Calc. Expt. Calc.

1−
1 0.41(5) +0.457 0.1(3) +0.144

2−
1 +0.734 +0.253

3−
1 +0.880 +0.261

5−
1 +1.276 −0.025

7−
1 +1.792 −0.440

9−
1 +2.286 −0.796

C. Po isotopes

Here 211−214Po isotopes are discussed. Figure 9 shows the
theoretical energy spectrum of 212Po in comparison with the
experimental data [15,17]. The 212Po nucleus is a system

FIG. 9. Same as Fig. 1, but for 212Po. The state at 1.249 MeV is not
shown in the figure since the spin-parity is not assigned in experiment.
The experimental data are taken from Refs. [15,17,22,23].

with two valence neutrons and two valence protons. The
narrow energy gap between the yrast 6+ and 8+ states is well
reproduced. The 0+

1 , 2+
1 , . . ., 8+

1 states mainly consist of the
(νg2

9/2 ⊗ π (h2
9/2)0+) configuration. In contrast, the 10+

1 state
consists of the [νg9/2i11/2 ⊗ π (h2

9/2)0+] configuration. The 12+
1

and 14+
1 states consist of the [νg2

9/2 ⊗ π (h2
9/2)L+] configuration

with L greater than zero. These structures are analyzed in
Sec. IV.

In recent years, negative parity states have been exper-
imentally observed below 2.5 MeV [22,23]. The observed
4−, 6−, and 8− states are strongly connected to the yrast
4+, 6+, and 8+ states by the E1 transitions, respectively. In
Ref. [25], it was suggested that these negative parity states are
constructed by the α particle coupled to 3− states of 208Pb [the
coupled-channels of α + 208Pb(3−

1 )]. Another description of
these states was suggested in Ref. [26]. They pointed out a pos-
sibility that these negative parity states consist of two-neutron
excitations in 210Pb coupled to the collective 3− state in 208Pb
times 210Po(g.s.) (|[210Pb(J+) ⊗ 210Pb(3−)]I− ⊗ 210Po(g.s.)〉),
where J and I represent angular momenta of states in 210Pb
and 212Po, respectively. These negative parity states are out of
the present shell-model framework.

The experimental (18+) state at 2.922 MeV is an isomer
with a half-life of 45.1(6) s [15], which mainly decays to
the ground state, 3− and 5− states in 208Pb by the α decay
and partially decays to the (14+) state at 2.885 MeV in
212Po by the E4 transition. The configuration of the 18+

1
state is (νg9/2i11/2 ⊗ πh2

9/2), which is in contrast with the
(νg2

9/2 ⊗ πh2
9/2) configuration of the 14+

1 and the 16+
1 states.

The theoretical energy of the 16+
1 state is lower than the energy

of the 18+
1 state so that the 18+

1 state can easily decay to the
16+

1 state by the E2 transition. Therefore we cannot explain
the long half-life of the (18+) state. In order to achieve the
situation that the 18+

1 state decays to the 14+
1 state rather

FIG. 10. Same as Fig. 9, but with εν(i11/2) = 0.1 MeV and G0ν =
0.095 MeV. The spin-parity of the state at 1.249 MeV indicated by
a triangle is not assigned in experiment, but it is suggested to have a
spin-parity of 10+ in this calculation.
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FIG. 11. Same as Fig. 1, but for 214Po. The experimental data are
taken from Refs. [15,24].

than the 16+
1 state, we artificially lower the single-particle

energy of the neutron 0i11/2 orbital as εν(i11/2) = 0.1 MeV, and
also reduce the strength of the monopole-pairing interaction
between neutrons as G0ν = 0.095 MeV. The result is shown in
Fig. 10. The spin-parity of the state observed at 1.249 MeV
is not assigned, but theoretically it is suggested to have a
spin-parity of 10+. The calculation suggests that the (18+)
state at 2.922 MeV corresponds to the theoretical 18+

1 state,
while the unassigned state at 1.249 MeV and the 10+ state at
1.833 MeV each corresponds to the 10+

1 and the 10+
2 states,

respectively. We do not pursue this problem further, but the
choice of the strengths of the interactions certainly affects the
spectra of the neighboring nuclei and we need to investigate
their effects on those nuclei. This is a problem for future
research.

Figure 11 shows the theoretical energy spectrum of 214Po
in comparison with the experimental data [15,24]. In 214Po,
only the 0+, 2+, and 4+ states are observed in the yrast band.
The 6+

1 , 8+
1 , and 10+

1 states are calculated at 1.465, 1.645,
and 1.754 MeV, respectively. The state observed at 1.275
MeV is assigned as (3−) [27]. The theoretical first 3−

1 state
is calculated at 2.584 MeV. The experimental (3−) state is
supposed to be an octupole one-phonon state by the core
excitation [27]. It is known in this mass region that the octupole
correlation is crucial. The (2−) state observed at 1.995 MeV
is also considered to be a coupled state with the octupole and
quadrupole phonon states. In our model space, all the negative
parity states are calculated above 2.5 MeV.

Figure 12 shows the theoretical energy spectrum of 211Po
in comparison with the experimental data [15,18]. Low-lying
states are well reproduced. The 25/2+ state observed at 1.462
MeV in 211Po is an isomer with a half-life of 25.2(6) s [18].
This state decays to the 17/2+ state at 1.428 MeV by the E4
transition. The 25/2+

1 and 17/2+ states consist of the same
configuration of [νg9/2 ⊗ π (h2

9/2)L+] with L = 8 and L = 4,
respectively. The 21/2+

1 and 23/2+
1 states, which are connected

FIG. 12. Same as Fig. 4, but for 211Po. The experimental data are
taken from Refs. [15,18].

to the 25/2+ state by E2 or M1 transitions, are not observed.
These states are calculated higher than the 25/2+

1 state. This
isomer is classified as a spin-gap isomer.

Figure 13 shows the theoretical energy spectrum of 213Po
in comparison with the experimental data [2,15,21]. In 213Po,
only positive parity states are observed and well reproduced
in our calculation. The lowest negative parity state, the 15/2−

1
state, is calculated at 1.017 MeV.

Calculated results for B(E2) values and electromagnetic
moments of Po isotopes are given in Tables VII
and VIII in comparison with the experimental data
[15,17,18,21,24,28,29]. In 212Po, the calculated B(E2; 2+

1 →
0+

1 ) and B(E2; 6+
1 → 4+

1 ) values are much larger than the
experimental data. In 213Po, the theoretical calculation predicts
large transition rates to the ground (9/2+

1 ) state from the 5/2+
1 ,

FIG. 13. Same as Fig. 4, but for 213Po. The experimental data are
taken from Refs. [2,15,21].
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TABLE VII. Same as Table III, but for Po isotopes. The experi-
mental data are taken from Refs. [15,17,18,21,24,28].

212Po B(E2)

Expt. Calc.

2+
1 → 0+

1 2.6(3) 10.921
2+

2 → 0+
1 0.4(1) 0.246

2+
2 → 2+

1 0.3(2) 1.843
4+

1 → 2+
1 13.462

6+
1 → 4+

1 3.9(11) 11.047
8+

1 → 6+
1 2.30(9) 5.820

10+
1 → 8+

1 2.2(6) 1.280
214Po Expt. Calc.
2+

1 → 0+
1 18.451

4+
1 → 2+

1 25.205
6+

1 → 4+
1 20.832

8+
1 → 6+

1 5.445
10+

1 → 8+
1 0.000

0+
2 → 2+

1 0.159(10) 0.352
211Po Expt. Calc.
5/2+

1 → 9/2+
1 10.189

7/2+
1 → 9/2+

1 2.321
9/2+

2 → 9/2+
1 2.306

11/2+
1 → 9/2+

1 0.403
13/2+

1 → 9/2+
1 3.752

213Po Expt. Calc.
5/2+

1 → 9/2+
1 14.717

7/2+
1 → 9/2+

1 13.168
7/2+

1 → 11/2+
1 0.004

11/2+
1 → 9/2+

1 0.282
13/2+

1 → 9/2+
1 12.848

7/2+
1 , and 13/2+

1 states. In 211Po, the magnetic moment of the
15/2−

1 state is largely predicted in magnitude by a factor of 3.6
compared with the experimental data, whereas the magnetic
moment and the quadrupole moment of the ground (9/2+

1 )
state are well reproduced. This discrepancy suggests that the
15/2−

1 state might be affected by the octupole excitation,
namely the coupling of the ground (9/2+

1 ) state with the
octupole phonon state.

D. At isotopes

Here 212−215At isotopes are discussed. Figure 14 shows the
theoretical energy spectrum of 213At in comparison with the
experimental data [15,21]. The spin-parity of the state observed
at 0.341 MeV in 213At is assigned as (7/2−,9/2−). The 7/2−

1
and 9/2−

2 states are calculated at 0.348 and 0.958 MeV,
respectively. Thus our calculation suggests that the spin-parity
of this state is 7/2−.

Figure 15 shows the theoretical energy spectrum of 215At
in comparison with the experimental data [15,30]. The spin-
parity of the state at 0.364 MeV in 215At is assigned as (13/2+

1 )
[31]. However, the 13/2+

1 state is calculated at 1.332 MeV.
Our calculation suggests that the spin-parity of the state is

TABLE VIII. Same as Table IV, but for Po isotopes. The experi-
mental data are taken from Refs. [15,17,18,21,24,29].

212Po μ Q

Expt. Calc. Expt. Calc.

2+
1 +0.362 −0.070

4+
1 +0.131 −0.198

6+
1 −0.685 −0.423

8+
1 −1.853 −0.769

10+
1 −0.023 −1.141

214Po Expt. Calc. Expt. Calc.
2+

1 +0.454 −0.399
4+

1 +0.751 −0.682
6+

1 +0.753 −0.853
8+

1 +7.319 −1.441
10+

1 +0.049 −1.005
211Po Expt. Calc. Expt. Calc.
7/2+

1 −0.916 −0.501
9/2+

1 −1.197(85) −1.343 −0.77(8) −0.591
11/2+

1 +1.248 −0.623
13/2+

1 +0.909 −0.357
15/2−

1 −0.38(15) −1.382 −0.764
213Po Expt. Calc. Expt. Calc.
7/2+

1 −0.936 −0.535
9/2+

1 −1.251 −0.449
11/2+

1 +1.230 −0.828
13/2+

1 −0.856 −0.503

3/2−
1 with the excitation energy of 0.402 MeV. A shell-model

study by Liang and others suggested that the low-lying 9/2−
1 ,

5/2−
1 , 7/2−

2 , 13/2−
1 , and 3/2−

1 states have the (νg4
9/2 ⊗ πh3

9/2)
configuration [31]. However, it is shown in Table IX that these

FIG. 14. Same as Fig. 4, but for 213At. The experimental data are
taken from Refs. [15,21].
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FIG. 15. Same as Fig. 1, but for 215At. The experimental data are
taken from Refs. [15,30].

states do not consist only of the neutron 1g9/2 and the proton
0h9/2 orbitals.

Figure 16 shows the theoretical energy spectrum of 212At in
comparison with the experimental data [15,17]. The (9−) state
at 0.223 MeV is an isomer with a half-life of 0.119(3) s [15].
The 0−

1 , 1−
1 , . . ., 9−

1 states are members of the (νg9/2 ⊗ πh3
9/2)

configuration. The calculation reproduces the experimental
situation such that the energy of the 9−

1 state is lower than that of
the 8−

1 state. The members of the second negative parity band,
the 1−

2 , 2−
2 , . . ., 8−

2 states, consist of the (νg9/2 ⊗ πh2
9/2f7/2)

configuration. The 11+ state at 0.885 MeV is an isomer with
a half-life of 18.7(7) ns and decays to the (10−) state at
0.702 MeV by the E1 transition and the (9−) state at 0.223
MeV by the M2 transition [15]. The 11+

1 state mainly consists
of the (νj15/2 ⊗ πh3

9/2) configuration. The 6+
1 , 7+

1 , . . ., 18+
1

states mainly consisting of the same configuration as the 11+
1

state are located energetically higher than the 11+
1 state.

Figure 17 shows the theoretical energy spectrum of 214At in
comparison with the experimental data [15,24]. In 214At, only
negative parity states are observed and densely located below

TABLE IX. Occupation numbers in some low-lying states of 215At.

ν 1g9/2 0i11/2 0j15/2 2d5/2 3s1/2 1g7/2 2d3/2

9/2−
1 2.06 0.99 0.61 0.16 0.03 0.09 0.05

5/2−
1 2.17 0.95 0.52 0.18 0.03 0.09 0.05

7/2−
1 2.08 0.98 0.60 0.16 0.03 0.09 0.05

13/2+
1 2.21 0.94 0.50 0.18 0.03 0.09 0.05

π 0h9/2 1f7/2 0i13/2 2p3/2 1f5/2 2p1/2

9/2−
1 2.11 0.59 0.18 0.08 0.03 0.01

5/2−
1 2.10 0.55 0.16 0.13 0.05 0.01

7/2−
1 1.50 1.20 0.17 0.07 0.05 0.01

13/2+
1 2.12 0.58 0.16 0.09 0.04 0.01

FIG. 16. Same as Fig. 4, but for 212At. The experimental data are
taken from Refs. [15,17].

0.5 MeV. The 0−
1 , 1−

1 , . . ., 9−
1 states consist of the (νg2

9/2i11/2 ⊗
πh2

9/2f7/2) configuration.
Calculated results for B(E2) values and electromagnetic

moments of At isotopes are given in Tables X and XI in
comparison with the experimental data [15,17,21,24,30]. As
for the E2 transitions, only two transition rates are measured in
At isotopes. In 212At, the experimental values of B(E2; 5−

1 →
3−

1 ) = 3.3(3) W.u. and B(E2; 15−
1 → 13−

1 ) = 3.1(3) W.u. are
calculated as 4.715 W.u. and 4.295 W.u., respectively. As
for electromagnetic moments, only the magnetic moments of
the 15−

1 and 11+
1 states in 212At are observed. The magnetic

moment of the 15−
1 state is 9.46(8) μN in experiment and

the theoretical result is +7.367 μN , which is a reasonable
value. The magnetic moment of the 11+

1 state is 5.94(11)

FIG. 17. Same as Fig. 1, but for 214At. The experimental data are
taken from Refs. [15,24].
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TABLE X. Same as Table III, but for At isotopes. The experimen-
tal data are taken from Refs. [15,17,21,24,30].

213At B(E2)

Expt. Calc.

5/2−
1 → 9/2−

1 16.792

7/2−
1 → 9/2−

1 4.474

7/2−
2 → 9/2−

1 10.880

13/2−
1 → 9/2−

1 14.392

15/2−
1 → 13/2−

1 2.913

17/2−
1 → 13/2−

1 18.147

19/2−
1 → 17/2−

1 1.069
215At Expt. Calc.

5/2−
1 → 9/2−

1 33.195

7/2−
1 → 9/2−

1 0.003

7/2−
2 → 9/2−

1 18.121

13/2−
1 → 9/2−

1 26.498
212At Expt. Calc.

5−
1 → 3−

1 3.3(3) 4.715

8−
1 → 9−

1 2.079

15−
1 → 13−

1 3.1(3) 4.295
214At Expt. Calc.

3−
1 → 1−

1 2.598

5−
1 → 3−

1 8.861

μN in experiment and the theoretical result is +1.874 μN ,
which is 3.2 times smaller than the experimental data. The
magnetic moment of the 11+

2 state calculated at 1.417 MeV
is +6.071 μN , which is very close to the experimental value.
Thus the 11+

1 and 11+
2 states might be reversely calculated

in energy compared to the experimentally observed states. In
our calculation, the 11+

2 state, which consists of the (νg9/2 ⊗
πh2

9/2i13/2) configuration, is located 0.344 MeV higher than
the 11+

1 state.

E. Rn isotopes

Here 213−216Rn isotopes are discussed. Figure 18 shows the
theoretical energy spectrum of 214Rn in comparison with the
experimental data [15,24]. The yrast band is well reproduced
in our calculation. The spin-parity of the state observed at
1.332 MeV is not assigned (not shown in this figure). This
state decays to the 2+ state at 0.695 MeV. In our calculation,
the 2+

2 state is calculated at 1.626 MeV. Considering this result
and the comparison with neighboring nuclei such as 212Po and
216Rn, the spin-parity of the experimental state at 1.332 MeV
is inferred to be 2+.

Figure 19 shows the theoretical energy spectrum of 216Rn
in comparison with the experimental data [15,32]. In 216Rn
the spin-parity of the state at 1.838 MeV is assigned as
(8+,9+,10+). The 8+

2 , 9+
1 , and 10+

2 states are calculated at
1.872, 2.217, and 2.369 MeV, respectively. Thus our calcu-
lation suggests that the spin-parity of the state at 1.838 MeV
is 8+. One of the peculiar features of even-even nuclei in this

TABLE XI. Same as Table IV, but for At isotopes. The experi-
mental data are taken from Refs. [15,17,21,24,30].

213At μ Q

Expt. Calc. Expt. Calc.

5/2−
1 +2.584 −0.131

7/2−
1 +3.708 −0.777

9/2−
1 +3.669 −0.480

11/2−
1 +3.397 −0.354

13/2−
1 +4.099 −0.533

15/2−
1 +2.592 −0.595

17/2−
1 +3.993 −0.625

19/2−
1 +2.169 −0.786

215At Expt. Calc. Expt. Calc.

5/2−
1 2.484 −0.413

7/2−
1 4.019 −1.026

9/2−
1 3.555 −0.850

11/2−
1 4.441 −1.019

13/2−
1 4.040 −0.994

212At Expt. Calc. Expt. Calc.

1−
1 +0.121 +0.121

2−
1 +0.376 +0.226

3−
1 +0.726 +0.195

15−
1 9.46(8) +7.367 −0.837

11+
1 5.94(11) +1.874 −0.971

11+
2 +6.071 −1.081

214At Expt. Calc. Expt. Calc.

1−
1 +0.261 +0.120

2−
1 +0.513 +0.186

3−
1 +0.825 +0.344

region is the narrow energy gap between the 6+ and 8+ states
in the yrast band. In 216Rn, however, the narrow energy gap
between the 6+ and 8+ states is not seen anymore in experiment
due to the evolution of quadrupole collectivity and the calcu-
lation reproduces this feature. Some characteristic features of
214Rn and 216Rn are analyzed and discussed in Sec. IV.

Figure 20 shows the theoretical energy spectrum of 213Rn in
comparison with the experimental data [15,21]. All the iden-
tified states are well reproduced. In 213Rn, the (25/2+) state
is observed at 1.664 + x MeV with x unknown. The 25/2+

1
state is calculated at 1.670 MeV. Our calculation shows that the
ground 9/2+

1 state, the 11/2+
1 state at 0.622 MeV, and the 15/2−

1
state at 0.837 MeV, mainly consist of the (νg9/2 ⊗ πh3

9/2f7/2),
(νi11/2 ⊗ πh3

9/2f7/2), and (νj15/2 ⊗ πh3
9/2f7/2) configurations,

respectively. These energies are very close to the single-particle
energies for the neutron 1g9/2, 0i11/2, and 0j15/2 orbitals,
which are given as 0.0 MeV, 0.579 MeV, and 0.783 MeV,
respectively. This indicates that one valence neutron in the
specific single-particle orbital determines nature of each state,
namely, its spin and parity.

Figure 21 shows the theoretical energy spectrum of 215Rn
in comparison with the experimental data [15,30]. In 215Rn,
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FIG. 18. Same as Fig. 4, but for 214Rn. The experimental data are
taken from Refs. [15,24].

the spin of the positive parity state observed at 0.214 MeV
is assigned as (7/2,9/2)+. The 7/2+

1 and 9/2+
2 states are

calculated at 0.301 MeV and 0.795 MeV, respectively. Thus
the spin of the state observed at 0.214 MeV is suggested as
7/2. The spin of the negative parity state observed at 0.291
MeV is assigned as (7/2,9/2,11/2)−. However, the calculation
predicts no negative parity states below 0.7 MeV. The 15/2−

1
state, which is not observed in experiment, is calculated at
0.733 MeV.

Calculated results for B(E2) values and electromagnetic
moments of Rn isotopes are given in Tables XII and XIII in
comparison with the experimental data [15,21,24,30,32]. In
214Rn, the observed B(E2; 6+

1 → 4+
1 ) and B(E2; 8+

1 → 6+
1 )

values are much smaller, whereas the calculation predicts

FIG. 19. Same as Fig. 4, but for 216Rn. The experimental data are
taken from Refs. [15,32].

FIG. 20. Same as Fig. 1, but for 213Rn. The experimental data are
taken from Refs. [15,21].

large B(E2) values. The magnetic moments of 213Rn are well
reproduced.

F. Fr isotopes

Here 214−217Fr isotopes are discussed. Figure 22 shows the
theoretical energy spectrum of 215Fr in comparison with the
experimental data [15,30]. In 215Fr, energy levels of low-lying
negative parity states are well reproduced. A (13/2+) state is
observed at 0.835 MeV in experiment. However, the 13/2+

1
state is calculated at 1.224 MeV, which is 0.409 MeV higher
than the experimental one.

Figure 23 shows the theoretical energy spectrum of 217Fr
in comparison with the experimental data [15,33]. In 217Fr,

FIG. 21. Same as Fig. 4, but for 215Rn. The experimental data are
taken from Refs. [15,30].
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TABLE XII. Same as Table III, but for Rn isotopes. The experi-
mental data are taken from Refs. [15,21,24,30,32].

214Rn B(E2)

Expt. Calc.

2+
1 → 0+

1 >0.032 17.380

4+
1 → 2+

1 >0.28 23.101

6+
1 → 4+

1 3.8+17
−9 21.614

8+
1 → 6+

1 3.3+3
−1 15.905

10+
1 → 8+

1 2.9(7) 5.921

12+
1 → 10+

1 >0.0064 4.820

14+
1 → 12+

1 15.829

16+
1 → 14+

1 �4.4(3) 11.260

18+
1 → 16+

1 0.71(5) 0.722

13−
1 → 11−

1 0.93(8) 0.099
216Rn Expt. Calc.

2+
1 → 0+

1 28.567

4+
1 → 2+

1 40.613

6+
1 → 4+

1 40.704

8+
1 → 6+

1 9.671

10+
1 → 8+

1 3.111
213Rn Expt. Calc.

7/2+
1 → 9/2+

1 3.676

11/2+
1 → 9/2+

1 0.415

13/2+
1 → 9/2+

1 8.619

17/2+
1 → 13/2+

1 4.536

21/2+
1 → 17/2+

1 1.68(16) 2.287
215Rn Expt. Calc.

7/2+
1 → 9/2+

1 18.315

11/2+
1 → 9/2+

1 0.467

13/2+
1 → 9/2+

1 22.646

the spins and parities of the states observed at 0.209 and
0.275 MeV are not assigned (not shown in this figure). The
7/2−

1 , 7/2−
2 , and 5/2−

1 states are calculated at 0.182, 0.342,
and 0.462 MeV. Thus it is suggested that two of these states
correspond to the experimental states at 0.209 and 0.275 MeV.
The experimental energy levels of high-spin states, 13/2−

1 ,
15/2−

1 , 17/2−
1 , 21/2−

1 , and 25/2−
1 states, are not reproduced

well in comparison to other Fr isotopes. These states look
like members of a quadrupole vibrational band on the ground
9−

1 state. In the present analysis of adjusting the two-body
effective interactions, we have not included 217Fr since it is
a complicated system with five valence protons and two neu-
trons. The quadrupole-quadrupole interactions between like
particles and/or the hexadecapole-hexadecapole interactions
between a neutron and a proton might be necessary for a better
reproduction.

Figure 24 shows the theoretical energy spectrum of 214Fr
in comparison with the experimental data [15,24]. In 214Fr,
low-lying negative parity states are well reproduced. The (8−)
state observed at 0.122 MeV is a spin-gap isomer with a half-
life of 3.35(5) ms [15]. This state disintegrates only by the α-

TABLE XIII. Same as Table IV, but for Rn isotopes. The experi-
mental data are taken from Refs. [15,21,24,30,32].

214Rn μ Q

Expt. Calc. Expt. Calc.

2+
1 +0.449 −0.370

4+
1 +0.378 −0.601

6+
1 −0.248 −0.772

8+
1 −0.969 −0.992

10+
1 +0.135 −1.364

216Rn Expt. Calc. Expt. Calc.

2+
1 +0.612 −0.629

4+
1 +1.021 −0.890

6+
1 +1.138 −1.046

8+
1 +5.923 −1.135

10+
1 +0.236 −1.298

213Rn Expt. Calc. Expt. Calc.

5/2+
1 −1.955 −0.526

7/2+
1 −0.892 −0.427

9/2+
1 −1.293 −0.718

11/2+
1 +1.285 −0.756

21/2+
1 4.73(11) +3.797 −0.880

25/2+
1 7.63(25) +5.367 −0.660

15/2−
1 −1.373 −0.909

31/2−
1 9.90(8) +5.313 −0.796

215Rn Expt. Calc. Expt. Calc.

7/2+
1 −0.725 −0.636

9/2+
1 −1.130 −0.700

11/2+
1 +1.294 −1.136

13/2+
1 −0.489 −0.820

decay. The 0−
1 , 1−

1 , . . ., 9−
1 states mainly consist of the (νg9/2 ⊗

πh4
9/2f7/2) configuration. The 6−

1 , 7−
1 , and 9−

1 states, which
are connected to the 8−

1 state by E2 or M1 transitions, are
calculated higher than the 8−

1 state. As mentioned above, the
calculation reproduces the situation that the 9−

1 state is slightly
higher than the 8−

1 state. The 9−
1 state is indeed unfavored in the

(νg9/2 ⊗ πh4
9/2f7/2) configuration, in which at least one proton

pair with angular momentum zero have to be broken in the
0h9/2 orbital. The 10−

2 , 11−
1 , 12−

1 , . . ., 15−
1 states are admixtures

of the (νg9/2 ⊗ πh5
9/2) and (νg9/2 ⊗ πh4

9/2f7/2) configurations.
Figure 25 shows the theoretical energy spectrum of 216Fr

in comparison with the experimental data [15,32]. In 216Fr,
the spin-parity of the state observed at 0.142 MeV is assigned
as (0−,1−,2−). The 0−

1 , 1−
2 , and 2−

2 states are calculated at 0,
0.129, and 0.172 MeV, respectively. Thus it is inferred that
the spin-parity of the state at 0.142 MeV is 1− or 2−. The
experimentally observed (9−) state with an unknown energy is
calculated at 0.117 MeV.

Calculated results for B(E2) values and electromagnetic
moments of Fr isotopes are given in Tables XIV and XV
in comparison with the experimental data [15,24,30]. The
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FIG. 22. Same as Fig. 1, but for 215Fr. The experimental data are
taken from Refs. [15,30].

experimental B(E2; 19/2−
1 → 15/2−

1 ) value of 215Fr is 0.6(4)
W.u. The calculated B(E2) value of the same transition is
17.221 W.u., which is much larger than the experimental one.
The 15/2−

2 state is calculated 0.181 MeV higher than the 15/2−
1

state. The B(E2) value from the 19/2−
1 state to the 15/2−

2 state
is calculated as 0.015 W.u. Therefore the calculated 15/2−

1 and
15/2−

2 states might be largely admixed. The electromagnetic
moments are well reproduced except for the magnetic moment
of the 11+

1 state in 214Fr. The magnetic moment of the 11+
2 state

is calculated as 2.982 μN . It is thus difficult to resolve the dis-
crepancy even if the 11+

1 and 11+
2 states are reversely predicted

in our calculation. However, it should be noted that the experi-
mental 11+ state is ambiguous with respect to spin and parity.

FIG. 23. Same as Fig. 1, but for 217Fr. The experimental data are
taken from Refs. [15,33].

FIG. 24. Same as Fig. 1, but for 214Fr. The experimental data are
taken from Refs. [15,24].

IV. DISCUSSION

In this section, structure of some even-even nuclei is inves-
tigated. The expectation numbers of pairs for the yrast states
are calculated using the pair-truncated shell model (PTSM)
[34–36]. In the present scheme, the building blocks are angular
momenta zero (S), two (D), and four (G) collective pairs, and
also noncollective (H ) pairs. The S, D, and G pair-creation
operators are defined as

S† =
∑

j

αjA
†(0)
0 (jj ), (13)

D
†
M =

∑
j1j2

βj1j2A
†(2)
M (j1j2), (14)

FIG. 25. Same as Fig. 4, but for 216Fr. The experimental data are
taken from Refs. [15,32].

014308-14



SHELL-MODEL STUDY OF Pb, Bi, Po, At, Rn, AND … PHYSICAL REVIEW C 98, 014308 (2018)

TABLE XIV. Same as Table III, but for Fr isotopes. The experi-
mental data are taken from Refs. [15,24,30].

215Fr B(E2)

Expt. Calc.

5/2−
1 → 9/2−

1 16.474

7/2−
1 → 9/2−

1 3.610

7/2−
2 → 9/2−

1 20.475

13/2−
1 → 9/2−

1 17.350

19/2−
1 → 15/2−

1 0.6(4) 17.221

19/2−
1 → 15/2−

2 0.015

23/2−
1 → 19/2−

1 12(5) 14.100

27/2−
1 → 23/2−

1 1.1(8) 6.365

27/2−
2 → 23/2−

1 0.002
217Fr Expt. Calc.

5/2−
1 → 9/2−

1 28.245

7/2−
1 → 9/2−

1 1.883

7/2−
2 → 9/2−

1 32.920

13/2−
1 → 9/2−

1 28.429
214Fr Expt. Calc.

5−
1 → 3−

1 3.336

8−
1 → 9−

1 4.374

15−
1 → 13−

1 0.68(24) 0.221
216Fr Expt. Calc.

3−
1 → 1−

1 1.372

5−
1 → 3−

1 5.789

G
†
M =

∑
j1j2

γj1j2A
†(4)
M (j1j2), (15)

where the pair creation operator of two nucleons in the orbitals
j1 and j2 with total angular momentum J and magnetic
quantum number M is constructed as

A
†(J )
M (j1j2) = [

c
†
j1
c
†
j2

](J )
M

. (16)

The structure coefficients α, β, and γ are determined by
variation.

The H pair creation operators for neutrons are defined as

H
†(K)
Mν =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
c
†
j15/2

c
†
j15/2

](K)
M

K = 0,2,4, . . . ,14,

[
c
†
g9/2 c

†
g9/2

](K)
M

K = 0,2,4,6,8,

[
c
†
g9/2 c

†
i11/2

](K)
M

K = 1,2,3, . . . ,10,

(17)

and those for protons are defined as

H
†(K)
Mπ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
c
†
i13/2

c
†
i13/2

](K)
M

K = 0,2,4, . . . ,12,

[
c
†
h9/2

c
†
h9/2

](K)
M

K = 0,2,4,6,8,

[
c
†
h9/2

c
†
f7/2

](K)
M

K = 1,2,3, . . . ,8.

(18)

Using the S, D, G, and H pair-creation operators, a many-body
wave function of like nucleons can be constructed as

|
(Iη)〉 = (S†)ns (D†)nd (G†)ng (H †)nh |−〉. (19)

TABLE XV. Same as Table IV, but for Fr isotopes. The experi-
mental data are taken from Refs. [15,24,30].

215Fr μ Q

Expt. Calc. Expt. Calc.

7/2−
1 +4.010 −0.664

9/2−
1 +3.690 −0.183

11/2−
1 +3.546 −0.329

13/2−
1 +4.089 −0.366

19/2−
1 3.1(9) +2.560 −0.771

23/2−
1 3.8(12) +2.211 −1.001

217Fr Expt. Calc. Expt. Calc.

7/2−
1 +4.084 −0.878

9/2−
1 +3.625 −0.464

11/2−
1 +3.705 −0.627

13/2−
1 +4.165 −0.577

214Fr Expt. Calc. Expt. Calc.

1−
1 +0.232 +0.119

8−
1 +2.145 −0.610

9−
1 +2.472 −0.608

14−
1 +8.5(4) +7.412 −0.318

14−
2 +6.013 −1.339

11+
1 +5.62(7) +1.905 0.82(22) −0.874

11+
2 +2.982 −1.217

216Fr Expt. Calc. Expt. Calc.

1−
1 +0.275 +0.138

3−
1 +0.743 +0.277

5−
1 +1.414 −0.059

The number of valence nucleon pairs, ns + nd + ng + nh, is
fixed for a specific nucleus. The Hamiltonian for this truncated
space (PTSM space) is set identical to the present shell-model
Hamiltonian. The consistency between the results with the
two methods (SM and PTSM) was discussed concerning the
energy levels of the 82Se nucleus up to 6 MeV in Ref. [37]. In
Ref. [38] the energy levels of the 208Rn nucleus up to 3.5 MeV
in the SM are compared with those in the PTSM. The good
correspondence between the SM and the PTSM is seen.

Figure 26 shows the expectation numbers of pairs for the
yrast states up to spin 10 in 212Po. This nucleus is a system with
two neutrons and two protons outside the doubly magic core
208Pb. It is seen that the proton wave function mainly consists of
the S pair, and the contributions from the D pair and the G pair
are small for all the spins. The maximum contribution except
from the S pair is 0.357 pairs of the D pair in the 2+

1 state.
Thus the total excitation is mainly determined by the neutron
part. Up to the 8+

1 state, the states consist of the (νg9/2)2
I+ (I =

0,2, . . . ,8) configuration. One neutron needs to be excited to
the 0i11/2 orbital to make the 10+

1 state since the maximum
spin of two neutrons in the 1g9/2 orbital is eight. Therefore,
the 10+

1 state consists of the (νg9/2i11/2)10+ configuration. In
this mass region, the strength of the neutron monopole pairing
is smaller than that of protons. Thus the configuration mixing
of neutrons is preferred.

014308-15



K. YANASE, E. TERUYA, K. HIGASHIYAMA, AND N. YOSHINAGA PHYSICAL REVIEW C 98, 014308 (2018)

0

1

2

0

1

2

0 2 4 6 8 10
0

1

2

I

Ex
pe

ct
at

io
n 

nu
m

be
r o

f p
ai

rs

212Po
S ν

Dν

H  (g9/2)
2

ν

H  (g9/2i11/2)ν

Gν

Sπ

Dπ

Gπ

(a)

(b)

(c)

FIG. 26. (a) The neutron expectation numbers of collective pairs
for 212Po. The S, D, and G indicate S pair, D pair, and G pair,
respectively. (b) The neutron expectation numbers of non-collective
(g9/2)2 pair [(g9/2)2] and g9/2i11/2 pair (g9/2i11/2). The definitions of
noncollective pairs are given in the text. (c) The proton expectation
numbers of collective pairs for 212Po.

Figure 27 shows the expectation numbers of pairs for the
yrast states up to spin 10 in 214Po. This nucleus is a system
with four neutrons and two protons outside the 208Pb core.
Similar to 212Po, the proton part mainly consists of the S pair
for all the spins. For the neutron part, the ground state consists
of two neutron S pairs. For the Iπ = 2+

1 , 6+
1 , 8+

1 , and 10+
1

states, two neutrons are coupled to the S pair, and the other
two neutrons are coupled to pairs with spin I . For the 2+

1 state,
the expectation numbers of the neutron D pair and the proton
D pair are 0.787 and 0.349, respectively. This result means
that the 2+

1 state mainly consists of the neutron D pair. For
the 4+

1 state, the expectation numbers of the neutron D pair,
the neutron G pair, and the proton D pair are 0.623, 0.462,
and 0.291, respectively. Thus it is inferred that the 4+

1 state
consists of mixtures of two types of pair structures. The first
one consists of one neutron S pair, one neutron D pair, and one
proton D pair, which are coupled with spin 4 [Sν(DνDπ )4+].
The second one consists of one neutron S pair, one neutron G
pair, and one proton S pair (SνGνSπ ).
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FIG. 27. The same as Fig. 26, but for 214Po.

Figure 28 shows the expectation numbers of pairs for the
yrast states (except 6+ and 8+) in 214Rn. Those numbers for the
6+

2 and 8+
2 states are shown instead of those for the 6+

1 and 8+
1

states, which are reversely reproduced in order in the PTSM
calculations, compared to those in the SM calculations. This
nucleus is a system with two neutrons and four protons outside
the 208Pb core. For all the spins, four protons are coupled to
the S pairs and the spins are mainly determined by the neutron
part. Similar to 212Po, the yrast states up to spin 8 consist of
the (νg9/2)2

I+ configuration and the 10+
1 state consists of the

(νg9/2i11/2)10+ configuration.
Figure 29 shows the expectation numbers of pairs for the

yrast states in 216Rn. This nucleus is a system with four
neutrons and four protons outside the 208Pb core. Similar to
the other three even-even nuclei, 212Po, 214Po, and 214Rn, the
ground state consists of two neutron S pairs and two proton S
pairs, and the 2+

1 state mainly consists of one neutron S pair,
one neutron D pair, and two proton S pairs. For the 4+

1 state, the
expectation numbers of the neutron D pair, the neutron G pair,
and the proton D pair are 0.810, 0.330, and 0.582, respectively.
The 4+

1 state has a similar structure with the 4+
1 state in 214Po.

The structure of the 6+
1 state, however, is different from the

other three nuclei. The expectation numbers of the neutron D
pair, the neutron G pair, and the neutron (g9/2)2

6+ pair are 0.811,
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FIG. 28. The same as Fig. 26, but for 214Rn.

0.492, and 0.135, respectively. The expectation number of the
neutron (g9/2)2

6+ pair is small and that of the neutron D pair
is large compared to the other three nuclei. This indicates that
the nucleus shows an aspect of a collective feature.

Structure in low-lying states of nuclei with a few valence
nucleons outside the doubly magic core 208Pb is generally
determined by the single-particle motion of the valence nu-
cleons. However, as the number of valence nucleons increases,
collective features appear. The collectivity of 216Rn is also seen
in the energy spectrum as discussed in Sec. III E.

A specific feature of even-even nuclei in this mass region
is the narrow energy gap between the 6+

1 and 8+
1 states (e.g.,

see 210Pb in Fig. 1). This small energy gap occurs due to the
alignment of two neutrons. In this mass region, the yrast states
up to spin 8 in even-even nuclei consist of the two neutrons in
the 1g9/2 orbital. In the 8+

1 state, the spin of two neutrons in
the 1g9/2 orbital is stretched and the energy of the 8+

1 state is
lowered. However, the narrow energy gap between the 6+

1 and
8+

1 states is not seen in 216Rn anymore (see Fig. 19).

V. SUMMARY

In the present study, the large-scale shell-model calculations
have been carried out for even-even, odd-mass, and doubly odd
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FIG. 29. The same as Fig. 26, but for 216Rn.

nuclei of 82Pb, 83Bi, 84Po, 85At, 86Rn, and 87Fr isotopes in the
neutron-rich region around the double magic 208Pb nucleus.

For neutron single-particle levels, seven orbitals above the
magic number 126, 1g9/2, 0i11/2, 0j15/2, 2d5/2, 3s1/2, 1g7/2,
and 2d3/2 orbitals, have been taken into account. For proton
single-particle levels, all the six orbitals in the major shell
between the magic numbers 82 and 126, 0h9/2, 1f7/2, 0i13/2,
2p3/2, 1f5/2, and 2p1/2 orbitals, have been taken into account.
The particle number dependence of the single-particle energies
of the neutron 0j15/2 and 0i11/2 orbitals and the proton 0i13/2

and 1f7/2 orbitals have been assumed. They are changed
linearly so as to reproduce the energy levels of low-lying
states of the odd-mass nuclei. As for the effective two-body
interaction, higher multipole-pairing interactions among like
nucleons and the quadrupole-quadrupole interaction between
neutrons and protons are employed in addition to the conven-
tional pairing interactions. Only one set of the strengths of
the two-body interactions has been adopted in all the nuclei
considered.

Energy spectra, E2 transition rates, magnetic moments,
and electric quadrupole moments have been calculated and
compared with experimental data. Good agreements with the
experimental data have been obtained not only for even-even
and odd-mass nuclei, but also for doubly odd nuclei. Compar-
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ing our results and the experimental data, spins and parities of
experimentally ambiguous states have been suggested.

Nine isomeric states are analyzed in terms of the shell-
model configurations. Four isomeric states appearing in this
region are classified as the spin-gap isomers, which do not
take γ transitions with low-spin changes, such as E2 or M1
transitions, because of the large spin difference between initial
and final states. The other five states become isomers even
if they decay by the E2 transition. They become isomers

since the energy gaps between the initial and final states are
small.
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