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I develop an extension of the continuum-discretized coupled-channels (CDCC) method to reactions where
both nuclei present a low breakup threshold. This leads to a four-body model, where the only inputs are the
interactions describing the colliding nuclei, and the four optical potentials between the fragments. Once these
potentials are chosen, the model does not contain any additional parameter. First I briefly discuss the general
formalism, and emphasize the need for dealing with large coupled-channel systems. The method is tested with
existing benchmarks on 4« bound states with the Ali-Bodmer potential. Then I apply the four-body CDCC to the
"Be + d system, where I consider the '°Be(0,2) + n configuration for ''Be. I show that breakup channels are
crucial to reproduce the elastic cross section, but that core excitation plays a weak role. The Li + d system is
investigated with an & + ¢ cluster model for "Li. I show that breakup channels significantly improve the agreement
with the experimental cross section, but an additional imaginary term, simulating missing transfer channels, is
necessary. The full CDCC results can be interpreted by equivalent potentials. For both systems, the real part is
weakly affected by breakup channels, but the imaginary part is strongly modified. I suggest that the present wave
functions could be used in future DWBA calculations.
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I. INTRODUCTION

The continuum-discretized coupled-channels (CDCC)
method was first developed in the 1970s [1]. It was realized
that elastic cross sections for deuteron-induced reactions could
not be described by standard optical potentials. A significant
progress was made possible by introducing breakup states of
the deuteron. This lead to the idea of a discretized continuum
which was subsequently used by many authors (see, for
example, Refs. [2—4] for reviews).

For many years, CDCC calculations involved three-body
systems. Typical examples are deuteron + nucleus reactions,
where the deuteron is described by a p + n structure. For more
than 20 years, the three-body CDCC method was successfully
applied to reactions involving weakly bound nuclei, such as
'Be, which can be seen as a '’Be + n system. The CDCC
theory represents a natural framework for reactions involving
exotic nuclei. The main property of exotic nuclei is their low
breakup threshold, and couplings to the continuum are quite
important. More recently, the CDCC method was extended to
reactions involving three-body projectiles, such as °He [5], °Be
[6], or ''Li [7]. Going from two-body to three-body projectiles
represents a strong increase in the complexity of numerical
calculations: The three-body continuum involves larger level
densities, and the calculation of the coupling potentials is more
time consuming.

Until now, most scattering calculations use the assumptions
that the target remains in its ground state. This is certainly a fair
approximation for heavy targets, but is more questionable for
light targets. A typical example is the deuteron, which is used
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as a target for the investigation of exotic nuclei by stripping
reactions (see, for example, Ref. [8]). If the projectile also
presents a two-body structure, current versions of the CDCC
method are no longer sufficient. In this work, I present a new
extension of CDCC, where the breakup of both colliding nuclei
isincluded. I assume a two-body structure for the projectile and
for the target, which leads to a four-body model.

The aim of the CDCC method is essentially to investigate
reactions. However, this framework is also able to describe
bound states. I use this property to test the model with the 4«
system, which was studied in the literature [9,10] by more
specific few-body methods. This application not only provides
a numerical test of the model, but also allows one to analyze
the convergence of 4o bound-state energies.

A typical application of the four-body model is the ' Be + d
reaction, which was experimentally studied recently [11]. In
this reaction, ''Be and the deuteron present a low breakup
threshold, and four-body breakup effects are expected to be
important. First results were presented in Ref. [12], and are
extended here by including core excitation of '°Be. Another
natural application of a four-body model is the "Li+ d
reaction, because ’Li is known to have an « + ¢ cluster
structure.

The paper is organized as follows. In Sec. I, I briefly present
the model, by emphasizing specific aspects of the four-body
calculations. Section III is devoted to the 4« system, where
bound states are computed. In Secs. IV and V, I present the
Be + d and "Li + d cross sections, respectively. As CDCC
calculations involve many channels, it is useful to have equiva-
lent, single-channel potentials. Such potentials can be derived
approximately, and give a more intuitive interpretation of the
full calculations; they are presented in Sec. VI. Conclusions
and outlook are given in Sec. VII.

©2018 American Physical Society
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FIG. 1. Cluster configuration and coordinates used in the four-
body model.

II. THE CDCC FOUR-BODY MODEL
A. General presentation

The goal of the present work is to extend the CDCC
formalism to systems involving two nuclei with a low breakup
threshold. This situation is typical of deuteron-induced reac-
tions on exotic nuclei. As the deuteron cannot be considered
as an inert system, a four-body model is necessary if the exotic
nucleus (suchas ''Be, 3B, or '°C) also presents a low separation
energy. Further extensions to three-body projectiles have been
considered [5-7], but with structureless targets.

Let me consider the four-body system of Fig. 1. The
coordinates r; and r, describe the internal motion of the
colliding nuclei, whereas R is associated with the relative
motion. Although other coordinate choices are possible for
four-body systems [13], those adopted here are well suited to
scattering problems. The total Hamiltonian is given by

H=Tr+ H\(r))+ Hyr2) + V(R,r,r2), ()

where Ty is the relative kinetic energy and potential V is
defined from four optical potentials as

2 2
VR rir) =YY VIRrir). )
i=1 j=1

As usual in CDCC calculations, interaction Vl(]) is chosen to
optimize the scattering properties of the i + j subsystem. For
nucleon + target systems, several compilations are available
in the literature [14,15]. Nucleus-nucleus potentials are some-
times known from experiment (such as 10Be + %47n [16], for
example), or are estimated from folding procedures (such as
d + '"Be [11], for example).

In Eq. (1), H; and H, represent the internal Hamiltonian of
the colliding nuclei, and are given by

Hi(r;) = t; +vi(r;), (3)

where #; is the two-body kinetic energy, and v;(r;) a two-
body (real) potential chosen to reproduce important properties
(energies, radii, etc.) of the nucleus. Neglecting the tensor
force, potential v;(r;) is defined as

vi(ri) = V(@) + Vo) +£ -5 Vi (), 4

where Vy, V¢, and Vi, are nuclear, Coulomb and spin-orbit
terms, respectively. In many CDCC calculations, core exci-
tations are neglected, and the form factors are radial (typical

forms are Gaussian or Woods-Saxon potentials). It was shown,
however, that core excitation may be important in nuclei such
as ''Be [17] or '°C [18]. This extension of CDCC is known
as the XCDCC method [19]. Owing to the deformation, the
radius where the potential is evaluated is modified by a shift
[20] as

V() — V(i —480)), 4)

with the multipole expansion,

50) = _8,Y(6.0). (6)

r>0

In general this expansion is limited to A = 2, i.e., to quadrupole
deformations.

In the presence of deformation, the two-body potentials are
expanded in multipoles as

V()= Z(M + D, (r)Ps(cos 9), 7
A
where the radial components,

v (r) = %/On V(r)P,(cosB)d(cosb), (8)

are evaluated numerically. These definitions are valid for the
nuclear as well as for the Coulomb terms.

B. Two-body wave functions

The first step in all CDCC calculations is to solve the
Schrodinger equation (3) associated with the colliding nuclei,

H, ®]7 = E[] {7, ©)

where (jr) are the spin and parity, and & is the excitation level
in nucleus i. The two-body wave function of nucleus i is then
factorized as

@I{”(r) = Z uifrlofojo(r)(p/{quofojo(gr)‘ (10)

Ioto jo

This summation involves the spin of the core [y, the relative
angular momentum £, and its coupling to the spin sy of the
second fragment (see Fig. 1). For the sake of clarity, I drop
index i and use labels ¢ = (j,m,k) and y = (ly,%o, jo). The
angular function ¢}, is given by

95 (Q) = [Pf, © [V (R) @ Py 17V, (11)

where &, and P, are spinors associated with the two frag-
ments. Two options are possible for the radial functions uf,(r):
Either they are obtained from a diagonalization of Hamiltonian
(3), or they are defined from “bins.” Both techniques are known
to provide equivalent results for the scattering process [21].

In the first alternative the radial functions are expanded over
a set of N basis functions f,(r) as

N
u(r) =Y _ds, fu(r), (12)

n=1
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where coefficients d, are obtained from the eigenvalue prob-
lem,

Do | Hi = E°| feg )y,

y'n'

, = 0. (13)

This system must be solved for each jm considered in the
nucleus. Energies E¢ (defined from the breakup threshold)
represent physical states (E¢ < 0), or approximations of con-
tinuum states (E€ > 0), also referred to as pseudostates. A brief
discussion of the resolution of (13) with Lagrange functions
[22] is presented in Appendix A.

C. Nucleus-nucleus scattering

The next step in the CDCC formalism is to solve the four-
body Schrédinger equation at the scattering energy E,

HYMT — py/Mm (14)

where the Hamiltonian H is given by Eq. (1), and where w is
the entrance channel. The wave function is expanded as

= Y @M (Qrr 1) 8T Liy(R). (15)

ciep L1

JMm __
lllw

where the channel function is defined by

oM =[[@f @ e3r)] @ vi@p]™.  (16)

In this definition, / is the channel spin, L is the relative angular
moment, and I use o« = (cyc, L1). The L values are limited
by angular momentum couplings, and by the condition on
the parity m = mm(—1)E. The summation over ¢; and c;
is limited by a truncation energy E.x and by a truncation
angular momentum J,.x (these limits may be different for both
nuclei). As usual in CDCC calculations, numerical tests must
be performed to ensure the convergence of the cross sections.
In Eq. (15) the long-range behavior of the radial functions
is given by
1
Batwy — ﬁ(sawla(kaR> ~ Um0,k R),  (17)
where I,(x) and O,(x) are the incoming and outgoing
Coulomb functions, v, is the relative velocity, and U I7 is the
scattering matrix. I assume here that all channels are open; a
generalization to closed channels can be found in Refs. [23,24].
Functions g’” are obtained from the standard coupled-channel
system,

m(d* L(L+1)
21 \ dR? R?

t2V

where 1 is the reduced mass, and where the coupling potentials
are defined from matrix elements of potential (2) as

M7‘[| Z JMn (19)

These matrix elements involve 1ntegrals over ry,rp, and Qp,
which means eight-dimensional integrals. The integrals over
Qp are performed analytically. For the integration over r; and

) +E'"+ E — E:|g0{(7fv)

v 8oty = (18)

VJJT(R)

r, the angular parts are obtained from numerical quadratures,
and theradial parts are greatly simplified by the use of Lagrange
functions. Details on the calculations of the coupling potentials
are given in Appendix B.

The main issue in the present four-body model is not the
calculation of the coupling potentials (19). Although this can
be time-consuming, the main challenge of the model is to
solve the coupled-channel system (18) with a large number
of channels. In standard CDCC calculations, only one of the
colliding nuclei may be broken up. Although the number of
pseudostates or bins can be quite large, the other colliding
nucleus remains in its ground state. The present model goes
beyond this limitation, as both nuclei may break up. In practice,
this means that the number of channels is the product of the
numbers of pseudostates in both nuclei. This extension is
necessary in some conditions, such as in reactions involving a
deuteron and an exotic nucleus, but it raises the problem of an
extremely large number of channels (typically up ~2000).

I use the R-matrix theory to solve system (18) and to
determine the scattering matrix (17). Associated with Lagrange
basis functions, the R-matrix model is an efficient tool for
scattering problems. The radial wave functions are expanded
as

go{gﬁ)) - Z Da(a)) m Fm(R)’ (20)

m=1

where F,(R) are Ny Lagrange functions associated with
Legendre polynomials. General references can be found in
Refs. [25,26], and more specific applications in nuclear physics
can be found in Refs. [23,24].

III. TEST WITH THE 4o SYSTEM

The present model essentially aims at investigating nucleus-
nucleus scattering, with both nuclei presenting a cluster struc-
ture. However, basis functions (15) can also be used to study
bound states of a four-body system. Although the model is not
optimized for this application, bound-state calculations can be
compared with existing benchmarks in the literature.

As an application to bound-state calculations, I consider
the 4o system, which was investigated in different methods
[9,10]. The comparison therefore provides a strong test of the
present coupling potentials (19). The o 4+ « potential is the
£-independent Ali-Bodmer potential [27], defined as

VN L (r) = viexp(—(r/r1)?) + vaexp(—(r/r2)%), (21)

with v; = 500MeV, r; = 0.7fm, v, = —130MeV, and r, =
2.105fm. According to Refs. [9,10], 1 use Fzz/ma =
10.4465 MeV fm?. In a first step, the Coulomb interaction is
neglected.

The energy of the 4« system is shown in Fig. 2 as a function
of the truncation energy in 8Be, Emax, and of the truncation
angular momentum £,,,x. With this potential, the 2« and 3«
binding energies are —1.37 and —5.12 MeV, respectively [28].
For J = 0", the calculation predicts two bound states. In
each case, the convergence with £« is slow. Using only
Lmax = 0 provides a poor approximation. At least £y,.x = 4 is
necessary. Also, pseudostates up to En.x & 30 MeV need to be
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FIG. 2. Energy of the 4« system with the Ali-Bodmer potential
[27] for J = O (upper panel) and J = 2% (lower panel), by neglect-
ing the Coulomb potential. The labels indicate £, the maximum
angular momentum in the o 4 « system. The *Be + ®Be and « + '2C
thresholds are shown on the right of the figure.

included to be close to the exact energy. At convergence, I find
E%" = —11.23 MeV. This value is an excellent agreement with
the result of Timofeyuk [10] who uses hyperspherical coordi-
nates. Suzuki and Takahashi [9] use the Stochastic Variational
Method with Jacobi coordinates and find E® = —11.17 MeV.
This value, however, was recently revised to —11.23 [29]. I find
a second eigenvalue at E" = —7.71 MeV. The convergence
for J = 27 is quite similar to the behavior of J = 0*. I could
not reach the same precision because of computer memory
limitations. The eigenvalue is E2* ~ —8.3 MeV
In a second step, I include the Coulomb « — « potential,

2
VE () = 4ierf(i>, (22)
r rc

with r¢ = 1.663 fm. The results are presented in Fig. 3. As
it is well known for '>C [28], the Ali-Bodmer potential does
not provide a realistic description of the 3« and 4« systems.
The experimental ground-state energy of '°0 is —14.44 MeV.
As for '2C, the potential strongly underestimates the binding
energy. However, its simplicity offers an excellent benchmark
for four-body calculations.

IV. APPLICATION TO "Be + d SCATTERING
A. Conditions of the calculations

Data on ''Be + d elastic scattering and breakup have been
available recently at a !'Be beam energy E/A = 26.9 MeV
[11], and first CDCC results were presented in Ref. [12].

3
L 0
2 =0t
S 1t
% o | 2 8Be + ®Be
§ at ¥ a+12C
E_]’ F 4
2 L
L 6
3 L 1 1 1 1 L L 1 1
0 20 40 60 80
Emax (MeV)

FIG. 3. See caption of Fig. 2 for / = 0" and by including the
Coulomb « + « potential (22).

The '"Be + d system is an ideal candidate for the four-body
CDCC method. Both colliding nuclei present a low separation
energy (0.50 and 2.22 MeV, respectively). In d+nucleus and
""Be-+nucleus scattering, breakup effects of the deuteron and
of 'Be are known to be important.

In the present work, I complement the results of Ref. [12]
by including '°Be core excitation. For the '°Be + n system, I
use two different potentials: (i) as in Ref. [12] the potential
of Ref. [30] which neglects '“Be excitation; (ii) the set-I
potential of Ref. [31] which includes the '°Be(2+) + n channel.
The latter potential is characterized by a deformation length
8, = 1.66 fm, and involves the 2" first excited state at E, =
3.37MeV. In these conditions, the 10Be(2+) + n component
is 15% in the ground state, and 22% in the first excited state.
Both potentials reproduce the experimental energies of the
1/2% ground state and of the 1/2~ excited state. Potential (1)
overestimates the B(E1,1/2~ — 1/2%) value (0.23 ¢2.fm?),
whereas potential (2) provides 0.14 €2 fm?, in better agreement
with experiment (0.102(2) and 0.098(4) e* fm?; see Ref. [32]).
For the average distance between 'Be and the neutron, they
provide v/ (r?) = 6.70 fm and 6.19 fm, respectively. These val-
ues are similar, and close to the experimental value deduced by
laser spectroscopy (v/{r2) = 7 fm [33]). For the p + n system,
I use the Minnesota interaction [34], which reproduces the
deuteron binding energy, and low-energy scattering properties.

For the '°Be + n and p + n bases, I use Gauss-Laguerre
functions with a typical scale factor # = 0.4 fm. The number N
of basis functions is typically N = 20. For '°Be + n, I include
angular momenta j = 1/2%,3/2%,5/2% and j = 0*,2" are
considered for p 4 n. Pseudostates up to 20 MeV are included.
To compute the cross sections, I use a maximum angular
momentum Jp,x = 71/2 which was adopted in Ref. [12]. For
the R-matrix conditions, I use a channel radius a = 25 fm
with Ny = 50 Lagrange functions. Various tests have been
performed to check the stability of the results against these
different parameters.

The model is complemented by four optical potentials
between the fragments. For '°Be+nucleon, I use the Koning-
Delaroche parametrization [15], and the n +n and n+ p
potentials are taken as the Minnesota interaction. It was shown
in Ref. [12] that the choice of the '"Be+nucleon optical
potential has a weak influence on the ''Be + d cross sections
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FIG. 4. !"Be + p elastic scattering (a) and breakup (b) cross
sections at a ''Be energy E = 26.9A MeV (the elastic cross section
is divided by the Rutherford cross section). The solid and dashed
lines are obtained with and without core excitation, respectively. The
experimental data are taken from Ref. [35].

(less than 5% in the considered angular range, which is much
smaller than breakup effects).

B. !'Be + p elastic scattering and breakup

The consistency of the four-body model can be assessed
with the 'Be + p subsystem. Data and a CDCC analysis are
giveninRef. [35] atthe same incidentenergy £ = 26.9A MeV,
which corresponds to E. . = 24.7 MeV.

The elastic cross section is presented in Fig. 4, with the data
of Ref. [35]. T use a truncation energy En.x = 10 MeV; using
higher values has a weak effect on the cross section. Figure 4(a)
illustrates two effects: the role of the ' Be breakup, and the role
of core excitation. As pointed out in Ref. [35], calculations
with or without core excitation are fairly similar. The role of
Be breakup, although weak, is more important. An excellent
agreement with the data can be obtained when the ' Be breakup
is taken into account. Data at larger angles would be welcome
to further test the quality of the model.

In Fig. 4(b), I present the breakup cross section. According
to Ref. [35] which detects events from 0.5 to 3 MeV energy
between '°Be and n, pseudostates in this energy window
are used to determine the CDCC breakup cross section. As
for elastic scattering, the role of core excitation is weak,

60
50 /,7=\\ no breakup
40 | 4
g A
3 /’ ,‘ N N
g 307 / N\ R
< : W\
20 ¢
10 - ‘with breakup \\\\
0 1 1 1 1 L 1 1 n
0 30 60 90
6 (deg)

FIG. 5. '"Be + d elastic cross section (divided by the Rutherford
cross section) at E( 11Be) = 26.9AMeV, with the single-channel
approximation, and with all breakup channels. The solid lines are
obtained with core excitation, and the dashed line with the '°Be(01) +
n configuration only. Tha data are taken from Ref. [11].

and calculations with both potentials underestimate the data.
Similar results were obtained in Ref. [35].

C. ""Be + d elastic scattering and breakup

The recent data of Chen et al. [11] at a ''Be laboratory en-
ergy of Ejp, = 26.9A MeV correspond to E. ,,, = 45.5MeV.
The four-body CDCC elastic cross section is presented in
Fig. 5. As already mentioned in Ref. [12], the breakup compo-
nent of the wave function is crucial to reproduce the amplitude
of the cross section. With the full CDCC calculation, the
minimum near 6 &~ 20° is well reproduced. The single-channel
calculation, involving only the ground states of !'Be and of
the deuteron, overestimates the data by a factor two at the
minimum. Including core excitation of '°Be slightly enhances
the cross section for 8 > 30°. This goes in the right direction
but the calculation is still 10%—-20% lower than experiment.

The convergence with respect to the CDCC truncation
limits was partly discussed in Ref. [12]. In Fig. 6, I present
a more detailed analysis, with the influence of £;,x and of
E.x. For deuteron breakup [Figs. 6(a) and 6(b)], €. = 2
provides an excellent convergence, as well as E,x = 20 MeV.
In ' Be [Figs. 6(c) and 6(d)], the difference between £qy = 2
and £, = 3 is negligible and convergence is reached for
Emax = 20MeV.

Notice that the full calculation involves a very large channel
number. With the present numerical conditions, the number of
deuteron states is 15, and for "'Be, I have 20 and 38 states
for the '°Be(0") 4+ n and '“Be(0*,2%) + n configurations,
respectively. This means that the number of channels reaches
values around 600. The size of the coupled-channel system
(18) is still larger because I have several channel spins / and
several angular momenta L for a given physical channel. The
dimension of system (18) is therefore of the order of ~3000.
Such large systems can be solved by the R-matrix method,
but they are extremely demanding in terms of computer time
and memory. Iterative methods such as those presented in
Ref. [36] would allow one to speed up the calculation, but
are not applicable here because they assume small channel
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FIG. 6. Convergence of the !'Be + d elastic cross section as a function of the truncation angular momentum £y, in the deuteron (a) and in
UBe (c), and of the maximum pseudostate energy Ep.x (b), (d). In some cases, the curves are superimposed, and a double label is used.

couplings to ensure the convergence. System (18) must be
solved for each value of J7r, which makes the full calculation
of the cross section very long. Dealing with a very large system
is a challenge for future CDCC calculations.

In Fig. 7, I analyze the elastic scattering matrix |U{["| at
E.m. = 45.5MeV. I present results for orbital momenta L =
J —1/2; the alternative L = J + 1/2 is very similar. Four

1.2
- PRy T gs+gs
1 F
--0--BU+gs
08 r -©-gstBU

J
Ui7 |

0.6 —e—BU+BU

0.4

0 5 10 15

FIG. 7. Amplitude of the scattering matrix |U{"| for L = J —
1/2, and for different conditions of calculation (see text). Labels
“gs” and “BU” refer to the ground state and to breakup channels,
respectively.

calculations are presented: single-channel, mutual breakup,
and breakup in ''Be or in the deuteron. The general trend is a
reduction of the scattering matrix when breakup channels are
introduced. Including either '' Be or deuteron breakup only has
a similar effect, as confirmed by the cross sections shown in
Ref. [12].

In Fig. 8, I display breakup cross sections corresponding
to events in two energy ranges: £, = 0.5—3MeV, and E, =
3—5.5MeV. In the CDCC formalism, these cross sections
are obtained by summing partial cross sections associated
with pseudostates in these energy ranges. In the lower energy
range, the agreement with the data is fair, but the calculation
underestimates the experimental cross sections in the range
E, =3—-5.5MeV. The data present a maximum near 6 = 30°
which cannot be reproduced by theory. As for elastic scattering,
the role of core excitation is weak.

V. "Li + d ELASTIC SCATTERING

Although 7Li is not a weakly bound nucleus, it presents a
dominant « + ¢ structure, and the "Li + d system is therefore
a good candidate for a four-body model. Data have been
obtained, for example, in Ref. [37] at a deuteron energy
Ei, = 25MeV, which corresponds to E.p, = 19.44MeV.
This system is quite interesting in a theoretical point of view,
because the four optical potentials between the fragments (c, ¢
and p,n) are all real at low energies. Absorption is simulated
by the breakup of "Li and of the deuteron. However, DWBA
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FIG. 8. '"Be + d breakup cross sections with core excitation
(solid lines) and without core excitation (dashed lines). The data are
taken from Ref. [11].

calculations [37] suggest that the "Li(d,7)°Li, and probably
"Li(d, p)®Li, transfer channels play a role at large angles.
The four-body model is therefore not expected to provide an
excellent description of the cross section in a wide angular
range. Compared to DWBA analyses, however, the main
advantage of the present model is that there is no parameter
fitting. Therefore, the predictive power is much larger than in
DWBA calculations, where many parameters must be adjusted.

The ’Li nucleus is described with the « + ¢ potential of
Ref. [38] which contains central and spin-orbit components.
This potential reproduces fairly well energies and electromag-
netic properties of low-lying states. For the deuteron potential,
I adopt the Minnesota force [34], as for lIBe 4+ d scattering.

The model also involves four optical potentials. The @ + p
and o + n potentials are taken from Ref. [39] and present a
Woods-Saxon shape,

Vo
1 + exp((r — Ro)/aop)’

with Ry = 2.38fm, ap = 0.25fm, and Vy = —41.8 MeV for
o + n,and —43 MeV for o + p. I neglect the weak energy de-
pendence of the parameters. I also neglect the spin-orbit term,
which is a necessary approximation in CDCC calculations,
where the optical parameters between the fragments should be
£ independent.

For the ¢t + n potential, I use the nuclear part of the mirror
3He + p potential fitted at low energies [40]. It corresponds to
Vo = —36.2MeV, Ry = 2.15fm and ag = 0.144 fm. Again [
neglect the noncentral terms. The ¢ 4+ p potential was adjusted

Vn(r) =

(23)

5000
2000 | t+p Ep=12MeV .

3000

do/dog
°

2000 | ®

1000

1
0 30 60 90 120 150 180

0 (deg)
FIG. 9. Ratio to the Rutherford cross section for ¢ + p elastic

scattering at E, = 12MeV (see text). The data are taken from
Ref. [42].

by fine-tuning the potentials given in Ref. [41]. Parameters
Vo = —28MeV, Ry = 2.10fm, and ayp = 0.70 fm provide the
t + p elastic cross section shown in Fig. 9 for E, = 12MeV,
which approximately corresponds to E;/2. These optical po-
tentials are of course necessary inputs of the model. However,
the sensitivity of the "Li + d cross sections is somewhat weak.
Small changes in the potentials do not significantly modify the
cross sections (by less than a few percents, which is hardly
visible at the scale of the figure, and much less than other
uncertainties associated with the model).

The "Li + d elastic cross section at E; = 25 MeV is shown
in Fig. 10 with the data of Ref. [37]. It is computed with a
maximum angular momentum Jp,,x = 41/2 and R-matrix pa-
rameters ¢ = 25 fm and Ny = 50. At small angles, all calcula-
tions reproduce the data, which are dominated by the Coulomb
interaction. Strong differences, however, are observed for
6 > 30°. Without any breakup channel, the model fails to
reproduce the minimum near 6 =~ 35°, and overestimates the
data by 2 orders of magnitude at large angles. Introducing

10% ¢

d + "Li, E;= 25 MeV

103 ¢
t no breakup
1020, e T

_____

do/daog

10k

0 30 60 90 120 150 180
6 (deg)

FIG. 10. Ratio to the Rutherford cross section for "Li + d elastic
scattering at £, = 25 MeV with different conditions of calculation
(see text). The dashed lines are obtained by adding the imaginary
potential (25). The data are taken from Ref. [37].
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breakup channels improves the agreement between theory and
experiment. The behavior of the cross section up to 60° is
nicely reproduced when "Li and deuteron breakup channels
are introduced simultaneously. At large angles, however, the
CDCC calculation still overestimates the data. Calculations
have been performed by increasing the model space, but this
has a minor effect on the theoretical curve.

The disagreement at large angles is consistent with the
conclusion of Ref. [37] which suggests that the "Li(d,1)°Li, i.e.,
the o transfer from "Li to ®Li, is important in this angular range.
To simulate this effect, missing in the present calculation, I have
introduced a phenomenological imaginary part in the coupling
potentials (19). This is not intended to provide a fit of the
data, but rather to qualitatively assess the role of an additional
imaginary potential. I therefore modify the coupling potentials
(19) as

Vi (R) — VX (R) +iW 5 (R), (24)
and I choose the simple definition,
WIT(R) = N; VI (R), (25)

which means that I assume the proportionality between the real
and imaginary components. This approximation is often used
as a first guess of the imaginary potential.

InFig. 10, I present the calculations obtained with N; = 0.1
and N; = 0.2 (dashed lines). Clearly, this goes in the right
direction. Except around & = 150° where some overestimation
remains, the general agreement with the data is significantly
improved with N; = 0.2. Of course there is no a priori
justification of the choice N; = (0.2. However, this additional
imaginary part supports the suggestion that transfer channels
such as "Li(d,7)°Li play an important role.

The present four-body model, which does not involve any
parameter fit (except, of course, in the optical potentials which
are determined from independent data), represents a first step
in the analysis of systems like "Li 4 d. Even if it overestimates
the data at large angles, the inclusion of breakup channels in
"Li and in the deuteron is fundamental.

VI. EQUIVALENT POTENTIALS

As CDCC calculations often involve many channels, it
is desirable to determine equivalent potentials, which repro-
duce as closely as possible the CDCC cross sections. This
problem was addressed in several papers (see, for example,
Refs. [43-45]).

The formalism for scattering between spin zero nuclei can
be found in Ref. [43], for example. I generalize here the
theoretical framework when the spins are different from zero.
In that case, even elastic scattering involves scattering matrices
with dimension larger than one.

Let us denote as 2 the entrance channel in (14), i.e., the
values cy,cy of the colliding nuclei. Equation (18) can be
written in a compact form as

(T - E)gut(w) + Z Vavt’gut’(w) + Z Vaa’ga’(w) = Os (26)
o’'eQ o' ¢Q

where I drop spin and parity indices. Index w contains the (L, 1)
values for the entrance channel 2. The number of w values is

denoted as N,,. Equation (26) therefore represents N, systems,
each of them involving N equations. Formally this system is
equivalent to the smaller system,

(T — E)gpwr + Y Veph 85 = 0, @7
peQ
where the equivalent potential V! is now a matrix of size N,,.
Identifying Eqgs. (26) and (27) provides
1
Vg = Vg + Vg (28)
where the polarization potential Vé’g,‘ is given by the system,
1
Y Vi g = Y Vep 8- (29)
,B/EQ ﬁ//¢Q

The wave functions gg . are easily determined by the R-matrix
method. Then the polarization potential is obtained from (29)
by matrix inversion. Equation (29) is an extension of the
simpler spin-zero system [43].

Of course, all potentials (V,V, ypoly depend on spin and
parity. To provide a spin-independent equivalent potential, an
average is performed [43] as

Y s ViST (R 0] (R)
ZJJIL wl{ﬂ(R)

where the weight factor a)i” (R) involves the scattering matrix
and the wave function as

o (R) = QL + (1 — U P)gk®. @31

VH(R) = . (30)

Again, Egs. (30) and (31) are direct generalizations of simpler
systems involving spin-zero nuclei. Equation (30) provides
an equivalent single channel, and spin-independent, potential.
It simulates the role of the breakup channels. However, it is
approximative only, and the validity of this potential should
be checked by comparing the cross section with the original
CDCC cross section.

I present in Fig. 11 the equivalent potentials (30) for the
""Be + d system. The real part is weakly modified by the
breakup channels. Only at short distances R < 2 fm, the real
potential is affected. The situation is different for the imaginary
component. Breakup channels modify the depth by a factor of
two. At large distances, the imaginary potentials behave as ~
exp(—R/a) with a ~ 0.84 fm for the single-channel potential,
and a ~ 0.97 fm for the full calculation. The effect of breakup
channels is therefore to modify the imaginary part of the
potential: The depth is larger, as well as the diffuseness of
the potential. Figure 11(b) is a test of the potential. I compare
the full CDCC calculations (dashed lines) with cross sections
using the optical potential (30) (solid lines). The agreement
is quite reasonable, which means that the optical potential of
Fig. 11(a) can be considered as a good approximation of the
CDCC results.

The equivalent potentials of the 'Li + d system are pre-
sented in Fig. 12. I consider three conditions: (1) the single-
channel calculation; (2) the full calculation without additional
imaginary part (N; = 0); in that case the potential is real
because the four optical potentials are real; (3) the full cal-
culation using the imaginary term (27) with N; = 0.2. As for
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FIG. 11. (a) ''Be + d equivalent potentials (30). (b) Elastic cross
sections (divided by the Rutherford cross sections) with potential (30)
(solid lines) and with the CDCC calculation (dashed lines). The single-
channel curves are in red, and the full calculations in black.

'Be + d, the main effect of the breakup channels is to modify
the imaginary component. At large distances, the asymptotic
form of the imaginary potential varies as ~exp(—R/a) with
a ~ (.61 fm for conditions (2), and a ~ 0.81 fm for conditions
(3) [as mentioned before, the imaginary potential vanishes in
conditions (1)]. The diffusenesses are smaller than in !'Be + d
because the "Li nucleus is more compact than ''Be.

VII. CONCLUSION

The present work is a natural extension of the CDCC method
to reactions involving two nuclei with low breakup thresholds.
This situation is often met in deuteron-induced reactions on
exotic nuclei. A typical example is !'Be + d, where ''Be is
bound by 0.5 MeV only. A challenge for this approach is
to deal with large channel numbers. Including pseudostates
in both nuclei leads to calculations with many channels. To
solve the coupled-channel system, and to derive the scattering
matrices, I use the R-matrix formalism [23] associated with
Lagrange functions as a basis [22]. This method provides
accurate solutions, even for large systems and for closed
channels. An important reduction of the computer times is
obtained by using a propagation technique, where the radial
interval [0,a] is divided in intervals involving smaller numbers
of basis functions (see Ref. [24] for details).

10*
10° — no breakup _c==os, N/ o
S 102 --------------------
= 3
< £
o 10! |
“G E
1L -
d+ 'Li, Eg= 25 MeV (b)
10-1 i 1 1 1 1 1
0 30 60 90 120 150 180
0 (deg)
0
- L
% -20 Himaginary no breakup
\E/ L
= 40
5 L
o -60 r
(5]
> L
-80
i @
-100 I |
0 1 2 3 4 5 6

R (fm)

FIG. 12. See caption of Fig. 11 for the "Li 4 d system. Results
with the imaginary potential (25) (using N; = 0.2) are also shown.
Notice that the imaginary potential for the single-channel calculation
is exactly zero.

T'have first presented a test calculation on the 4« system. The
comparison with other calculations available in the literature
provides a strong test of the coupling potentials. I have shown
that bound-state calculations require large angular momenta
and pseudostate energies in the o + « system.

The first results on "Be + d obtained in [12] were com-
plemented by the introduction of core excitation in '°Be.
As already observed in !'Be + p [35], core excitation has
a weak effect on the elastic scattering and breakup cross
sections. In both conditions, the binding energy and the rms
radius of the ground state are similar. Most likely, elastic
scattering is more sensitive to these properties than to the
details of the wave functions. In contrast, breakup channels are
fundamental to accurately reproduce the elastic scattering data.
A single-channel approach overestimates the data by about
30%. It would be interesting to have data at larger angles and
at different energies to further test the precision of the model.

The "Li 4 d reaction is another good candidate for a four-
body model. I have shown that single-channel calculations
fail to reproduce experiment. When breakup channels are
introduced, the data up to 6 ~ 60° can be nicely reproduced.
Howeyver, transfer channels such as 7Li(d ,t)6Li, are missing in
the model. As an exploratory study, I introduced an additional
imaginary part in the potential, and I showed that a fair
agreement with experiment can be obtained.
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The effect of breakup channels can be seen on the equivalent
potentials. For "Be + d as well as for 'Li + d, the main
effect is to increase the imaginary part of the potential. This
is consistent with the picture of a stronger absorption from
breakup channels.

The main advantage of the present model is its predictive
power. Optical potentials between the fragments are known in
most cases. Then, the cross sections are computed without any
parameter fitting. A possible extension of the model would
be to use the wave functions in DWBA analyses. Nucleon
transfer (d, p) or (d,n) reactions are often used to investigate
the structure of exotic nuclei. Such calculations represent a
challenge for future scattering studies.
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APPENDIX A: TWO-BODY MATRIX ELEMENTS

In this Appendix, I discuss the matrix elements (13) in-
volved in two-body systems. For the radial basis [ use Lagrange
functions [22] defined from orthogonal polynomials. A set of
N functions f,(r) is given by

1
—F,(r/ h),
NG (r/h)

Fu(u) = (= 1)”

fn(r) =

) N( Lexp—u/2. (A1)
where Ly () is the Laguerre polyn0m1a1 of order N and u,, its
roots. In this definition, /4 is a scaling parameter which can be
adapted to the typical dimensions of the system. At the Gauss

approximation, functions (A1) are orthogonal,

(fal fw)

and the matrix elements of the kinetic energy are known
analytically for various types of Lagrange meshes.

Let me discuss the matrix elements of potentials (7) by using
the addition theorem,

P, (cos0) = 4 (— 1A~

(A2)

~ 8nn’ i

Q) ® Vi(Q0)°, (A3)

where & = (21 4+ 1)!/2, and where 2 and €2, are the angles
associated with the relative coordinate, and with the internal
coordinate of the deformed nucleus, respectively. Then, a
matrix element of potential (7) between basis functions (11)
can be factorized as

Ui VL) = 1 2 e f FuPr() fo ()

(A4)

Again, the use of Lagrange functions is very efficient to
compute the radial part. At the Gauss approximation, the

integral reads

/ fn(r)vk(r)fn’(r)dr ~ U)L(hun)snn" (AS)

In Eq. (A4), some angular-momentum algebra provides

Io Jo
A;\u po = (= 1)lotiots 10]0{

J ’
C(lp,A, 1
]0 1(/) )\} (o o

X C (Lo, 1, Ly)F(£o,50, jo o805 Jos M) (A6)

where I use the notations,

20+ 1D)(2¢:+1)
A (21 +1)

172
C(Zl,ﬂz,es)z[ ] (€20¢€50[€,0), (A7)

and

F(£0,50, o, L0505 Josr)

Jo Lo 5o

— 85 5 1 50+S0+j0+)»£
D o iy

}. (A8)

Let me consider the matrix elements of the electric operator of
order A, defined as

M) = eZeir" YH(Q), (A9)
where the effective charge is
Zar = 7, -2 A+z Ay’ (A10)
eff — 1 A 2 A .

A reduced matrix elements between basis function (11) is given
by

(fn(p; ”MA ” fn’ﬁo;//) = eZeffB;,LC y'c / fn(V)V)\fn'(V)dr,
(A1)

where the radial matrix element is, at the Gauss approximation,

/ JaOr* fu)dr % (hg)* 8. (A12)
The angular part is given by
B})/LC e = (_1)10+j0*j+lé+j67j'C(EO’A’Eé)
X F(£0,50, o L0505 Jos M F ooy Js jos Tos J's A,
(A13)

which involves coefficients defined in (A7) and (AS).

APPENDIX B: CALCULATION OF THE
COUPLING POTENTIALS

In this Appendix, I provide some technical details about
the calculation of the coupling potentials (19). In the first step,
each fragment-fragment optical potential VI(J) (R +ar; + fra)
of Eq. (2) is expanded in multipoles as

S DY Q1.2 ® Vi)

Ahiha

VIR +ary + fry) =

X Vian, (R,r1,12), (BD
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where « and B are constants, and where

Y4 (2 = [V (@) e V)], (B2)

If I choose the z axis along R, Eq. (B1) becomes

1
—— Y VY (1.9 Vara(R.r1r2).

ViO-(R+ar +Br) =
! o Var =

(B3)

Inverting this definition provides the multipole components of
the potential,

Vi (R.r1,r) = V4 / (¥10,(21.922)) VAR + ar,

+Pr)dQ2,dS2;. (B4)

A simple calculation gives

Vi (Rr1,r2) = (4)¥2 Y (2 = 8,0) (A1 Ay — u[2.0)
u=0

x / Y/ (61,0) Y, (62,0) cos(i1g)

X VIR + ar + Bra) d(cos 6)) d(cos 6,)dg,
(B5)

where ¢ is associated with the angle between r; and r,, and
varies in the interval [0,7r]. In this definition, A + A{ + A,
must be even. These integrals involve three quadratures which
are performed numerically. With expansion (B1), the matrix
element (19) can be written as

pagrr o[l L T
VIT(R) = (=)'t L x—l{L/ v A}C(L,x,L’)
AAiA2
X3 IR(Rs Mt A, i o J5 V12V Y)
Ny

X LgM A1, A2, J1s J2s J1s s V1 V25 Vi Vo) (B6)

where I use the general definition (10) for the two-body wave
function. The radial term I is given by

Ir(R) = / wly UL (r2) Vi (Ror1 el (r i (ra)d e,
(B7)

where I ignore indices of parity and of excitation level. These
quadratures are simple with Lagrange functions [22].
The angular component in (B6) is the matrix element,

Iy = ([0}t ® 0] [ [0 @ V@] | [} ® 2]").
(BY)
and reads
2
Io=hph0{oa 2a atleh] v lelel] vlek)
i

(B9)

Each matrix element is then given by
(el 1¥]l¢)
= ([o1, & [¥, ® &, ]V [vi][[04 ® [14 ® 0 ]"T)
(B10)
and can be written as
@LYll@L) = 81,1850y F oo it 1.3
X F(£o.50. jo:£:59:jo-)C (Lo, 2. &), (B11)

where I have used definitions (A6) and (A7). The calculation
of the coupling potentials (19) can therefore be divided in
several steps, each of which being fairly simple. Of course,
these expressions strongly simplify in the standard case with no
core excitation (/o = I = 0). Global tests can be performed on
the Coulomb potential because, at large distances, the multi-
pole expansion (B1) is known analytically. Then, the coupling
Coulomb potentials are defined from matrix elements of the
multipole operators in nuclei 1 and 2.
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