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Proximity potential and temperature effects on α-decay half-lives
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In order to calculate the α-decay half-lives of a wide range of heavy and superheavy nuclei, we introduced a
modified temperature-dependent surface energy coefficient in the proximity potential based on thermal properties
of liquids and hot nuclei. An increase in the α-decay half-life was observed by decreasing the surface energy
coefficient as a result of temperature incorporation of the parent nuclei. The introduced temperature-dependent
surface energy coefficient evaluated the half-lives which were in good agreement with the experimental data.
Moreover, the results of the present paper confirm the closed-shell effects.
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I. INTRODUCTION

The study of α decay provides a reliable way to discover
new nuclei and elements via decay chains [1–6]. Furthermore,
its study provides extensive knowledge on nuclear structure
and properties of exotic nuclei in drip-line, closed-shell, and
superheavy regions [7–12]. Valuable information on ground-
state energy, ground-state half-life, nuclear spin and parity,
magic numbers, island of stability, isomeric states, nuclear
deformation, nuclear clustering, and effective interaction are
the important issues of α-decay studies [13–19]. As a powerful
tool, α-decay investigation can therefore extend our conception
of nuclei. On the experimental side, α decay benefits from
highly efficient detection with high resolution and low back-
ground [20–27].

A proximity formalism based on intrinsic properties of
the nuclei, such as surface energy, thickness, and nuclei
radii was introduced in fusion reactions [28]. The effect of
physical concepts, such as spin, isospin, closed shells, fine
structure, deformation, and orientation are investigated in a
proximity formalism [29–35]. Although various versions of the
proximity formalism have been formulated for fusion studies,
only a few have been applied or modified for α-decay studies.
The model proposed by Dutt [36] is one of the latest and
applicable versions of the proximity potential obtained through
recent knowledge of the universal function and surface energy
coefficient for fusion reactions. Our study revealed that this
model offers satisfactory results for α-decay studies [37].
Although Dutt’s model [36], similar to most other proximity
potentials, shows good performance for even-even nuclei, the
results were not so satisfying for odd-A and odd-odd nuclei.
In order to reduce these discrepancies, this study examines
α emitters by integrating temperature effects on the surface
energy coefficient of the proximity formalism.

As the α-decay process is a quantum tunneling effect
through a potential barrier, the height and position of the
barrier as well as its shape play a crucial role in the calculation
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of α-decay half-lives. The surface energy coefficient has a
considerable effect on the potential barrier. Over time, with the
progress in theoretical models as well as experimental instru-
ments and methods, many modifications have been applied to
the surface energy coefficient to obtain the proximity potential
that can lead to agreement with experimental data (see Ref. [37]
and references therein). These changes include modified sets
of the surface energy and asymmetry constants (γ0,ks). The
adjustment of the surface energy constant causes changes in
barrier characteristics. A larger γ gives a more attractive and
stronger nuclear potential, which leads to barrier lowering and
pocket deepening [35,38,39].

From an experimental perspective, different methods have
been proposed to measure nuclear temperatures. They can be
categorized into three main groups: population, kinetic, and
thermal-energy approaches. On the theoretical side, a large
number of studies has obtained the nuclear equation of state
and calculated critical temperature of semi-infinite nuclear
matter. (See Ref. [40] and references therein.) Temperature
dependence has been applied to potential and effective mass
parameters, such as radius, diffuseness, and surface tension
[41–43].

Including temperature dependence in the proximity models
can affect the results in two ways: (1) in the effective sharp
radius and the surface width [32,35,44] and (2) in the surface
energy coefficient. This difficulty can be managed in two
different ways: starting from a fundamental approach free from
adjustable parameters and adjusting different parameters of the
model to known experimental data.

In the current research, we employ the formulas used to
study the thermal behavior of liquids and hot nuclei in order
to modify the surface energy coefficient in the proximity
formalism. To optimize the suggested surface energy coeffi-
cient in studying the α-decay process, the variables of this
temperature-dependent (TD) formula are adjusted such that the
calculated α-decay half-lives for a wide range of α emitters are
in agreement with those reported experimentally.

This paper is organized as follows: Formalisms employed to
calculate theα-decay half-life, the interaction potential, and the
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temperature dependence of the proximity potential are given
in Sec. II. The results and discussion are presented in Sec. III,
and finally, concluding remarks are given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Description of the α-decay half-life formalism

The decay half-life of a parent nucleus (A,Z) to an α particle
(Aα,Zα) and a daughter nucleus (Ad,Zd ) is calculated using

T1/2 = ln 2

λ
= ln 2

νPα

, (1)

where λ is the decay constant and ν represents the assault
frequency thus,

ν = ω

2π
= 2Eν

h
. (2)

The correlation between the zero-point vibration energy
Eν and the released energy of the emitted α-particle Qα is
expressed using the empirical formula [45] thus,

Eν =

⎧⎪⎨
⎪⎩

0.1045Qα for even Z-even N parent nuclei,
0.0962Qα for odd Z-even N parent nuclei,
0.0907Qα for even Z-odd N parent nuclei,
0.0767Qα for odd Z-odd N parent nuclei.

(3)

Based on the one-dimensional Wentzel-Kramers-Brillouin
(WKB) semiclassical approximation, the α-decay penetration
probability Pα through the potential barrier is calculated as

Pα = exp

(−2

h̄

∫ Rb

Ra

√
2μ[VT (r) − Qα]dr

)
, (4)

where μ is the reduced mass of the α-daughter system. The
inner and outer classical turning points Ra and Rb respectively,
are calculated as

VT (Ra) = Qα = VT (Rb). (5)

B. Description of the potential formalism

Total interaction potential VT (r) between the α particle
and the daughter nucleus is composed of three main parts:
the repulsive Coulomb potential VC(r), the attractive nuclear
potential VN (r), and the centrifugal potential Vl(r),

VT (r) = VN (r) + VC(r) + Vl(r). (6)

Using the pointlike plus uniform model, the Coulomb
potential VC(r) is defined as

VC(r) = ZaZde
2

{
1
r

for r � Rc,

1
2Rc

[
3 − (

r
Rc

)2]
for r � Rc,

(7)

where r is the distance between the fragment centers and Rc is
the touching radial separation between the α particle and the
daughter nucleus.

The l-dependent centrifugal potential Vl(r) is as follows:

Vl(r) = h̄2 l(l + 1)

2μr2
, (8)

where l is the orbital angular momentum carried away by the
emitted α particle.

The proximity formalism can be used to calculate the
nuclear potential VN (r) between the α particle and the daughter
nucleus [28] thus,

VN (r) = 4πγ bR̄�(ξ ). (9)

This potential is related to the geometry and shape of the
participant nuclei and universal function (�(ξ )).

The surface energy coefficient γ based on Ref. [46] is given
as

γ = γ0
[
1 − ksA

2
s

]
MeV/fm2, (10)

where As = N−Z
A

represents the neutron/proton excess. γ0 and
ks are the surface energy constant and the surface asymmetry
constant, respectively. The original set of these constants based
on Myers and Świątecki’s work [46] was introduced as γ0 =
1.01734 MeV/fm2 and ks = 1.79. In the present paper, the
modified set of these constants γ0 = 1.25284 MeV/fm2 and
ks = 2.345, denoted as γ -MN 1995 [47] was used. b is the
surface width (b ≈ 1 fm) and R̄ denotes the reduced radius as

R̄ = C1C2

C1 + C2
, (11)

where Ci is the matter radius (Süssmann’s central radius). The
index i = 1,2 refers to the α particle and daughter nucleus,
respectively. Based on the droplet model, Myers and Świątecki
expressed Ci in terms of half-density radius ci as [48]

Ci = ci +
(

Ni

ai

)
ti (i = 1,2), (12)

where the neutron skin of nucleus t derives the form

ti = 3

2
r0

(
JIi − 1

12c1ZiA
−1/3
i

Q + 9
4JA

−1/3
i

)
(i = 1,2), (13)

in which the radius constant r0 = 1.14 fm, the symmetry
energy coefficient J = 32.65 MeV, I = (N − Z)/A, ci =
3e2/5r0 = 0.757895 MeV, and the neutron skin stiffness co-
efficient Q = 35.4 MeV.

The half-density radius of the charge distribution in terms
of nuclear charge radius R00 is expressed as [48]

ci = Rooi

(
1 − 7

2

b2

R2
ooi

− 49

8

b4

R4
ooi

+ · · ·
)

(i = 1,2).

(14)

By fitting the measured root-mean-square values of the
charge distribution 〈r2〉1/2, the charge radius formula was
determined as [36]

Rooi = 1.171A
1/3
i + 1.427A

−1/3
i (i = 1,2). (15)

The model is based on the fact that the diffuseness of the
nuclei is much smaller than their radii.
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The modified parametrization of the universal function �(ξ ) was given as [49]

�(ξ ) =
⎧⎨
⎩

−1.7817 + 0.9270ξ + 0.143ξ 2 − 0.09ξ 3 for ξ � 0.0,

−1.7817 + 0.9270ξ + 0.01696ξ 2 − 0.5148ξ 3 for 0.0 � ξ � 1.9475,

−4.41 exp
( −ξ

0.7176

)
for ξ � 1.9475,

(16)

where ξ = s/b is the minimum separation distance in units
of the surface width and s refers to the separation distance
between the half-density surfaces of the fragments,

s = r − C1 − C2 fm. (17)

This model is referred to as Dutt 2011. A detailed investi-
gation of over 395 reactions [36] and our comparative study of
over 344 α decays [37] revealed the suitability of this model
for both fusion and α-decay studies.

C. Temperature dependence of the proximity potential

To advance the proximity nuclear potential, the temperature
dependence of the potential can be applied on the surface
energy coefficient. It is known that surface tension of liquids
γ is dependent on temperature T . The T dependence is such
that surface tension decreases with an increase in temperature
vanishing at a so-called critical temperature Tc. The simple and
widely used Guggenheim-Katayama–van der Waals empirical
equation for the T dependence of surface tension is given by
[50–54]:

γ = γ (T = 0)

(
1 − T

Tc

)n

mN/m or mJ/m2, (18)

where γ (T = 0) is a system-dependent constant being the
surface tension at absolute zero and n is an empirically fitted
exponent which is determined by comparison with surface
tension experimental data.

Like the temperature dependence of surface tension of
liquids, such a dependence also exists for nuclei. Jaqaman
[55] using a finite-temperature generalized liquid-drop model
derived the temperature dependence of the surface tension of
a hot nucleus as

γ (T ) = 1.14

(
1 − T

Tc

)2

MeV/fm2. (19)

This relation was obtained by generalizing the equation of
state for the asymmetric nuclear matter using the Skyrme-type
effective interaction.

With consistent temperature dependence of the surface
energy coefficient for liquids and hot nuclei and in contrast with
experimental α-decay half-lives, we explored the temperature
dependence of the surface energy coefficient in the proximity
formalism by using the following relation:

γ (T ) = γ (T = 0)(1 − pT )q MeV/fm2, (20)

where p and q are two constants obtained by fitting to the
experimentally measured α-decay half-lives of a wide range
of nuclei. γ (T = 0) refers to the temperature-independent (T-
IND) surface energy coefficient as calculated using Eq. (10).

The nuclear temperature T (in units of MeV) is correlated
to the excitation energy of the compound nucleus E∗

CN as [56]

E∗
CN = Eα + Qα = 1

a
AT 2 − T (MeV), (21)

whereEα represents the kinetic energy of theα particle anda ∼=
9 or 10 MeV for intermediate-mass or superheavy systems,
respectively.

III. RESULTS AND DISCUSSION

In our previous work [37], we studied the α-decay half-lives
of 344 isotopes of nuclei within 28 versions of the proximity
potential model in the framework of the WKB approximation.
The proximity model denoted as Dutt 2011 is one of the
best proximity versions to predict α-decay half-lives with
the least deviations with respect to the experimental values.
Consequently, in this research, it was applied to investigate
temperature effects. Although the results from Dutt 2011 were
in good agreement with experimental half-lives, deviations
were not negligible for odd-A and odd-odd nuclei. In this paper,
we studied α emitters by considering temperature dependence
in the nuclear surface energy constant using Eq. (20). The
coefficients p and q in this equation were adapted by an
adjustment to the experimental data of α-decay half-lives.
This potential was reported using the TD prefix (i.e., TD-Dutt
2011). The ranges of the atomic and mass numbers of chosen
parent nuclei with definite experimental α-decay half-lives
were 80 � Z � 102 and 176 � A � 257, respectively.

The calculated temperatures of all parent nuclei using
Eq. (21) versus the mass numbers of parent nuclei are shown

FIG. 1. The calculated temperatures [Eq. (21)] of the parent nuclei
with 80 � Z � 102 during the α-decay process as a function of mass
number of the parent nuclei.
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FIG. 2. Variation of (a) released energy of an emitted α particle
and (b) temperature of the parent nuclei versus the neutron number
of the parent isotopic systems with 84 � Z � 91.

in Fig. 1. The values of Qα are the same as those in Ref. [57].
This paper shows that the temperature values of parent nuclei
were in the range of 0.55–1.0 MeV.

The variation of energy released from the emitted α particle
(Qα) and temperature of parent nuclei T versus the neutron
number of parent nuclei can be seen in Figs. 2(a) and 2(b),
respectively, for isotopic groups of parent nuclei with 84 �
Z � 91. The results also show that, for each isotonic group,
a parent nucleus with a bigger atomic number emits more
energetic α particles. It is also shown that, for each isotopic
group, the highest Qα and the highest T belong to the N = 128
isotope, which leads to a closed-shell daughter nucleus with
the neutron magic number Nd = 126.

Using the proximity potential within the WKB approxima-
tion, the α-decay half-lives of parent nuclei were calculated
using Eq. (1). The half-lives were calculated with respect to
two concepts: (1) the T-IND proximity potential and (2) the
proximity potential with the TD surface energy coefficient.

In order to determine the coefficients p and q in Eq. (20),
the symmetric mean absolute percentage error (SMAPE) of the

FIG. 3. (a) T-IND surface energy coefficient γ (T = 0) and (b)
TD surface energy coefficient γ (T ) versus the neutron number of the
parent isotopic systems with 84 � Z � 91.

decimal logarithm of α-decay half-lives was employed thus,

SMAPE = 1

n

n∑
i=1

(∣∣ log10

(
T cal

1/2

)
i
− log10

(
T

exp
1/2

)
i

∣∣
log10

(
T cal

1/2

)
i
+ log10

(
T

exp
1/2

)
i

)
× 100,

(22)

where parameter n refers to the number of nuclei under con-
sideration and log10(T exp

1/2 ) and log10(T cal
1/2 ) are the experimental

and calculated data for the decimal logarithm of α-decay
half-lives, respectively. The experimental data for α-decay
half-lives were obtained from Refs. [58–60].

By comparing the experimental α-decay half-lives and
minimizing SMAPE, we estimated coefficients p and q in
Eq. (20) to be 0.07 and 2, respectively, for all categories of
even-even, even-odd, odd-even, and odd-odd parent nuclei.
Therefore the temperature dependence of the surface energy
constant is expressed as

γ (T ) = γ (T = 0)(1 − 0.07T )2 MeV/fm2. (23)

Figures 3(a) and 3(b) show the T-IND surface energy
coefficient γ (T = 0) and TD surface energy coefficient γ (T )
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FIG. 4. Variation of (a) penetration probability of the α particle
on the decimal logarithmic scale and (b) the decimal logarithm of
the α-decay half-lives with the neutron number of the parent nuclei
predicted by the TD-Dutt 2011 model for isotopic systems of 84 �
Z � 91.

calculated using Eqs. (10) and (23), respectively. The isotopic
chains are similar to those of Fig. 2. By increasing Z from 84
to 91, γ (T = 0) and γ (T ) showed a corresponding increase.
It was also shown that γ (T = 0) exhibited a decreasing linear
trend with increasing N , whereas the modified surface energy
coefficient γ (T ) had a valley around N = 128 which points
out the closed-shell effects.

The decimal logarithm of the penetration probability of
α through the potential barrier log10(Pα) and the decimal
logarithm of the α-decay half-lives log10(T cal

1/2 ) calculated using

TD-Dutt 2011 are shown in Figs. 4(a) and 4(b), respectively.
For the parent nuclei with two neutrons outside the closed shell,
the α particle penetrated more easily than other isotopes. Shell
closure has a major effect on the α-decay half-life as log10(T cal

1/2 )
reaches the lowest amount around N = 128, thus confirming
the higher instability of the parent nucleus that decays in the
closed-shell daughter nucleus. Additionally, it is apparent that,
for each isotonic group, the parent nucleus with the largest Z
had the shortest log10(T cal

1/2 ).
The calculated half-lives were compared with the results

of the l-dependent empirical formulas derived by Royer
for α-decay half-lives log10(T1/2) = f (Qα,l,A,Z) [61] and
with those of the unified model for α decay and α capture
(UMADAC) [59].

The calculated SMAPEs with respect to the total, even-
even, even-odd, odd-even, and odd-odd α emitters for T-IND
Dutt 2011, TD-Dutt 2011, Royer’s empirical formula [61], and
UMADAC are shown in Table I. All investigations used a total
of 240 emitters consisting of 81 even-even, 61 even-odd, 60
odd-even, and 38 odd-odd α emitters.

Table I shows that by including the present temperature
dependence in the proximity model the total SMAPE was
improved by more than 50%. In addition, the results produced
by the TD model were comparable with those of the other
approaches mentioned.

IV. CONCLUSION

The α-decay half-lives of nuclei with atomic numbers 80 �
Z � 102 and mass numbers 176 � A � 257 were evaluated
based on the WKB penetration probability. The proximity
model denoted as Dutt 2011 was used to determine the nuclear
part of the potential. To improve the calculated α-decay half-
lives, a temperature-dependent surface energy coefficient was
applied to the proximity potential. A unified TD formula was
presented for all even-even, even-odd, odd-even, and odd-odd
nuclei. The theoretical results were compared with experimen-
tal data, l-dependent empirical formulas of the half-life, and
UMADAC. By incorporating the temperature dependence of
the surface energy coefficient, a considerable improvement in
the α-decay half-lives was obtained. Furthermore, the results of
TD-Dutt 2011 established the shell closure effects on α-decay
released energy, the temperature of the parent nucleus, the
surface energy coefficient, the penetration probability, and
the α-decay half-life. Our results also showed that, for each
isotopic family, the peak temperature and valley of the half-life
belonged to a parent nucleus that decayed to a daughter nucleus
with a neutron magic number.

TABLE I. Comparison of SMAPEs (percentage) of the decimal logarithm of the α-decay half-lives for a full set of nuclei derived using
different approaches. All investigations employ 240 total, 81even-even, 61 even-odd, 60 odd-even, and 38 odd-odd α emitters.

Model Total Even-even Even-odd Odd-even Odd-odd Reference

T-IND Dutt 2011 6.44 3.59 9.66 4.35 10.61 Present paper
TD-Dutt 2011 2.71 2.41 2.57 2.99 3.13 Present paper
Royer: l dependent 3.69 2.31 7.58 3.20 1.14 [61]
Denisov: UMADAC 3.39 1.57 7.31 2.55 2.32 [59]
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