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Half-lives of α-decaying nuclei in the medium-mass region within the transfer matrix method
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The α-decay half-lives of even-even nuclei from Sm to Th are systematically studied based on the transfer
matrix method. For the nuclear potential, a type of cosh-parametrized form is applied to calculate the penetration
probability. Through a least-squares fit to experimental half-lives, we optimize the parameters in the potential and
the α preformation factor P0. During this process, P0 is treated as a constant for each parent nucleus. Eventually,
the calculated half-lives are found to agree well with the experimental data, which verifies the accuracy of the
present approach. Furthermore, in recent studies, P0 is regulated by the shell and paring effects plus the nuclear
deformation. To this end, P0 is here associated with the structural quantity, i.e., the microscopic correction of
nuclear mass (Emic). In this way, the agreement between theory and experiment is greatly improved by more than
20%, validating the appropriate treatment of P0 in the scheme of Emic.
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I. INTRODUCTION

In 1899, α particles were first defined in the investigations
of radioactivity by Ernest Rutherford, in an early development
of nuclear physics. Since then, α emission has been known
as an important decay channel of unstable nuclei, and has
provided much reliable information on nuclear structure such
as ground-state energy, nuclear spin plus parity, and nuclear
deformation [1–3]. Especially, measurements on the α-decay
chain are used as the main tool to identify new superheavy
elements or isotopes [4–12], and the α-decay spectrum is
considered an effective way to detect the structure properties
of neutron-deficient nuclei as well [2,13]. Therefore, renewed
interest has been stimulated for experimental and theoretical
research on α decay.

In the 1920s, Gamow successfully explained the theory of
α-decay process as a quantum tunneling effect, which can be
taken as the first application of quantum mechanics in nuclear
physics [14]. The α decay can be described as two independent
processes, namely the formation of an α particle at the surface
of the parent nucleus, and the sequential barrier tunneling
[15,16]. Extensive studies have been devoted to this decay
mode and to heavier cluster emissions based on various models
[17–40], such as a cluster model [21–23], the generalized
liquid drop model (GLDM) [24,25], the density-dependent
M3Y interaction and the mean-field potential [26–33], and
the analytical superasymmetric fission (ASAF) model [34–40].
Besides, many phenomenological formulas, including several
structural ingredients, have been proposed to evaluate the
half-lives of α and cluster emitters as well [34,41–48]. In
these calculations, the experimental α-decay half-lives can
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be generally reproduced with a factor of 3–4. At present,
we choose a widely used type of cosh-parameterized form to
calculate the penetration probability. Then, the most difficult
part is how to estimate the α-preformation probability P0

that the α particle exists as a recognizable entity inside the
nucleus before its emission. On one hand, due to the complexity
of nuclear many-body problem and nuclear potential, it is
extremely difficult to perform a microscopic description for
the preformation factor P0. On the other hand, P0 appears to
vary smoothly in the open-shell region according to a detailed
analysis of experimental facts [1]. With these in mind, P0 is
taken as a constant for one kind of nuclei to precede the whole
calculation of α-decay half-lives [21–23,31]. However, based
on recent studies [2,49–52], the pairing and shell effects should
play an important role in the formation of the emitted α particle.
As an alternative, P0 may be connected with a structure
quantity, i.e., microscopic correction of nuclear mass (Emic),
which takes into account these aforementioned influences to a
great extent.

In this work, to explain the tunneling process, we adopt the
transfer matrix method to calculate the penetration probability
instead of the well-known Wentzel-Kramers-Brillouin (WKB)
semiclassical approximation. The transfer matrix method has
been employed in the research of semiconductor physics and
even nuclear reactions, as in the calculation of transmission
tunneling current [53] and the fusion cross section [54]. But
up to now, it seems that this method is not that commonly
applied in the investigation of α decay, in particular for sys-
tematic calculations. Hence, we here propose to introduce this
approach into α-decay studies, not only aiming at checking its
accuracy for calculating α-decay half-lives, but also providing
a different perspective.

This paper is organized as follows. In Sec. II, a brief
introduction of the transfer matrix method is given first, and
the α-core potential is then presented in a specific form. In
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addition, two different methods are offered to obtain the α
preformation factor P0. The numerical results are shown and
discussed in Sec. III. In the last section, we draw conclusions
and propose future work.

II. THEORETICAL FRAMEWORK

A. Transfer matrix method

To calculate the penetration probability across an arbitrary
potential barrier of a particle, we can always split the potential
barrier into N segments, in which the potential energy can
be treated as a constant. Then the potential barrier V (r) and
the effective mass m∗(r) are approximated by the multistep
functions (see details in Ref. [53] and references therein)

V (r) = Vj = V [(rj−1 + rj )/2], (1)

m∗(r) = m∗
j = m∗[(rj−1 + rj )/2] (2)

for rj−1 < r < rj (j = 0,1, . . . ,N,N + 1).

The wave function ψj (r) in the j th region, corresponding to a
particle with energy E, can be expressed as

ψj (r) = Aj exp (ikj r) + Bj exp (−ikj r), (3)

where

kj =
√

2m∗
j (E − Vj )/h̄. (4)

From the continuity of the wave function and its derivative at
each boundary, the determination of Aj and Bj in Eq. (3) can
be reduced to the multiplication of the following N + 1 (2 × 2)
matrices:

(
Aj

Bj

)
=

j−1∏
l=0

Ml

(
A0

B0

)
, (5)

where

Ml = 1

2

(
(1 + Sl) exp [−i(kl+1 − kl)rl] (1 − Sl) exp [−i(kl+1 + kl)rl]

(1 − Sl) exp [i(kl+1 + kl)rl] (1 + Sl) exp [i(kl+1 − kl)rl]

)
, (6)

and

Sl = m∗
l+1

m∗
l

kl

kl+1
. (7)

By setting A0 = 1 and BN+1 = 0 in Eq. (3) for j = N + 1,
we can calculate the transmission amplitude AN+1 and the
penetration probability T (E) as follows:

AN+1 = m∗
0

m∗
N+1

k0

kN+1

1

M22
, (8)

T (E) = m∗
0

m∗
N+1

kN+1

k0
|AN+1|2, (9)

where

M =
(

M11 M12

M21 M22

)
=

N∏
l=0

Ml. (10)

B. Parameters in α-core potential and the α preformation factor

The α-decay half-life is determined by the decay constant
λ. It can be expressed as follows:

T1/2 = ln 2

λ
, (11)

where the decay constant is defined as

λ = P0ν0P. (12)

Here the penetration probability P is obtained by Eq. (9), and
P0 denotes the preformation probability of α cluster before
its emission. For the assault frequency, imagine that the α
particle moves back and forth inside the nucleus with a velocity

v =
√

2Eα

M
; then it presents itself at the barrier with a frequency

ν0 =
(

1

2R

√
2Eα

M

)
. (13)

Eα is the kinetic energy of α particle, which has been corrected
for recoil, and M is the mass of the α particle. and R is the
radius of the parent nucleus expressed by an empirical formula
[24,25],

R = (1.28A1/3 − 0.76 + 0.8A−1/3) fm. (14)

Undoubtedly, the α-core potential is crucial to obtain the
penetration probability P via the transfer matrix method. It is
composed of nuclear, Coulomb, and centrifugal terms, namely

V (r) = VN (r) + VC(r) + Vl(r). (15)

For the nuclear potential VN (r), we choose a widely used type
of cosh-parametrized form:

VN (r) = − V0[1 + cosh (R/a)]

cosh (r/a) + cosh (R/a)
, (16)

where the parameters V0 and a denote the depth and diffuseness
of the potential, respectively. The Coulomb potential VC(r)
is taken as the form of a point α cluster interacting with a
uniformly charged sphere of radius R,

VC(r) =
{

ZdZαe2

2R

[
3 − (

r
R

)2]
, r � R,

ZdZαe2

r
, r > R,

(17)

where Zd and Zα are separately the proton numbers of the
daughter nucleus and the α particle. The centrifugal potential
Vl(r) is usually expressed as Vl(r) = l(l+1)h̄2

2μr2 , where l is the
orbital angular momentum of the α particle. Actually, in the α
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decay for even-even nuclei, the angular momentum l usually
equals zero [25], leading to Vl(r) = 0.

As mentioned before, the preformation factor P0 [in
Eq. (12)] is very difficult to describe in a fully microscopical
way due to the complexity of the nuclear many-body problem.
Experimentally, P0 is found to vary smoothly in the open-shell
region and has a value no more than 1.0 [1]. In this sense,
it is reasonable and appropriate to treat P0 as a constant for
one kind of nuclei. We adopt this treatment in the first case
of our calculation, which is denoted by “Cal.1”. Specifically,
the parameters V0 and a in Eq. (16) and P0 are totally
determined by a least-squares fit to the experimental half-lives;
the calculated half-lives can then in turn be obtained for all
studied nuclei. On the other hand, considering that the pairing
and shell effects play a significant role in the formation process
of the emitted α particle [2,49–52], we propose to connect
the preformation factor P0 with related structural quantities.
According to our systematic analysis (which can be seen in
the following section), the preformation factor is supposed to
behave in the following pattern:

log10 P0 = c1Emic + c2, (18)

where Emic is the microscopic correction of nuclear mass [55],
corresponding to the influence of pairing and shell plus nuclear
deformation. Similarly, all the parameters, V0 and a in the
potential plus c1 and c2 in Eq. (18), are completely optimized
to match the experimental α-decay half-lives, through the
aforementioned calculating procedure (indicated by “Cal.2”).

III. RESULTS AND DISCUSSIONS

Within the above framework, we have systematically calcu-
lated the α-decay half-lives for even-even medium nuclei with
82 < N < 126. In the case of Cal.1, the critical parameters are
determined as follows:

V0 = 170.00 MeV,

a = 0.7668 fm,

P0 = 0.21. (19)

Accordingly, the root mean square (rms) deviation, � =√
1
n

∑n
i=1 ( log10 T cal i

1/2 − log10 T
exp i

1/2 )2, is 0.292, which indi-
cates that the present approach is reasonable and valid to
investigate the α-decay process. To gain a deep view, we have
also plotted the deviation between calculation and experiment
versus the neutron number of each parent nucleus in Fig. 1.
As one can see, the majority of the log10(T cal

1/2/T
exp

1/2 ) values are
located between −0.5 and 0.5. This means the experimental α-
decay half-lives are well reproduced within the range of about
0.3 to 3. Furthermore, the absolute values of log10(T cal

1/2/T
exp

1/2 )
have a visible tendency to increase as neutron number N
reaches the spherical shell closures N = 82 and N = 126,
reconfirming the shell effects on α decay [2,50].

Based on the results of Cal.1 along the potential parameters
V0 and a of Eq. (19), we can in fact extract the preformation
factor via the ratio of the experimental decay constant to the
calculated one. In order to check our previous conjecture on
P0, namely Eq. (18), we plot the deduced log10 P0 versus

FIG. 1. The logarithmic deviations between calculated half-lives
and experimental data versus the neutron number N of the parent
nucleus for various isotopic chains. Note that all the calculated half-
lives are obtained in the case of Cal.1.

the microscopic correction of nuclear mass Emic (in MeV)
[55] in Fig. 2. As clearly shown, there is generally a linear
relationship between log10 P0 and Emic, which supports our
previous speculation. In turn, as mentioned previously, it is
reasonable to depict P0 by Eq. (18). On the basis of our
optimization, the parameters V0 and a in the potential barrier
are finally determined as follows:

V0 = 170.11 MeV,

a = 0.7672 fm. (20)

Meanwhile, the parameters in Eq. (18) are fixed as c1 =
0.086, c2 = −0.62. Correspondingly, the rms deviation be-
tween log10 T cal

1/2 and log10 T
exp

1/2 drops to 0.217, implying that
the results of Cal.2 are improved by 0.292−0.217

0.292 % = 25.7%.
To present a better insight, the log10(T cal

1/2/T
exp

1/2 ) (Cal.2) has
been graphed for various isotopes in Fig. 3. One can see that
the absolute deviations generally incline to the zero point
as compared to the situation in Fig. 1, denoting an obvious
improvement of calculation accuracy. In particular, the large
discrepancies between T cal

1/2 and T
exp

1/2 decrease apparently when

FIG. 2. Extracted P0 (in logarithmic scale) versus the microscopic
correction (in MeV) of nuclear mass. The fitted line with the error
shadow is added to guide the eye.
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FIG. 3. Same as Fig. 1, but for the case of Cal.2.

the neutron number of parent nuclei approaches the N = 126
shell closure, as compared to the picture of Cal.1. Therefore,
one can conclude that it is indeed feasible to consider the α
preformation factor in terms of the structural quantity Emic.
Before the detailed analysis of this point, it is interesting to
note that the deviation seems to increase when N reaches 104.
As is well known, N = 104 is the medium number of neutron
shell closures N = 82 and N = 126, indicating that those
nuclei around this region carry a bunch of valence neutrons.
In this sense, the corresponding configuration spaces are quite
complicated, which may imply that the present treatment of P0

in the Emic scheme needs further consideration.
In Fig. 4, we give the absolute values log10(T cal

1/2/T
exp

1/2 )
with different elements as the neutron number N achieves
the spherical shell closures, i.e., N = 84 and N = 124. The
absolute values are employed to directly present the differences
between calculation and experiment. As clearly shown in
Fig. 4, the calculated α-decay half-lives from Cal.2 are mostly
improved in contrast with those from Cal.1. Especially, the
absolute values log10(T cal

1/2/T
exp

1/2 ) of Cal.2 are much smaller for
the N = 124 isotones, further supporting that the treatment,
associating P0 with Emic, takes into account the shell effects
on α preformation to a great extent. Besides the isotones, we
also provide the comparison of two typical isotopic chains
from another viewpoint in Fig. 5. Specifically, we present the
| log10(T cal

1/2/T
exp

1/2 )| values via different P0 treatments (Cal.1
and Cal.2) for the isotopes of elements Po and Rn. As can be

FIG. 4. The absolute log10(T cal
1/2/T

exp
1/2 ) values versus different

elements for the N = 84 and N = 124 isotonic chains. The circles
and squares represent the results from Cal.1 and Cal.2, respectively.

FIG. 5. The absolute log10(T cal
1/2/T

exp
1/2 ) values versus the neutron

number N of the parent nucleus for the isotopic chains of elements
Po and Rn. The solid circles and squares represent the results using
Cal.1 and Cal.2, respectively.

seen, almost all the deviations obtained by Cal.2 are below
those points of Cal.1. More interestingly, one can see that
the difference between calculated results of Cal.1 and Cal.2
appears to be relatively small when the parent nucleus is

TABLE I. Comparisons of our calculated half-lives with the
experimental data for even-even nuclei with neutron number
82 < N < 126.

Element A Qα (MeV) T
exp

1/2 (s) T Cal.1
1/2 (s) T Cal.2

1/2 (s)

Sm 146 2.529 2.14 ×1015 8.62 ×1015 7.96 ×1015

Gd 148 3.271 2.23 ×109 4.57 ×109 4.05 ×109

150 2.807 5.64 ×1013 1.62 ×1014 1.06 ×1014

152 2.204 3.41 ×1021 1.61 ×1022 1.02 ×1022

Dy 150 4.351 1.20 ×103 1.53 ×103 1.39 ×103

152 3.727 8.57 ×106 1.87 ×107 1.23 ×107

154 2.945 9.46 ×1013 1.58 ×1014 9.92 ×1013

Er 152 4.934 1.14 ×101 1.36 ×101 1.29 ×101

154 4.280 4.76 ×104 5.52 ×104 3.81 ×104

156 3.487 6.88 ×109 2.96 ×1010 1.88 ×1010

Yb 154 5.474 4.41 ×10−1 4.29 ×10−1 4.51 ×10−1

156 4.810 2.61 ×102 6.51 ×102 4.93 ×102

158 4.170 4.26 ×106 4.00 ×106 2.70 ×106

Hf 156 6.029 2.37 ×10−2 1.98 ×10−2 2.57 ×10−2

158 5.405 2.23 ×100 7.97 ×100 6.99 ×100

160 4.902 1.94 ×103 2.30 ×103 1.68 ×103

162 4.416 4.94 ×105 1.40 ×106 9.33 ×105

W 158 6.613 1.25 ×10−3 1.11 ×10−3 1.77 ×10−3

160 6.066 1.03 ×10−1 1.08 ×10−1 1.17 ×10−1

162 5.678 2.63 ×100 4.10 ×100 3.55 ×100

164 5.278 1.66 ×102 2.71 ×102 2.00 ×102

166 4.856 5.49 ×104 4.09 ×104 2.81 ×104

168 4.500 1.59 ×106 4.85 ×106 3.19 ×106

Os 162 6.767 2.10 ×10−3 2.14 ×10−3 3.08 ×10−3

164 6.479 2.14 ×10−2 2.06 ×10−2 2.22 ×10−2

166 6.143 2.96 ×10−1 3.65 ×10−1 3.21 ×10−1

168 5.816 4.88 ×100 7.74 ×100 5.86 ×100

170 5.537 7.76 ×101 1.28 ×102 9.40 ×101

172 5.224 1.75 ×103 4.04 ×103 2.82 ×103

174 4.871 1.83 ×105 3.05 ×105 2.14 ×105

186 2.821 6.31 ×1022 8.99 ×1022 1.12 ×1023
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TABLE I. (Continued.)

Element A Qα (MeV) T
exp

1/2 (s) T Cal.1
1/2 (s) T Cal.2

1/2 (s)

Pt 166 7.286 3.00 ×10−4 2.55 ×10−4 3.76 ×10−4

168 6.990 2.02 ×10−3 2.13 ×10−3 2.25 ×10−3

170 6.707 1.42 ×10−2 1.86 ×10−2 1.59 ×10−2

172 6.463 1.01 ×10−1 1.34 ×10−1 9.86 ×10−2

174 6.183 1.17 ×100 1.54 ×100 1.03 ×100

176 5.885 1.59 ×101 2.56 ×101 1.70 ×101

178 5.573 2.83 ×102 6.32 ×102 4.29 ×102

180 5.240 2.03 ×104 2.70 ×104 1.93 ×104

182 4.951 4.63 ×105 9.60 ×105 7.57 ×105

184 4.599 6.10 ×107 1.21 ×108 1.09 ×108

186 4.320 5.35 ×109 8.53 ×109 8.52 ×109

188 4.007 3.39 ×1012 1.74 ×1012 1.83 ×1012

190 3.269 2.05 ×1019 1.16 ×1019 1.31 ×1019

Hg 172 7.524 2.31 ×10−4 2.39 ×10−4 2.66 ×10−4

174 7.233 2.00 ×10−3 1.82 ×10−3 1.62 ×10−3

176 6.897 2.26 ×10−2 2.30 ×10−2 1.74 ×10−2

178 6.577 2.99 ×10−1 3.10 ×10−1 2.16 ×10−1

180 6.258 5.39 ×100 5.15 ×100 3.47 ×100

182 5.996 7.85 ×101 6.10 ×101 4.24 ×101

184 5.662 2.78 ×103 1.90 ×103 1.42 ×103

186 5.204 5.17 ×105 3.87 ×105 3.21 ×105

188 4.707 5.27 ×108 3.07 ×108 2.90 ×108

Pb 178 7.790 2.30 ×10−4 1.85 ×10−4 1.63 ×10−4

180 7.419 4.10 ×10−3 2.40 ×10−3 1.93 ×10−3

182 7.066 5.61 ×10−2 3.36 ×10−2 2.57 ×10−2

184 6.774 6.12 ×10−1 3.46 ×10−1 2.62 ×10−1

186 6.470 1.20 ×101 4.72 ×100 3.70 ×100

188 6.109 2.73 ×102 1.40 ×102 1.18 ×102

190 5.698 1.77 ×104 1.02 ×104 9.79 ×103

192 5.221 3.56 ×106 2.89 ×106 3.29 ×106

194 4.738 8.79 ×109 2.15 ×109 3.01 ×109

Po 190 7.693 2.46 ×10−3 1.34 ×10−3 9.05 ×10−4

192 7.320 3.31 ×10−2 2.02 ×10−2 1.49 ×10−2

194 6.987 3.92 ×10−1 2.73 ×10−1 2.25 ×10−1

196 6.658 5.67 ×100 4.38 ×100 4.16 ×100

198 6.310 1.85 ×102 1.07 ×102 1.26 ×102

200 5.982 6.22 ×103 2.84 ×103 4.70 ×103

202 5.701 1.39 ×105 5.85 ×104 1.29 ×105

204 5.485 1.89 ×106 6.94 ×105 2.05 ×106

206 5.327 1.39 ×107 4.55 ×106 1.79 ×107

208 5.215 9.14 ×107 1.76 ×107 9.89 ×107

Rn 194 7.862 7.80 ×10−4 2.21 ×10−3 1.52 ×10−3

196 7.617 4.70 ×10−3 1.21 ×10−2 9.16 ×10−3

198 7.349 6.56 ×10−2 8.82 ×10−2 7.31 ×10−2

200 7.043 1.18 ×100 9.93 ×10−1 9.38 ×10−1

202 6.774 1.24 ×101 9.62 ×100 1.11 ×101

204 6.547 1.03 ×102 7.22 ×101 1.10 ×102

206 6.384 5.49 ×102 3.20 ×102 6.52 ×102

208 6.261 2.35 ×103 1.00 ×103 2.75 ×103

210 6.159 9.00 ×103 2.61 ×103 9.18 ×103

Ra 202 7.880 4.10 ×10−3 8.79 ×10−3 6.92 ×10−3

204 7.637 6.00 ×10−2 4.94 ×10−2 4.59 ×10−2

206 7.415 2.46 ×10−1 2.57 ×10−1 3.03 ×10−1

208 7.273 1.27 ×100 7.47 ×10−1 1.12 ×100

210 7.151 4.17 ×100 1.89 ×100 3.73 ×100

212 7.032 1.53 ×101 4.82 ×100 1.19 ×101

Th 212 7.958 3.17 ×10−2 2.03 ×10−2 3.06 ×10−2

214 7.827 8.70 ×10−2 4.92 ×10−2 9.06 ×10−2

located in the medium region of two major shell closures, like
N = 106–112. This fact somewhat supports the mentioned
smooth behavior of the α preformation factor in the open
shell region. In addition, the detailed numerical results of the
α-decay half-lives for even-even nuclei with neutron number
82 < N < 126 are listed in Table I. The first and second
columns give the element and the mass number of the parent
nucleus, respectively. The third and forth columns correspond
to the experimental decay energy and half-lives [56–58], and
the half-lives calculated by methods Cal.1 and Cal.2 are
presented in the last two columns, respectively. In general,
the transfer matrix method can be applied to the large-range
calculation of α-decay half-lives, and it is a possible way
to obtain the preformation factor P0 with the help of the
microscopic correction of nuclear mass.

IV. SUMMARY

In summary, the half-lives of α-decaying nuclei with 82 <
N < 126 have been calculated with the transfer matrix method,
where the α-core potential is described by the parametrized
form of cosh terms. Then, we adopt two different strategies
to obtain the α preformation factor P0, namely a constant
treatment (Cal.1) and the relationship with Emic (Cal.2). No
matter which one is considered, the final results are found to
agree well with the experimental data. In detail, the standard
deviation between theory and experiment in Cal.2 is reduced by
more than 20% as compared to that in Cal.1, which confirms the
effectiveness of the relationship between the α preformation
factor and the structural quantity Emic. In the meantime,
the effects of the N = 82 and N = 126 shell closures are
reconfirmed for α-decay processes via comparative analysis of
various isotopes, further demonstrating the rationality of asso-
ciating P0 with Emic. Encouraged by the obviously enhanced
accuracy of the results in Cal.2, it is hoped that the present
study can be extended to other regions of neutron-deficient
isotopes, especially superheavy elements.
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