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Longitudinal momentum (PL) distributions of projectilelike fragments produced at E = 290 MeV/nucleon
are investigated. PL distributions of fragments produced by Ar and Kr beams with a wide variety of targets
(C, Al, Nb, Tb, and Au) were measured using the fragment separator at HIMAC. PL distributions observed for
fragments with a wide range of mass losses �A (1–30 for Ar beam and 1–64 for Kr beam), show a slightly,
but definitely asymmetric nature. The peak shift and width were obtained from the observed PL distributions.
No significant target dependence was found in either the peak shift or width. For the practical application, the
variation in momentum peak shift with fragment mass (AF) was represented by a parabolic function. The width on
the high-PL side (σHigh) is well reproduced by the Goldhaber formula, which is obtained from the contribution of
the Fermi momentum. The behavior of the reduced width, σ0, obtained from σHigh via the Goldhaber formulation,
is consistent with the mass-dependent Fermi momentum of a nucleon. The width on the low-PL side (σLow) is
markedly larger than σHigh and exhibits a clear AF dependence.
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I. INTRODUCTION

Fragmentation reactions of projectiles with intermediate or
relativistic energies play an important role in the production
and investigation of unstable nuclei, far from the valley of β sta-
bility. Systematic information on the momentum distribution of
fragments is crucial for designing experiments with produced
fragments. A series of experimental and theoretical studies
have been carried out to reveal the momentum distribution
of fragments. The systematics or parameterized formulas of
momentum distribution is incorporated within programs, such
as LISE++ [1] and MOCADI [2], which enable the intensities
and purities of fragments to be determined. In general, the
momentum distributions of fragmentation products are well
reproduced by a Gaussian with a narrow width [3]. The charac-
teristics of the distribution can be represented by two indices:
(i) width and (ii) peak shift from the peak corresponding to
the projectiles. These indices are also important factors for
investigating the mechanism of the fragmentation process.

At relativistic energies (E > 1 GeV/nucleon), the distri-
bution becomes isotropic and its width has been successfully
predicted by simple models proposed by Goldhaber [4] and
Morrissey [5]. According to the Goldhaber model, the width
of the momentum distribution is understood on the basis of
the Fermi momentum of removed nucleons, and formulated
in terms of the mass numbers of the projectile, AP, and of
the fragment, AF, and the reduced width, σ0. A number of
experimental studies have shown that the value of σ0 fluctuates
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around 100 MeV/c depending on the reaction parameter. The
behavior of σ0 was investigated and formulated as a function
of AP and the incident energy in Refs. [6–9]. At lower energies
(E < 100 MeV/nucleon), momentum distributions exhibit
anisotropic features. For the longitudinal momentum (PL), a
larger width or a tail component has been observed on the
low-PL side [10–12]. In order to explain the additional width,
the contribution of energy-dissipative processes, such as the
nucleon-exchange reaction, was considered in Ref. [12]. The
scarcity of experimental results, especially at intermediate
energies (E = 100–500 MeV/nucleon), prevents us from val-
idating the formulas for σ0 and determining the contribution
of energy-dissipative processes.

The PL distribution of fragments also shows a small but
significant momentum shift from the PL corresponding to
projectiles. The momentum shift, which is due to the mo-
mentum transfer through fragmentation, exhibits a clear AF

dependence and was investigated at relativistic and lower en-
ergies in Refs. [3,5,13] and [11,12], respectively. In Ref. [14],
an N/Z-dependent momentum peak shift was observed at
500 MeV/nucleon.

In the present study, the PL distribution of frag-
ments produced through fragmentation process at E =
290 MeV/nucleon was investigated. Fragments produced by
Ar and Kr beams and targets with a wide range of masses
were observed. Parts of these experimental results have been
reported in our previous paper [15]. However, the analysis of
the observed PL distributions was insufficient. In the present
paper, all of the observed PL distributions are analyzed to
obtain the momentum peak shift and the width of the PL

distribution. The systematic behavior of the peak shift and the
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FIG. 1. Schematic of secondary beam course SB2.

FIG. 2. Particle identification of fragments produced by reactions
with (a) an Ar beam and Tb target at Bρ = 5.088 Tm, and (b) a Kr
beam and Tb target at Bρ = 5.462 Tm.

TABLE I. Energy loss and straggling of projectile in reaction
targets

Energy Energy Angular
Incident loss stragglinga stragglinga

beam Target (MeV/nucleon) (MeV/nucleon) (mrad)

40Ar C 5.13 0.07 0.60
Al 4.80 0.07 0.82
Nb 8.33 0.10 1.87
Tb 5.95 0.09 1.96
Au 10.06 0.11 2.82

84Kr C 9.90 0.07 0.57
Al 9.26 0.07 0.79
Nb 16.18 0.09 1.81
Tb 11.57 0.09 1.89
Au 19.62 0.12 2.72

aEnergy and angular straggling represents one standard deviation.

TABLE II. Momentum and angular acceptance of SB2.

�P /Pa �θx
b �θy

b

Incident beam (%) (mrad) (mrad)

40Ar 1 ±13 ±13
84Kr 0.5 ±13 ±13

aMomentum acceptance represents that corresponds to the slits at F1.
bAngular acceptance represents that corresponds to the four slits
behind the reaction target. The four slits were used to define the
angular acceptance with a square shape in the θx-θy plane.

TABLE III. Resolution of TOF spectrum for primary beam.

Resolution (nsec)a

Target Ar beam Kr beam

C - b 0.07
Al - b 0.05
Nb 0.06 0.07
Tb 0.11 0.07
Au 0.11 0.06

aResolution of TOF represents one standard deviation.
bTime of flight spectrum for primary beam was not observed.

TABLE IV. Fitting results for momentum peak shift, �PL.

Target a (MeV/c) b c (MeV/c)

Ar beam
C 0.70 ± 0.11 17.81 ± 1.29 –289.4 ± 10.1
Al 0.77 ± 0.13 21.33 ± 0.98 –266.4 ± 8.7
Nb 0.75 ± 0.15 21.55 ± 1.02 –268.9 ± 13.2
Tb 0.68 ± 0.08 21.19 ± 0.57 –258.8 ± 7.0
Au 0.71 ± 0.10 20.18 ± 0.86 –276.8 ± 7.7
Kr beam
C 0.51 ± 0.02 48.79 ± 0.49 –628.1 ± 10.4
Al 0.52 ± 0.02 50.13 ± 0.36 –600.5 ± 9.8
Nb 0.56 ± 0.03 50.57 ± 0.55 –619.4 ± 7.1
Tb 0.47 ± 0.02 49.65 ± 0.44 –601.7 ± 7.1
Au 0.54 ± 0.01 50.19 ± 0.23 –640.7 ± 6.3
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FIG. 3. PL distributions of fragments produced by Ar beam and Nb target. Arrows indicate momentum of each fragment corresponding to
velocity of projectile, 40Ar, after Nb target. Solid curves represent fits to the asymmetric Gaussian function in Eq. (1).

width will be discussed and formulated for practical use. By
combining with results obtained in other experimental studies,
the validity of the formulas for σ0 will be confirmed.

II. EXPERIMENT

The experiment was performed at the National Institute
of Radiological Sciences (NIRS). 40Ar and 84Kr beams were

accelerated up to 290 MeV/nucleon by the HIMAC accelerator
and irradiated onto targets with a wide range of masses (C, Al,
Nb, Tb, and Au). The thicknesses of the C, Al, Nb, Tb, and Au
targets were 195, 206, 440, 362, and 643 mg/cm2, respectively.
Table I summarizes the energy loss and stragglings of the
incident beams in those targets, which were calculated using
the ATIMA code [16].
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FIG. 4. PL distributions of fragments produced by Kr beam and Au target. Arrows and solid curves as described in Fig. 3.

The high-energy beam transport system SB2 [17], shown in
Fig. 1, was applied as a spectrometer to identify the reaction
products. The reaction products were collected and transported
to a doubly achromatic focal plane F3, where the momentum
dispersion function and its derivative along the beam line are
both zero. The momentum acceptance of the spectrometer was
defined at the momentum dispersive focusing point F1, and
the angular acceptance was defined with a square window
formed by four slits (upper, lower, left, and right), which were
located 3 m behind the reaction target. The momentum and
angular acceptances applied for each incident beam were fixed
to the values tabulated in Table II. Fragment identification was

conducted on an event-by-event basis through time-of-flight
(TOF) and energy loss (�E) measurements, which are almost
identical to those reported in our previous paper [18]. In
principle, two plastic scintillation counters (PL’s), installed at
F1 and F3, were used to measure the TOF, and �E of the
fragment was measured with a silicon (Si) counter installed
at F3. In the measurements with Ar beam and C target,
PL’s, installed at F1 and F2, and a Si counter installed at F2
were used. The time resolutions of TOF, measured with the
primary beam, are summarized in Table III. The PL distribution
was observed by changing stepwise the rigidity of the SB2
spectrometer, Bρ. According to the charge-state distribution
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FIG. 5. TOF distributions of fragments produced through reactions of (a) 40Ar + 159Tb and (b) 84Kr + 159Tb. Dotted curves represent TOF
distributions for projectile. For comparison, the amplitude and peak value for projectile are adjusted to those for fragments.

of the reaction products at 290 MeV/nucleon, which was
evaluated using the CHARGE code [19], the contributions of
products that were not fully stripped were approximately 2%
or less. The mass number, AF, and atomic number, ZF, of the
fragment were obtained from the observed TOF, �E, and Bρ.
The fragment yields were obtained by counting the isotopes
using the described identification method.

The primary beam intensity was monitored for normaliza-
tion of the fragment yields to obtain the PL distribution of

the fragmentation products. The beam intensity was measured
as the count of electrons emitted from a thin foil inserted
in the beam line upstream from the target. For every mea-
surement, the count rate of emitted electrons was calibrated
using a parallel-plate ionization chamber. Calibration data
were acquired by changing the primary beam intensity, which
ranged from 10−3 to 1.0 times the maximum beam intensity.
The relative error in the primary beam intensity due to the
uncertainty in the calibration was approximately ±5%.
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FIG. 6. PL distributions of fragments produced through few-nucleon removal reactions. The distributions were obtained from TOF data.
Arrows and curves as described in Fig. 3.
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FIG. 7. Momentum shift of fragments produced by Ar beam. Solid lines represent a fit to Eq. (3).

III. RESULTS AND DISCUSSION

A. Particle identification and counting of fragmentation
products

Figure 2 shows the typical Z versus A/Z plots obtained in
this study. The A/Z values are well resolved, owing to the suf-
ficiently narrow momentum acceptance and high resolution of
the TOF measurement. As described in Ref. [18], the ambiguity
of counting for each fragment, which was determined from

the degree of contamination, was found to be approximately
1% (10%) for the Ar (Kr) beam by analyzing the Z-projection
spectrum. The measured yield was normalized by the primary
beam intensity. The transmission between the target to F3
was not determined and the transmission value is assumed
to be constant for every individual fragment. The error in
the normalized yield of the observed fragments is evaluated
based on three contributions: statistical error, uncertainty in
calibration of beam intensity, and ambiguity in counting.
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FIG. 8. Momentum peak shift of fragments produced by Kr beam. Solid lines represent a fit to Eq. (3).

B. Analysis of observed PL distributions

Figures 3 and 4 show the observed PL distributions of
fragments with an Ar and Kr beam, respectively. PL was
calculated from ZF and AF, which are obtained from particle
identification, and the Bρ of the SB2 spectrometer. The contri-
bution of limited angular acceptance (see Table II) is corrected
on the basis of the transverse momentum distributions, as
proposed by Goldhaber [4] and Van Bibber et al. [20]. As
shown in the figures, measurements of PL distribution were
made successfully over a wide AF range. The ranges of AF/ZF

values for the observed fragments were 1.8–2.6 and 2.0–2.4

for the Ar beam and Kr beam, respectively. The figures show a
small momentum peak shift toward the low-PL side and a larger
width on the low-PL side, observed at E ≈ 100 MeV/nucleon
[12]. In the case of the few-nucleons removal reaction, a step
of PL, which is determined by a step of the Bρ setting, is
comparable or larger than the width of the PL distribution and
it is difficult to conduct a valid analysis. In contrast, the TOF
distribution shows a clearly defined shape and is thus suited
for analysis, as shown in Fig. 5. In order to obtain reliable
values for the momentum peak shift and the width for the
fragments, which are produced by a one- or two-nucleons
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FIG. 9. Momentum peak shift of fragments compared with
formulation.

removal reaction, the PL distribution is obtained from the TOF
data, as shown in Fig. 6.

The observed PL distributions are analyzed by using the
following function [12]:

Y (p) =
⎧⎨
⎩

k exp
( − (p−p0)2

2σLow
2

)
for p � p0

k exp
( − (p−p0)2

2σHigh
2

)
for p > p0,

(1)

where k is the normalization factor, p0 is the peak value of PL,
σLow andσHigh are the widths on the low- and high-PL sides. The
contribution of the finite PL bin, as defined by the acceptance of
the SB2 separator or TOF, is considered in the fitting process.
The fitting results with Eq. (1) well reproduce the experimental
results as indicated by the solid curves in Figs. 3, 4, and 6.
The energy loss in the reaction target, which depends on the
fragment and the reaction position, induces a change in the peak
value and an additional peak width from the values determined
intrinsically by the fragmentation process. In order to correct
the contribution of the change in the peak value, p0

′, which
corresponds to the peak value of PL at the center of the reaction
target, is determined from p0 and will be used in the following
analysis. The contribution of the additional peak width was
subtracted from the widths σLow and σHigh, obtained by the

TABLE V. Reduced width of PL distributions, σ0.

σ0 (MeV/c)

Target High-PL Low-PL Low-PL / High-PL

Ar beam
C 104.1 ± 3.1 153.9 ± 3.4 1.48 ± 0.05
Al 110.5 ± 2.8 165.1 ± 4.7 1.49 ± 0.06
Nb 106.8 ± 3.2 136.8 ± 2.4 1.28 ± 0.04
Tb 106.3 ± 2.9 138.3 ± 3.0 1.30 ± 0.05
Au 104.1 ± 2.9 138.7 ± 3.0 1.33 ± 0.05
Kr beam
C 117.5 ± 2.7 152.4 ± 3.5 1.30 ± 0.04
Al 113.0 ± 2.8 150.0 ± 2.9 1.33 ± 0.04
Nb 110.8 ± 2.8 141.1 ± 2.9 1.27 ± 0.04
Tb 115.0 ± 3.1 145.1 ± 3.3 1.26 ± 0.05
Au 113.5 ± 2.5 141.6 ± 2.8 1.25 ± 0.04
40Ca beam, 141 MeV/nucleona

Be 85 ± 8 125 ± 10 1.47 ± 0.18
Ta 84 ± 7 117 ± 9 1.39 ± 0.16
86Kr beam, 66 MeV/nucleona

Be 121 ± 8 175 ± 11 1.45 ± 0.13
Ta 119 ± 10 181 ± 9 1.52 ± 0.15

Errors are calculated from standard deviation for each reaction.
aValues of σ0 are from Table 4.1 in Ref. [21].

fitting. As shown in Fig. 5, the effect of the TOF resolution is
not negligible for fragments that are produced by a one- and
also two-nucleons removal reaction. For those fragments other
than those produced from the reactions Ar+C and Ar+Al, the
contribution due to the TOF resolution was also subtracted.

C. Momentum peak shift of fragmentation products

Figures 7 and 8 show the momentum peak shift, �PL, as
a function of AF, produced by Ar and Kr beams, respectively.
�PL is defined as

�PL = p0
′–pP, (2)

where pP is the PL of the fragment corresponding to the
projectile velocity at the center of the reaction target. System-
atic decelerative properties, obtained with Ar and Kr beams
[12,21,22], are clearly observed. In principle, the observed AF

dependence shows a paraboliclike shape and no significant
target dependence. In order to confirm the validity of the
previously proposed formulas, �PL calculated by the formulas
is shown with the present results in Fig. 9. The formulas by
Greiner [3] and Notani [12], which show a parabolic shape,
underestimate the decelerative nature of the�PL. The formulas
by Morrissey [5] and Kaufman [13] give reasonable values for
fragments with AF values between AP/2 and AP, however, fail
to represent the parabolic shape.

For practical use, the present results are analyzed using a
parabolic function:

�PL = a(AF − b)2 − c. (3)
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FIG. 10. Width of PL distribution obtained on the high-PL side with Ar beam. Solid lines show the formulation proposed in Goldhaber [4]
with reduced width, σ0 = 110.2 MeV/c [9].

The fitting results are indicated by solid lines in Figs. 7 and
8 and tabulated in Table IV.

D. Width of observed PL distributions

The width on the high-PL side, σHigh, is shown as a function
of AF in Figs. 10 and 11. As with �PL, no significant target
dependence is observed. The paraboliclike shape suggests the
validity of the Goldhaber formulation [4]. σHigh, observed with
a C target, is shown in Fig. 12 with the width calculated by the
formulas proposed in Refs. [4,5,23]. All relevant processes
are included as an analytical formulation in Ref. [23]. The
Morrissey formulation [5] is valid for fragments with relatively
small mass losses. In all of the observed AF regions, the
formulas proposed in Refs. [4] and [23] give consistent results.

According to Ref. [4], the PL distribution is formulated
with a reduced width, σ0, and σ0 is obtained from the Fermi
momentum of nucleons, pF, via the following relationship:

σ0 = pF√
5
. (4)

σ0, calculated from the observed σHigh by the formula in
Ref. [4], is shown as a function of AF in Figs. 13 and 14.
The arithmetic means of σ0 in the observed AF range are
indicated by broken lines in those figures and tabulated in
Table V. Previous investigations into the PL distribution of
fragments have shown that σ0 fluctuates depending on the
reaction parameters, such as energy of projectile, E, and AP.
The E dependence of σ0 for Ar and Kr beams is shown
in Fig. 15. The observed σ0 shows no significant energy
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FIG. 11. Width of PL distribution obtained on the high-PL side with Kr beam. Solid lines as described in Fig. 10. σ0 = 115.5 MeV/c [9] is
used for calculation.

dependence. The absolute value of σ0 and its behavior is well
reproduced by a best-fit approximation to the measured values
presented in Ref. [9], which is based on the mass number
dependence of pF. On the other hand, the parameterization
presented in Ref. [6] is inconsistent, especially for the Kr beam.
The AP dependence of σ0, which was observed at E > 100
MeV/nucleon, is shown in Fig. 16. Excluding a few results
observed with a Kr beam [14,22], the behavior of the observed
σ0, which shows a monotonic increase with AP, is roughly
reproduced by the formula in Ref. [9].

The width on the low-PL side, σLow, is shown as a function
of AF in Figs. 17 and 18. σLow shows no significant target
dependence, as in the case of σHigh, and is significantly larger
than σHigh, as observed at lower energy. These results confirm

the contribution of additional reaction processes, such as the
nucleon-exchange reaction, whose significance, however, is
suppressed compared to that at lower energy. In Ref. [12], σLow

converges to 300–400 MeV/c as the mass change �A → 0.
This indicates that additional reaction processes maintain a
meaningful contribution even in the small-�A reaction at E ≈
100 MeV/nucleon. In contrast, σLow converges to 0 as �A →
0 in the present study. This implies that the contribution of
additional reaction processes is suppressed in the small-�A
reaction at E = 290 MeV/nucleon. σ0, obtained from σLow,
and its ratio to that obtained from σHigh are summarized in
Table V. According to these results, σLow is about 30–50%
larger than σHigh. As shown with broken lines in Figs. 17 and
18, this relationship is valid for fragments with AF > AP/2.
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FIG. 12. Width of PL distribution obtained on the high-PL side
compared with model calculations. For simplicity, error bars are
omitted.

FIG. 13. Reduced width for fragments produced by Ar beam.
Solid and broken lines indicate, respectively, the average of observed
values for each target and the values obtained by the formulation in
Ref. [9].
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FIG. 14. Reduced width for fragments produced by Kr beam.
Solid and broken lines as described in Fig. 13.

FIG. 15. Energy dependence of reduced width. Solid squares
indicate the present results. Other symbols indicate experimental
results in Notani [12], Mocko [24], Viyogi [25], and Caamano [26]
with Ar beam and those in Bazin [27], Mocko [28], Phaff [8], Stephan
[22], and Weber [14] with Kr beam. Solid and broken lines indicate
values calculated through the formulas in Refs. [9] and [6].
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FIG. 16. Reduced width as a function of AP. Solid squares
indicate the present results. Other symbols indicate experimental
results in Greiner [3], Caamano [26], Mocko [24], Viyogi [25],
Stephan [22], and Weber [14]. Broken lines indicate values calculated
by the formulas in Ref. [9].

IV. CONCLUSIONS

PL distributions of fragments produced by 40Ar and 84Kr
beams with targets having a wide range of AF were sys-
tematically investigated at E = 290 MeV/nucleon. The mo-
mentum peak shift (�PL) and width (σHigh and σLow), which
characterize the PL distribution, were successfully obtained
from the observed PL distributions. No significant target
dependence was identified. σHigh was successfully reproduced
by the Goldhaber formula. In addition, the behavior of σ0,
which was determined from σHigh, is consistently explained
based on the mass-dependent Fermi momentum, pF. These
results validate the participant-spectator model at this energy,
especially on the high-PL side. On the other hand, σLow, which
is larger than σHigh, indicated the contribution of additional
reaction processes on the low-PL side. Theoretical studies are
required to elucidate the reaction mechanism on the low-PL

side. The systematics of �PL, σHigh, and σLow were analyzed
and represented by a set of formulas. The present findings
are useful for assessing the production and transportation of
fragments at radioactive nuclear beam facilities.

FIG. 17. Width of PL distribution obtained on the low-PL side for Ar beam. Solid lines as described in Fig. 10. Broken lines indicate values
30% larger than the solid lines.
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FIG. 18. Width of PL distribution obtained on the low-PL side for Kr beam. Solid and broken lines as in Fig. 17.
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