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Shell-model method for Gamow-Teller transitions in heavy deformed odd-mass nuclei
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A shell-model method for calculating Gamow-Teller (GT) transition rates in heavy deformed odd-mass nuclei
is presented. The method is developed within the framework of the projected shell model. To implement the
computation requirement when many multi-quasiparticle configurations are included in the basis, a numerical
advancement based on the Pfaffian formula is introduced. With this new many-body technique, it becomes
feasible to perform state-by-state calculations for the GT nuclear matrix elements of β-decay and electron-capture
processes, including those at high excitation energies in heavy nuclei which are usually deformed. The first results,
β− decays of the well-deformed A = 153 neutron-rich nuclei, are shown as the example. The known log(f t)
data corresponding to the B(GT−) decay rates of the ground state of 153Nd to the low-lying states of 153Pm are
well described. It is further shown that the B(GT) distributions can have a strong dependence on the detailed
microscopic structure of relevant states of both the parent and daughter nuclei.
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I. INTRODUCTION

The knowledge of the weak interaction process is important
not only for nuclear and particle physics but also for nuclear as-
trophysics [1–7]. On the one hand, β-decay and lepton-capture
rates are indispensable nuclear inputs for understanding the
s-, r-, and rp-process nucleosynthesis [8]. In particular, the
Gamow-Teller (GT) rates, B(GT), for highly excited states of
medium-heavy and heavy nuclei are an important ingredient
to model the late evolution of stars and the core-collapse
supernovas [8–11]. On the other hand, to constrain the neu-
trino mass and solve the neutrino mass hierarchy in nuclear
processes such as neutrinoless double-β decay, one needs to
calculate the nuclear matrix elements of B(GT) between the
ground state of the parent and daughter nuclei as well as
all low- and high-lying states of the intermediate nucleus as
accurately as possible [12,13]. The majority of the above-
mentioned quantities cannot be measured by any presently
known experiments (although preliminary attempts have been
made under very exotic experimental conditions [14,15]) and,
therefore, theoretical calculations are crucial.

Experimentally, GT transitions can be studied by two
kinds of methods: the traditional β-decay experiments and
the modern charge-exchange (CE) reactions in the forward
direction [16]. Although β-decay experiments have a simple
physical mechanism and high energy resolution, the excitation
energy of the study is limited, however, by the Q-value,
which varies from less than 1 MeV close to the stability
line to about 10 MeV when going far from the stability. The
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other limitation of β-decay experiments is that most nuclei
undergo either β+ or β− decay but not both. For example,
most neutron-rich nuclei could only undergo β− decay, while
electron captures of proton-rich nuclei in the β+ direction
are crucial for core-collapse supernova modeling. Charge-
exchange reactions, however, could be used for extracting
B(GT) since they connect the same initial and final states
as β decay [17]. CE reactions could make transitions both in
the β− direction, such as the (p, n), (3He, t), and (6Li, 6He)
reactions, and in the β+ direction, such as the (n, p), (d, 2He),
(t, 3He), and (7Li, 7Be) reactions. Another advantage of
using CE to probe GT transition strengths is that it allows
access to higher excitation energy since it is not limited
by the Q-value. However, taking the CE reactions in the
β+ direction as an example, the (n, p) reaction, which has
the simplest reaction mechanism, usually suffers from poor
energy resolution (∼1 MeV). The (d, 2He) reaction can reach
a resolution of 100–200 keV, but the reaction mechanism is
complex and only a few examples from early experiments
were reported [18,19]. Although the reaction mechanism of the
(t, 3He) reaction, with a resolution of 250–400 keV, has been
well studied, it is still impossible to measure the GT strength of
all states for many nuclei that are involved in nuclear networks.
Therefore, despite the experimental advances, one has to rely
heavily on theoretical calculations to obtain most of the GT
strength distributions.

It has been widely suggested that the shell model is the
preferable method for GT transition calculations for nuclear
astrophysical purposes [8,10,20,21]. In fact, successful de-
scription of nuclear ground-state properties, energy spectra at
moderate excitations, and electromagnetic and GT transitions
among these states could be obtained by the state-of-the-art
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shell-model diagonalization method. For example, the nuclear
wave functions in the full sd-shell model space obtained
by Wildenthal and Brown were applied to calculate the GT
transition rates for the sd-shell nuclei [22–24]. Langanke and
Martínez-Pinedo later made the shell-model GT rates available
also for the pf -shell nuclei [25].

The conventional shell model, which diagonalizes the
matrix of an effective Hamiltonian in a chosen model space
spanned by the Slater determinants of valence nucleons, can
treat explicitly two-body correlations among them. Despite its
great success, problems still remain in modern shell-model cal-
culations based on spherical bases. In many calculations, if the
model space is spanned by a single harmonic-oscillator shell,
the calculation of forbidden transitions is impossible since
it must involve nuclear transitions between different parities
corresponding to different major harmonic-oscillator shells.
However, if multiple major shells are used, the number of the
valence nucleons occupying the orbitals has to be severely
restricted to avoid dimension explosion, which makes the
application for arbitrarily heavy deformed systems unfeasible.
Finally, shell-model calculations of GT transitions for highly
excited nuclear states usually need to introduce approximations
based on the Brink-Axel hypothesis [26], which has been found
recently to be invalid at low and moderate initial excitation
energy [11].

In the long history of the nuclear shell-model development,
tremendous effort has been devoted to extending the shell-
model capacity from its traditional territory to heavier shells.
As it is impossible to treat an arbitrarily large nuclear system
in a spherical shell-model framework, one is compelled to
seek judicious schemes to deal with large nuclear systems. As
discussed in depth in a recent review article [27], the central
issue has been the shell-model truncation. There are many
different ways of truncating a shell-model space. While in
principle it does not matter how to prepare a model basis, it is
crucial in practice to use the most efficient one. In this regard,
we recognize the fact that, except for a few lying in the vicinity
of shell closures, most nuclei in the nuclear chart are deformed.
This naturally suggests for shell-model calculations to use a
deformed basis to incorporate the physics in large systems.
Using a deformed basis to perform shell-model calculations is
the philosophy of the projected shell model (PSM) [28,29].

To compare with conventional spherical shell models, the
PSM does not have the limitation in the size of nuclei to
be applied. An initial attempt for the PSM to calculate GT
transitions from even-even to odd-odd nuclei was reported in
Ref. [30]. However, the need for a shell-model method for
quantitative GT calculations for heavy deformed odd-mass
nuclei is obvious. To take a recent example, there is an unsolved
scientific question on the reactor antineutrino anomaly [31,32]
found in the measurements of the neutrino-mixing angle θ13,
which has underscored the need to precisely understand the
complete antineutrino spectra from fissioning systems. The
crucial point is to calculate antineutrino spectra for the fuels of
commercial nuclear reactors, contributed by many individual
nuclides in the fission products. As pointed out in Ref. [33], the
decay from odd-Z and odd-N nuclides represents about 50%
of this quantity. Hence, precise knowledge about the β-decay
rate of these odd-mass nuclei is enormously important for the

concerns of the nuclear physics problem in reactor neutrino
physics.

Before a detailed presentation of the present work, let us
update a few attractive features in the PSM approach, which
may be relevant to future nuclear structure and astrophysical
applications.

(i) The PSM adopts deformed mean -fields as its basis to
construct many-body wave functions in which shell-
model diagonalization is carried out. Therefore, the
PSM bridges the two important nuclear structure mod-
els, the deformed mean-field approach and the conven-
tional shell model, and takes the advantage of both. On
the one hand, as a shell-model method, the PSM can be
employed to study any (super)heavy (super)deformed
nuclei without a size limitation. On the other hand,
unlike the usual mean-field models, the PSM wave
functions contain correlations beyond mean field and
the states are written in the laboratory frame having, in
principle, definite quantum numbers such as angular
momentum, particle number, and parity.

(ii) Since the PSM states are defined in the (projected)
deformed bases, the dimension of the configuration
space in which the Hamiltonian is diagonalized is
usually small (typically about 102–104). Therefore,
state-by-state evaluations of nuclear matrix elements
for GT transition are computationally feasible even
for heavy deformed nuclei. In addition, as we show
later, GT transitions for highly excited states can be
calculated directly by employing the modern Pfaffian
algorithm [34–38]. Approximations using the Brink-
Axel hypothesis, which were widely used in shell-
model calculations but for which the general validity
has not been seriously questioned [11], are not needed
here. This feature is important because GT transition
rates of highly excited states of heavy nuclei are crucial
nuclear inputs for many astrophysical processes.

(iii) Forbidden transitions involve nuclear orbits of differ-
ent harmonic-oscillator shells and thus require multi-
shell model spaces. Such calculations are not feasible
for most of the conventional shell models working
in one-major-shell bases. The PSM is a multishell
shell model. This feature is desired particularly when,
in some processes, forbidden transitions dominate.
A recent work on the stellar origin of the 182Hf
cosmochronometer [39] represents an example of such
a requirement.

(iv) Nuclear isomeric states play special roles in nuclear
physics and astrophysics [40]. The relatively long half-
lives of these isomers could change significantly the
elemental abundances produced in nucleosynthesis.
In some cases, an isomer with a long lifetime can
change the paths of reaction and lead to a different
set of elemental abundances [41]. The PSM has been
shown to be capable of describing nuclear isomers well
[37,42].

The aim of the present work is to extend the early work by
Gao, Sun, and Chen [30], where GT transitions for even-mass
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systems were discussed, to heavy deformed odd-A systems.
A workable computer code has been developed with help of
the Pfaffian formulas. The paper is organized as follows. In
Sec. II, we introduce briefly the general formalism of the PSM
for the calculation of the GT transition. The spectra of 153Nd
and 153Pm and the Gamow-Teller transition strengths for the
β− decay between them are discussed in Sec. III. Finally, the
paper is summarized and an outlook on future applications and
developments is given in Sec. IV.

II. THEORETICAL FRAMEWORK AND NUMERICAL
ALGORITHM

A. Wave function in the projected basis

The PSM employs the deformed Nilsson model [43] to gen-
erate a single-particle basis. Pairing correlations are considered
by a BCS calculation. The Nilsson-BCS calculation defines a
deformed quasiparticle (qp) basis from which the PSM space
is constructed [27,28]. Three (four) major harmonic-oscillator
shells are usually taken into account in calculations of heavy
(superheavy and superdeformed) nuclei for both neutrons and
protons. Let us use a†

ν,a
†
π (aν,aπ ) to denote neutron and

proton qp creation (annihilation) operators associated with
the qp vacuum |�〉. The current coding includes multi-qp
configurations up to seven-qp states for odd-neutron nuclei,

{a†
νi
|�〉, a†

νi
a†

νj
a†

νk
|�〉, a†

νi
a†

πj
a†

πk
|�〉, a†

νi
a†

νj
a†

νk
a†

πl
a†

πm
|�〉,

a†
νi
a†

νj
a†

νk
a†

νl
a†

νm
a†

πn
a†

πo
|�〉, a†

νi
a†

νj
a†

νk
a†

πl
a†

πm
a†

πn
a†

πo
|�〉},

(1)

and for odd-proton nuclei,

{a†
πi

|�〉, a†
πi

a†
πj

a†
πk

|�〉, a†
πi

a†
νj

a†
νk

|�〉, a†
πi

a†
πj

a†
πk

a†
νl
a†

νm
|�〉,

a†
πi

a†
πj

a†
πk

a†
πl

a†
πm

a†
νn

a†
νo

|�〉, a†
πi

a†
πj

a†
πk

a†
νl
a†

νm
a†

νn
a†

νo
|�〉}.

(2)

We emphasize that the PSM works with multiple harmonic-
oscillator shells for both neutrons and protons in the basis.
That is to say, the indices ν (for neutrons) and π (for protons)
in Eqs. (1) and (2) are general, and the configurations in Eqs. (1)
and (2) can belong either to a positive- or to a negative-parity
state. Thus the coding has been prepared for later applications
for highly excited states with GT calculations.

The PSM wave function is a linear combination of projected
states, ∣∣�ω

IM

〉 =
∑
Kκ

f ω
IKκ

P̂ I
MK|�κ〉, (3)

with definite angular momentum and parity, where |�κ〉 are the
qp states in Eqs. (1) and (2). P̂ I

MK is the angular momentum
projection operator [44],

P̂ I
MK = 2I + 1

8π2

∫
d
DI

MK(
)R̂(
), (4)

with DI
MK being the D function [45], R̂ the rotation operator,

and 
 the Euler angle. The energies and wave functions are

obtained by solving the eigenvalue equation:∑
K ′κ ′

(
HI

Kκ,K ′κ ′ − Eω
I NI

Kκ,K ′κ ′
)
f ω

IK ′
κ′

= 0, (5)

where HI
Kκ,K ′κ ′ and NI

Kκ,K ′κ ′ are respectively the projected
matrix elements of the Hamiltonian and the norm,

HI
Kκ,K ′κ ′ = 〈�κ |Ĥ P̂ I

KK ′ |�κ ′ 〉, NI
Kκ,K ′κ ′ = 〈�κ |P̂ I

KK ′ |�κ ′ 〉.
(6)

The large single-particle space with multiple major shells
ensures that the collective motion and the cross-shell interplay
are considered microscopically by the PSM. However, the
shell-model dimension in Eq. (3) is not large, which means that
each configuration in Eqs. (1) and (2) is a complex combination
of the configurations constructed in the spherical shell-model
basis. Thus, although the dimension of the configuration space
in Eq. (3) where the final diagonalization is carried out is
small, it is huge in the sense of conventional shell-model
configurations. That is to say, the shell-model space is truncated
efficiently in the PSM (see discussions in Ref. [27]).

B. The Hamiltonian

Following Ref. [30], the PSM Hamiltonian consists of the
separable forces

Ĥ = Ĥ0 + ĤQP + ĤGT, (7)

which represent different kinds of correlations among valence
nucleons. It has the single-particle terms Ĥ0, the quadrupole +
pairing force ĤQP, and the Gamow-Teller force of the charge-
exchange terms, ĤGT. Ĥ0 is the spherical single-particle term
including the spin-orbit force. The second term, ĤQP, contains
three parts [28],

ĤQP = −1

2
χQQ

∑
μ

Q̂
†
2μQ̂2μ − GMP̂ †P̂ − GQ

∑
μ

P̂
†
2μP̂2μ,

(8)

which correspond to the quadrupole-quadrupole interaction,
the monopole-pairing interaction, and the quadrupole-pairing
interactions, respectively. The quadrupole + pairing force
has been known to take care of basic correlations in nuclear
structure, and it has been shown [46] that these interactions
simulate the essence of the most important correlations in
nuclei, so that any realistic forces have to contain at least
these basic components implicitly in order to work successfully
in structure calculations. The strength of the quadrupole-
quadrupole term χQQ is determined in a self-consistent manner
so that it would give the empirical deformation of the basis as
predicted in mean-field calculations [27,28]. The monopole-
pairing strength is taken to be of the form GM = [G1 ∓
G2(N − Z)/A]/A, where “+” (“−”) is for protons (neutrons),
and N , Z, and A are the neutron number, proton number,
and mass number, respectively. G1 and G2 are the coupling
constants adjusted to yield the experimental odd-even mass
differences in the corresponding nuclear mass region. The
quadrupole-pairing strength is taken, as usual, to be about
20% of GM [28,29]. It has been shown in many previous
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publications that such a set of interactions can well describe
detailed structures for well-deformed heavy nuclei [27].

The one-body operators in Eq. (8) are taken as the standard
form

Q̂2μ =
∑
α,α′

〈α|Q̂2μ|α′〉c†αcα′ ,

P̂ † = 1

2

∑
α

c†αc
†
ᾱ, (9)

P̂
†
2μ = 1

2

∑
α,α′

〈α|Q̂2μ|α′〉c†αc
†
ᾱ′ ,

where c†α (cα) is the nucleon creation (annihilation) operator for
the single-particle states in the spherical basis, and the quantum
number α ≡ {nljm}. The time reversal of cα is defined as cᾱ ≡
(−1)j−mcnlj−m.

The last force, ĤGT in Eq. (7), is the two-body Gamow-
Teller force:

ĤGT = + 2χGT

∑
μ

β̂−
1μ(−1)μβ̂+

1−μ

− 2κGT

∑
μ


̂−
1μ(−1)μ
̂+

1−μ. (10)

This is a charge-dependent separable interaction with both
particle-hole (p-h) and particle-particle (p-p) channels, which
act between protons and neutrons. Such a type of force has been
used by many authors in the study of single- and double-β
decay [47–51]. The p-h and p-p interactions are repulsive
and attractive, respectively, if we take positive values for the
strength parameters χGT and κGT. The p-p interaction, which
was introduced originally by Kuz’min and Soloviev [47], is a
neutron-proton pairing force in the Jπ = 1+ channel. In this
work, the interaction strengths are simply adopted as those
in quasiparticle random phase approximation calculations for
corresponding mass regions, i.e., χGT = 0.10, κGT = 0.05 for
medium-mass nuclei [51] and χGT = 23/A, κGT = 7.5/A for
heavy nuclei [47]. We remark that, in the PSM framework, the
parameters need to be carefully fitted by systematical studies
as in Ref. [48].

The one-body operators in Eq. (10) are as follows:

β̂−
1μ =

∑
π,ν

〈π |σμτ−|ν〉c†πcν, β̂+
1μ = (−)μ(β̂−

1−μ)†, (11)


̂−
1μ =

∑
π,ν

〈π |σμτ−|ν〉c†πc
†
ν̄ , 
̂+

1μ = (−)μ(
̂−
1−μ)†, (12)

where σ and τ are the Pauli spin operator and the isospin
operator, respectively. It is mentioned here that the Hamiltonian
in Eq. (7) may need to be extended when specific transition
processes are studied. For example, the spin-dipole force would
be necessary in calculation of first-forbidden transitions [48].

The probability of Gamow-Teller transition from an initial
state ω of spin Ii to a final state ω′ of spin If is defined as

B
(
GT,Iω

i → Iω′
f

) = 2If + 1

2Ii + 1

∣∣〈�ω′
If

‖β̂±‖�ω
Ii

〉∣∣2
. (13)

C. Calculation procedure: Application of the Pfaffian method

Let us summarize briefly the logical structure of the PSM for
B(GT) calculations. First, we diagonalize the matrix of Hamil-
tonian (7) in the projected basis (3) with the configuration
spaces (1) and (2) for an odd-neutron and a corresponding odd-
proton nucleus, respectively. This corresponds to solving the
eigenvalue equation (5), from which one can obtain the spectra
Eω

I and the wave functions [given in terms of the coefficients
f ω

IKκ
in Eq. (3)] for two relevant odd-A nuclei. Then, a state-by-

state calculation of the GT transition probability between the
two odd-mass nuclei can be performed with Eq. (13) using the
wave functions. From Eqs. (3), (4), (6), and (13), it is obvious
that the central task in numerical calculations is to evaluate the
rotated matrix elements of the Hamiltonian, the norm, and the
one-body GT transition operator,

Hκ ′κ = 〈�κ ′ (b)|Ĥ [
]|�κ (a)〉,
Nκ ′κ = 〈�κ ′ (b)|[
]|�κ (a)〉, (14)

B±
κ ′κ = 〈�κ ′ (b)|β̂±

1μ[
]|�κ (a)〉,
with the notation [
] = R̂(
)/〈�(b)|R̂(
)|�(a)〉 [28]. In the
above expressions, (a) and (b) can represent states of the
same nuclear system or different nuclear systems (e.g., a
parent and a daughter nucleus), with corresponding qp creation
(annihilation) operators a

†
i and b

†
j (ai and bj ). In the following,

we takeNκ ′κ as an example to discuss the numerical procedure.
Its explicit form can be written as

Nκ ′κ = 〈�(b)|b1′ · · · bn′ [
]a†
1 · · · a†

n|�(a)〉, (15)

which is usually evaluated [28] by the generalized Wick
theorem that decomposes Eq. (15) into a combination of three
types of contraction, denoted as A, B, and C, with their matrix
expressions [52]

Aij (
) ≡ 〈�(b)|[
]a†
i a

†
j |�(a)〉 = [V ∗(
)U−1(
)]ij ,

Bij (
) ≡ 〈�(b)|bjbi[
]|�(a)〉 = [U−1(
)V (
)]ij , (16)

Cij (
) ≡ 〈�(b)|bi[
]a†
j |�(a)〉 = [U−1(
)]ij ,

where U and V are the corresponding matrices of action of
the rotation operator on quasiparticles [52]. It was pointed out
[36] that, in applying the generalized Wick theorem, a matrix
element of Eq. (15) involving n′ and n qps, respectively on
the left- and right-hand side of [
], contains (n + n′ − 1)!!
terms. In practice, the number of terms becomes so large that
it is nearly impossible to write down expressions explicitly
for more than four-qp states. In fact, the earlier version of the
PSM configuration space for odd-mass nuclei was limited to
one- and three-qp states [53,54].

By using the fermionic coherent state and Grassmann
integral, it was shown that a general expression for the matrix
elements (15) in terms of the Pfaffian can be derived as [36]

〈�(b)|b1′ · · · bn′ [
]a†
1 · · · a†

n|�(a)〉

= Pf (X) = Pf

(
B C

−CT A

)
, (17)

where X is a skew-symmetric matrix with dimension (n +
n′) × (n + n′). The indices of rows and columns for B run
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from 1′ to n′ (1′, . . . ,n′) and the ones for A run from 1 to n
(1, . . . ,n). For matrix C in Eq. (17), the indices of rows run
from 1′ to n′ and those of columns run from 1 to n. The Pfaffian
is defined as

Pf (A) ≡ 1

2nn!

∑
σ∈S2n

sgn(σ )
n∏

i=1

aσ (2i−1)σ (2i) (18)

for a skew-symmetric matrix A with dimension 2n × 2n, of
which matrix elements are aij . The symbol σ is a permutation
of {1,2,3, . . . ,2n}, sgn(σ ) is its sign, and S2n represents a
symmetry group. This makes it possible and efficient to work
with the expanded PSM configuration, since calculations of
the corresponding Pfaffians are not time consuming [55].

III. RESULTS AND DISCUSSIONS

In the PSM, the standard Nilsson scheme [43] is used for
generating deformed bases, and the Nilsson parameters, κ and
μ, can be taken from the literature (e.g., Refs. [56,57]). The
present computer code incorporates multiple shells, typically
with two to four major harmonic-oscillation shells in the single-
particle basis. This makes it possible to study GT transitions of
highly excited states in a shell-model framework. In numerical
calculations, we keep the axial symmetry in the deformed
bases, which reduces DI

MK in Eq. (4) to the small d function,
and the three dimensions in Euler angles 
 are simplified to
one (i.e., β). This reduces the numerical effort considerably.

A. The Ikeda sum rule

Before a new computer code for large-scale numerical
calculations can be used, it is required to check carefully the
correctness. In the content of the present study, the symmetry
relations and normalization condition, as well as the well-
known Ikeda sum rule [58], can be used to check numerical
accuracy [30]. The employed symmetry relations between
matrix elements and the normalization condition are

HI
Kκ,K ′κ ′ = HI

K ′κ ′,Kκ ,
(19)

NI
Kκ,K ′κ ′ = NI

K ′κ ′,Kκ ,∑
KκK ′κ ′

f ω
IKκ

NI
Kκ,K ′κ ′f

ω
IK ′

κ′
= 1, (20)

〈�κ ′ |β̂±
1μR̂(β)|�κ〉 = (−)Kκ−K ′

κ′
∑
μ′

d1
μ′−μ(β)

×〈�κ |β̂∓
1μ′R̂(β)|�κ ′ 〉, (21)

〈�If
‖β̂±‖�Ii

〉 = (−)If −Ii

√
2Ii + 1

2If + 1
〈�Ii

‖β̂∓‖�If
〉.

(22)

The fulfillment of the model-independent Ikeda sum rule [58]
for GT transitions, expressed as

S(GT−) − S(GT+)

=
∑
f

B(GT−,i → f ) −
∑
f

B(GT+,i → f )

= 3(N − Z), (23)

FIG. 1. The calculated GT strength distribution for β± transition
from the first 1/2− state of 83Zr respectively to all 1/2−,3/2− states
of (a) 83Nb and (b) 83Y, as a function of excitation energies.

is examined. The summations in Eq. (23) run over the complete
sets of configurations of the final states constructed within the
given model space. Since the basis of medium-heavy nuclei is
relatively small, and thus it is easier to achieve completeness,
we take the A = 83 nuclei as an example. The calculation
involves B(GT−,83Zr → 83Nb) and B(GT+,83Zr → 83Y). In
the numerical procedure, two major harmonic shells with N =
3,4 are used for both neutrons and protons, the quadrupole
deformation for the bases is adopted as ε2 = 0.3 for all three
nuclei, and the strengths of the monopole-pairing interaction
in Eq. (8) are taken as G1 = 20.25 and G2 = 16.20 [59]. The
complete configuration spaces of each of the two daughter
nuclei consist of about 7,000 one- and three-qp states.

In Fig. 1, we show the calculated B(GT∓) from the first
1/2− state of 83Zr to all 1/2−,3/2− states of 83Nb and
83Y, respectively. It is seen that both B(GT−) and B(GT+)
strengths are fragmented over many excited states, which can
be visualized up to about 10 MeV in Fig. 1. B(GT+) shows
a peak located in 3–5 MeV. For the excitation region above
10 MeV, there are many tiny strengths in both plots, which
decrease, roughly exponentially, towards the highest excitation
in the calculation. Figure 2 illustrates these.

Adding up respectively all these B(GT−) and B(GT+)
strengths, we get

S(GT−) = 19.3439, S(GT+) = 10.4829, (24)

which indicates that S(GT−) − S(GT+) exhausts 98.5% of the
sum-rule value 3(N − Z). Considering the fact that in our
model, particle number is conserved at the BCS level, which
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FIG. 2. Same as Fig. 1, but in logarithmic scale.

could be the source for the small violation of the total sum rule,
the result can be considered satisfactory.

B. Example: GT transitions of 153Nd → 153Pm

We calculate β−-decay rates in neutron-rich rare-earth
nuclei, from the parent nucleus 153Nd to the daughter 153Pm
as our first example. It is well known that these two nuclei are
well-deformed, axially symmetric nuclei. In the calculation,
three major harmonic shells with N = 4,5,6 (N = 3,4,5) are
taken for neutrons (protons) in heavy nuclei. The strengths of
the monopole-pairing interaction in Eq. (8) are taken as G1 =
20.12, G2 = 13.13 [29]. The quadrupole and hexadecapole
deformation parameters are adopted as ε2 = 0.250 and ε4 =
−0.073 for both nuclei, taken from Ref. [60].

Before the model is applied for GT calculations, it is
desirable to see how it describes the detailed nuclear structure
and, in the first place, how well it can reproduce the known
energy spectra for the relevant nuclei. In the case of 153Nd,
high-spin rotational bands are experimentally known up to
about 3 MeV [61]. However, isomeric states are suggested
to play crucial roles in understanding abundances of element
production in the nucleosynthesis processes [40]. Recently, a
rotational band based on the 1.17(7)-μs isomer at 191.7 keV
was measured in 153Nd [62]. This isomer was assigned a
spin-parity of 5/2+. In the case of 153Pm, structure data from
experiment are presently scarce.

Figures 3 and 4 show, respectively, the calculated energy
levels for 153Nd and 153Pm, which are compared with the
available data [61,62]. It is seen that the PSM calculation
can describe the structure data for the heavy deformed nuclei
quantitatively. The spin and parity of the ground states for
both nuclei are reproduced correctly, with 3/2− for 153Nd and
5/2− for 153Pm, respectively, in agreement with experimental
data [61]. While in 153Nd, the ground state has the main

FIG. 3. (a) Calculated energies and (b) transition energies of the yrast band and (c) calculated energies and (d) transition energies of the
band based on the 5/2 isomer for 153Nd, as compared with the data taken from Refs. [61,62].
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FIG. 4. Calculated energy levels of 153Pm, as compared with the
data taken from Ref. [61].

configuration from the neutron Nilsson state ν3/2−[521] of
the νh9/2 orbit, that in 153Pm has mainly the proton Nilsson
state π5/2−[532] of πh11/2.

For the purpose of the present GT study, it is important that
the model can describe excited states as well. It is our opinion
that theoretical models that are used for GT calculations should
be tested using existing structure data, particularly for those
that are used to discuss GT transitions in thermal environments.
For the 153Nd calculation, the results in Fig. 3 are compared
with known data [62] (basically of two high-spin rotational
bands, one yrast band and one isomeric band based on the
1.17(7)-μs isomer), in the energy-spin type of plots for the
sake of convenience. As shown in Fig. 3(b), the delicate zigzag
behavior [which cannot be seen in Fig. 3(a) due to the scale] in
the yrast band is described successfully, indicating the correct
signature dependence [53] of this band. Figures 3(c) and 3(d)
depict the energies and transition energies of the calculated
5/2+ isomeric bands, as compared with the data in Ref. [62].
It is seen that the calculated 5/2+ band can reproduce the
data very well. A stronger zigzag behavior is seen in both
experiment and calculation, although in the theoretical results,
the calculated zigzag amplitude is somewhat larger. The main
configuration of the bandhead is found to be ν5/2+[642],
consistent with the suggestion in Ref. [62]. We note, in
particular, that the two rotational bands in the discussion,
though their bandheads are very close in energy (only less than
200 keV apart), have distinctive structure; in the first place, they
belong to different parity groups. These make their GT strength
distributions at the low-energy region very different, as we see
below.

Experimental high-spin data for 153Pm are presently rare.
There are mainly known energy levels up to the 13/2− state for
the ground-state band starting from 3/2− and those up to 11/2+

based on the 5/2+ state, all of which lie below 0.4 MeV in
energy. As can be seen in Fig. 4, the PSM calculation describes
these data reasonably well.

FIG. 5. Calculated GT strength distribution from the 3/2− ground
state and the 5/2+ isomeric state of 153Nd to the excited states of
153Pm.

Now we turn the discussion to the calculated B(GT−) values
for the transition from the parent nucleus 153Nd to the daughter
153Pm. The discussion is divided into two different cases: GT
transitions from the near-ground states of 153Nd and those from
the states of about 3.5 MeV of excitation in 153Nd, essentially
to all the allowed daughter states in 153Pm up to 25 MeV. In the
calculations, the configuration space of the daughter nucleus
consists of about 15,000 positive-parity and negative-parity
states, respectively.

Figure 5 shows the calculated B(GT−) distribution from the
3/2− ground state and the 5/2+ isomeric state of 153Nd to the
states of 153Pm, as functions of excitation energies in 153Pm.
The main feature of the two plots in Fig. 5 is that the strengths
are rather fragmented over many excited states but are clearly
peaked in the energy range between 14 and 15 MeV. These
peaks take most of the strengths, corresponding to a formation
of the GT giant resonance. A giant resonance in nuclei is a col-
lective behavior, which requires participation of many particles
in the collective motion. That it appears in the calculation can
be understood that in the PSM, each deformed nuclear state is
a superposition of different qp configurations that consist of
many deformed Nilsson orbitals, and each deformed Nilsson
orbital is a superposition of many spherical orbits. Therefore,
each PSM state is formed by complicated mixing of enormous
configurations corresponding to the spherical basis [27].

Despite the complexity of the configuration mixing, it is
possible to trace the dominant configurations of the states
that contribute to the GT peaks in Fig. 5. This can be done
by identifying them in the PSM wave functions in terms of
the Nilsson notation [43]. In Table I, we list the dominant
configurations of the states in 153Pm around this peak to
which the ground state of 153Nd has large B(GT−) values.
It can be seen that although these configurations are three-qp
states with different proton and neutron states, they all contain
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TABLE I. Spins and dominant configurations for states in 153Pm
at Ex ≈ 15 MeV to which the 153Nd ground-state decay has large
B(GT−) values, corresponding to a GT giant resonance, as shown in
Fig. 5(a).

Spin Kπ Configuration

1/2 1/2− π3/2−[541] ⊗ π3/2−[532] ⊗ π5/2−[532]
1/2 1/2− π3/2−[532] ⊗ π3/2+[431] ⊗ π1/2+[431]
1/2 1/2− π3/2−[541] ⊗ π1/2+[431] ⊗ π3/2+[402]

3/2 1/2− π1/2−[541] ⊗ ν1/2−[541] ⊗ ν3/2−[501]
3/2 3/2− π1/2−[541] ⊗ ν5/2−[532] ⊗ ν3/2−[512]

5/2 5/2− π3/2−[541] ⊗ π3/2−[532] ⊗ π5/2−[532]
5/2 1/2− π5/2−[532] ⊗ ν3/2−[532] ⊗ ν3/2−[512]
5/2 1/2− π1/2−[550] ⊗ ν1/2−[550] ⊗ ν3/2−[512]
5/2 5/2− π5/2−[523] ⊗ ν3/2−[541] ⊗ ν3/2−[521]

one proton Nilsson orbit originating either from the πh9/2 or
from the πh11/2 spherical orbit. This is simply because of the
selection rule of allowed GT transition. As discussed before,
the 3/2− ground state of 153Nd takes the neutron Nilsson state
ν3/2−[521] as the main component, which originates from the
νh9/2 orbit of the spherical basis. Because the GT operators
do not change the orbital angular momentum, as indicated in
Eq. (11), transitions from the 153Nd ground state to these 153Pm
daughter states should be strong.

Except for the giant resonance region, many other distribu-
tions with smaller GT strengths cannot be easily visualized in
Fig. 5. Therefore, in Fig. 6, we re-plot them in the logarithmic
scale. In Fig. 6(a), there is a group of discrete transitions up
to 3 MeV, some of which have been known experimentally
through the measured log(f t) values [61]. To compare our
results with these data, we convert our theoretical GT transition
rates to f t values by using

f t = 6163.4(
gA

gV

)2

eff
B(GT)

, (25)

FIG. 6. Same as Fig. 5, but in logarithmic scale.

where f t is the comparative half-life, and the coupling con-
stants in Ref. [63] are adopted as(gA

gV

)
eff

= 0.74
gA

gV

,
gA

gV

= −1.26. (26)

In Table II, we list the log(f t) data taken from Ref. [61]
and our calculations. Note that as the experiment could not
identify the spin values of these states, it is difficult to make a
direct comparison. For the theoretical values in Table II, we
give a spin value of the daughter state for each transition,
the excitation energy, the Nilsson Kπ values, and the main
configuration in the Nilsson notation. We can conclude that a
qualitative agreement has been achieved, but warn that, except
for the first five transitions to the daughter states with clear
structures, we do not claim a one-to-one agreement with the
rest of these experimental data.

We find that to reproduce the experimental log(f t) data
(see Table II), an effective ratio of gA/gV is employed,
corresponding to a quenching factor of 0.74, which is the same
as that in Ref. [63] for single-shell shell-model calculations
of the sd- and some pf -shell nuclei. For GT transition
calculations, a quenching factor is usually introduced due to
the model space limitation and missing degrees of freedom
in the wave functions [64]. Very recently, the choice of the
quenching factor for the axial coupling constant was discussed
[65,66]. It is seen from the above results that, notwithstanding
our large multishell model space, a quenching factor is still
needed. This may indicate that our wave functions, with their
relevant correlations mainly from Eq. (10), still lack some
components. We note, nevertheless, that our employed value
of 0.74 is larger than A−0.12 = 0.547 of the shell model [67].
It will be interesting to study systematically the configuration-
space dependence of the gA quenching factor within the PSM
framework.

It is interesting to observe a remarkable difference between
the two plots in Fig. 6. Despite their similarities in the GT
distribution from 3.5 MeV up, it can be seen in Fig. 6(b) that
transitions from the 5/2+ isomeric state in 153Nd to the 153Pm
states are completely suppressed for the low-lying daughter
states up to 3.5 MeV. This makes the GT transition from
the two 153Nd parent states, in spite of their being only less
than 200 keV apart, very different. We can understand this
remarkable difference by looking at the PSM wave functions.
In the parent 153Nd, the ground state corresponds to the Nilsson
orbital ν3/2−[521] originating from νh9/2, which is a normal
state. However, the 5/2+ isomeric state corresponds to the
Nilsson orbital ν5/2+[642] originating from νi13/2, which
is an abnormal (or intruder) state caused by the spin-orbit
interaction. Although these two parent states lie nearly together
in energy, it will be very different situations when they can
find daughter states, to which they decay, having the same
quantum number in orbital angular momentum. For the 153Nd
ground state, the daughter states in 153Pm must have the main
components from πh9/2 or πh11/2, among which, the Nilsson
orbitals from πh11/2 lie close to the proton Fermi surface in
153Pm, and therefore, low-lying GT strengths can be formed,
as discussed in Table II. In contrast, for the 5/2+ isomeric
state in 153Nd, the main structure is made of the intruder νi13/2

state, and the daughter states in 153Pm must have the main
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TABLE II. Calculated energies, log(f t) values [extracted by using Eq. (25)], and dominant configurations for transitions from the ground
state of 153Nd to the low-lying states of 153Pm, as compared with available data taken from Ref. [61].

Expt. Theor.

Spin E (MeV) log(f t) Spin E (MeV) log(f t) Kπ Configuration

5/2 0 5.39 5/2 0 5.55 5/2− π5/2−[532]
0.967 6.38 5/2 0.945 6.05 5/2− π5/2−[532] ⊗ ν3/2+[651] ⊗ ν3/2+[651]
1.296 6.19 5/2 1.411 6.07 3/2− π3/2−[541]
1.732 6.30 1/2 1.699 6.77 1/2− π1/2−[550]
1.776 6.38 3/2 1.810 6.12 1/2− π1/2−[550]
1.838 6.12 5/2 1.829 5.97 5/2− π5/2−[532] ⊗ ν3/2−[521] ⊗ ν3/2−[521]
1.851 6.19 5/2 2.126 6.09 5/2− π5/2−[532] ⊗ ν5/2+[642] ⊗ ν5/2+[642]
1.988 5.57 5/2 2.586 5.76 3/2− π5/2−[532] ⊗ ν3/2+[651] ⊗ ν5/2+[642]
1.998 5.10 5/2 2.598 4.99 5/2− π5/2−[532] ⊗ ν3/2−[532] ⊗ ν3/2−[521]
2.005 5.28 1/2 2.701 5.16 1/2− π5/2−[532] ⊗ ν3/2−[532] ⊗ ν3/2−[521]
2.008 6.16 5/2 2.712 6.46 5/2− π5/2−[532] ⊗ π3/2+[411] ⊗ π3/2+[411]
2.033 5.69 3/2 2.721 5.41 1/2− π5/2−[532] ⊗ ν3/2−[532] ⊗ ν3/2−[521]
2.035 6.11 3/2 2.757 6.67 3/2− π5/2−[532] ⊗ ν1/2+[660] ⊗ ν3/2+[651]
2.061 6.02 5/2 2.760 5.94 1/2− π5/2−[532] ⊗ ν3/2−[532] ⊗ ν3/2−[521]

components from πi11/2 or πi13/2, among which, πi11/2 is out
of the question because it lies far above the N = 126 major
shell gap. The isomer decay to the states in 153Pm with πi13/2

as components is possible, but because the Nilsson orbitals
originating from πi13/2 are not near the proton Fermi surface
in 153Pm, the strength can appear only starting from some
excitations, roughly from 3.5 MeV in this case.

Our next discussion about the transition from the parent
nucleus 153Nd to the daughter 153Pm regards the calculated
B(GT−) values initially from the excited states of the parent.
Somewhat arbitrarily, we choose to study two 3/2− excited
states in 153Nd, from which we calculate GT transition rates to
all possible states in 153Pm. The two 3/2− states lie very close
in energy, one at 3.45 MeV with the three-qp configuration
ν5/2−[523] ⊗ π3/2+[422] ⊗ π3/2+[411] with Kπ = 1/2−
and the other at 3.67 MeV with ν3/2+[651] ⊗ ν3/2−[521] ⊗
ν5/2+[642] with Kπ = 3/2−. Although they are close in en-
ergy, notably they have very different structures; the 3.45-MeV
one contains in its structure the last neutron originating from
the νf7/2 orbit with l = 3 and the 3.67-MeV one has the
last neutron from the νi13/2 with l = 6. Figure 7 shows the
calculated results for GT transitions from these two states.

Very different patterns can be seen in the two plots of
Fig. 7. In Fig. 7(a) the strengths are found mainly in the energy
region from 4 to 12 MeV, among which there are essentially
no strengths larger than 0.1. In a completely different picture,
those in Fig. 7(b) are more fragmented, starting from low-lying
states with a clear GT peak around 15 MeV, with some
strengths reaching 1.0. The pattern of Fig. 7(b) (GT transitions
from the 3/2− state at 3.67 MeV) looks similar to that of
Fig. 6(b), at least for the large excitation region from 4 to
16 MeV. This similarity can be understood because in both
cases, the initial parent states in 153Nd contain the last neutron
state from the νi13/2 spherical orbit. In contrast, for the results
in Fig. 7(a), strong strengths cannot be formed in the energy
range from 12 to 16 MeV, simply because of the shell structure.
In the deformed single-particle picture, the proton states with
l = 3 (i.e., πf5/2 and πf7/2) that can have large GT matrix

elements with the neutron state ν5/2−[523] lie very far above
the proton N = 82 shell. Therefore, strong transitions may
exist, but must lie far above the energy range as presented in
Fig. 7.

Most future applications by the present method imply an
environment of finite temperature, notably in stellar scenarios.
Therefore, GT rates of initially excited states become relevant.
Contributions of the excited states are usually estimated by
applying the generalized Brink-Axel (BA) hypothesis [26],
which states essentially that the rates are independent of the
properties of the initial and final states. While the validity of
the Brink-Axel hypothesis in the GT channel has not been
systematically checked for heavy deformed mass regions, our
results in Fig. 7 at least suggest that it should be taken with
great care. It is also worthy to mention that for astrophysical

FIG. 7. Calculated GT strength distribution from two 3/2− states
of 153Nd at about 3.5 MeV to the excited states of 153Pm.
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simulations the phenomenological approach of β-decay gross
theory [68] is often applied due to lack of both experimental and
microscopic theoretical values. It is well known that the gross
theory failed to describe the complex nature of β decay as well
as fine nuclear structure. As shown in the present study, the GT
strength distribution sensibly depends on the underlying fine
nuclear structure of involved nuclei; the microscopic approach
employed here will be helpful to reduce uncertainties related
to GT transition in heavy deformed nuclei.

IV. SUMMARY

To summarize, a qualitative description of GT transitions
for heavy deformed odd-mass nuclei has been a challenge
for theoretical models. It is particularly difficult to calculate
in detail the state-to-state transitions for high excitations
including the region where GT giant resonances appear. The
present work is devoted to a new development of the shell-
model method within the framework of the projected shell
model for calculating GT transition rates. To achieve the
numerical requirement, the Pfaffian algorithm has been used
in the computation.

β− decays from heavy deformed neutron-rich 153Nd to
153Pm are investigated as the first example. We showed that
the experimentally known GT transition strengths from the

ground state of 153Nd to the low-lying states of 153Pm can
be reasonably well reproduced. Most of our discussions have
been concentrated on the transition distributions from differ-
ent initial states, including the ground state, the low-energy
isomeric state, and the moderately high excited states but with
different structures. It was found that, for deformed nuclei, GT
transitions are in general strongly state dependent. We gave
detailed explanations based on their relevant structure as to why
the particular GT distribution patterns should occur. The initial
results tend to indicate that both the shell effect determined
by the spin-orbit interaction and the deformation effect, the
two basic concepts that have governed the entire microscopic
discussions in nuclear structure physics, are the key ingredi-
ents. The results presented here support the predictive power
of the PSM for calculating GT strength for the nuclei which
are extremely challenging from an experimental point of view.
Further work towards a better understanding is in progress.
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