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Fission properties of superheavy nuclei for r-process calculations
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We computed a new set of static fission properties suited for r-process calculations. The potential energy
surfaces and collective inertias of 3640 nuclei in the superheavy region are obtained from self-consistent mean-field
calculations using the Barcelona-Catania-Paris-Madrid energy density functional. The fission path is computed as
a function of the quadrupole moment by minimizing the potential energy and exploring octupole and hexadecapole
deformations. The spontaneous fission lifetimes are evaluated employing different schemes for the collective
inertias and vibrational energy corrections. This allows us to explore the sensitivity of the lifetimes to those
quantities together with the collective ground-state energy along the superheavy landscape. We computed neutron-
induced stellar reaction rates relevant for r-process nucleosynthesis using the Hauser-Feshbach statistical approach
and study the impact of collective inertias. The competition between different reaction channels including neutron-
induced rates, spontaneous fission, and α decay is discussed for typical r-process conditions.
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I. INTRODUCTION

The theoretical description of the fission process is one
of the most challenging and fascinating problems in nuclear
physics. The competition between the long-range Coulomb
repulsion and the short-range strong interaction drives the
evolution of the nucleus from the ground state to the scission
point. Furthermore, they produce quantum mechanical shell
effects that allow for the stability of superheavy (SH) elements
in the heaviest regions of the nuclear landscape. Arguably
one of the most interesting applications of fission concerns
the r-process nucleosynthesis of superheavy elements. In
scenarios with high neutron densities, such as the dynamical
ejecta of neutron stars mergers, the competition between
rapid neutron captures and β decays of seed nuclei leads
to the synthesis of superheavy elements. The r-process path
proceeds toward regions of unstable nuclei that undergo fission,
recycling the material to lighter fission products [1–3]. In these
conditions, fission plays a relevant role not only by modifying
the final shape of the r-process abundances [4,5], but also
in providing a mechanism to achieve a robust r process [6].
Besides astrophysical applications, the stability of the nucleus
against fission is also crucial for the experimental synthesis
of superheavy nuclei achieved in laboratories all around the
world during the past years [7–10] and for energy production
in nuclear reactors.

Nowadays, the main nuclear structure models describing
the spontaneous fission (SF) are the microscopic-macroscopic
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(MicMac) and the self-consistent mean-field (SCMF) models
(see Ref. [11] for a recent review on fission properties of SH
nuclei covering MicMac and SCMF models). The MicMac
description pioneered the modern modeling of the fission pro-
cess in the late 1960s and since then several studies have been
successfully applied in systematic calculations of superheavy
nuclei. One of the main advantages of this method is the
calculation of the potential energy surface in multidimensional
spaces using up to five collective degrees of freedom for
systematic calculations, providing an accurate description of
multiple fission paths (see, e.g. Refs. [12–14] for recent calcu-
lations). On the other hand, 20 years ago fission calculations
based on self-consistent methods with effective interactions
entered the scene, proposing an alternative scheme built on a
more microscopic approach. Starting from an effective energy
density functional (EDF), the constrained Hartree-Fock (HF)
and Hartree-Fock-Bogoliubov (HFB) theories permit the cal-
culation of the fission properties rooted on more microscopic
input. In recent years, several studies explored the capability
of the EDF theory to reproduce the experimental fission data
using either Skyrme [15–21], Gogny [22–28], or relativistic
interactions [29] (see Ref. [30] for a complete review).

The main objective of this paper is to present the fission
properties of r-process nuclei obtained with the Barcelona-
Catania-Paris-Madrid (BCPM) EDF [31]. As already pointed
out in Ref. [32], nowadays only few global calculations suited
for r-process calculations are publicly available. This work is
designed to provide a new set of fission properties based in
the SCMF model covering the whole superheavy landscape
and including nuclei with an odd number of protons and/or
neutrons. The main advantage of the EDF theory is that it
allows the computation of both the potential energy surface
and the collective inertias from a unique and microscopic
footing, providing a robust framework for the calculation of
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spontaneous fission lifetimes, fission barrier heights, and
isomer excitation energies. The paper is outlined as follows.
In Sec. II we briefly introduce the method used in the
calculation of the potential energy surface and spontaneous
fission lifetimes. In Sec. III we summarize the results of our
calculations. We start discussing the benchmark of BCPM
against the experimental data in Sec. III A. The systematic of
fission barriers and spontaneous fission lifetimes is discussed in
Sec. III B and Sec. III C. Section III D is devoted to discussing
the competition between α decay and spontaneous fission and
in Sec. III E the discussion is extended to neutron-induced rates
of relevance to the r process. Finally, in Sec. IV we summarize
our results and outline the future perspectives.

II. METHODS

In this paper fission is described within the self-consistent
mean-field (SCMF) approach [33] following the traditional
HFB theory with constraining operators as described in
Ref. [34]. For completeness we will summarize here the
general computational scheme and point out the uncertainties
arising from our method.

In order to reduce the computational cost, axial symmetry
has been preserved in all the calculations. The impact of
releasing this restriction has been the object of several recent
studies (see, e.g., Refs. [19,20,26]), where it has been shown
that triaxiality can reduce the inner fission barrier height of
actinides up to 2–3 MeV. However, we would like to point out
here that the role of triaxiality in fission is still the subject of
discussion since some recent calculations showed that axial
symmetry can be fully restored in dynamic calculations of
the fission process [24,35,36]. Moreover, this reduction of the
fission barrier is compensated by an increase of the collective
inertias and therefore the impact of releasing this symmetry is
expected to be small in the calculation of fission lifetimes.

Due to the preservation of axial symmetry, the mean value
of the multipole operators, 〈 Qμν〉 = 0 for all ν �= 0. In order to
explore the impact of octupole and hexadecapole deformations,
as well as asymmetric fission, reflection symmetry is allowed
to break at any stage of the calculations. The basis quantum
numbers are restricted by the condition:

2n⊥ + |m| + nz

q
� Nmax. (1)

All the calculations were carried with Nmax = 17 and q =
3/2. The parameter q represents the ratio of the number of
quanta along the z direction to the number of quanta along
the perpendicular one. The value used favors more shells in
the z direction as required in fission. Once the number of
quanta in each direction is fixed, the basis only depends on
the oscillator lengths bz and b⊥. To diminish the impact of the
limited basis size on the binding energies, it is mandatory to
carefully optimize the oscillator length parameters for each
value of the constrained quadrupole moment considered in
the calculation [37]. The optimization is carried out automat-
ically for all the nuclei using the gradient method to find
the minimum of the HFB energy as a function of the two
oscillator length variables b⊥ and bz. The gradient of the energy
with respect to b⊥ and bz is computed numerically using a

three-point formula for the numerical derivative. The HFB
equations were solved using a second-order gradient method,
which provides a fast convergence and allows for an arbitrary
generalization of the numbers of constraints [38]. The main
advantage of the computational scheme described above is that
it has already been applied to several fission calculations using
either the Gogny or the BCPM interactions [22,26–28,34,39],
and its capability to describe the fission process is well
constrained.

We have used the last version of the BCPM functional
recently proposed to describe the physics of finite nuclei [31].
This functional has also proved to perform well in a series
of calculations of fission properties including inner fission
barrier heights, excitation energy of fission isomers, outer
barrier heights, spontaneous fission lifetimes, etc. [34]. The
idea behind the explicit form of the BCPM functional is
to use a simple polynomial in the density to fit the energy
per particle in both symmetric and neutron nuclear matter
as obtained with state of the art many-body techniques and
realistic nuclear interactions. The polynomial so obtained is
used verbatim in finite nuclei but using the density of the finite
nucleus instead. A standard contact spin-orbit term is added to
reproduce magic numbers. Surface effects are considered by
means of a finite range Gaussian interaction acting only in the
direct channel. The Coulomb interaction is taken, as in many
other calculations, exactly in the direct channel. The exchange
Coulomb field is replaced by the Slater approximation and
the repulsive contribution of the Coulomb interaction to the
pairing channel is neglected. For the pairing interaction, a
density-dependent pairing interaction has been used. One of
the distinctive characteristics of the functional is its inclusion
of the rotational energy correction (see below) to compute the
ground-state binding energy. The rotational correction is also
used in the fitting protocol in spite of the fact that its inclusion
produces some artifacts near magic or semimagic nuclei [31].
They are a direct consequence of computing the rotational
correction after variation and disappear if beyond mean-field
effects such as configuration mixing of quadrupole deformed
shapes are taken into account. Unfortunately, the artifacts in the
rotational correction lead to spurious peaks in both the Sn, S2n

and related quantities near magic or semimagic nuclei, which
can produce unphysical abundances in r-process calculations.
For this reason, we have decided to remove the rotational
correction in the evaluation of one and two neutron separation
energies. The impact of this prescription in the Sn rms for
Z > 84 is small increasing its value from 0.28–0.36 MeV.
However, the rotational correction is maintained in fission
barrier calculations as the artifacts do not appear in the relevant
regions of the path to fission.

A. Spontaneous fission lifetimes, fission barriers,
and collective inertias

We start defining the fission tunneling probability, P , from
a state at excitation energy Ex through a transition state with
an excitation energy ε on top of the fission barrier as:

P (Ex,ε) = 1

1 + exp[2S(Ex,ε)]
. (2)
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FIG. 1. Collective fission properties of 232Th, 262No, 290No, and 316Ds as a function of the quadrupole moment. Bottom panels show different
contributions to the potential energy surfaceV(Q20) of Eq. (5). Top panels show collective inertiasM(Q20) computed with the ATDHFB (dashed
line), GCM (solid line), and semiempirical inertia formula (dotted line), renormalized to the reduced inertia M̃.

S is the integral action computed along the fission path, L(Q20),
between the classical turning points a and b:

SL(Ex,ε)

=
∫ b

a

dQ20

√
2M(Q20)[V(Q20) + ε − (Ex + EGS)],

(3)

where the fission path is obtained by minimizing the effective
potential energy, V(Q20), (so-called static approach). In the
case of spontaneous fission the excitation energy of the nucleus
corresponds to the so-called collective ground-state energy, E0,
and the transition state is taken at zero excitation energy on top
of the barrier. Hence, the spontaneous fission half-life (tsf ) is
given by the semiclassical Wentzel-Kramers-Brillouin (WKB)
theory [40]:

tsf = ln 2

nP (E0,0)
= 2.86 × 10−21 s

P (E0,0)
, (4)

with n the number of assaults of the nucleus on the fission
barrier per unit time [41]. Equation (3) shows that the the-
oretical description of spontaneous fission is based in three
main ingredients: the collective inertias M(Q20), the effective
potential energy V(Q20), and the energy of the collective
ground state E0. The effective potential energy V(Q20) is
obtained by subtracting the vibrational and rotational zero-
point energies from the total HFB energy:

V(Q20) = EHFB(Q20) − εvib(Q20) − εrot(Q20). (5)

The HFB energy EHFB is defined as the expectation value of
the Routhian with constraining operators:

Ĥ = ĤHFB +
∑
ν=1,2

λνQ̂ν0 +
∑

τ=p,n

λτ N̂τ , (6)

ĤHFB being the HFB Hamiltonian, N̂p(N̂n) the proton (neu-
tron) number operator, λi the Lagrange multipliers, Q10 the
center-of-mass constraint preventing spurious solutions arising

from center-of-mass motion, and Q̂20:

Q̂20 =
A∑
i

ẑ2
i − 1

2

(
x̂2

i + ŷ2
i

)
. (7)

The rotational energy correction εrot(Q20) is related to the
restoration of the rotational symmetry and is computed in terms
of the Yoccoz moments of inertia using the phenomenological
approach of Ref. [42]. This approach includes a correction to
account for the approximations involved in the evaluation of
the Yoccoz moment of inertia. Finally, the vibrational energy
correction εvib(Q20) takes into account for quantal fluctuations
in the collective degree of freedom Q20.

The bottom panels of Fig. 1 show the different contributions
of Eq. (5) to the potential energy surface (PES) in four different
nuclei. Clearly the major reduction to V(Q20) comes from the
rotational correction εrot(Q20), while the vibrational correction
εvib(Q20) produces a smaller, yet not constant, shift. We also
show the inner, BI , and outer, BII , barrier and the isomer
excitation energy, EII , defined as illustrated in the figure.

The second ingredient needed for the calculation of the SF
lifetimes are the collective inertias M(Q20). In the present
work we evaluated M(Q20) and εvib(Q20) following two
different schemes within the perturbative cranking approxi-
mation: the adiabatic time-dependent HFB theory (ATDHFB)
[43] and the Gaussian overlap approximation to the generator
coordinate method (GOA-GCM) [44]:

MATDHFB(Q20) = M−3

2(M−1)2
, (8)

MGOAGCM(Q20) = (M−2)2

2(M−1)3
. (9)

The energy-weighted momentum M−n(Q20) of the quadrupole
generating field can be expressed in terms of the two-
quasiparticle excitations |αβ〉:

M−n(Q20) =
∑
α>β

|〈αβ|Q20|0〉|2
(Eα + Eβ)n

, (10)
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FIG. 2. Region of the nuclear landscape explored in this work. Nuclei present in the AME2012 mass table evaluation [46] are depicted
with orange squares. Nuclei with experimentally measured fission barriers and spontaneous fission lifetimes are marked with open circles and
crosses, respectively. Nuclei for which the BCPM interaction predicts an oblate-deformed ground state are depicted with solid circles. Dashed
and dot-dashed lines represent the heaviest isotope of each element with Sn � 2 and Sn � 0 MeV, respectively. Contour lines show the highest
predicted fission barrier, in MeV.

being Eα + Eβ the excitation energy neglecting the
quasiparticle-quasiparticle interaction. The ATDHFB scheme
has the advantage that it naturally includes the time-odd re-
sponse of the system to small perturbations in the deformation.
In the simple case of a center-of-mass motion of the nucleus,
the inclusion of the time-odd momenta allows the ATDHFB
scheme to predict the exact collective inertia as the mass
of the nucleus [44]. By contrast the GCM scheme does not
include the time-odd response of the system and the inertias are
underestimated unless time-odd momenta coordinates are used
as collective degree of freedom. However, since translation and
fission are collective phenomena involving different dynamics
this argument cannot be used for claiming a superiority of the
ATDHFB scheme over the GCM one.

The εvib(Q20) energy is only defined in the GOA-GCM
scheme [44]

εGOAGCM
vib (Q20) = G(Q20)

MGOAGCM
. (11)

However, it is customary [30] to also introduce this quantity
in the ATDHFB scheme by using the previous expression, but
replacing the GOA-GCM inertia by the ATDHFB one:

εATDHFB
vib (Q20) = G(Q20)

MATDHFB
. (12)

The quantity G(Q20) is the overlap width between two config-
urations with similar quadrupole deformations:

G(Q20) = M−2

2(M−1)2
. (13)

Several calculations of fission cross sections [16] use
collective inertias based on the semiempirical parametrization
μ = 0.054A5/3 MeV−1 and β20 as collective variable of the
action integral (3). This expression reproduces experimental
data in the actinide region for a particular choice of fission
barriers [45]. Its validity for heavier nuclei and/or different
barriers is questionable. Hence, we compare the spontaneous
fission lifetimes obtained with this semiempirical expression
with the results obtained using the ATDHFB and GOA-GCM
approaches. Since the action integral is invariant under uniform

scaling, and β20 =
√

20π
5A

Q20
r2 with r = 1.2A1/3 fm, we have that:

MSEMP = μ

(
dβ20

dQ20

)2

= 0.065

A5/3
MeV−1fm−4 . (14)

The top panels of Fig. 1 show the collective inertias obtained
from ATDHFB, GCM, and the semiempirical schemes as
a function of the quadrupole deformation. The values are
normalized to the inertial mass that corresponds to the reduced
mass of the fragments, m. Assuming pointlike fragments, it
can be expressed as a function of the quadrupole moment as:

M̃(Q20) = m

h̄2

(
dr

dQ20

)2

= mN

4h̄2Q20
, (15)

where mN = 938.919 MeV/c2 is the averaged nucleon mass.
The fact that MATDHFB and MGOAGCM are larger than M̃ sug-
gests that the theoretical collective inertias are overestimated
in our calculations, as we will discuss later in Sec. III A.

Figure 2 shows the region of the nuclear landscape explored
in this work. Nuclei for which the BCPM interaction predicts
a strong oblate deformation of the ground state (β20 � −0.1)
are depicted with solid circles. These nuclei are supposed to
undergo fission through a triaxial path and should be computed
with an explicit breaking of the K quantum number. Since
a triaxial code for the BCPM interaction is not currently
available, we computed the axial path but it is necessary to
keep in mind that predictions of the fission properties for these
nuclei are less reliable.

B. Odd nuclei

The estimation of nuclear properties of nuclei with an odd
number of protons and/or neutrons is a critical issue in SCMF
models. A self-consistent solution obtained on the same footing
as even-even nuclei is rather expensive from the computational
point of view and therefore difficult to be implemented in
systematic calculations (see, for example, Refs. [47,48] and
references therein for a general comparison between different
approaches). For this reason, a good compromise in systematic
calculations is to use a phenomenological approach aimed to
reproduce the experimental bulk nuclear properties of odd-
even and odd-odd nuclei.
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In this work, we computed the bulk nuclear properties of
odd nuclei using the perturbative nucleon addition method
(PNAM) [49]. By adopting the PNAM method BCPM main-
tains the same level of accuracy in the calculation of nuclear
binding energies and fission properties for for even-even
nuclei and odd-even and odd-odd nuclei. Namely, the BCPM
EDF without rotational correction reproduces the experimental
binding energies of even-even nuclei [46] with a rms deviation
of 2.67 MeV, that decreases down to 2.37 MeV when odd
nuclei computed with the PNAM are included. However, the
agreement of the absolute binding energies can be misleading
since the relevant quantities for r-process calculations are
the neutron separation energies that determine the neutron
capture cross sections. With the BCPM EDF the neutron
separation energies Sn are reproduced with a rms deviation
of 0.30 MeV for even-even nuclei and 0.36 MeV including
odd and odd-odd nuclei. These results give us the confidence
to explore the whole superheavy landscape using the BCPM
EDF in combination with the PNAM.

Figure 3 shows the two-neutron separation energies S2n

predicted by BCPM for nuclei with 84 � Z � 120 and the
comparison with HFB21 [50] and FRDM [51] models. Jumps
in the two-neutron separation energies, commonly defined as
shell gaps 
2n(N ) = S2n(Z,N ) − S2n(Z,N + 2), are usually
associated with the presence of shell closures and during the
r-process nucleosynthesis result in accumulation of matter. For
example, for nuclei with Z ∼ 96 the predicted neutron magic
number N = 184 plays an important role in the production of
the heaviest elements during the r-process nucleosynthesis in
neutron star mergers, since it allows the accumulation of mate-
rial around A ∼ 280 [6]. Figure 4 shows that BCPM predicts a
higher energy gap compared to HFB17 and FRDM for nuclei
with N = 184 that smoothly disappears with increasing proton
number. As we will discuss in Sec. III B this disappearance may
allow the r path to proceeds towards heavier nuclei if the fission
barriers around 284

100Fm are high enough.
For some nuclei BCPM predicts a potential energy surface

with a vanishing fission barrier. For these nuclei a minimum en-
ergy cannot be defined and they are considered unstable, in the
sense that after their production they will immediately decay
by fission. They are followed by nuclei with a prolate ground
state and depicted in Fig. 3 with a gap in the isotopic lines.

Regarding the collective inertias of odd nuclei, we applied
the same perturbative scheme used for even-even nuclei de-
scribed in Sec. II A. This approach neglects the enhancement of
collective inertias due to the quenching of pairing correlations
in systems with unpaired nucleons, leading to a possible
underestimation of spontaneous fission lifetimes of nuclei with
an odd number of neutrons and/or protons [28].

III. RESULTS

A. Benchmarks

In Ref. [34] we studied the fission properties of the BCPM
EDF for a reduced set of even-even nuclei and compared
our results with experimental measurements. In this paper
we present the extension of such calculations to the whole

FIG. 3. Predicted two-neutron separation energies in MeV for
nuclei with 84 � Z � 120 as a function of neutron number for three
different models: BCPM (top panel), HFB21 (middle panel), and
FRDM (bottom panel). Isotopic chains are connected by solid lines.
Nuclei with a proton number equal to 90, 100, 110, and 120 are
depicted with blue thick lines.

superheavy landscape including nuclei with and odd number
of protons and/or neutrons in the region 84 � Z � 120 and
118 � N � 250.

In order to validate the theoretical predictions of the BCPM
EDF, we compared our results of the barriers heights and
isomer excitation energies with the available experimental data
of Bjørnholm and Lynn [52] and Capote et al. [53]. Whether
the fission barriers can be considered a physical observable or
not is still a subject of discussion in the community. Without
entering into this discussion, we would like to point out that
experimental fission barriers are extracted from fission cross-
section measurements, assuming nuclear level densities and
shapes of the potential energy surface predicted by theoretical
models. The experimental values of the fission barriers are
therefore model dependent, and consequently the comparison
with theoretical values should be taken with caution.
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FIG. 4. Energy gap
2n = S2n(Z,N ) − S2n(Z,N + 2) in MeV for
nuclei with N = 184 as a function of proton number predicted by
BCPM (open circles), FRDM (triangles), and HFB21 (squares).

Figure 5 shows the BCPM predictions and the experimental
data of the inner (BI ) and outer (BII ) fission barrier height
and the isomer excitation energy (EII ). We found that BCPM
reproduces the BI , BII , and EII experimental values of
Bjørnholm and Lynn [52] with a rms deviation of 1.29, 0.81,
and 1.22 MeV, respectively. The discrepancies with the data
set of Capote et al. [53] are slightly larger: 1.51 MeV for

FIG. 5. Inner fission barrier height BI (top panel), outer fission
barrier height BII (middle panel), and isomer excitation energy EII

(bottom panel) of eight isotopes computed with BCPM (lines) and
compared with experimental data of Bjørnholm [52] (open squares)
and Capote [53] (circles).

BI and 0.97 MeV for BII , while no data is available for
EII . The largest differences have been found in the uranium,
plutonium, and americium isotopes. For these nuclei BCPM
predicts an increase of the three quantities with increasing
neutron number while experimental data shows an almost
constant trend. Due to the imposition of axial symmetry the
inner fission barrier heights are overestimated up to 2.5 MeV,
which is in agreement with recent works studying the impact
of triaxiality in fission calculations [19,20,26]. In many cases
the PNAM provides a good description of the odd-even
staggering of the fission barriers within single isotopic chains,
and the inclusion of odd nuclei does not substantially modify
the agreement with experimental data.

The other main spontaneous fission observable besides the
barrier height is the spontaneous fission lifetime tsf , which can
be experimentally measured without any model assumption.
This observable can be estimated with logarithmic precision
within the semiclassical WKB formalism described in Sec. II A
and is closely related to the penetration probability, an impor-
tant ingredient in the evaluation of fission cross sections.

We computed the tsf using the three different collective
inertia schemes: ATDHFB [Eq. (8)], GCM [Eq. (9)], and
the semiempirical formula [Eq. (14)]. Figure 6 shows the
comparison between our results and the experimental data
extracted from Refs. [54,55]. Both the ATDHFB and GCM
microscopic schemes predict larger SF lifetimes compared
to the experimental data, while the semiempirical formula
overestimates the tsf of nuclei with Z � 98 and slightly
underestimates the lifetimes of nuclei with Z � 99. Due to
the inclusion of the time-odd response of the nucleus to small
perturbations of the deformation, the tsf predicted by the
ATDHFB scheme are systematically larger than the GCM ones.

Figure 6 shows that the spread among theoretical lifetimes
and the discrepancy with experimental data are large for
light actinides, while for heavier nuclei predictions become
more accurate and precise. This convergence of theoretical
calculations can be understood by looking at the fission
barriers plotted in Fig. 1. The left panel shows the fission
path of the nucleus 232Th giving the largest difference between
theoretical and experimental half-lives. This nucleus presents
a broad fission barrier together with a large collective inertia,
resulting in a large action integral S(L) where variations in
the collective inertias have a strong impact in the spontaneous
fission lifetimes. On the other hand, the nucleus 262No has a
much shorter barrier with relatively small inertia between the
classical turning points. This configuration reduces the value
of the action integral and the impact of different collective
inertia schemes in the absolute magnitude of tsf , all giving a
good prediction of the experimental value. For r-process nuclei
where fission may play a relevant role, such as 290No and 316Ds
plotted in Fig. 1, the tsf has to be relatively short. Therefore
these nuclei must have a narrow and/or low fission barrier and
small collective inertias, bringing a level of precision in the
estimation of the tsf closer to the one obtained for the 262No
rather than the 232Th.

For most of the isotopic chains the general trend of the
spontaneous fission lifetimes is well reproduced by all the
collective inertias schemes. Moreover, the odd-even staggering
of the fission barriers is reflected in the lifetimes in a rather good
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FIG. 6. Spontaneous fission lifetimes tsf as a function of the fissibility parameter. Experimental data (black solid symbols) is compared with
different inertia schemes: ATDHFB (top panels), GCM (middle panels), and semiempirical formula (bottom panels). The results obtained with
the renormalized collective inertia (see Table I) are depicted with colored full symbols.

agreement with experimental data. However, it is important to
notice that this staggering is more pronounced in the experi-
mental tsf , suggesting for a missing mechanism enhancing the
collective inertias in these nuclei as discussed in Sec. II B.

The general overestimation of the spontaneous fission
lifetimes in Fig. 6 suggests that both the fission barriers and
the collective inertias are overestimated in our approach. We
already traced back the overestimation of the fission barriers
to the imposition of axial symmetry and in the following we
will discuss the origin of the overestimation of the collective
inertias in our calculations.

In this work the fission path was obtained as a function of the
quadrupole moment by minimizing the potential energy (see
Fig. 1). The simplicity of this scheme allows for a systematic
calculation of fission properties through the whole superheavy
landscape. However, it does not incorporate important dynamic
effects that appear when the fission path is obtained by mini-
mizing the collective action. As it was studied in several recent
papers [35,36,39] the dynamic approach strongly reduces
the collective inertia and the tsf , improving the agreement
with experimental data in actinides. Unfortunately such kinds
of studies exploring multidimensional energy surfaces with
several degrees of freedom are extremely expensive from

a computational point of view and cannot be applied to
systematic calculations like the one presented in this paper.
Therefore we propose a renormalization of the collective iner-
tias aimed to take into account the dynamics neglected in the
static one-dimensional picture and improve the agreement with
experimental data. The normalization coefficient is obtained by
minimizing the deviation between theoretical calculations and
experimental data of the spontaneous fission lifetimes for each
scheme presented in Sec. II A. Since the tsf can vary in many
orders of magnitude, we follow the prescription of Ref. [56]
and use the logarithm of the ratio of theory to experiment

Rτ = log

(
tBCPM
sf

t
exp
sf

)
. (16)

The target performance R̄τ and the variance στ are then
obtained as:

R̄τ = 1

N

N∑
i=1

Rτ,i, (17)

στ = 1

N

(
N∑

i=1

(Rτ,i − R̄τ )2

)1/2

, (18)
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TABLE I. Target performances (R̄τ ) and variances (στ ) of the
spontaneous fission lifetimes obtained with ATDHFB, GCM, and
semiempirical collective inertias described in Sec. II A. The bottom
table shows the results obtained by multiplying the collective inertias
by a renormalization factor (0.497 for ATDHFB, 0.731 for GCM, and
0.868 for SEMP). Experimental values extracted from Ref. [54,55].

M R̄τ στ

ATDHFB 11.583 6.447
GCM 4.691 4.236
SEMP 2.036 6.126
ATDHFB-r −0.007 3.403
GCM-r −0.006 3.339
SEMP-r 0.004 5.231

N being the number of nuclei used in the benchmark. Com-
paring the logarithm of the ratio of theory to experiment we
found that the target performance of the ATDHFB, GCM, and
semiempirical inertia schemes is 11.583, 4.691, and 2.036,
respectively. We find that the minimum value of the target per-
formance is obtained by multiplying the ATDHFB, GCM and
SEMP collective inertias by a factor 0.497, 0.731, and 0.868,
respectively (labeled as ATDHFB-r, GCM-r, and SEMP-r in
Fig. 6 and Table I). Figure 6 shows that this renormalization
strongly reduces the tsf of light actinides (Th, U, and Pu),
where the high stability against the fission process leads to
large values of the action integral and larger discrepancies with
the experimental data. On the other hand, as we move toward
heavier nuclei the impact of the renormalization in tsf tend to
decrease. This is shown in Fig. 6 where the differences between
nonrenormalized and renormalized tsf are smaller for heavier
nuclei as compared to lighter ones. The renormalization of the
collective inertias, which is mostly justified by the inclusion of
dynamic effects beyond static calculations, will be considered
as an alternative to other approaches such as the renormal-
ization of the fission barriers proposed in Ref. [16] aimed to
improve the agreement between theoretical calculations and
experimental data. Dynamic effects also tend to increase the
rotational and vibrational corrections of Eq. (5) but to a much
lesser extent than the effect on the inertias. This is the reason
why only the inertias have been renormalized.

The results of the fission barrier height and the SF life-
times presented in this section proved the capability of the
BCPM+PNAM scheme to reproduce the experimental data.
We consider this agreement rather satisfactory, especially
taking into account that the BCPM EDF was fitted in order to
reproduce the nuclear masses of the AME2003 mass table [57]
and it does not contain any information regarding the fission
properties of superheavy nuclei.

B. Systematic of fission barriers

Figure 7 shows the highest barrier predicted by the BCPM
EDF for nuclei in the region 84 � Z � 120 and 118 � N �
250 and the comparison with the theoretical predictions of the
FRLDM [13] and HFB-14 [16] nuclear models.

The general trend of fission barriers gives a crude estimation
of the stability of nuclei against the fission process and reflects

FIG. 7. Calculated fission barrier heights in MeV in the region
84 � Z � 120 and 118 � N � 250 for three different mass models:
BCPM (this study, top panel), HFB14 [16] (middle panel), and
FRLDM [13] (bottom panel). Drip lines are represented by dashed
black lines. The solid black lines show the r-process path, given by
the heaviest isotope of each nuclei with Sn � 2 MeV.

the impact of shell closures. BCPM predicts five different
islands of local maximum placed around nuclei 210

84 Po, 268
84 Po,

250
100Fm, 320

102No, and 300
120Ubn. The increase of fission barriers

around 210
84 Po and 268

84 Po is related with the presence of the
neutron magic numbers N = 126 and N = 184, leading to
spherical nuclei with fission barriers up to 24–25 MeV. These
two islands are separated by prolate nuclei with fission barriers
around 12 MeV and a group of slightly oblate nuclei around
Z/N = 86/176. Regions around 250

100Fm and 300
120Ubn are usually

referred to as the “peninsula of known nuclei” and “island
of stability,” respectively [58]. The peninsula is formed by
prolate-deformed nuclei with fission barriers between 6 and
9 MeV and it extends up to Z/N ≈ 110/166. On the other
hand, nuclei in the island of stability are either oblate (for lower
N ) or spherical (higher N ) with fission barriers around 7 MeV.
The peninsula and the island are separated by a rather narrow
region of prolate nuclei with A ∼ 280 where the fission barriers
decrease to 3–5 MeV. Finally, the region around 320

102No is
formed by strongly deformed nuclei (β20 ∼ 0.25) with barriers
between 7 and 8 MeV. BCPM predicts a region of vanishing
barriers around Z/N = 116/208 and for nuclei with A ∼ 292
around N ∼ 188. As discussed later, this region of vanishing
barriers may play an important role for terminating the r
process via neutron-induced fission.

For a complete comparison Fig. 7 shows the fission barriers
predicted by two other models: the macroscopic-microscopic
finite range liquid drop model (FRLDM) [13] and the self-
consistent mean-field approach based on the HFB14 Skyrme
parametrization [16]. Both models show a general trend of the
fission barriers similar to the one obtained with the BCPM
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FIG. 8. Energy window for the neutron-induced fission Bf − Sn

computed with the BCPM EDF. The solid black line represents the
r-process path, given by the heaviest isotope of each nuclei with Sn �
2 MeV. The drip line predicted by the BCPM EDF is represent by
dashed line.

EDF, with two islands of larger fission barriers around Z/N =
90/184 and Z/N = 100/150. Moreover, all the models predict
a region of vanishing barriers around Z/N = 104/188. BCPM
tends to predict larger barriers compared to those obtained
with FRLDM for nuclei with Z � 100 corresponding to the
neutron magic number N = 184. On the other hand, FRLDM
predicts larger barriers (up to 5 MeV) in the region around
Z/N = 112/178. Comparing the results obtained with BCPM
and HFB14, we found these two mean-field models predict
similar maximum fission barrier heights. The rms deviation
between both models is 1.03 MeV, while the deviation between
BCPM and FRLDM is 2.31 MeV. The major differences
between BCPM and HFB14 are found in neutron-rich actinides
where HFB14 predicts fission barriers larger by 2–3 MeV, and
around Z/N = 97/187 and 106/196 where BCPM barriers
are roughly 2 MeV larger. It is clear then, that different models
predict quantitatively different fission barriers in the region
far from stability where the r process occurs. However, it
is not possible to determine a priori which model is the
preferable one. Therefore, calculations of fission reaction rates
obtained from different nuclear models are required to assess
the sensitivity of the r-process abundances to uncertainties in
the estimation of the fission properties of superheavy nuclei.

Another quantity of major interest for astrophysical calcu-
lations is the energy window for neutron-induced fission given
as the difference between the highest fission barrier height and
the neutron separation energy Bf − Sn. This quantity indicates
whether the production of superheavy nuclei during the r
process can be inhibited by neutron-induced fission, recycling
the material to lighter fission products. Figure 8 shows the
values of Bf − Sn obtained with the BCPM EDF. In principle,
an appropriate estimation of the r-process path would require
a network calculation taking into account neutron captures, β
decays, and photodissociations. However, from simple argu-
ments it is still possible to make a rough estimation of where
the r-process path will be terminated by the neutron-induced
fission. For typical astrophysical conditions in neutron star
mergers, the r-process path is supposed to proceed along
nuclei with constant neutron separation energySn ∼ 2−3 MeV
[59]. On the other hand, the excitation energy of a nucleus
after capturing a neutron is given by the neutron separation
energy. From these arguments one concludes that nuclei with

FIG. 9. Decimal logarithm of the spontaneous fission lifetimes
computed with the ATDHFB-r (top panel), GCM-r (middle panel),
and SEMP-r (bottom panel) schemes (see Table I for the renormal-
ization coefficients). Dotted regions represent nuclei with tsf � 3 s
which may be relevant for r-process calculations. All the lifetimes
were obtained with E0 = 0.5 MeV.

Bf − Sn ∼ 2 MeV will immediately fission after capturing a
neutron [60,61]. Figure 8 shows how the r-process path is
stacked along nuclei with N = 184 until Z = 102, where the
disappearance of the jump in the neutron separation energy
described in Sec. II B allows us to overcome the waiting point.
However, at this point the r-process path has already proceeded
into the region of low fission barriers where Bf − Sn drops
below zero (Z/N = 102/190). Therefore, we may expect
the r-process nucleosynthesis of superheavy nuclei to be
terminated by the neutron induced fission in the region around
Z/N = 102/190.

C. Systematic of fission lifetimes

The trend of the fission barriers gives only a rough hint of
the stability of the nucleus against the fission process. As it was
already explained in Sec. II A, the probability of the system to
penetrate the fission barrier is determined by a complex process
where several ingredients must be taken into account and it
can not be solely determined by the height of the barrier. A
more complete picture can be therefore obtained studying the
trend of the spontaneous fission lifetimes and the contribution
of the different terms entering in Eq. (3). In this section we
will study the sensitivity of the spontaneous fission lifetimes
to variations in the collective inertias M(Q20), the vibrational
energy corrections εvib(Q20) and the collective ground-state
energy E0.

Figure 9 shows the tsf obtained from Eq. (3) using the
three different schemes of the collective inertias described in
Sec. II A and renormalized using the coefficients of Sec. III A.
For the ATDHFB and GCM schemes the vibrational energy
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FIG. 10. Logarithm of the ratio of the spontaneous fission life-
times for different combinations of collective inertias: RATDHFB

GCM (top
panel); RGCM

SEMP (middle panel), and RATDHFB
SEMP (bottom panel).

corrections are consistently computed using Eqs. (12) and
(11). For the semiempirical inertias we arbitrarily choose the
εGCM

vib (Q20) scheme. Regarding the collective ground-state en-
ergy, all the lifetimes were obtained with E0 = 0.5 MeV. Due
to the arbitrariness in the choice of these last two parameters,
the second part of this section will be devoted to study the
sensitivity of the lifetimes on εvib and E0.

From Fig. 9 it is possible to conclude that the trend of the
spontaneous fission lifetimes resembles the general trend of
the maximum fission barrier height plotted in the top panel of
Fig. 7. This means that quantities such as collective inertias
and the shape of the barrier are responsible for local variations
in the stability of the nucleus against the fission process. The
three schemes predict a region around Z/N = 120/200 with
lifetimes of the order tsf ∼ 10−21 s, corresponding to nuclei
with almost vanishing fission barriers.

For a more detailed comparison between the different
models Fig. 10 shows the ratio of the lifetimes computed with
different collective inertia schemes: ATDHFB to GCM (top
panel), ATDHFB to semiempirical inertias (middle panel), and
GCM to semiempirical inertias (bottom panel). The values
showed in this plot correspond to the quantity

RM1
M2 = log

(
tsf (M1)

tsf (M2)

)
, (19)

being tsf (Mi) the spontaneous fission lifetime computed using
the collective inertia Mi . Figure 10 shows that the largest
variations among the different schemes are found in nuclei
with Z � 96, where the spontaneous fission lifetimes are large.
This is because in these nuclei differences in the collective
inertia strongly impact the absolute value of the action integral
S(L) entering in the exponential of the lifetimes tsf . In the r
process we are interested in nuclei with tsf � 3 s (marked as the

FIG. 11. Sensitivity of the spontaneous fission lifetimes
to different values of the collective ground-state energy
log10 [tsf (E0 = 0.5 MeV)/tsf (E0 = 1.5 MeV)] computed with
different collective inertias: ATDHFB (top panels), GCM (middle
panels), and semiempirical inertia formula (bottom panels).

dotted region in Fig. 9), since this is the average time scale at
which the r process operates from the onset of neutron captures
till the exhaustion of all neutrons. Figure 10 shows that for
these nuclei the variations in the tsf predicted by the different
collective inertia schemes are usually below three orders of
magnitude, much lower than for the rest of the nuclei. By
renormalizing the inertias we were able to reduce the sensitivity
of the spontaneous fission lifetimes, especially in the case
of the ATDHFB and GCM schemes. In the latter cases the
difference for most of the r-process nuclei is less than one
order of magnitude.

To better quantify the robustness of the spontaneous fission
lifetimes Fig. 11 shows the sensitivity of tsf to variations in the
collective ground-state energy. We notice that by increasing
E0 by 1.0 MeV, the lifetimes can vary by more than five orders
of magnitude even in nuclei with relatively short lifetimes and
close to the r-process path. The reason is that nuclei with low
barriers can still have a complex shape presenting multiple
humps, such as the case of the 290No plotted in Fig. 1. As
it was already extensively studied in Ref. [22], the presence
of a second fission isomer increases the spontaneous fission
lifetimes by several orders of magnitude. By increasing the E0

to 1.5 MeV the isomer can be shifted below the ground-state
energy of the nucleus, and therefore the lifetimes are strongly
reduced since the third hump does not contribute anymore to
the penetration probability. Assuming that changes to E0 have
a similar impact in the action integral as the renormalization
of the fission barrier, the latter may affect the location of the
fissioning region for the r-process nucleosynthesis more than
the renormalization of the collective inertias.
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FIG. 12. Sensitivity of the spontaneous fission lifetimes
to different values of the collective ground-state energy
log10[tsf (εATDHFB

vib )/tsf (εGCM
vib )] computed using the semiempirical

collective inertias.

For completeness we conclude this discussion studying
the impact of the vibrational zero-point energy correction
εvib on the spontaneous fission lifetimes. Figure 12 shows
the logarithm of the ratio of tsf computed with the same
semiempirical inertias and two different εvib calculations,
obtained from the ATDHFB and GCM formalisms of Eqs. (12)
and (11). We found that the tsf computed with the ATDHFB εvib

are usually between 1 and 2 orders of magnitude larger than
the GCM ones for r-process nuclei. This variation is similar to
the one obtained for the collective inertias, in agreement with
our conclusion that at short time scales the tsf is more sensitive
to the shape of the fission barrier.

D. α-decay half-lives

For completeness, we studied the competition between SF
and α decay. The α-decay half-lives are obtained by means of
the Viola-Seaborg formula [62] using the recent parametriza-
tion of Ref. [63]. The main advantage of the Viola-Seaborg
formula is that it only requires the Qα value of the parent
nucleus to compute the α-decay half-lives. Comparing our
predictions with the AME2012 atomic mass evaluation [46],
we found that BCPM reproduces the Qα values with a rms
deviation of 0.68 MeV. For the α-decay half-lives of nuclei with
Z � 84, the logarithm of the mean and standard deviations
are 1.92 and 2.51, respectively, corresponding to deviations
between theoretical half-lives and experimental data of factors
316 and 80. These large deviations in the tα reflect the difficul-
ties of reaching accuracies beyond the logarithmic precision in
lifetimes calculations involving tunneling processes, as it was
already mentioned in Sec. III A. Actually, the accuracy of the
Viola-Seaborg formula itself is larger than a factor 6 [63], and
it is important to notice that the deviations obtained in the tα are
smaller than those obtained in the tsf without renormalization
of the collective inertias.

Figure 13 shows the dominating channel (either SF or α
decay) predicted by BCPM using different collective inertias,
and the top panel shows the experimental data extracted from
Ref. [46]. All the inertia schemes predict α decay to be the
dominating channel in the region 84 � Z � 98 and 118 �
N � 156, in good agreement with experimental data. The
α-decay lifetimes seem to be overestimated around Z/N =
102/150 corresponding to a region of nuclei dominated by SF.

FIG. 13. Dominating channel between α decay and spontaneous
fission for different collective inertias. For comparison, the top panel
shows the dominating channel for nuclei experimentally observed
[46].

One should also notice that the jumps in the neutron separation
energy around the predicted magic neutron number N = 184
produces an island of nuclei dominated by α decay centered on
Z = 94. Finally, the ATDHFB-r is the only scheme predicting
the α decay to be the dominating channel for nuclei in the
island of stability.

E. Neutron-induced rates

We conclude our study showing the impact of collective
inertias on the calculations of rates relevant for r-process
nucleosynthesis. Following the statistical picture described by
the Hauser-Feshbach theory [64], for a target nucleus in the
ground state the neutron-induced cross section for a reaction
igs(n,out) can be written as [60]:

σ
gs
(n,out) = πh̄2

2mEcm
(
2J

gs
i + 1

)
(2Jn + 1)

×
∑
J,π

(2J + 1)
T

gs
n

(
E,Jπ,E

gs
i ,J

gs
i ,π

gs
i

)
Tout(E,Jπ )

Ttot(E,Jπ )
,

(20)

being m the reduced mass, Ecm the center-of-mass energy and
T (E,Jπ ) the transmission coefficient for a compound nucleus
with energy E, spin J , and parity π . In the case of fission,
the probability of the compound nucleus to penetrate all the
possible fission barriers is mimicked by adding transition states
on top of the saddle points. The fission transmission coefficient

034323-11



GIULIANI, MARTÍNEZ-PINEDO, AND ROBLEDO PHYSICAL REVIEW C 97, 034323 (2018)

FIG. 14. Dominating decay channels: spontaneous fission, α-
decay, neutron-capture, neutron-inducedα emission, neutron-induced
fission, and two-neutron emission computed using different collective
inertias schemes.

Tfiss is thus given by [16]:

Tfiss(E,Jπ ) =
∫ E

0
dε P (E,ε)ρ(ε,J π ), (21)

with P defined in Eq. (2).
Nuclei in astrophysical plasma exist in both ground and

excited states and the cross section of each excited state σx

contributes to the final stellar cross section σ ∗ assuming that the
relative population of the states follows a Maxwell-Boltzmann
distribution. The stellar reaction rate for a given temperature T
is then calculated by folding a Maxwell-Boltzmann distribu-
tion of relative velocities between projectiles and targets with
the stellar cross section [65]:

〈σv〉(n,out) =
√

8

πm(kT )3

×
∫ ∞

0
σ ∗

(n,out)(E)E exp

(
− E

kT

)
dE. (22)

Using Eq. (22) we computed the neutron capture, neutron-
induced fission, neutron-induced α decay, and neutron-induced
two-neutron emission stellar rates over the whole superheavy
landscape using the binding energies, fission barriers, and
the renormalized collective inertias obtained from BCPM
EDF. We adopted the level densities given by the constant
temperature plus Fermi gas model and the Kopecky-Uhl
generalized Lorentzian γ -ray strengths [53]. The calculations
were carried out using the TALYS [66] reaction code for a
range of temperatures between 0.01 and 10 GK [67]. Figure 14
shows the dominating decay channel of each nucleus for typical
conditions of r process in neutron star mergers (T = 0.9 GK,

nn = 1.0 × 1028 cm−3) [6]. Comparing the rates obtained from
the different collective inertias we found that all the schemes
predict a very similar scenario with fission dominating over
the neutron capture for nuclei in the r-process path above
the neutron magic number N = 184. There is a region above
N = 206 where neutron capture is the dominating channel.
However, the r-process path may never reach this corridor due
to the large (n,fis) and (n,2n) rates at lower N . We conclude
then that independently of the computational scheme, the
production of nuclei heavier than N > 184 will be strongly
hindered due to the dominance of neutron-induced fission.

IV. CONCLUSIONS

We have presented fission properties of 3640 superheavy
nuclei obtained within the self-consistent mean-field scheme
and the BCPM EDF. The fission path is computed by minimiz-
ing the potential energy using the axial quadrupole moment
operator as a collective degree of freedom and allowing
for octupole and hexadecapole deformations. The potential
energy surface of nuclei with an odd number of protons
and/or neutrons is calculated using the PNAM, maintaining
the level of accuracy obtained for even-even nuclei. The
spontaneous fission lifetimes are evaluated using the WKB
formula involving the effective potential, collective inertias and
collective ground-state energy of the nucleus. Both vibrational
and rotational corrections are properly subtracted from the
effective potential. Collective inertias are evaluated using three
different schemes (ATDHFB, GCM, and the semiempirical
formula) to test the sensitivity of the spontaneous fission
lifetimes.

Comparing our results with the available experimental data
we found that BCPM tends to overestimate the spontaneous
fission lifetimes, specially in the region of light actinides where
the fission barriers and collective inertias are extremely large.
In order to account for the effect of dynamic calculations in the
determination of the fission path, we propose a phenomeno-
logical approach based on the renormalization of the collective
inertias. By multiplying the collective inertias by a constant
factor the agreement with experiment can be greatly improved.
The comparison with experimental lifetimes showed that the
accuracy and precision of the theoretical predictions improve
as the mass number increases, providing the confidence to
explore the region of nuclei relevant for the r process.

The landscape of the fission barrier obtained with the BCPM
EDF show five islands of local maxima. Both the magic
neutron numbers 126 and 184 lead to an increase of the fission
barriers. Two other regions of enhanced barriers are found
corresponding to the peninsula and island of stability. BCPM
predicts a region of vanishing barriers for nuclei with A ∼ 292,
in agreement with other theoretical models. By studying the
energy window of the neutron-induced fission, we concluded
that the r-process path may terminate in this region and cycle
to lighter fission products.

We performed a complete study of the sensitivity of the
spontaneous fission lifetimes to the quantities entering in the
WKB formula. We studied the variations on lifetimes when
different schemes of the collective inertias, vibrational energy
corrections, and collective ground-state energies are used. For
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r-process nuclei, the renormalized collective inertia schemes
result in variations of the spontaneous fission lifetimes smaller
than three orders of magnitude and only one order of magnitude
when GCM and ATDHFB alone are considered. We also found
that the spontaneous fission lifetimes are strongly affected by
the collective ground-state energy E0. These large variations of
the lifetimes can be related to a complex structure of the fission
paths where several humps are present. Some of the barriers
and isomers are placed 0.6–1.2 MeV above the ground state
and their contribution to the action integral strongly depends on
the value of E0. Variations of the lifetimes on different schemes
of the vibrational corrections confirmed the major role played
by the fission barrier shape in the tsf of r-process nuclei.

Finally, we studied the competition of fission with other
channels. We computed the α-decay half-lives by means of
the Viola-Seaborg formula and compared the results with
the spontaneous fission lifetimes. We found that in all the
schemes α decay dominates over spontaneous fission in nuclei
with Z � 98 in good agreement with experimental data.
Using the statistical approach we computed neutron-induced
rates based on binding energies, fission barriers, and the
nonrenormalized collective inertias obtained from the BCPM
EDF. Our calculations showed that a proper treatment of the

inertias should lead to rates that are rather insensitive to the
different kind of inertias used, and that the synthesis of nuclei
above N > 184 during the r process will be strongly inhibited
by the neutron-induced fission.

The implementation of the BCPM rates in network calcu-
lations including a consistent evaluation of β delayed fission
rates is necessary to determine the impact on r-process nucle-
osynthesis. Work along these lines is already in progress.
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