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Based on the beyond-mean-field Skyrme-Hartree-Fock model, the up-to-date Skyrme-type N A interaction,
SLLA4, is used to investigate the properties of iBe comprehensively. Energies of different configurations, such
as *Be ® A[000]1/2%, 8Be ® A[110]1/2™, ®Be ® A[101]3/2~, and ®Be ® A[101]1/2~ are given and used to
study the effects of A occupying different orbitals. The calculated energy spectra, including both positive- and
negative-parity levels, are given and compared to the experimental data. The observed positive-parity spin doublets
(3/2%,5/2%) are successfully reproduced, but the energy difference needs further investigation. The two well-
known band structures corresponding to the genuine hypernuclear states and the *Be-analog states are also
obtained and compared with the observed ones. The shrinkage effect of A occupying A[000]1/27 is investigated
through the density distributions of nuclear core. And finally, the E2 transition rates are given and compared
with the observed data and with the results of the hypernuclear particle-rotor model. Properties of !’, Be are also
studied to show the completeness of this current model.
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I. INTRODUCTION

In the past several decades, progress of hypernuclear ex-
periments has provided fruitful data for better understanding
the structure of A hypernuclei and investigating the NA
interaction [1-4]. Among lots of observed A hypernuclear
systems, 2 Be is a a good example, characterized by a three-
body structure (¢a A), and different positions of A with respect
to the nuclear core (xw) lead to different band structures,
which are typically observed and studied in detail [5-14].
It is worth mentioning that in Ref. [7] a fully microscopic
cluster model calculation was applied to %Be, and then a
comprehensive investigation was made for several p-shell
hypernuclear systems including § He, ®Li, and }Be in a
unified way [8,9]. For ?\Be, the Be-analog state (with a A
hyperon moving parallel to the «-o deformation axis) and
genuine hypernucler state (with a A hyperon moving in the
plane perpendicular to the «-« deformation axis) were first
pointed out by the authors of Refs. [7-9]. For }, Be, there
is an observed energy level which is believed to be the first
27" state [15], and the energy of ground state is estimated by
different theories [16,17].

Besides the shell models [17-20] in the early years and
the microscopic cluster model calculations [7-12,16,21-24]
mentioned above, there are several other nuclear models which
are extended to the hypernuclear sector, such as the self-
consistent mean-field models [25-38], asymmetrized molecu-
lar dynamics (AMD) [39-43] and ab initio calculations [44].
Self-consistent mean-field models based on energy density
functional (EDF) theories, namely the Skyrme-Hartree-Fock
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(SHF) model and relativistic mean-field (RMF) model, seem
to be the only kind which are not hindered by the increasing
mass number of the nuclear core and thus can give global
investigations across the hypernuclear chart. The up-to-date
Skyrme-type N A interaction, SLLA4, is the stateof the art of its
kind and gives a very good fitting for the A binding energies
in a wide range of hypernuclear mass numbers [45].

However, there are two major shortcomings for such mean-
field calculations. The first one is the broken rotational sym-
metry built in the mean-field models, which make it difficult to
give the low-lying energy spectra. The second one is the fact
that the mean-field models rely on a single configuration, which
would leads to bad predictions. For example, using the SLL4
parameter set, the calculation with the spherical configuration
predicts B, of % Be as 8.02MeV, which is 1.3MeV higher
than the observed one, since the two-« cluster structure of the
nuclear core, ®Be, is missed in the configuration employed
[45]. To overcome these two drawbacks, the beyond-mean-
field calculation is extended to the hypernuclear regime for
both the RMF [46,47] and SHF [48,49] models and give
successful predictions for '3 C and 2} Ne. In those calculations,
angular momentum projection (AMP) is used to restore the
rotational symmetry and generator coordinate method (GCM)
is employed to mix configurations from different mean fields.
Compared to the other analogs [50-54], the advantage of
the hypernuclear beyond-mean-field calculations is the fact
that they treat both the nucleons and hyperons on the same
footing.

In this paper, the beyond-mean-field SHF method is imple-
mented to study % Be for two aims. The first one is to give a
more detailed and comprehensive investigation about the three
band structures mentioned at the beginning. The second one is
to test the validity of the Skyrme-type N A interaction, SLLA4,
in the three-body structure, «c A. And for completeness of the
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model, X’ABe with the configuration [(aa)®si] k—o+ 18 also
investigated as a supplement.

This paper is organized as follows. In Sec. II, formalism
of the beyond-mean-field calculation is introduced. Section
IIT presents the results and discussions. In Sec. IV, we draw
conclusions about the paper.

II. FORMALISM

We start from the EDF of the (double-) A hypernuclear mean
field,

e=e"™ +ey, (1
where ey Y™ is a Skyrme-type EDF for the nuclear core and

€ accounts for the energy due to the addition of one or two A
hyperons. It is divided into three parts as

n? A
Ta +ena t €5 (@)

EA =
2mA

where €y 5 represents a nonrelativistic N A interaction without
the spin-orbit part in Ref. [45], and the spin-orbit part €2, is
included in this current work as [30]

el = —3WalpaV - In + pyV -Ja). (3)

In a body-fixed frame of reference, the wave function of a
(double-)A hypernuclear system takes the form of

PNV = |2V (B)) ® |1, )

where |®V(B)) is the wave function for the nuclear core
with quadrupole deformation 8 and |®%) for the A hyperons,
respectively. In hypernuclear SHF model, the intrinsic wave
function |®NA)(B)) is derived by the variation of Eq. (1) with
the help of a constraint on quadrupole moment, ensuring that
the whole system is axially symmetrized with respect to the
body-fixed z axis.

It is worth mentioning here that the paring force of the
nuclear core takes the form of a density-dependent § interaction
(DDDI) [55] as follows:

G(r) = V0|:1 _ %} )

where the saturation density py equals 0.16 fm >,

In a way similar to Ref. [37] and with some little changes,
single-particle orbitals of the A hyperon are labeled by the Nils-
son quantum numbers A[Nn3m;]K”™, and only four orbitals
are, respectively, taken into consideration for s, and p, shells
as A[000]1/2%, A[110]1/27, A[101]3/27, and A[101]1/2".
So, in this current paper, the configuration of a single-A
hypernuclear system * Be is denoted by *Be ® A[Nn3m;]K™.
References [2,12] adopt the notation such as [(¢x)® pU\] K=0->
where K means the third component of the orbital angular
momentum, but in this paper, K denotes the third component
of total spin.

For the double- A hypernuclei, }\OABe, since the current work
just focuses on the configuration where the two A hyperons
occupy the s, orbital, the wave function of hyperonic part
takes the antisymmetrized form

1
|D2) = E[WAI)%A(AZ) — oA (AD],  (6)

where ¢ and @2 are time-reversal partners of the s, orbital.

To restore the rotational symmetry of | @™ )(8)) and to take
the dynamical correction into consideration, the eigenstate of
a hypernuclear system is given as a superposition,

(W) = S F (BB 10V N (B)) )
B

where ﬁn{z x 1s the AMP operator. K is the projection of the
total angular momentum on the z axis of the body-fixed frame
of reference, and it is divided into two parts for the nuclear
core and hyperons, respectively,

K=K.+K,. (8)

Because of the time-reversal symmetry for the nuclear core,
K. equals zero and thus K equals to K.

Before going further, it must be emphasized that the three
negative-parity configurations mentioned above would mix
each other to some extent via the N A interaction. In this paper,
such mixing is not taken into consideration, which implies that
there is no K mixing in the eigenstate [¥/").

In Eq. (7), the eigenstates Fa’ (B) are determined by the
Hill-Wheeler-Griffin (HWG) equation [56],

> [HE BB — EINL(B.BOF](BY=0. (9
m

where the Hamiltonian and norm elements are given by

H{ g (B,B) = (@NVN(BHH P 19V (B)),  (10)

Nix(B.B) = (@NVV(B) P 19NNV (B)).  (11)
The corrected Hamiltonian H’ is
H =H —3,(N, — Z) = }(N, — N), (12)

where the last two terms on the right-hand side account for
particle-number correction since the AMP operator makes the
average particle number deviate from the real one [57-59], and
H is determined by the EDF in Eq. (1).

Given that the eigenstates are determined, the reduced E2
transition rates are derived as

B(E2,Ja — J'd) = (s TN Qalless I)I*, - (13)

2J +1
where
@ TN alles ) = V2T 1Y FL (BVFL(BICI,
Mupp’
X (DVN(B) Qo iy |9V (B))
(14)
in which Qzﬂ = rzqu(go,@) is the electric quadrupole transi-

tion operator and C Jjﬁfl(zﬂ denotes the Clebsh-Gordon coeffi-
cients [60].

A. Parameters

In this current paper, SLy4 force is used for the NN inter-
action and the strength of the pairing force is Vo) = —410 MeV
fm? for both protons and neutrons [61] with a smooth pairing
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energy cutoff of 5 MeV around the Fermi level [30,62,63].
For N A interaction, SLL4 force [45] is used and the strength
of hyperonic spin-orbit force is adjusted to W, = 5.0 MeV
fm> which can reproduce the observed spin-orbit splitting [64]

through mean-field calculation with a spherical configuration
[49].

B. Model space

Because the intrinsic wave functions are kept axially sym-
metric, the range of B and the number of basis functions
determine the model space. In this current calculation, for
8Be, % Be, and !, Be, B is from —3.6 to 8.5, and 86 basis
functions are evenly spaced in this range. Actually, the weights
of the basis functions out of the range —3.0 to 7.0 are more
than two orders smaller than the weight of the most important
one and play negligible roles. For the low-lying energy levels,
increasing number of basis functions within the chosen range
makes nearly no differences.

III. RESULTS AND DISCUSSIONS

In this section, the model introduced above is applied to *Be,
(,)\Be, and }\OABe, respectively. The potential energy surfaces
(PESs), (double-)A binding energies, (hyper)nuclear density
distributions, band structures, and E?2 transitions are discussed
in detail.

Figure 1 gives the PESs of different configurations obtained
from SHF mean-field calculations. It is shown that the energy
curve of ®Be has a minimum on the prolate side with g = 1.1,
which indicates a superdeformed shape. Because of the well-
known shrinkage effect, the addition of A to the lowest orbital
A[000]1/2* makes the energy minimum of {, Be slightly closer
to the spherical shape, i.e., § = 1.0. The configuration *Be ®
A[110]1/27 leads to a more obvious energy minimum on
the prolate side, while the configurations *Be ® A[101]3/2~
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FIG. 1. PESs obtained from the mean-field calculations with
different configurations. The inserted graph shows the spin-orbit
splitting near the spherical shape, and A, A,, As, and A4 represent
the single-A orbitals A[000]1/2%, A[110]1/2™, A[101]3/2", and
A[101]1/27, respectively.

and ®Be ® A[101]1/2~ give nearly identical oblate energy
minima. Different effects of three p, orbitals on the energy
curves origin from their different density distributions, or
rather, A[110]1/27 is prolately distributed while A[101]3/2~
and A[101]1/27 are oblate ones. The spin-orbit splitting is
obviously shown in the inserted graph of Fig. 1 and the
energy difference between the configurations [®Be ® ( Pi/2)al
and [®Be ® (p3/2)al is 149 KeV. Also in the inserted graph,
the no-crossing rule is reproduced (for more details about no
crossing rule, please refer to pages 76-77 of Ref. [56], or
pages 259-260 of Ref. [65]), which makes the energy curves of
SBe ® A[110]1/2~ and ®Be ® A[101]1/2 noncontinuous at
B = 0. This no-crossing phenomenon is caused by the addition
of hyperonic spin-orbit term given in Eq. (3).
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FIG. 2. Angular momentum projected energy curves for *Be and ° Be. Panel (a) is for *Be while panels (b), (c), (d), and (e) are for % Be
corresponding to the configurations $Be ® A[000]1/27, 8Be @ A[110] 1/2-, 'Be ® A[101]3/27, and 'Be ® A[101]1/27, respectively. Some
low-lying GCM levels are shown at average deformations . For the convenience of comparison, panels (b), (c), (d), and (e) are offset upward

by 7, 0, —6, and —5 MeV, respectively.
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FIG. 3. The calculated positive-parity energy levels for *Be, ° Be,
and |, Be with respect to the *Be+A (+A) threshold. The experimental
data of 3Be are from Ref. [66] and the observed (double-)A binding
energies are from Refs. [17,67].

Figure 2 shows the AMP energy curves of different con-
figurations. In Fig. 2(a), it is shown that the energies gained
by AMP for the J” = 0% curve of *Be lead to two minima on
the prolate and oblate sides, respectively. For the configuration
8Be ® A[000]1 /2%, in Fig. 2(b), we notice that the curves are
similar to those of Fig. 2(a) but a little stiffer, which is caused by
the impurity effect of A. For ¥Be ® A[110]1/2~ in Fig. 2(c),
the oblate minima are eliminated, while for *Be @ A[101]3 /27
and ®Be ® A[101]1/2~ in Figs. 2(d) and 2(e), respectively, the
oblate minima are enhanced. The tendencies for different con-
figurations originate from their density distributions, discussed
above. The GCM calculations give some low-lying energy
levels at 8 which indicate the average shapes of nuclear cores. It
is shown that the ground state of *Be is at = 1.67 in Fig. 2(a),
and the shrinkage effect of A occupying the s, orbital makes
B reduced to 1.41 in Fig. 2(b). In the band-head state of the
configuration 8Be @ A[l 10]1/2, B is increased to 2.1, since
this configuration is an equivalent to [(¢o)® pﬂ\] k—o- and the
a-o structure is stretched along the symmetry axis by the A oc-
cupying the orbital A[110]1/2~. While for®Be ® A[101]3/2~
and ®Be ® A[101]1/2~ corresponding to [(ea)®pilk=1-,the
a-a structure is compressed dramatically as shown in Figs. 2(d)
and 2(e) [in Figs. 2(d) and 2(e), B equals to 0.25 and 0.05,
for the band-head states with J* =3/27 and J” =1/27
respectively].

In Fig. 3, the ground bands of 8Be, %Be, and }\OABe,
with respect to the *Be+A(+A) threshold, are given. It is
shown that B, = 7.29 MeV, which is a little smaller than the
one obtained from the deformed SHF calculation (7.51 MeV
shown in Fig. 1). In Ref. [45], the SHF calculation with
a spherical configuration gives B, = 8.02MeV, which is
obviously larger than the observed data (6.71 &+ 0.04 MeV
[67]) and it concludes that the spherical configuration used
in the calculation leads to this problem, because it cannot
give cluster structure of the core nucleus. In the current work,
the inclusion of superdeformed configurations in the model
space indeed reduces the A binding energy by about 0.8 MeV.

—
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FIG. 4. Density distribution of nuclear matter for the 0] and 2}
states of *Be [panels (a) and (d)] and }’, Be [panels (c) and (f)], and for
the 1/2] and 5/27 states of 3\ Be [panels (b) and (e)] with configuration
8Be ® A[000]1/2*. The six figures share the same color bar. The unit

is set as fm .

Figures 4(a) and 4(b) show that the superdeformation, to some
extent, gives a two-cluster structure. It is worth mentioning
that the standard microscopic cluster model calculation [16],
using preformed aa A structure, gives B, as 6.73 MeV, which
is very close to the observed data.

In the current paper, we also calculate the energies of 07
state and ZT state of }\OABe with two A hyperons occupying the
orbital A[000]1/2% and its time-reversal partner. In Fig. 3, it is
shown that the calculated double-A binding energies of these
two states are 15.00 and 12.49 MeV compared to the observed
ones, 14.94 [17] and 12.33 MeV [15], respectively. However,
the SLL4 froce in this current calculation does not include
the A A interaction, and if the calculated B, is corrected by
adding an attractive A A interaction, i.e., (Vo) > 0 [17], then
it will be obviously larger than the observed data.

Figure 4 shows the shrinkage effects of the A hyperons
occupying s, orbital through the density distributions of the
nuclear matter. In Figs. 4(a) and 4(d), we can see that the
superdeformation makes the nuclear matter concentrate around
two separated centers for both 0 and 2/ states of ®Be; and
Figs. 4(b) and 4(e) show that the addition of one single A to
A[000]1/2% makes the nuclear matter more concentrated on
the original point. Furthermore, for kOABe, Figs. 4(c) and 4(f)
indicate that two A hyperons occupying the s, orbitals make
such a two-center structure disappear.

More comprehensive energy spectra of Be and % Be are
shown in Fig. 5 and compared with the observed data.
Besides the positive-parity energy levels with configuration
8Be ® A[000]1/2", three negative-parity bands with config-
urations SBe ® A[110]1/27, ®Be ® A[101]3/2", and ®Be ®
A[101]1/2 are also given, respectively. The spin doublet
(3/2%,5/27) are reproduced at about 2.5 MeV compared to
the observed one at 3.0 MeV. But the spin splitting in the
current calculation is nearly zero compared to the observed
one, 33 KeV [68], which is caused by the fact that the spin-spin
interaction is not taken into account in the current SLL4 param-
eter. The two lowest negative-parity spin doublets (3/27,1/27)
and (7/27,5/27), with configuration $Be ® A[110]1/27, lo-
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FIG. 5. Energy spectra of *Be, and of % Be with configurations *Be ® A[000]1/2%, ®Be ® A[110]1/27, ®Be ® A[101]3/27, and *Be ®
A[101]1/27, respectively. The observed data of 8Be are from Ref. [66] and those of?\Be are from Ref. [2,5,14,68,69].

cate at 6.7 and 10.2MeV, which may be associated to the
observed data, 5.80(13) and 9.52(13) MeV [2]. Namely, the
configuration ®Be ® A[110]1/2~ can successfully reproduce
the genuine hypernuclear states. The *Be ® A[101]3/2~ and
8Be ® A[101]1/2~ give energy levels several MeVs higher,
with the band heads at 12.96 and 12.40 MeV, respectively. This
is consistent with the second peak of the “Be (K~ in-flight, 77 )
reaction [5] (in Ref. [5], the second peak is given at 6.3 MeV,
which is 13.0 MeV higher than the ground state, i.e., the first
peak at —6.7 MeV), and some models predict this peak as a
9Be—analog state [12]. So the current model can give both the
genuine hypernuclear states and the *Be-analog states.

To show the position of A with respect of the nuclear
core more clearly, Fig. 6 gives the distributions of A for the
bandhead states corresponding to the relevant four configu-
rations. In Fig. 6(a), the density of A in the ground state
concentrates around the origin. Figure 6(b) shows that the first
J™ = 1/2~ state of configurations *Be ® A[110]1/2~ gives a
two-center distribution of A along the z axis corresponding
to the PU\ orbital. Figures 6(c) and 6(d) indicate that the
first J* =3/27 and J” = 1/27 states of the configurations
8Be ® A[101]3/2 and ®Be ® A[101]1/2~ both give ring
structures of the A distribution, and the former one is a
little more diffused than the later one. Under the condition
of rotational symmetry around the z axis, this kind of ring
structure corresponds to the py orbital.

In order to investigate the impurity effect of A hyperon on
the nuclear core through E?2 transition strength, the B(E2) val-
ues of ®Be, % Be, and !, Be are listed in Table I. In Ref. [70], the
observed B(E2,4fr — 21") of ®Be is given as 21 2.3 e fm*,
while our calculated B(E?2) values for 2] — 0] and4| — 2
are 21.97 and 32.88 eZfm*, respectively, which indicates that

our model overestimates the E?2 transition strength to some
extent. Taking into consideration the fact that the beyond RMF
model gives B(E2,47 — 2) as 47.28 ¢?fm* [51] and the
microscopic cluster model calculations give it as 39.3 [8] or
30.0 e*fm* [71], the results in the present work is acceptable.

Z (fm)

2

4 -4
X (fm)

FIG. 6. Density distributions of A hyperon for the band heads
of iBe with configurations *Be ® A[000]1/2* [panel (a)], *Be ®
A[110]1/2 [panel (b)], *Be ® A[101]3/2 [panel (c)], and *Be ®
A[101]1/2~ [panel (d)], respectively. Panels (c) and (d) share the
same color bar. The unit is set as 10~2 fm > uniformly.
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TABLEL E2 transition strength for *Be, % Be, and !’, Be and ¢ B(E2) values for the nuclear core in % Be. The columns labeled by ¢ B(E2)*
represent the corresponding values of B(E2,L — L') taken from Ref. [8], and B(E2)' and cB(E2)" give the results obtained by PRM in

Ref. [51]. The observed datum labeled by exp comes from Ref. [70].

8Be iBe i\OABe
J'— J}T B(E2) B(E2)* B(E2) J'— J}T B(E2) cB(E2) cB(E2)* ¢B(E2)f J'— J}’ B(E2)
Zfr — 01+ 21.97 224 24.99 3/21+ — 1/21+ 17.18 17.18 11.3 22.55 21+ — OT 13.86
5/2;r — 1/2;’ 17.20 17.20 22.57
4T — ZT 32.88 39.3 47.28 7/2]+ — 3/21+ 22.21 24.67 13.5 41.58 41+ — 21+ 18.66
exp: 21+2.3 9/21+ — 5/21+ 24.36 24.36 41.55
7/2;r — 5/2?’ 25.99 25.99 41.52
5/27 = 1727 29.02 37.32 26.5 16.90
7/27 = 3/27 36.81 36.81 17.15

In Ref. [8], to eliminate the trivial factor of B(E2) caused by
the angular momentum coupling for spin 1/2 of the A hyperon,
the core transition rate is introduced for % Be,

¢B(E2,L; — L)y
_ 1 Ly Jyoj)”
T QL+ +D L L 2
x B(E2,J; — J;),

s)

where L; and L ; are the initial and final angular momenta of
the nuclear core and j; = 1/2 for A. Using the core transition
rate in Z\Li, Refs. [8,21] successfully predict the size shrinkage
effect, which is later confirmed in the experiment for the first
time [72]. In this current paper, the core transition rates c B(E2)
are given in Table I and compared to the value taken from mi-
croscopic cluster model calculations [8] and PRM calculations
[51]. We can see that cB(E2,2{ — 07) for the positive-parity
levels generated by the configuration ®Be ® A[000]1/2F is
more than 20% smaller than B(E2,21'r — OT) of ®Be, which
shows clearly the shrinkage effect of A occupying the s,
orbital. Compared to our results, the PRM calculations give
less obvious shrinkage effect, while the microscopic cluster
model calculations give a much more obvious one.

For B(E2,5/27 — 1/27) and B(E2,7/2] — 3/2)), the
corresponding ¢B(E2) values are about 37 e*fm®*, which
are obviously larger than the ones given by the PRM and
the microscopic cluster calculations. This contradiction may
originate from the fact that the current calculation is a single-
channel calculation, while the calculations in Ref. [51] are mul-
tichannel ones. Figure 6(b) shows that the orbital A[110]1/2~
is prolately distributed and the two-« structure of the nuclear
core is stretched by the A hyperon. Mixing with the oblately
distributed orbitals such as A[101]3/27 and A[101]1/2™ may
reduce the weights of prolate configurations and make ¢ B(E?2)
values smaller.

IV. CONCLUSIONS

In this paper, properties of ®Be, %Be, and !, Be are
investigated by the beyond-mean-field SHF model with the
SLy4+-SLL4 interactions. The two-« structure are reproduced

for the ground-band states of Be. Through the comparison
with the observed data and with the results of other models, it
is shown that the calculated energy spectra and E2 transition
strength are reasonable. The addition of a A hyperon to
A[000]1/2% gives reasonable reproduction of the positive-
parity energy levels compared to the experimental ones of
4 Be, and the shrinkage effect makes the E2 transition strength
reduced obviously. The A binding energy is 7.29 MeV which is
about 0.5 MeV larger than the experimental data but much bet-
ter than the result given by spherical configuration in Ref. [45].
The A hyperon occupying A[110]1/2~ gives two spin doublets
(3/27,1/27) and (7/27,5/27) which may be associated to the
observed levels at 5.80 and 9.52 MeV, respectively, and these
corresponds to the genuine hypernuclear states. This negative-
parity configuration gives enhanced E?2 transition strength due
toits prolate density distribution. The other two negative-parity
configurations, *Be ® A[101]3/2~ and ®Be ® A[101]1/2",
reproduce the *Be-analog states near 12—-13 MeV which are
consistent with the observed data (the second peak of *Be (K~
in-flight, 7 ) reaction [5]). The double- A hypernucleus, }\OA Be,
is also investigated as a test of the current model with two A’s
occupying A[000]1/2% and its time-reversal partner, and the
double-A binding energy is overestimated to some extent if
the attractive A A interaction (Vj ») is taken into account as a
correction.

Finally, we can conclude that the beyond-mean-field SHF
model with the SLL4 NA interaction is reasonable and
effective to describe the energy spectrum of %Be with a
three-body cluster structure, although it slightly overestimates
the A binding energy.
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