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Sum rules for quasifree scattering of hadrons
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The areas do/d<2 of fitted quasifree scattering peaks from bound nucleons for continuum hadron-nucleus
spectra measuring d’c/dQdw are converted to sum rules akin to the Coulomb sums familiar from continuum
electron scattering spectra from nuclear charge. Hadronic spectra with or without charge exchange of the beam are
considered. These sums are compared to the simple expectations of a nonrelativistic Fermi gas, including a Pauli
blocking factor. For scattering without charge exchange, the hadronic sums are below this expectation, as also
observed with Coulomb sums. For charge exchange spectra, the sums are near or above the simple expectation,
with larger uncertainties. The strong role of hadron-nucleon in-medium total cross sections is noted from use of

the Glauber model.
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I. INTRODUCTION

Chemists tell us with certainty the charge held within
an atomic nucleus, but whether this charge is held only
in the integral number of protons in that nucleus can only
be determined by some counting system. The scattering of
electrons from nuclear charge can do this counting, under
the assumptions of the quasifree scattering approximation.
These conditions are found in Ref. [1] and are readily met
by electron beams of several hundred MeV. The Rosenbluth
decomposition [2] allows researchers to separate the scattering
of electrons from nuclear or nucleon charge from magnetic
scattering. This allows direct counting of the protons within a
nucleus.

It is a feature of quasifree scattering that scattering cross
sections are added incoherently, in contrast to coherent scat-
tering where amplitudes are added [1]. Incoherent scattering
from nucleons within a nucleus can be noted by the energy loss
of the beam, with the recoil energy being that of a single bound
nucleon. This energy loss can be much greater than that for co-
herent elastic scattering from the entire nucleus, which recoils
with much lower energy. Many such electron spectra have been
obtained, where the process is often called “quasielastic,” not
quasifree. Reference [1] clearly distinguishes between these
very different usages in Chapter 11.

If the doubly-differential cross sections d’c/dwdS2 for
quasifree charge scattering of electrons are integrated across
the outgoing energies, the area do/d<2 normalized to free
charge scattering and to the charge of the target should be
unity, as if the number of protons were the same as the nuclear
charge Z. Several recent examples of these charge sum rules
have been published [3—7], and their results are used in the
figures below.

Beams of hadrons may also meet the conditions of Ref. [1]
for quasifree scattering, but with several complications.
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Hadronic cross sections are large, and a beam particle may
scatter from two or more nucleons, in contrast to rare scattering
of electrons. One needs a system to count the number of
one-and-only-one scattering events. These large cross sections
also limit hadronic quasifree scattering to the lower densities
of the nuclear surface. But hadronic interactions with bound
nucleons are also more interesting than the electromagnetic
interactions of electron beams, due to the strongly interacting
environment around the beam-nucleon scattering. The hadron
beam, the bound nucleon, and the interaction between them
may all be influenced by the strong field. The simplest test of the
assumptions and parameters for quasifree hadron scattering is
the same sum rule as used for the charge scattering of electrons.
This is the point of this work: using quasifree hadron spectra
both with (SCX) and without (NCX) single charge exchange
of the beam particle.

Figure 1 shows measured spectra for inclusive scattering
without charge exchange (NCX) of 820 MeV pions from
carbon [8], as an example of the data to be considered in this
work. Coherent elastic and inelastic scattering at small energy
loss drops quickly with increasing momentum transfer ¢, while
the wide quasifree peak remains strong. Asymmetric Gaussian
peaks fitted to these spectra above a linear background are also
shownin Fig. 1 [8]. Itis the areas of such quasifree peaks which
are integrated to form the hadron quasifree sums in this work.

II. METHODS

For incoherent quasifree scattering, the measured inclusive
(single-arm) cross sections factor as

d’c/dwdt = Agr do/dQ R K, (1)

with A.¢ the number of one-and-only-one hadron-nucleon col-
lisions, do/dS2 the free-space hadron-nucleon cross section,
and R the single nucleon response. A kinematic factor K is
determined by the defined response. A test of the quasifree
assumptions is found in the concept of scaling, whereby the
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FIG. 1. Inclusive pion scattering spectra for carbon [8] are shown,
together with fitted lines above an assumed linear background.
Short vertical lines indicate the simplest energy losses for quasifree
scattering, g?/2M + 20 MeV (for binding, as Ref. [14]), with M the
free nucleon mass. The areas of the quasifree peaks are 27(3), 14.3(3),
7.75(1.6), and 4.06(2) mb/sr at g = 350, 450, 550, and 650 MeV /c.
These singly-differential cross sections were used to compute the
experimental sum rules.

momentum transfer g and the energy transfer w from the beam
to the one struck nucleon are combined into a single variable.
These scaling methods have been used for beams of electrons
[9] and hadrons [10—12] and generally justify the factorization
implied in Eq. (1).

In particular, quasifree electron scattering from bound
protons has been used to form Coulomb sums, which could be
expected to match the nuclear charge Z. In the present work,
similar methods are used to create sums of nucleons A for
hadronic spectra without charge exchange, of protons Z for
hadronic charge exchange of negative pions, and of neutrons
N for charge exchange with proton beams.

The hadron spectra are not readily separated into their spin
and isospin components, as there is no general Rosenbluth
decomposition. The full areas under the quasifree (QF) peaks
are used for hadronic sums, from fits such as the curves in
Fig. 1. It is the areas do /dS2|qr under these fit curves which
are used to form the hadronic sum rules.

These integrated areas for the quasifree peak are converted
to sum rules by

Sum = do/dQ2qr X PBF/(do/dQfec Actr), 2)

including the Pauli blocking factor (PBF) for momentum
transfers less than 2kg [13]:

PBF = 3¢ /4kg — q°/16k; 3)

with Fermi momenta kr from Ref. [14] and free-space differ-
ential cross sections do/d2|ge. [15]. Although the areas of
the cross sections are unaffected by relativistic considerations,
the Pauli blocking factor will be altered with relativistic
kinematics. The relativistic Fermi gas responses [16] extend
to lower energy losses than do the nonrelativistic curves, and
face stronger blocking.

There remains the need to compute the number of nucleons
the beam particle can see once and only once. This is computed

in the Glauber model [17], as used for intermediate energy
hadron quasifree reactions [18]. Integrals along z across the
nucleus for impact parameters b are

Aetr = 27 / T(b)e ST pdp (4)
with the profile function
T(b) = f p(r)dz. %)

These integrals use the distribution of neutrons and protons
with the same geometrical parameters [19] and the beam-
nucleon total cross sections (SGT) [15]. Technical consid-
erations for scatterings within nuclear matter decrease the
measured total cross sections of Ref. [15], by a factor of
70% in Refs. [20-22], largely because the Pauli principle
bars scattering into states already filled by nucleon momentum
states.

At the higher beam energies of the data considered in this
work, the in-medium total cross sections SGT are expected
to be near those in free space [23]. Use of the full free-space
SGT values in these integrals would lead to larger sum rules,
typically by about 45% for carbon and 65% for lead. This work
uses the 70% factor for free-space SGT to maintain consistency
with earlier work on hadron quasifreee scattering.

Not all intermediate energy quasifree hadron spectra con-
sidered in this work were integrated by the author for the
singly-differential cross sections needed for sum rules. Tables
or figures of all these data were fit anew, using a planimeter
for the smooth shapes above several estimated backgrounds of
nonquasifree processes. Uncertainties reflect the choices for
such backgrounds, with larger uncertainties at larger angles or
momentum transfers.

The machinery needed to transform spectra as seen in Fig. 1
to hadronic sum rules is now complete.

III. NCX SUM RULES

Figure 2 shows these NCX sums as measured for L4,
compared to the PBF curve computed from kg = 165 MeV/c
[14]. No Coulomb sums are available for °Li, but hadron data
from proton [24] and pion [8] scattering are shown. A single
data point is available from Ref. [25]. Except for this datum,
the sums are very nearly as expected beyond the region of
Pauli blocking. In these and other figures, open points denote
data with negative beams, and solid points denote data with
positive beams.

Similar data in Fig. 3 for carbon samples include the
Coulomb sums (labeled as EEL), without theoretical tails, as
reported in Refs. [4,5,7,26] and sparse Kt data from Ref. [27].
Pion NCX data at 500 MeV are from Refs. [13,28]. Pion NCX
data at 820 MeV are from Ref. [8]. Proton NCX data are shown
at 392 [29], 400 [30], 795 [24], and 1014 MeV [31]. The
Coulomb sums are about 80% of the expected value, while the
820 MeV pion data nearly match the expectation. The proton
data are more scattered, and the K™ data are again consistent,
with a large uncertainty at the lowest of three ¢ points. Save for
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FIG. 2. Bottom: Measured areas of hadronic quasifree scattering
peaks without charge exchange (NCX) on °Li from Refs. [8,24],
presented as sum rules as the momentum transfer g to the struck
nucleon increases. Top: Single charge exchange (SCX) areas (in red)
on natural lithium from Refs. [37,43,44], as sum rules. Curves show
the expected sums for a Fermi gas, including the Pauli blocking factor
in the text, with kp = 165 MeV/c.

the 1014 MeV proton data [31] read from a figure, the hadron
data are consistent among themselves and nearly agree with
the charge electron scattering sums. The Pauli blocking curves
shown are computed for kg = 228 MeV/c [14]. The dashed
theory curves [26] are discussed below.

NCX sum rules for aluminum are shown in Fig. 4. Proton
data at 392 MeV are from Ref. [29] and data at 795 MeV
are from Ref. [24]. The Pauli blocking curves use kg =
236 MeV/c [14].

For calcium in Fig. 5, the Coulomb sums [4,6,7] are about
60% of the expected value, while the 500 MeV NCX pion
[13,28], 820 MeV pion [8], 367 MeV K+ [27], 392 MeV [32],
420 MeV [33], 500 MeV [34], 795 MeV [24], 1014 MeV [31],
and 1 GeV [35] proton data are much closer to the Fermi gas

Carbon

25 SCX (+1) ] +

N

SUM RULE
&

6 7 400 MeV pion

TS VEV o

--"" 500 MeV pion
> 820 MeV pion
X 367 MeV K*

W 345 MeV proton

0.5 z 392,400,420 MeV proton
495 MeV proton
2 795 MeV proton
1014 MeV proton
N ‘ ‘ ‘ + EEUEET |
0 200 400 600 800 1000

q (MeV/c)

FIG. 3. AsFig. 2, but for acarbon sample, with kr = 228 MeV//c.
Data sources are presented in the text. Dashed curves show the one-
body calculations for charge (bottom) and magnetic (top) electron
scattering [26]. The charge electron scattering (EEL) sums among the
NCX points and the transverse (EET) sums among the SCX points
are from Ref. [26], with no tails added.
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FIG. 4. As Fig. 2, but for an aluminum sample, with kg =
236 MeV /c. Data sources are presented in the text.

expectation, which uses kp = 241 MeV /¢ [14]. Coulomb sums
from electron scattering on an iron (A = 56) sample average
0.78(0.10) from the table of Ref. [7]. The pion NCX sums are
below the expectation, and the charge sums yet further below.

For zirconium in Fig. 6, the 500 MeV NCX pion data are
from Refs. [13,28] and data at 820 MeV are from Ref. [8]. KT
data are from Ref. [27], 392 MeV proton data (on niobium) are
from Ref. [29], and 795 MeV proton data are from Ref. [24].
The Pauli blocking curves use kg = 245 MeV //c [14].

For lead in Fig. 7, the 500 MeV NCX pion data are from
Refs. [13,28] and the 820 MeV data are from Ref. [8]. The
proton data are at 392 MeV [36], 500 MeV [34], and 795 MeV
[24]. The Pauli blocking curves use kp = 248 MeV /¢ [14].

The three hadron probes span the possibilities of possible
hadronic effects. The pion beams are akin to the main source
of the nucleon mean field and of the interactions among
bound nucleons. The proton beams are equivalent to the bound
nucleons, with larger total cross sections than found for the
pions. The K™ beams have small total cross sections and the
deepest access to the nuclear interior, while the electron beam
sums scan the entire nuclear volume.
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FIG. 5. As Fig. 2, but for a calcium sample with NCX hadron
quasifree sums, with kg = 241 MeV/c. Data sources are presented in
the text.
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FIG. 6. As Fig. [2], but for zirconium and niobium samples, with
kg = 245 MeV /c. Data sources are presented in the text.

These hadron beams do not sample the entire nuclear
volume, as is the case with electron beams. For instance, the
820 MeV negative pions scatter once and only once for only
Acte = 3.805 out of 12 in carbon and 15.21 out of 208 in
lead, as reached by integration of the nuclear volume outwards
from 2.47 fm for carbon and 7.38 fm for lead. The sum
rules shown represent scattering only from nucleons at low
densities.

IV. SCX SUM RULES

Figure 8 shows typical quasifree SCX spectra from Ref. [37]
with fits to allow integration for the singly-differential cross
section do/dS2 to form sums as above. Fits shown as solid
curves were for an asymmetric Gaussian quasifree peak atop
a quadratic polynomial background at angles of 30°, 50°, and
70°. Vertical lines denote locations of the quasifree maxima
expected for the last four angles, at momentum transfers
ranging from 314 to 625 MeV/c. The quasifree SCX peak
is nearly lost in the background at 90°.

Charge exchange experiments were carried out for 400, 475,
and 500 MeV negative pions [37], and 345 [38—40], 392 [30],
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FIG. 7. As Fig. 2, but for lead and bismuth samples, with kg =
248 MeV /c. Data sources are presented in the text.
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FIG. 8. The (7, n°x) data for carbon of Ref. [37] are shown, as
are fits above an assumed quadratic background (as curves). Vertical
lines indicate the loci of free scattering (g2/2M) + 12.17 MeV for
binding [14], Coulomb, and Q-value effects.

495 [41-43], 795 [43,44], and 1200 MeV [45] protons. The 7~
SCX data were normalized directly to SCX on free protons and
count protons, much as for the Coulomb sums. An indirect
method was used to normalize (p,nx) spectra, resulting in
a change by a factor of 1.6 between Refs. [44] and [43] at
795 MeV.

Hadronic charge exchange reactions include (~,m°x)
inclusive charge exchange on protons and (p,nx) charge
exchange on neutrons. Sum rules divide cross sections by the
elementary hadron-nucleon charge exchange cross sections
[15]. For (p,n) SCX reactions these are computed from the
amplitudes within Ref. [15] by the formalism of Ref. [46].
SCX spectra for m~ were calibrated and normalized directly
to SCX measurements on free protons [37] and use SCX free
cross sections from Ref. [15]. The sum rules are normalized to
Zeir or Negr, computed as fractions of computed A by Z/A
or N/A.

Figure 2 shows SCX sums on natural lithium. Pion data
are from Ref. [37], with 795 MeV proton data from Ref. [44].
These sums are nearly as expected, as was also the case with
the more accurate NCX measurements.

SCX sums for carbon are shown in Fig. 3. The inclusive data
for pion SCX are from Ref. [37] at three beam energies, while
the 795 MeV proton data of Ref. [44] have been renormalized
by a factor of 1.6. The 346 [38],392 [30], and 495 MeV [41,42]
data scatter about the expected curve. The transverse electron
scattering sums, without added tails, from Ref. [26] are shown
with these carbon SCX sums labeled as EET points.

Figure 4 shows sum rules extracted from SCX spectra on
aluminum. The 500 MeV pion data are from Ref. [37], and
proton data at 795 MeV are from Ref. [44] and at 1200 MeV
from Ref. [45]. The data are in good agreement with the
expected sum curve, even at low momentum transfers, with
kg =236 MeV/c [14].

SCX sum rules for a copper sample are shown in
Fig. 9 for the negative pion data of Ref. [37] at two
beam energies. Uncertainties are large, but these sums are
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FIG. 9. As Fig. 2, but for a copper sample only for SCX spectra,
with kg = 241 MeV /c. The data are from Ref. [37].

near agreement with the Fermi gas expectations shown for
kg = 241 MeV/c [14].

Figure 6 shows pion SCX sum rules for zirconium [37] and
a single proton point at 1200 MeV [45]. The 795 MeV SCX
proton sums use the spectra of Ref. [44]. Good agreement is
found with the Pauli blocking curve using kg = 245 MeV /c
[14].

Figure 7 shows pion SCX sums from the 400 and 500
MeV 7~ spectra of Ref. [37] on bismuth. Proton SCX
sums on lead at 346 MeV are from Ref. [38], at 495 MeV
from Ref. [41], at 795 MeV from Refs. [43,44], and at
1200 and 1600 MeV from Ref. [45]. The nonrelativistic
Fermi gas Pauli blocking curve uses kp = 248 MeV/c [14].
A wide range of sums is noted, scattered on both sides of the
expectation.

V. CONCLUSIONS

The fitted areas of quasifree hadron scattering spectra, ex-
pressed as sum rules, are very similar to the sum rules found for
charge scattering of electrons, also shown (labeled as EEL and
EET) in the figures for a wide range of nuclear samples. The °Li
target has half the density of carbon and heavier nuclei, and the
range of hadron-nucleon total cross sections and nuclear sizes
spans a wide range of nuclear densities. The hadronic spectra
cover a range of momentum transfers, including the range
where Pauli blocking is anticipated in the Fermi gas model.
The momentum transfers for the hadrons reach as far in g
as do the corresponding electron scattering Coulomb sums. At
higher momentum transfers pion production can be anticipated
to contribute backgrounds under the inclusive hadron spectra
(perhaps included in the background subtraction method used
here), and the Glauber method for A.¢ becomes suspect at
larger angles.

These hadronic NCX data, expressed as sum rules, indicate
that no major changes to strongly interacting particles or their
interactions within nuclei have been sensed, as judged by
the consistency with Coulomb charge sums. Moreover, the
consistency of these results is evidence that the Glauber method
as used has provided appropriate counts of the number of
one-and-only-one collisions of the hadron beams with bound

2.5
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W1.5- } q~500 MeV/c
z
NCX
S b ERN
[ ® i </ 400 MeV pion E
% §]> 500 MeV pion
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05 I
* 500 MeV proton
@ 795 MeV proton
A 1014 MeV proton
0 L L + L L
0 50 100 150 200 250
A

FIG. 10. Sums extracted from hadron quasifree spectra with
momentum transfers g near 500 MeV /¢ presented as the target mass
A increases. The data sources are the same as noted in the preceding
figures. Bottom, NCX results, and top, SCX results, incremented by
one, in red. The 70% factor for free-space hadron-nucleon total cross
sections in the Glauber model is used for this figure. Coulomb sums are
included among the NCX results. The simplest expectation for these
sums would be unity. The **He Coulomb sums are from Ref. [4].

nucleons. Corresponding sums for hadronic SCX reactions
suffer from poor energy resolution and a larger contribution
from isovector pion production. These SCX sums show more
scatter with larger error bars than do the NCX data shown in
this work and rise at large angles, but offer much the same
conclusions.

Figure 10 summarizes the sum rules for both NCX and SCX
spectra with g near 500 MeV/c, beyond the Pauli blocking
effect. These data points have been extracted from the citations
for the previous figures, including Coulomb sums shown as
EEL. Each of the experiments giving the cross sections shown
had a systematic uncertainty near 10%, not shown in the data
points of Fig. 10.

Coulomb sums have been computed in several models
[26,47,48], and transverse electron scattering sums were
computed in Ref. [26]. The contributions of the one-body
currents to both sums for carbon are shown as dashed curves
in Fig. 3; these are very similar to the expectations of the
Fermi gas. Two-body currents are very important for transverse
electron scattering [26] but not for hadrons. Barbaro ez al. [49]
found that Coulomb sums depend somewhat upon the nucleon
effective mass, which might be expected to be smaller than M
in the nuclear interior reached by electrons, and near M in the
surface reached by hadrons.

A new restatement of hadron quasifree scattering was
presented as sum rules for a closer comparison to Coulomb
sums from electron scattering. The range of momentum
transfers is larger for the hadron data, especially for charge
exchange. This enables comparison to the nonrelativistic Fermi
gas and to more sophisticated models of nucleon momentum
distributions. The hadron sums scatter, but overall are below
the unit sum rule for NCX, as also noted for electrons, and
near unity for SCX, using the 70% reduction factor from
free-space total cross sections in the Glauber model. If the full
free-space hadron-nucleon total cross sections had been used,
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the sum rules would be increased by factors of about 1.45—
1.65. This option also highlights the goal of understanding
hadron-nucleon interactions within the nuclear medium.

This sum rule analysis using the 70% factor finds that
no significant differences from the conclusions derived from

quasifree electron scattering from nucleons within nuclei are
found with hadron beams. The role of the in-medium hadron-
nucleon total cross sections remains to be addressed with
more careful methods, for instance, the distorted wave impulse
approximation [23].
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