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Causal electric charge diffusion and balance functions in relativistic heavy-ion collisions
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We study the propagation and diffusion of electric charge fluctuations in high-energy heavy-ion collisions using
the Cattaneo form for the dissipative part of the electric current. As opposed to the ordinary diffusion equation
this form limits the speed at which charge can propagate. Including the noise term in the current, which arises
uniquely from the fluctuation-dissipation theorem, we calculate the balance functions for charged hadrons in a
simple 1+1-dimensional Bjorken hydrodynamical model. Limiting the speed of propagation of charge fluctuations
increases the height and reduces the width of these balance functions when plotted versus rapidity. We also estimate
the numerical value of the associated diffusion time constant from anti—de Sitter-space/conformal-field theory.
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I. INTRODUCTION

The main motivation for colliding large nuclei at high
energies is to produce matter with temperatures greater than
100 MeV that would have existed during the first microsecond
after the big bang. There are large and extensive experimental
programs at the Relativistic Heavy Ion Collider (RHIC) at
Brookhaven National Laboratory on Long Island, New York
and at the Large Hadron Collider (LHC) at CERN in Geneva,
Switzerland. Thousands of hadrons are produced in these
collisions, which makes the application of statistical mechanics
and hydrodynamics plausible, and in fact the standard model
of these collisions incorporates these both in principle and in
practice. Of course one should expect significant fluctuations
in the observables and these can be put to good use to extract
new physics. For example, critical points are characterized
by large fluctuations. This led to the suggestion to study
fluctuations in conserved quantities, such as electric charge,
baryon number, and strangeness on an event-by-event basis
[1-4]. Overviews, summaries, and recent progress can be
followed via the proceedings of the series of the so-called
Quark Matter conferences, the most recent being Refs. [5-7].

In this paper we focus on fluctuations and correlations of
the electric charge. Electric charge is much easier to measure
in high-energy heavy-ion collisions than baryon number or
strangeness. We assume that the net electric charge in the cen-
tral rapidity region is zero, which is a very good approximation
for the top RHIC energies and at the LHC. Since gradients
in temperature, flow velocity, etc. are large it has been found
necessary to go to second-order viscous fluid dynamics. Under
certain conditions first-order viscous fluid dynamics can lead to
superluminal signal propagation, a theoretically unsatisfactory
possibility and in addition can lead to instabilities in numerical
simulation of high-energy nuclear collisions. The ordinary
diffusion equation has instantaneous signal propagation and
therefore should be replaced with an equation that respects
relativity. The simplest extension of the ordinary diffusion
equation is usually attributed to Cattaneo [8] who actually
studied heat conduction. To our knowledge the first application
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of his equation to heavy-ion collisions was by Abdel-Aziz and
Gavin [9]. Neglecting noise, the electric charge current that
leads to the scalar Cattaneo equation is [10]

Jp = nou" + 0T A"(1 —i—tQu-a)_l('uTQ). ey
Here ng is the electric charge density with associated charge
chemical potential . The charge conductivity is represented
by oo and the temperature by 7. The gradient orthogonal to
the flow velocity is

A = 0" —ut(u - 9). 2)

A new time constant 7y naturally appears (which could
depend on T'). Note that this is not a simple gradient ex-
pansion as the derivative appears in the denominator. The
speed of propagation of signals is given by sz =Dg/19
where Dy = 0¢ ) is the diffusion constant and xo is the
electric charge susceptibility. For a given diffusion constant
there is a minimum value of 7 for which signals propagate
slower than the speed of light. The ordinary diffusion equation
has 79 — 0.

The fluctuation-dissipation theorem tells us that along with
the dissipation arising from diffusion there are also fluctuations
[11]. Thus on the right side of Eq. (1) there is added a term [*
whose average value is zero but which has a nonzero average
(I*(x1)I"(x2)), which is uniquely determined by the theorem.
The relativistic version was worked out in Ref. [12] for the
case of ordinary diffusion. Defining 2*" = u*u” — g"" itis

(I"(x)I"(x2)) = 200 Th""8(x1 — x2). 3)

This is white noise since the Fourier transform is independent
of frequency and wave number. Ordinary electric charge diffu-
sion was applied to the balance functions, which measure two-
particle correlations in momentum space [13—-16], in Ref. [17].

In this paper we extend the study of Ref. [17] to the Cattaneo
equation with finite 7. We will, however, simplify a few of
the calculations of Ref. [17] to focus on the essential physics
provided by a finite speed of propagation. Now the fluctuations
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are no longer a § function in time. In the local rest frame [10]
o 0 T

8(xi —xp)e” s, (4)
To

(I'(x) 1 (x2)) =

As 19 — 0 this clearly reproduces the white noise of the
ordinary diffusion equation. As in Ref. [17] we will use
1+1-dimensional boost-invariant hydrodynamics to carry out
the calculations as far as possible analytically. Even then the
analysis is more involved because of the memory effects arising
from the colored noise.

The outline of the paper is as follows. In Sec. II we
work out the relevant equations for charge diffusion and
fluctuations in boost-invariant hydrodynamics. In Sec. III we
solve the resulting homogeneous equation and in Sec. IV
the inhomogeneous equation. In Sec. V we determine the
correlation functions; in particular, we show how to deal with
the colored noise in the expanding system. In order to compare
with experimental measurements it is necessary to subtract out
self-correlations among the fluid elements. This is a delicate
matter for colored noise and is done in Sec. VI. Section
VII contains numerical results for the correlation functions.
Section VIII contains some straightforward, although not
entirely realistic, phenomenological analyses of experimental
data. Section IX compares results from the Cattaneo equation,
and the next-higher-order Gurtin-Pipkin equation [10,18], with
results obtained from anti—de Sitter-space/conformal-field the-
ory (AdS/CFT) to estimate the values of the diffusion constant
and relaxation time scales. Conclusions are provided in Sec. X.

It should be acknowledged that there are other sources of
fluctuations in heavy-ion collisions, such as initial-state fluctu-
ations, fluctuations induced by jets and other high momentum-
transfer processes, and fluctuations during hadronization in the
final state. These were surveyed in Ref. [12]. The ability of
hydrodynamic fluctuations to sense a critical point at finite
temperature and baryon chemical potential was studied in
Ref. [19] using the ordinary diffusion equation.

II. DIFFUSION IN BOOST-INVARIANT HYDRODYNAMICS

In this section we will derive the relevant equations for
charge diffusion and fluctuations during the expansion of hot
matter produced in very high-energy heavy-ion collisions. For
this purpose we will use the 1+1-dimensional boost-invariant
(Bjorken) hydrodynamic model, similar to what was done in
Ref. [12]. In addition, we assume zero net charge and neglect
the effects of shear and bulk viscosity so that charge diffusion
and fluctuations decouple from the shear and bulk modes.
Obviously this model is very simplified. Nevertheless, it does
provide guidance and intuition before one attempts to study
the problem with much more sophisticated and numerically
intensive 3+1-dimensional viscous fluid dynamics.

The energy-momentum tensor in ideal fluid dynamics is

T = wuru” — Pg"". 5)

The shear and bulk viscosities are ignored to focus on the
effects of electric conductivity. In boost-invariant hydrody-
namics one expresses the time and location along the beam
direction in terms of the proper time t and space-time

rapidity £ as

t

T coshé&
z = tsinhé (6)

with the inverse relations

T =+12-72

£ = tanh™'(z/1). 7
The flow velocity has the nonvanishing components
u® = cosh &
u® = sinh €. 8)

The electric charge current that arises from the Cattaneo
equation is

Jp =nou' +ooTAM(1 + tou - 9! (%) +I*. 9

Here n is the electric charge density with associated charge
chemical potential 1. The charge conductivity is represented
by o¢ and the temperature by T'. The gradient orthogonal to
the flow velocity is given in Eq. (2). The I* is a fluctuation,
as described in Ref. [12]. When the electric charge relaxation
time constant 7 is zero this expression for the current reduces
to the usual one in lowest-order viscous fluid dynamics. Note
that when it is not zero the current involves an infinite number
of derivatives. Nevertheless it does represent the Cattaneo
equation in a uniform system, which has only first- and second-
order derivatives and which is causal. It is useful to note that
in the Bjorken model used here

A0 — sinh& 0
B T 9&
hé& o
A _SoshE @ (10)
T 0
and
d
u-9=—. a1
ot

The fluctuating contribution to the current has the structure

1° = s(7) f(€,7)sinh &
I? = s(v)f(€,7)cosh &, (12)

where f(&,7)is arandom function whose average value is zero.
(The entropy density is factored out so that f is dimensionless.)
Note that u - Jo = ng gives the proper charge density.

The smooth, background fluid equations lead to the simple
equations of motion

ds Sy (13)
dtr  ©
and
d
o e _ (14)
drt T

independent of the specific equation of state. The solutions are

s(r) = 857;/T (15)
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and

no(t) =ngit/t, (16)

where s5; and n; are the entropy and charge densities at some
initial time 7;. Here we take n; = 0 so that the average charge
density is zero at all subsequent proper times.

Although the average charge density and chemical potential
are zero they do fluctuate. Those fluctuations are related by
dng = xoduo where x is the charge susceptibility. Hereafter
we drop the subscript Q on dn for notational simplicity.

It is most convenient to use the Fourier transform

sn(g, 1) = /OO geikséﬁ(k,r) (17)

and similarly for other functions. Then charge conservation,
d - Jo = 0, can be expressed most succinctly via the equation

92 -
ﬁ(‘r(?n)
L9 TDy\7 9 vok®
+|:_ — (XQ_Q)]_(TM) + -2 (z8)
9 0T T ot 15
af 1 1 9 rp 7
:_iks{_f+[_____ln(m_g>}f},
ot 9 T 0T T
(13)

Here the diffusion constant Dy = o/ x o has been used. The
speed of propagation of signals in the Cattaneo equation is
v2Q = Dg/7¢ [10]. The combination t47i naturally appears
because of Eq. (14): when the diffusion constant and associated
fluctuations in the current are set to zero then §71 ~ 1/t where
the constant of proportionality could be anything including
zero. In the limit Typ — O one recovers the usual diffusion
equation

Dok* L
——(t871) = —iks f, (19)
T

which was studied in Ref. [17].

a(8~)+
— (171
at

III. SOLUTION TO THE HOMOGENEOUS EQUATION

To find the solutions to Eq. (18) we will first find the
solutions to the homogeneous equation, which is in the form of
a general confluent equation. We then construct the solutions to
the inhomogeneous equation by using the method of variation
of constants.

According to CFT calculations, the electric charge diffusion
constant should be determined by DpT = 27 (see Sec. IX).
Lattice calculations [20] show indications of that behavior at
large T'; however, in the range 150 < 7' < 350 MeV they show
that DT is increasing with 7 in an approximately linear
fashion. Also, there is no information about the temperature
dependence of 7. One should expect from CFT that 1T
would also be constant. In the absence of further information
we will assume Dy and ty are both constant within the
temperature range given above. This also implies that v2Q is also
a constant. Finally we assume that xo7 ~ T3 ~ 1/7. These
assumptions are not at all critical to our study of the essential
physics, but it does allow for more analytical results and

therefore insight and intuition. Changing to the dimensionless
variable x = 7/t the homogenous equation for ¥ (x) = 767
becomes

. 2\ . vk’
v+|1+- v+ —5v =0 (20)
X X
The solutions to this equation are
Yo =xM"2e T M(A 4+ 2,20 4 1,x) 1)
with  Ap=+4v§—1pk? if vpk* <; and Ay =

+iv vz)k2 — i if 112Q1<2 > %. The M(a,b,x) is Kummer’s
function and satisfies the differential equation

EM o™ =0 22)
xdxz o dx avt =5

An integral representation is

1
F(b) / dt extta—l(l _ t)b—(l—]7
@' —a) Jy

(23)

M(a,b,x) =

which has the normalization M(a,b,0) = 1. It is related to
Whittaker’s function M, ;(x), which satisfies the differential
equation

d’M, O
|-+ -+ =M =0, (24
via
1
Mo (x) =x2"e ™ PM(h—k + 120+ Lx).  (25)

When 7y = 0 the solution to the homogeneous equation is
simply Y = exp(Dok?/T).

IV. SOLUTION TO THE INHOMOGENEOUS EQUATION

The solution to the inhomogeneous equation is written in
terms of a Green’s function as

T
ik, T) = — / dv's(t)G(k;t,v') f(k, 7). (26)
To

Here 7 is the starting time of the hydrodynamic expansion.
The entropy density s(t’) is explicitly factored out for later
convenience; the origin of that can be traced to factoring it out
from the noise correlator. To find the Green’s function we use
the method of variation of constants. It is expressed as

Gk;t,v') = iklay(k, " YWy(k,T) + a_(k, T)W_(k,7)].

(27)
Using this form in Eq. (26) we substitute it into
&2 1 2\d, . vhk*
P(t(Sn) + <6 + ;>E(t5n) + -2 (tén)
df 11\
= —iks[—f <— + —)f]. (28)
dt 9 T
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This is solved when

a vy +a_y_ =0
ayyi +a-y_ =1 (29)
Thus the Green’s function is
U (@Y (1) — Y (DY () }
V(T () = Y (TP (T))

When 7y = 0 the Green’s function is easily found to be

Gk;t,7") = ik|: (30)

G(k;t,7") = ikexp [DQk2(1 1)} (31)

T
V. CORRELATION FUNCTIONS AND NOISE

Suppose we are interested in computing the correlator

(r16i1(ky,71) T2bi1(k2, 12))
T] (%3

- / drjs(e}) f d3s(2}) Gki: 11, TG ks 12,7)
T0 70

x ([, 7)) (k2. 1)) (32)
The correlator for the fluctuations is generally written as
(fk1. T f(k2,) = 2w N (1] 7)8(k1 + ko). (33)

The function N(z{,7;) depends on whether one implements
noise from the ordinary diffusion equation or from the Cattaneo
equation. In either case one gets

(r167i(k1,71) T287i(k2, T2))
T T2
=278k —|—k2)/ dr{s(t{)/ dus(t)N(z,13)
70 70

x Gki;11,1)G(—k1; 12,73) (34)
in k space and

(t18n(§1,71) ©26n(52,12))
_ / " dels(xl) f ® des@) N
To To
X / %eik@l-&)é(k;zl,r;)(‘;(—k;rz,rz/) (35)
in & space.

J

A. White noise

For white noise, the current fluctuations have the form [12]
(I'"(xDI"(x2)) = 20 Th*"8%(x1 — x2), (36)

where h*’ = g"” — u’u”. This means that for the Bjorken
hydrodynamics

20T ,
(fx) f(x2)) = s—23 (x1 — x2), (37)

by virtue of Eq. (12). After converting to Bjorken coordinates
and Fourier transforming in & space, this reads

- ~ 4o (t)T (1)
(Fak) frk) = =5 =50 = m)d(h + ko).
T15%(T1)
(38)
where A is the transverse area. This leads to
., 20T (z)) ., , ,
N(z],15) = L L28(t) — ). (39)

At{s?(t])

B. Cattaneo noise

The situation for colored Cattaneo noise is more complicated
because it is nonlocal in time. The f correlator satisfies the
equation [21]

(1 +190/071) f(T1,k1)(1 + T93/372) f (72,k2))

= N(11)d(t1 — 12)d(ky + ka), (40)
where
_ dro(t)T (1)
NO == em @b

In frequency space
8(ky + k) N(wy + a2)
1+ i‘EQ(z)l)(l + i‘L’Q(z)g).

Now suppose that for some observable X

(fw1.k) fw2,k2)) = 42)

X(k,7) = —/Tdr’s(r’)f}x(k;r,t/)f(k,r’). (43)

To

Then the correlation function for observables X and Y
would be

(X(k1, 7)Y (k2,12)) = 8(ky +k2)/ deS(f{)GX(kl;Tl,Tf)/ dtys(1))Gy (ka3 12,75)
T0 T

o 4
w1
X/ lezwlrl’
oo 2T

To evaluate the double integral over w; and w, we change
variables to @ = (w; + w;)/2 and Aw = w; — w;. Then the
double integral over the w; is

1 , min(t{,75) )
_zef‘leftll/tg / d_L.N(T)672[mm(rl’,r2/)ft]/rQ. (45)
% -

oo
da)z iwzfé

/

o 2T

N(w + w2)

. . . (44)
(1 + l‘L'QC()])(l + l‘L'Qa)z)

(

The integration over 7 can be thought of as running over the
history of the system, prior to the earlier of 7, and 1, beginning
at the initial time 7. [It is assumed that N(t) vanishes for
T < 79.] The exponential kernel in this integration is a direct
consequence of using Cattaneo-type diffusion, with states of
the medium in the more recent past [nearer to min(t;,72)] being
more heavily weighted than states in the more distant past.
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In what follows we will specialize to the case where N(t)
is a constant. Then

2U(Tf')Tf 1

N /’ / —
(71,72) Atss?(ty) 219

e—lrl’—tz’ l/to _ e—(rH—rz’ —219)/70 ] )

(46)

In the limit Ty — O this obviously reduces to Eq. (39), as it
should.

VI. SELF-CORRELATIONS

It is interesting to ask what happens with the ordinary
diffusion equation where 7y = 0. In that case, using Eq. (31)
one can easily perform the integration over 7’ first, leaving the
integration over k to last. The result is

(8n(&1,77) 8n(52,7¢))

_ xopTy e
= A [5(51 §2)

: e—(§1—E2)2/w2:| 47)
Tw

with w? =8Dg(ty' —7;'). Note that 8(& —&)/At in
Bjorken hydrodynamics is the equivalent of §(x; — x;) for
a static system. In Refs. [15,17] it was argued that this §-

J

function contribution should be subtracted as it corresponds
to a correlation between a particle (or fluid cell) with itself.
An alternative route to extract the § function in &, — &; in pure
diffusion is to perform the 7’ integration by parts, as was done
in Ref. [17]. Due to the complexity of the Cattaneo case this is
the route that we will use now.

In rapidity space, the density-density correlator is given
by Eq. (35). By construction, the Green’s function G(k;t,t")
satisfies the equation

2 1 2)9 - vok?
— Gk T, 7))+ —+= | =Gk T,7)+ G(k;z,7)
at? 9 T/)0T 72

=0.
It is useful to note that this same Green’s function satisfies a
similar differential equation in its second proper time index t’:
2 2 k2

1 o
G(k, 7,7) — _B_G(k 7,7) + G(k;t,r’):O
To

at’
(48)

as may be readily checked by direct substitution of Eq. (30)
into Eq. (48). If we substitute Eq. (30) explicitly into Eq. (35)
we obtain

1 T T dk . - -
(8n(&,t5)dn(E2,77)) = —2/ dr,’s(z;)/ dtz’s(rz’)J\/(t,’,tz’)/ 2—e’k<$'—‘§2>G(k;rf,r{)G(—k;rf,rz’)
. A . ; - :

7 u

1 Tr L
= _Zf dtlls(fll)/ dtz/s(fé)N(Tll"[z/)elk(SI Ez)k2|:
Tf T 70

Vo (—k, 1)V (—k,T5)

Yokt )Yk, T) — ¥k, T )Y (kT )}
Yy (kT (k,T)) — Y (k, 7)Y (K, 7))

% [I//+(_kvtf)w(_k"’:2,) -

Vi (—k, OV (—k,75) — Y_(—k, )Y (—k, 7))

] . (49)

We can eliminate the factor of k> by making use of Eq. (48). On account of Eq. (29)

ar e, O (k,7) + a_(k, T)Y_(k,7) = 0. (50)

This fact allows us to write Eq. (49) in the somewhat simpler form

(dn(&1,t5) 6n(b2, 1)) =

1 1 a 92
o d d , lk(él 57 R
= /IO rls(rl)/ 7,5(1y) N (| fz)/ vQ PO i

x [k, Tp)as (k) + Y-k, Tp)a—(k, eIV (=K, Tp)as (—k, 7)) + Y- (=k,Tp)a—(=k, 7). (51)

Focusing on the integral over 7{, we integrate by parts. The term involving the first derivative of 7; becomes

_/ dtls(tl)/\/'(tl,rz)t1 Y /[er(k Tr)ar(k, rl)—i—w (k,Tr)a_(k, rl)]

2

T4
= és(ff)-/v(ffvfz/) - ;—‘;s(ro)N(to,fz’)[IM(k,rf)a+(k,to) + v_(k,tf)a_(k,7)]

1 [v

70

9
dt] a—rl,[s(r{)/\/(rl,rz)rf] Yy tp)ar(k,t) + vk, tp)a_(k,T))]. (52)

Notice that the term evaluated at t{ = 7y, is independent of k due to Eq. (29). This is therefore a term contributing to self-

correlations.
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Similar manipulations apply to the term containing the second derivative in Eq. (51). For this term integration by parts yields

To

—/ dtls(tl)]\/(rl,rz)r /2 [¢+(k tp)agk,t) + Y- (k,7p)a_(k, )]

= 5(10) N (20, 53) 73 [V (kT )iy (k, 70) + ¥ (k, T )a—(k, )]

To

K 9
+/ dT{ﬁ[S(T{)N(Tl/,fé)fllz]ﬁ[¢+(kvff)a+(k,f£)+I/f—(kﬂf)a—(k,fl/)]- (53)
1 1

The term which is evaluated at t; = 7, vanishes on account of Eq. (50). Hence there are no k-independent terms that arise from

the second time derivative.

The above analysis shows that the self-correlation of a fluid element may be identified as

<8n(§1,1'f) 8}1(.;;:2,.[‘)())%“ _ S(Tf)

o dk
Dy / drys(ty) N (z),75) / Ze’k@"&)[m(—k,rf)a+(—k,r§)+w_(—k,rf)a_(—k,zg)]. (54)

Using the fact that s(z;) = s(ts)t;/7;, the explicit expression for N from Eq. (46), and recognizing that the term in the square

bracket above is just G(k; tf,rz’)/ ik, we have

t)Tr ¢ (¥ dr, , ,
(5”(51,17)5n($2,tf))self = M _f/ _/Z[e—(t/»_tz)/rg _ e—(t/+rz—2ro)/rg]/

Aty 19 75

This is the term that ought to be subtracted from the full corre-
lator (6n(&;,7r)dn(é2,75)) to eliminate the self-correlations.
In general it cannot be simplified any further due to the
complicated nature of the Green’s function. However, it can
be calculated in several limits.

When 7y — 0 the only contribution comes from the upper
limit of the integration over 7}. Recall that G(k; 77,7/) = ik.
Writing 5 = 7 — €, and letting the upper limit of € go to
infinity (because (17 — 19)/79 — 00), we find

T
(Sn(E1.T/) Sn(Er ) serr = )‘Q;’# SE — &), (56)
Tf

which is exactly the pure diffusion result found above.
For small but nonzero values of 7y one can use the Green’s
function from Eq. (31). Then a simple calculation gives

(0n(&1,7tr)6n(2,T7))self
T
_ Xe)Ty vots (
A‘L’f 2DQ

This illustrates the smearing of the Dirac é function. Taking
the limitvy — o0, equivalently tp — 0, one recovers the pure
diffusion result.

—”g—;ﬁsl —sz|). (57)

VII. NUMERICAL RESULTS FOR DENSITY-DENSITY
CORRELATION FUNCTIONS

Before discussing physical observables such as the charge
balance functions, let us develop some intuition for how
colored noise affects the evolution and development of the
collision system. This is most conveniently done by study-
ing the evolution of the density-density correlation functions
(6nén). In this section we present some numerical results
for these density-density correlation functions, showing how
they evolve from small v to large v? and eventually to
the normal diffusion limit. These results will be used in the
next section to compute the balance functions for various
hadrons. For the sake of definiteness we choose 79 = 0.5

dk ikcei- sz)G(k;Tf’Tz,).

55
271 ik (53)

(

fm/c, Ty = 350 MeV, and T,y = 150 MeV, which imply that
77 = 6.352 fm/c assuming that the entropy density s oc T°.
We also use D = 0.162 fm, which is an average over the
temperature interval from 150-350 MeV taken from Ref. [20].
Unless otherwise noted, we consider only correlation functions
for which the self-correlations have been subtracted out by the
procedure discussed in the preceding section.

We first consider how the self-correlations change with sz
(or, equivalently, 7p). Figure 1 shows the self-correlation at the
final time 77 for several values of v2 o according to Eq. (55). For
large values it is well represented by the exponential form of
Eq. (57) with height proportional to vy and width inversely
proportional to it. As vy becomes smaller the height de-
creases and the width increases. In essence the self-correlation

14

-0.2 -0.1 0.0 0.1 0.2

A

FIG. 1. The density-density self-correlation function versus A&
for various values of v, evaluated at the final time 7. For large v, it
approaches the exponential form of Eq. (57) and eventually a Dirac §
function.
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vé =1/3

1.0F 5% of evolution

0.5k l Increasing 7

0.0

(0n(k)on(—Fk))

—0.5¢+

5% of evolution

l Increasing 7

White

5% of evolution

l Increasing T

0 2 4 6 8 10 12 14

FIG. 2. Time evolution of the density-density correlation function
(with self-correlations subtracted) versus k. Top panel: UZQ =1/3.
Middle panel: sz = 1. Bottom panel: ordinary diffusion with v2Q —
oo. The different curves in each panel correspond to elapsed times of 5,
10, 15, 25, and 100% of the system’s lifetime 7, — 7o = 5.852 fm/c,
starting at the top and working down at k = 0.

is reduced due to the memory effect of having a finite
value of 7g.

The panels in Fig. 2 show the time evolution of the density-
density correlation function in k space for illustrative values
of sz. The first point to note is that after building up very
quickly (we are assuming throughout that there are no initial-
state correlations or fluctuations) they decrease in time due to
the expansion and cooling of the system. The second point
to notice is that for large values of vé the correlations are
essentially Gaussian. This can easily be seen in the limit of
white noise for ordinary diffusion. For typical values of k, say
|k| < 5-10, the correlations are also Gaussian, but for larger
values the correlation becomes negative. At very large values
of k 2 100, the correlations approach constant negative values
whose magnitudes decrease with increasing 7.

By performing an inverse Fourier transform from k to A&
we can study how these same correlation functions evolve with
time in coordinate space. We depict this in Fig. 3 at a proper

vy =1/3

FIG. 3. The regular part of the density-density correlator in &
space after 5% of the total expansion time of 7, — 79 = 5.852 fm/c
has elapsed. The smooth broad curve corresponds to ordinary diffu-
sion with white noise.

time of T = 0.793 fm (corresponding to 5% of the system’s
total lifetime 7y — 79 = 5.852 fm/c); in the top panel for
v2Q = 1/3, and in the bottom panel for several values of vé. One
observes two sets of sharp discontinuities in the dependence of
(6n(A&)6n(0)) on A&, both of which reflect the propagation
of disturbances through the system with a finite speed. For
fixed 7 and vy, the discontinuities occur at fixed intervals of
|AE| = & and |A&| = 2&,, where & = v In(t/79) represents
the total distance in space-time rapidity that a disturbance
propagates in a time T — 7p. The bottom panel clearly shows
that disturbances in systems with larger vy can travel farther
than disturbances in systems with smaller vy. Note that only
the regular part of the subtracted correlation function is plotted.
The negative constant correlations at very large k mentioned
above contribute a § function at A& = 0; this contribution
is removed by subtracting the large k behavior before doing
the Fourier transform. Of course it will be included when
calculating the balance functions in the next section. The large
k behavior for the Green’s function is calculated analytically
in the Appendix.

The reason that there are two sets of discontinuities is
illustrated schematically in Fig. 4. The top part shows a
fluctuation, which had occurred at the midpoint between &
and &,. Those two points will be correlated if their separation is
no more than 2&;. The bottom part shows a fluctuation, which
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& fg
S I
2¢&,

& &
------------ ST —

FIG. 4. Schematic depiction of fluctuations and their horizons.

originated at &; and traveled a distance &, just reaching the
point &. The reverse can also happen. If a fluctuation occurs
at a point to the left of & or to the right of &, it could not affect
both points at the time t.

The formalism we presented in the preceding sections
therefore incorporates a finite speed of propagation into the
standard theory of hydrodynamical fluctuations, and this is
clearly borne out by a careful analysis of the density-density
correlation functions and their time evolution in our simplified
model of heavy-ion collisions. In the next section, we will relate
these correlation functions to the charge balance functions
and show that the effects of colored noise have important
consequences for these physical observables.

VIII. BALANCE FUNCTIONS

In this section we calculate the charge balance functions,
which have been studied extensively elsewhere [17,22]. We
study these quantities in the context of heavy-ion collisions
at top RHIC and LHC energies, so that we are justified in
taking o = 0 on average. Since we focus exclusively on
fluctuations of the number density §n, we need to study how
these fluctuations are mapped by the Cooper-Frye formula
[23] onto the final-state fluctuations, which are quantified by
the charge balance functions. This procedure has already been
done for our hydrodynamical model in other studies [12,17,19],
so we only quote the most important results here.

The distribution of particles along the freeze-out surface X
is given by Ref. [23]

*£(x,p), 58

/ Gy VD) (58)

where d is the degeneracy of the particle species under
consideration. We take the distribution function

fxp)=e /T (59)

to be the Boltzmann distribution function, where w is the
chemical potential for that particle, the four-velocity of the
fluid cell is

u" = (cosh &,0,0, sinh &), (60)

and the energy flux through an infinitesimal freeze-out fluid
cell is given by

d*o, p" = tp d& d*x m, cosh(y — £). 61)
The variable y represents the particle rapidity

p"* = (m coshy,p,,m, sinhy), (62)

where

my =/m?+ p? (63)

is the transverse mass. The number of particles per unit rapidity
is then

dN  dAts
o= (27[)]; /ds cosh(y —5)fdzpﬂnl
x exp{—[m cosh(y — &) — ul/Ts},  (64)

where the integration over x| gives the transverse area of the
collision A. If we neglect fluctuations by setting i = 0, we

get the average of d N /dy as
oo
| as cosis ~ ) [aprpim.
—0Q

<d_N> _dAty
dy |
x exp{—m cosh(y —&)/T,}. (65)

(2m)?
In order to perform the integration over p; we use the following
formula:

) 1
/ dpipimie™ = —

e~ [2 + 2cm + (em)?)

= LrG.em). (66)
g

At the freeze-out time we obtain
dN  dATT} [ gy
dy 42 /

. r<3,ﬁ coshx). 67)
—oo COsh” x Ty

Now we consider fluctuations of dN/dy and eventually its
two-point correlation. To do so, we expand the exponential
term in (64) to first order in fluctuations of §u around the
freeze-out value of 5 = 0:

1= (s ). (68)

The Boltzmann factor becomes

exp{—[(cosh(y — &)m, — w)/Trl}

Sp(§)
— exp{—[m_ cosh(y — E)/Tf]}{l t 0
f
where the fluctuations are understood to be evaluated at 7.
The fluctuation in the number of particles per unit rapidity is
then

()

To express this in terms of 6n we use the fact that

)
= — (69)
X0

dA‘L'f
@2n)?

fdé cosh(y — E)/dZPLmL

1)
X expl—my cosh(y — s)/Tf}{ " (f)}

where xo = 8°P(T,)/d | u=o 18 the charge susceptibility
discussed above. By rewriting the equation of state used in
Ref. [19] in terms of the electric charge chemical potential
Mo, We can write x o explicitly as xo = %Tz when including
up, down, and strange quarks.
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We now perform the integration over p; with the help of
Eq. (66). The fluctuation of d N /dy reads

s( VY Z AT e s 7
(E) 4—712/571F(y £). (70)

Here we have introduced the function

1 m
F,(x)= ——TI'{3,— coshx . 71
) = oot ( T ) 7y

Finally, we construct the rapidity correlator:

AN\ .[dN dAt,T}
PN -(457) fo erin-o

X Fn(yZ - SZ)Cnn(‘i:l

—&; 1),

where

Cun(€1 — E2575) = (8n(&1: Tp)8n(E2: Tp))selt

—(8n(&rstp)dn(Easty)). (72

Note that the self-correlation has been subtracted in the formula
for C,,.
The appropriate expression for the charge balance function

B(Ay) = <8<d—N>5<d—N>><d—N>_I (73)
dy, dy> dy

dAt;T; C(Ay)

T4 QT

is

(74
Here

1 e o
C(Ay) = _z/dk e'kA)’Fn(k)Fn(—k)/ dts(t))
T; -

T
X / dys(m) N(z,15)

To
x [Gk; T7,7)G(=k; T, 7)) |selt
— Gk t7.1))G(—k: T7.,7))] (75)

and

© d
Om/T)) = / al

oo cOsh? x

m
r (3, — cosh x) . (76)
Ty

The balance functions are shown for pions, protons, and
kaons in Fig. 5 for various choices of sz. We see that the
balance functions are systematically enhanced at Ay =0
and are narrower for smaller versus larger values of sz.
These are natural consequences of the increasing efficiency
with which fluctuations are propagated through the system
as v is increased. Moreover, as v% is increased we find
that the correlations tend to the case of white noise, as to be
expected. We also note that the balance function widths tend
to decrease with increasing mass of the particle species. This
is a consequence of thermal smearing, which is somewhat less
pronounced for heavier particles, and leads to slightly narrower
balance functions as a result.

FIG. 5. Balance functions for pions, protons, and kaons. Looking
at Ay = 0 the curves correspond to UZQ = 1/3 (top), 1 (middle), and
10 (bottom), with 10 being indistinguishable from the case of white
noise in the ordinary diffusion equation.

IX. COMPARISON OF GURTIN-PIPKIN EQUATION WITH
AdS/CFT: ESTIMATION OF PARAMETERS

The AdS/CFT correspondence is often used as a guide to the
values of transport coefficients in the strongly coupled sector of
QCD. The best known of these is the suggestion that the ratio
of the shear viscosity to entropy density 7/s has a universal
lower bound of 1/4m [24]. A good overview is provided in
Ref. [25]. In this section we make a tentative estimation of the
parameters appearing in relativistic causal diffusion.

Reference [26] studied the correlator of R-charge currents
in A/ = 4 super Yang-Mills theory. They found a pole in the
current-current correlation function corresponding to a pure
diffusion mode under the assumption of small frequency w
and wave number k. It is

w=—iDk* 4. (77)

with D = 1/2n T. Reference [27] studied the analytic structure
of the correlator when k = 0 but the magnitude of w is arbitrary.
They found additionally a pair of complex poles located at

wk =0) = (n —in2xT, n=1273,.... (78)

Thus the correlator has one pure diffusion mode and a tower
of a pair of complex modes. This Kaluza-Klein tower is
characteristic of AdS/CFT excitations.

Matching all of these with a conserved current cannot
be done using a differential equation with a finite number
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of derivatives. Here we only try to match the lowest-energy
modes. This implies an equation involving third-order deriva-
tives to give three poles: one pure diffusive and a pair of
complex poles. The Cattaneo equation has only second deriva-
tives, so we go to the Gurtin-Pipkin equation, which has third
derivatives [10,18].

Going to third order in derivatives results in an equation
first applied to the problem of heat conduction by Gurtin and
Pipkin [18]. It is

9 2 82 283 / 0 2
[E_DV +TIW+TZ§_T3D§V n=0. (79)

This equation is hyperbolic. The cubic equation following from
this in frequency and wave number is

0’ +itie? — (1 + t;Dk*)w — iDk* = 0. (80)

High-frequency waves travel with speed v =+~ 1D/ 122. It
follows from the current

J* = nut+oT A" o) (E>
I+7i(u - )+75w - 3)2 + sDAX\T )’
81)

where the differential operator in the denominator is to be
understood as its Taylor series expansion. Note that there are
four time constants in the current as t; = 13 + 4. Obviously,
setting 7, = 13 = 14 = 0 results in the Cattaneo equation, and
further setting 7; = Oresults in the ordinary diffusion equation.
When k = 0 the pair of complex poles from Eq. (80) are

1 T] 2 . T

Wy = :i:r2 1 (2t2> 12122' (82)
Inordertoreproduce (78) withn = 1requiresthatty = 1/2xT
and ©, =11/ V2. Reference [27] calculated the dispersion
relation for these poles numerically. At large k the real parts
are w = k + - - - so that v = ¥t} D/7; = 1. Hence we infer
that 7; = 1 /47 T.

It is not our goal here to make a detailed comparison of the
poles and residues arising in AdS/CFT and the Gurtin-Pipkin
equation. We just note that the correction to the diffusive mode
at the next order in k from AdS/CFT is [26]

. In2 k2
w=—iDk°[1+ + - (83)

(2rT)?

We can determine the order k* term from Eq. (80) to be

1
® = =i DK*(14+(tr1 —13) Dk*) = —i DK* [ 1 + (1=9)k)
’ 2nT)?

(84)

This gives a coefficient of 1/2 versus In 2 in the k* term, which
is close but not identical. However, it is amusing to note the
expansionIn2 =1 — 1 4+ 1 — ... Itmay be that the AdS/CFT
result includes contributions from the Kaluza-Klein tower of
excitations and that the Gurtin-Pipkin equation only captures

the first two terms. However, that is only speculation.

The Cattaneo current does not keep the higher-order
derivatives appearing in the Gurtin-Pipkin current. The
inference is that 19 =1 = 1/27T and v} = Dg/t9 =
1, which are effectively consistent with the AdS/CFT
results.

X. CONCLUSIONS

In this paper we used a form of the electric current in matter
that propagates signals at finite speed and includes a noise
term following from the fluctuation-dissipation theorem. This
may be referred to as the Cattaneo current as it follows from
his approach to heat conduction. As is well known, the usual
diffusion equation propagates signals instantaneously, and
this causes problems when modeling high-energy heavy-ion
collisions. Our goal was to understand the underlying physics
in asimple well-defined problem, namely, the 1+1-dimensional
Bjorken hydrodynamical model. Any more realistic numerical
modeling of heavy-ion collisions must be able to reproduce the
semianalytical results obtained here. Apart from the diffusion
constant Dy there also appears a characteristic time scale .
Propagation of signals less than the speed of light requires
that 79 > Dy as UZ) = Dg/t9, whereas ordinary diffusion
corresponds to tp — 0. Our numerical study assumed that
both Dy and 7o were temperature independent; however,
that assumption may be relaxed at the expense of somewhat
more involved solutions of the differential equation (18). The
solutions would still involve Kummer and Whittaker functions
but with more complicated arguments.

‘We then used these results to compute the balance functions
for electrically charged hadrons in the central rapidity region
in very high-energy nuclear collisions. As one would expect
intuitively, limiting the speed of propagation of fluctuations
leads to a narrowing of the balance functions and a corre-
sponding increase in their height at small rapidity separation.
However, the magnitude of these effects are somewhat reduced
by the thermal smearing of hadrons emitted from the fluid
elements.

In this study, we have neglected the contributions from
resonance decays to the measured particle spectra used in
constructing the balance functions. Resonance decay effects,
however, are particularly important for 7+ balance functions,
and would likely tend to broaden the balance functions further
than the purely thermal calculations presented here would
suggest. We defer further discussion of the effects of resonance
decays to a subsequent study.

As part of the analysis we subtracted the self-correlations
from the same or nearby fluid elements in order to be consistent
with how experimental measurements are done. As long as 7
is very small compared to the lifetime of the system 7, — 19
this is a fairly well-defined procedure. If it is not, then we are
challenged to separate out self-correlations and how this relates
to observable quantities.

Clearly there is much work to be done. One step to
include the analogous baryon current into 3+1-dimensional
fluid models of heavy-ion collisions has been reported in
Ref. [28]. Incorporation of noise was not included there and
remains a notable challenge. Fortunately data is available from
experiments at both RHIC [29] and LHC [30].
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APPENDIX: LARGE k LIMIT

To extract the singularities we shall perform a Laurent
expansion of the homogenous solutions for large values of
K = vpk. We assume that asymptotically the solution can be
written as

o0 n
¢+:x—l/2e—x/2eiklnx|:1+zl ?’EX)] (Al)

n=1

and substitute this into the homogeneous equation (20). (The
factor of i” is inserted because it will turn out that the g, are
real.) To order 1 we find that

, 1

=573

PR SR S (A2)
6 2 8

where c; is a constant. Forn > 1

Totia (i), (A3)
gl’l gn 8 2 8 n

8n+1 = ) )

These equations can be solved to any desired order. Note,
however, that a constant of integration ¢, will appear at each
order. They are associated with the logarithms that follow
solely from the expansion of

x* =exp(iK+/1 — 1/4K?1In x)

for large K. All ¢, should be chosen to be zero to agree with
the known asymptotics of the Whittaker function. For example,
the next term is

4 342 4 g2

X x> x 1
H=——=+—=+— +—lnx+—1nx+—ln X.

51232 16 4 128 16 128
(A4)

Alternatively, one may use the representation

oo n
o —1/2 —x/2 LiKA/1—-1/4K?Inx 1" pn(x)
Yy =x e e |:1 + Z_; |
(AS5)
This separates the log contributions, which come solely from
the exponential. The p, are determined by

oo

U . . I 1
Z _|:pn+_(]+21K\/ 1— 1/4K2)pn_(_ + _>pn]
— K" X x 4
_1 1 (A6)
T x4

The first few terms are

2

_ X X
PL="16"2
4 3 2
X X X X
X rx,rx A7
P=Esnp TR 16 g (A7)

subject to the condition that p,(0) = 0
Now let us return to the asymptotics of the Green’s function.
Define

dx) =1+ Z’ g"(x). (A8)

Note that ¥, = ¥ and ¥_ = ¥* when K? > 1/4. Then the
numerator of 30 is

YY) — PP (x)

— (xx/)fl/Zef()H*x')/Z

« {eikln(x/X')q)(x)I:(_ix_I/(_%—z)fb (x)+0*(x )i|
e K0/ o )[<’f_ix_l)d>(x’)+d>(x/)”.

2% 2
(A9)
When x = x’ this simplifies to
YY) — P (x)
2 K, , ) . .
=—=e | =(Pi + D]) + PP, — D, Pr|. (AlO)
X X

where @ and @, are the real and imaginary parts of ® evalu-
ated at x’. This means that G has the form K e**X /X)) times
a power series in 1/K" starting with n = 0. When computing
an equal-time correlator T; = 17, = 7 as in Egs. (34) or (35)
there will be é functions and their first and second derivatives
plus step functions.

After some lengthy calculation we find the Green’s function
to be

sin(vgkL)

N\ 172
Gk x,x') = ik(x—> e—<x—X’>/2{ cos(vokL) +
X vok

cos(vgkL)

x Bi(x,x") — 73
vok

By(x,x") + 0(1/k3)}
(A11)
with
Bi(x,x") = g1(x") = g1(x) + 3x" + 3

By(x,x') = 3[g1(x") — g1(0)][2g1(x") + x' + 1]

—[g2(x) — g2(x)] (Al12)

and we have defined L = In(x/x’). Note that G(k; x,x) = ik
order by order in the series expansion.
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