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Influence of the nuclear symmetry energy on the collective flows of charged pions
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Based on the isospin-dependent Boltzmann-Uehling-Uhlenbeck (IBUU) transport model, we studied charged
pion transverse and elliptic flows in semicentral 197Au + 197Au collisions at 600 MeV/nucleon. It is found that
π+ − π− differential transverse flow and the difference of π+ and π− transverse flows almost show no effects of
the symmetry energy. Their corresponding elliptic flows are largely affected by the symmetry energy, especially
at high transverse momenta. The isospin-dependent pion elliptic flow at high transverse momenta thus provides a
promising way to probe the high-density behavior of the symmetry energy in heavy-ion collisions at the Facility
for Antiproton and Ion Research (FAIR) at GSI, Darmstadt or at the Cooling Storage Ring (CSR) at HIRFL,
Lanzhou.

DOI: 10.1103/PhysRevC.97.014609

I. INTRODUCTION

One of the main goals of heavy ion collisions (HIC) at
intermediate energies is to study the properties of isospin-
asymmetric nuclear matter, especially to determine the density
dependence of the symmetry energy at low and high densities
[1,2]. The equation of state (EoS) of nuclear matter at density ρ
and isospin asymmetry δ [δ = (ρn − ρp)/(ρn + ρp)] is usually
expressed as

E(ρ,δ) = E(ρ,0) + Esym(ρ)δ2 + O(δ4). (1)

Here Esym(ρ) is the symmetry energy (SE), which can be
considered as the difference between the energy per nu-
cleon of neutron matter and that of symmetric matter. The
symmetry energy plays essential roles in understanding a
number of physical phenomena and processes [3], such as
the structure of radioactive and exotic nuclei, the reaction
dynamics induced by rare isotopes, the structure and evolution
of compact astrophysical objects such as neutron stars (NS),
supernovae, and binary mergers, and so on [4,5]. Nevertheless,
a direct connection between the phenomenology and the EoS
is not straightforward, thus usually theoretical assumptions
are necessary for the interpretation of the observable data [6].
Therefore, the related symmetry energy topic has attracted a
lot of attention in the past few decades [6–11].

In principle the density-dependent symmetry energy can
be calculated theoretically [12–15]. However, calculations
with different theories present us with a variety of density-
dependent symmetry energies, and some of them are in
conflict with each other, except at the saturation point. This
confusion may result for several reasons. Phenomenological
forces are well constrained near or just below saturation
density, but lead to largely diverging results with increasing
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density [16,17]. In most microscopic many-body calculations
the three-body forces and short-range correlations are in fact
not well considered [18–20]. Chiral effective field theories have
no free parameters for three-body forces and bring in large
uncertainties at high densities [21–23]. Owing to complexity of
the nuclear force, modeling the density-dependent symmetry
energy by a power-law fit at lower density and higher density
may require different exponents [24]. The symmetry energy at
high densities is thus still very controversial [25,26].

Heavy-ion collisions (HIC) provide the only method in
present-day laboratory experiments to compress nuclear matter
and study the symmetry energy at densities exceeding sat-
uration, at which the theoretical predictions diverge. Unfor-
tunately, the density-dependent symmetry energy generally
cannot be measured directly in experiments; it can only be
determined by comparisons among experimental data and the-
oretical observables which are related to the symmetry energy.
During the last decade, great efforts have been devoted to
finding observables sensitive enough to the symmetry energy,
and a lot of sensitive probes were suggested, such as the free
neutron/proton ratio [27], isospin fractionation [28,29], the
neutron-proton correlation function [30], t/3He [31], isospin
diffusion [32], neutron-proton transverse differential flow [33],
collective flows of nucleons [34,35], the π−/π+ ratio [36–40],
etc. Among them, probes related to pions may offer an
advantage in exploring the symmetry energy as well as the
reaction dynamics [41]. However, in Ref. [42], it is argued that
below 400 MeV/nucleon incident beam energies, for light or
medium nucleus-nucleus reaction systems, the π−/π+ ratio
mainly probes the symmetry energy around saturation density.
To probe the high-density symmetry energy by the π−/π+
ratio, a heavy reaction system at relatively high beam energies
is preferable.

In this paper, we studied the effects of the symmetry energy
on pionic transverse and elliptic flows in mid-central reactions
of 197Au + 197Au at 600 MeV/nucleon. The beam energy is
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in the range of the ASY-EOS experiments at the Facility for
Antiproton and Ion Research (FAIR) at GSI in Germany [43],
and also in the energy range of the Cooling Storage Ring of the
Heavy Ion Research Facility at IMP (HIRFL-CSR) in China
[44]. It is found that, contrary to pionic transverse flow, pionic
elliptic flow, especially at high transverse momenta, is very
sensitive to the symmetry energy, thus can be used to probe
the high-density behavior of the symmetry energy.

II. THE THEORETICAL MODEL

In studying isospin physics in heavy-ion collisions at inter-
mediate energies, the isospin-dependent Boltzmann-Uehling-
Uhlenbeck (IBUU) transport model is well known to describe
the dynamical evolution of nucleons in phase space. In this
model the mean-field potential (MDI) is given by [45]

U (ρ,δ,p,τ ) = Au(x)
ρτ ′

ρ0
+ Al(x)

ρτ

ρ0
+ B

(
ρ

ρ0

)σ

(1 − xδ2)

− 8xτ
B

σ + 1

ρσ−1

ρσ
0

δρτ ′

+
∑

t=τ,τ ′

2Cτ,t

ρ0

∫
d3p′ ft (r,p′)

1 + (p − p′)2/�2
, (2)

where ρn and ρp denote neutron (τ = 1/2) and proton (τ =
−1/2) densities, respectively. ft (r,p) represents the phase
space distribution function, which is solved by following a
test particle evolution on a lattice. δ = (ρn − ρp)/(ρn + ρp)
is the isospin asymmetry of nuclear medium. The parameters
Au(x),Al(x) are x dependent and expressed as

Au(x) = −95.98 − 2B

σ + 1
x, (3)

Al(x) = −120.57 + 2B

σ + 1
x, (4)

with B = 106.35 MeV, σ = 4/3. � = p0
F is the nucleon Fermi

momentum in symmetric nuclear matter,Cτ,τ ′ = −103.4 MeV,
and Cτ,τ = −11.7 MeV. The Cτ,τ ′ and Cτ,τ terms are the
momentum-dependent interactions of a nucleon with unlike
and like nucleons in the surrounding nuclear matter. It should
be noted that this potential includes an isovector part (sym-
metry potential) and an isoscalar part. Because of the nonlo-
cality of strong interactions and the Pauli exchange effects in
many-fermion systems, both of the two parts are momentum
dependent, which is very important in understanding not only
dynamics in intermediate-energy heavy-ion collisions, but also
thermodynamical properties of nuclear matter [46–51]. With
this potential one can get binding energy −16 MeV and
incompressibility 211 MeV for symmetric nuclear matter and
the symmetry energy 31.5 MeV at saturation density.

Another important ingredient in heavy-ion collisions is
the nucleon-nucleon (NN) cross sections. Medium effects on
the NN elastic cross sections have not been well determined
so far. In our calculations, the reduction scale according to
nucleon effective masses is adopted [52]. This modification
is isospin and momentum dependent, and is similar to the
Brueckner–Hartree–Fock (BHF) with three-body force or

FIG. 1. Density dependence of nuclear symmetry energy from the
MDI interaction with x = −2 (stiff), 0 (medium), and 1 (soft).

Dirac Brueckner–Hartree–Fock (DBHF) approach calcula-
tions only if nucleonic momentum is not too large [53,54]. The
total and differential cross sections for all other particles are
taken either from experimental data or obtained by using the
detailed balance formula. By varying the variable x in Eq. (2),
one can get different forms of the symmetry energy predicted
by various many-body theories without changing any property
of symmetric nuclear matter and the value of symmetry energy
at normal density ρ0. The corresponding density-dependent
symmetry energies with different x values are plotted in Fig. 1.
It is seen that these density-dependent symmetry energies cover
the current uncertainty of the symmetry energy as shown in
Ref. [26]. For pion production and more details of the transport
model, we refer the reader to Refs. [36,39].

III. RESULTS AND DISCUSSIONS

Before discussing the influence of the symmetry energy
on the pion collectivity flows, we first investigate the rapidity
distributions of π− and π+ as well as the ratio π−/π+ with
different symmetry energies, although they have been studied
extensively in the literature. Plotted in Fig. 2 are the rapidity
distributions of π− and π+. It is seen that, compared with π−,
π+ distribution is almost independent of the symmetry energy.
The softer symmetry energy (x = 1) causes a high value of
π−, especially at mid-rapidity. From Fig. 2, it is also seen that
both π− and π+ show maximum distribution at mid-rapidity.

FIG. 2. Effects of nuclear symmetry energy on the rapidity dis-
tributions of π− and π+ in the reaction of 197Au + 197Au at a beam
energy of 600 MeV/nucleon with an impact parameter of 7 fm.

014609-2



INFLUENCE OF THE NUCLEAR SYMMETRY ENERGY ON … PHYSICAL REVIEW C 97, 014609 (2018)

π− /π
+

FIG. 3. Effects of nuclear symmetry energy on the rapidity dis-
tribution of the π−/π+ ratio in the reaction of 197Au + 197Au at an
incident beam energy of 600 MeV/nucleon with an impact parameter
of 7 fm.

Shown in Fig. 3 is the corresponding π−/π+ ratio as a function
of rapidity. It is clearly seen that the π−/π+ ratio is sensitive
to the symmetry energy, and the effect seems somewhat more
clear at mid-rapidity. It is noted that the rapidity distributions
of π− and π+ and their ratio all qualitatively agree with that
in Ref. [41].

The collective flow observables are commonly used in
studying the EoS and properties of dense matter formed in
heavy-ion collisions at both intermediate and ultrarelativistic
energies. The neutron-proton differential flow was first intro-
duced by Li to be a potential probe of the symmetry energy [55],
since it minimizes the influence of the isoscalar potential but
maximizes the effects of the symmetry potential [56]. Similar
to the neutron-proton differential transverse flow, the π+ − π−
differential transverse flow can be written as

�′Fx
π = Nπ+ (y)

N (y)

〈
px

π+ (y)
〉 − Nπ− (y)

N (y)

〈
px

π−(y)
〉
, (5)

where 〈· · · 〉 denotes the average of a physical quantity and
N (y) = Nπ+ (y) + Nπ+ (y). Nπ+ (y) and Nπ− (y) are, respec-
tively, numbers of free π+ and π−, at rapidity y. The rapidity
distribution of the differential transverse flow �′Fx

π is shown in
the lower panel of Fig. 4. It is seen that π+ − π− differential
transverse flow is weakly dependent on the stiffness of the
symmetry energy. Compared with the upper panel of Fig. 4,
�Fx

π = 〈px
π+ (y)〉 − 〈px

π− (y)〉, i.e., the difference of π+ and π−
transverse flows, one can see that the two kinds of transverse
flow have almost the same sensitivity to the symmetry energy. It
is interesting to see that both the two kinds of transverse flow
are antiflow. This is because π+ transverse flow is affected
by spectators through re-scatterings and reabsorptions, and
larger shadowing effect reverses π+ transverse flow. Also π−
transverse flow is always much smaller. So �′Fx

π and �Fx
π as a

function of rapidity appear to be antiflow [41,57,58]. Due to the
shadowing effect, final pion momenta cannot directly reflect
the EoS of compressed matter, thus pion transverse flow shows
no effects of the symmetry energy.

It is well known that the particle directed and elliptic flows
in heavy-ion collisions are useful to probe the nuclear EoS
[43,59,60]. They can be derived from the Fourier expansion of

Δ
π

Δ
π

FIG. 4. Effects of nuclear symmetry energy on the charged pion
transverse flows �′F x

π (lower panel) and �F x
π (upper panel) as a

function of rapidity in the reaction of 197Au + 197Au at a beam energy
of 600 MeV/nucleon and an impact parameter of 7 fm.

the azimuthal distribution [59,61], i.e.,

dN

dφ
∝ 1 + 2

n∑
i=1

vn cos(nφ). (6)

For charged pions, the directed flow can be expressed as

vπ±
1 = 〈cos(φ)〉 =

〈
px

pt

〉
. (7)

The π+ − π− differential directed flow is defined as

�′vπ
1 = Nπ+ (y)

N (y)
vπ+

1 − Nπ− (y)

N (y)
vπ−

1 , (8)

and the difference of π+ and π− directed flow is

�vπ
1 = vπ+

1 − vπ−
1 . (9)

The pion elliptic flow v2 can be obtained from

vπ±
2 = 〈cos(2φ)〉 =

〈
p2

x − p2
y

p2
t

〉
, (10)

and the π+ − π− differential elliptic flow is defined as

�′vπ
2 = Nπ+ (y)

N (y)
vπ+

2 − Nπ− (y)

N (y)
vπ−

2 . (11)

Figure 5 shows pion directed flows �′vπ
1 and �vπ

1 which
are almost the same as �′Fx

π and �Fx
π as shown in Fig. 4. Both

show almost no effects of the symmetry energy owing to the
shadowing effects.

Figure 6 shows π+ − π− differential elliptic flow �′v2 as
a function of transverse momentum pt in different rapidity
ranges. We also analyzed the difference of π+ and π− elliptic
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Δ
π 1

Δ
π

FIG. 5. Effects of nuclear symmetry energy on the charged pion
directed flow �′vπ

1 and �vπ
1 as a function of rapidity in the reaction of

197Au + 197Au at a beam energy of 600 MeV/nucleon and an impact
parameter of 7 fm.

flows, i.e.,

�vπ
2 = vπ+

2 − vπ−
2 , (12)

which is illustrated in Fig. 7. To probe the high-density behav-
ior of nuclear symmetry energy more delicately, we present
pion elliptic flows, shown in Figs. 6 and 7 with x = −2 (stiff),
0 (medium), and 1 (soft). It is seen that both the differential
elliptic flow �′vπ

2 and the difference of elliptic flows of
charged pions �vπ

2 show almost the same behavior to the
symmetry energy. From Figs. 6 and 7 it is seen that the effects
of the symmetry energy on the pion elliptic flow are larger
than that of the pion transverse flow [41], especially when
pt � 0.3 GeV/c. This is because in the semicentral reaction
of 197Au + 197Au at a beam energy of 600 MeV/nucleon,
at higher transverse momenta, numbers of π+ and π− are
almost the same, as shown in Fig. 8, thus the differential

FIG. 6. Effects of nuclear symmetry energy on the π+ − π−

differential elliptic flow �′vπ
2 as a function of transverse momentum

in different rapidity regions in the 197Au + 197Au reaction at a beam
energy of 600 MeV/nucleon and an impact parameter of 7 fm.

FIG. 7. Effects of nuclear symmetry energy on the difference of
π+ and π− elliptic flows �vπ

2 as a function of transverse momentum
in different rapidity regions in the reaction of 197Au + 197Au at a beam
energy of 600 MeV/nucleon and an impact parameter of 7 fm.

elliptic flow �′v2 is reduced to the difference of π+ and π−
elliptic flows �vπ

2 . At higher transverse momenta, π+ and π−
come directly from the high-density region, thus they carry
substantial information on the high-density behavior of the
symmetry energy. The effects of the symmetry energy at high
pt values shown in Figs. 6 and 7 are measurable experimentally
at FAIR-GSI [43] or CSR-Lanzhou [44]. From Fig. 8, one can
also see that the π−/π+ ratio is in fact less sensitive to the
symmetry energy in semicentral reactions at incident beam
energies of 600 MeV/nucleon.

The neutron-proton effective mass splitting associated with
the momentum-dependent isovector potential may affect the
value of the π−/π+ ratio. The neutron-proton effective mass
splitting affects the isospin dependence of in-medium nucleon-
nucleon cross sections [52], the neutron to proton ratio of
emitted free nucleons, and thus the asymmetry of dense matter
formed in heavy-ion collisions [62]. Therefore the neutron-
proton effective mass splitting may affect the productions of
π− and π+ in heavy-ion collisions at intermediate energies.
Owing to our poor knowledge of the isospin dependence of
in-medium nuclear effective interactions, predictions based
on various many-body theories are rather diverse. Analysis
of limited heavy-ion reaction data available using various

FIG. 8. Effects of nuclear symmetry energy on the π−/π+ ratio
as a function of transverse momentum in different rapidity regions in
the reaction of 197Au + 197Au at a beam energy of 600 MeV/nucleon
and an impact parameter of 7 fm.
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transport models has not reached a consensus. But recently
significant progress in constraining the neutron-proton ef-
fective mass splitting at saturation density has been made
by conducting a rather extensive analysis of huge sets of
nucleon-nucleus scattering data [62]. As the neutron-proton
effective mass splitting and the density-dependent symmetry
energy are closely related to each other [63], constraints of the
neutron-proton effective mass splitting would also help us pin
down the density dependence of the symmetry energy.

IV. CONCLUSION

In the framework of the IBUU transport model, the dif-
ferential transverse flow, the differential elliptic flow, and the
elliptic flow difference of charged pions, as well as their
dependences on the nuclear symmetry energy, are investigated
in semicentral reactions of 197Au + 197Au at a beam energy
of 600 MeV/nucleon. It is found that isospin-dependent pion
transverse flow shows almost no effects of the symmetry

energy, while the isospin-dependent pion elliptic flow, espe-
cially at high transverse momenta, exhibits significant sensitiv-
ity to the symmetry energy. The isospin-dependent pion elliptic
flow at high pt values may be a promising probe to constrain
the high density behavior of the nuclear symmetry energy at
facilities that offer radioactive beams, such as FAIR-GSI or
CSR-Lanzhou.
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