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Calculations of two-neutrino double-β decay for f pg shell nuclei
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In this paper, we calculate the properties of two-neutrino double-β (2νββ) decays for nuclei within fpg

(1p3/2, 0f5/2, 1p1/2, 0g9/2) shell model space systematically under the framework of the nuclear shell model.
Both of the decays on the β− side (2ν2β−) and the mixed β+ and electron capture types (2ν2β+, 2νβ+EC, and
2νECEC) are taken into consideration. Results of the calculated half lives, nuclear matrix elements (NMEs),
phase space factors, and branching ratios are shown. Good agreements between theory and experiments have
been reached. Accumulations of the NMEs are also analyzed which do not support the single-state dominance
hypothesis. The half lives of the nuclei 86Kr, 70Zn, and 84Sr are predicted to be 4.2 × 1022, 1.4 × 1023, and
1.9 × 1023 years respectively which appears attractive for future experimental probing.
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I. INTRODUCTION

The two-neutrino double-β decay is a second order weak-
interaction process which was discussed by Mayer [1] in 1935.
After that it took more than 50 years for this process to be
observed directly in the laboratory [2]. So far the 2νββ decay
is with the longest lifetime for all the radioactive processes
ever observed [3–8]. Detection of the 2νββ decay renews the
knowledge of unstable nuclei, i.e., some isotopes which were
earlier considered to be stable are not. The 2νββ decay is
also considered to be important by theorists [9]. Half lives of
the 2νββ decay depend on the inverse of the squared nuclear
matrix elements (NMEs) which relay on the nuclear structures.
Many nuclear models have been used to describe the wave
functions of the associated nuclei, such as the quasiparticle
random-phase approximation (QRPA) [10–14], the nuclear
shell model [11,15–17], and the interacting boson model [18].

The 2νββ decays can be classified into two categories: The
2ν2β− decays, which have favored Q values and abundances
[19], have been extensively researched from both of the
experimental and theoretical aspects [3,20,21]. Many decays of
the 2ν2β− type have been detected which include transitions
to the ground and excited states [22,23]. Another category
of the 2νββ is the mixed β+ and electron capture decays
(2ν2β+, 2νβ+EC, and 2νECEC, generally called 2νβ+/EC
hereafter) which are much less studied. For a long period
of time the 2νβ+/EC decays are considered to be just out
of research. However, in very recent years interest in the
2νβ+/EC decays has been renewed [24–26]. The half life
of the 2ν2K capture for the 78Kr nuclei has been observed by
recent experiment [27] and many theoretical researches for the
2νβ+/EC decays have been carried out [19,28–31].

Precise knowledge of the NMEs plays an important role in
the evaluations of the half lives for the 2νββ decay. However,
the associated NMEs are notoriously difficult to calculate
[32,33]. Theoretically there exists the single-state dominance

*lihantao@nuc.edu.cn
†zren@tongji.edu.cn; zren@nju.edu.cn

hypothesis (SSDH) [34–37] which suggests that the NMEs for
2νββ are solely determined by virtual single-β transitions via
the 1+ ground state of the intermediate nucleus. If the SSDH is
confirmed, the corresponding NME could be determined from
β decay measurements which are much easier to be carried
out [35]. Thus, it is of great importance to check the validity
of the SSDH.

The mass region for the observed 2νββ nuclei is rather
large. Shell model calculations can be used to obtain the wave
functions for nuclei in the light and medium mass regions.
Within these mass regions, the fpg shell nuclei are of interest.
In total, nine double-β emitters, including 78Kr whose 2ν2K
capture was observed recently, belong to this shell. The fpg
shell nuclei are of interest for the structure variation around
the semimagic shell closure at N = 40. Another interesting
feature for these nuclei is the shape evolution in the A = 70
region. For the 2νββ nuclei concerned in this paper, the nuclei
70Zn and 74Se are with neutron number N = 40. In addition
the nuclei 74Se, 76Ge, 78Kr, and 80Se are open-shell nuclei and
most of the corresponding calculations are performed within
the pnQRPA approach and its extensions [16]. Thus, it is of
interest to carry out shell model calculations for the double-β
decays for nuclei within the fpg shell.

In this paper, the 2ν2β− and 2νβ+/EC decays for the fpg
shell nuclei are studied systematically under the framework
of nuclear shell model. Transitions to the excited states are
also taken into consideration. Calculated results for the half
lives, NMEs, phase space factors, and branching ratios are
shown. The calculated half lives agree well with the existing
experimental data. Also, half lives of the 2νββ decays for six
nuclei are predicted. We analyzed the accumulations of the
NMEs and find that the viewpoint of the SSDH is violated.

II. OUTLINE OF THE THEORETICAL FRAMEWORK

A. Formulas of the 2νββ decays

Half lives of the 2νββ decays are determined by the phase
factors (G2ν) and the NMEs (M2ν) [9],

[
t2ν
1/2

]−1 = G2ν |M2ν |2. (1)

2469-9985/2017/96(6)/065503(8) 065503-1 ©2017 American Physical Society

https://doi.org/10.1103/PhysRevC.96.065503


HANTAO LI AND ZHONGZHOU REN PHYSICAL REVIEW C 96, 065503 (2017)

Four types of the 2νββ decays are considered to exist
(2ν2β−, 2ν2β+, 2νβ+EC, and 2νECEC). Expressions for the
phase space factors are different for each type. Formulas
for the phase space factors can be found in Ref. [9] for the
2ν2β− decay and in Refs. [9,28,38] for the 2νβ+/EC decays.
The phase space factors for the 2νββ decays depend on the
fourth power of the axial-vector coupling constant gA. Hence
it is of importance to adopt a reliable value for the gA. In
this work, a commonly used value of gA = 1.27 [39,40] is
adopted.

The NMEs for the 2νββ decays have dependence on the
decay mode and the angular momentum of the final state
[28],

Mα
2ν(J+) =

∑

m

Mm(J+)Fα
m(J+). (2)

Here the sum is over all the involved intermediate 1+
m states,

the superscript α denotes for the type of the decay, J+ is
the angular momentum and parity for the final state. In the
framework of the nuclear shell model the Mm(J+) in Eq. (2)
has the form of [9,28,41]

Mm(J+) = 〈J+
f ‖∑

a σaτ
±
a ‖1+

m〉〈1+
m‖∑

b σbτ
±
b ‖0+

g.s.〉√
1 + 2δJ2

, (3)

with τ− (τ+) corresponding to the 2ν2β−(2νβ+/EC) decays,
the sums are for all possible nucleons, and δ is the Dirac delta
function. The matrix elements are reduced with respect to the
angular momentum. The |0+

g.s.〉 and 〈J+
f | denote the initial

and final nuclear states, respectively. The quantities Fα
m(J+)

in Eq. (2) are the energy denominators which can be cast in
the form [28]

F 2β−
m (0+) = F 2β+

m (0+) = (
�m + 1

2W0
)−1

, (4)

F 2β−
m (2+) = F 2β+

m (2+) = (
�m + 1

2W0
)−3

, (5)

Fβ+EC
m (0+) = (

�m − εb1 + 1
3W

β+EC
0

)−1

+ (
�m + 2

3W
β+EC
0

)−1
, (6)

Fβ+EC
m (2+) = (

�m + 1
2W0

)(
�m − εb1 + 1

3W
β+EC
0

)−2

× (
�m + 2

3W
β+EC
0

)−2
, (7)

F ECEC
m (0+) = (

�m − εb1 + 1
2WECEC

0

)−1

+(
�m − εb2 + 1

2WECEC
0

)−1
, (8)

F ECEC
m (2+) = (

�m + 1
2W0

)(
�m − εb1 + 1

2WECEC
0

)−2

× (
�m − εb2 + 1

2WECEC
0

)−2
, (9)

where

�m = (Em − Mic
2)/(mec

2),

W0 = (Mic
2 − Ef )/(mec

2),

W
β+EC
0 = W0 + εb1,

WECEC
0 = W0 + εb1 + εb2. (10)

Here Em and Ef denote the energies of intermediate and
final nuclear states, respectively. The quantity Mi is the mass
for initial nucleus, and me is the mass of electron, εb =
(mec

2 − Bi)/mec
2 is the total energy for captured electron

with Bi the binding energy of the captured electron [28].
All the values of Mi, Em, and Ef are for the nucleus which
are hard to measure and usually one has to use the atomic
masses. A relation between the nuclear mass M and atomic
mass M(A,Z) is discussed in Ref. [38],

M(A,Z) = M + Zme − B(Z). (11)

Here B(Z) stands for the total electron binding energy
whose evaluation is a complicated problem. In the numerical
calculations throughout this paper, B(Z − 2) = B(Z − 1) =
B(Z) is assumed [38].

B. Discussions of the shell model calculations

Our calculations are carried out in the fpg shell model
space without any truncation and the JUN45 effective inter-
action [42] is adopted. This effective interaction is derived
from a realistic interaction based on the Bonn-C potential
and 133 two-body matrix elements and four single-particle
energies are modified empirically so as to fit the experimental
energy data [42]. This effective interaction has been tested
to study the Ge isotopes around N = 40, the N = Z nuclei
with A = 64–70, and the N = 49 odd-odd nuclei which turns
out to describe rather well the properties related to the g9/2

orbit in various cases [42]. As the nuclei concerned in this
paper are not far from these regions, it is reasonable to
adopt the JUN45 effective interaction for the corresponding
calculations.

The computer program NUSHELLX [43] is used to calculate
the wave functions for the involved nuclear states. 50 interme-
diate 1+ states are considered in the calculations of the M2ν

for all the involved nucleus.
In shell model calculations a quenching factor is needed

as a correction for the transition strength. One reliable
method for evaluating this factor is comparing the T (GT )
values which are defined by Ref. [44]. We calculate the
Gamow-Teller strengths for β decay of 16 nuclei in this re-
gion (64Cu, 63−65Ga, 68Ga, 70Ga, 64−68Ge, 67,68As, 68Se, and
78Br) and compare them with the experimental data [45–53].
Note that most of these nuclei can decay by Gamow-Teller and
forbidden transitions. The forbidden transitions are complex
where various transition matrix elements and quenching
factors are involved in [54,55]. In calculations of the NMEs of
the 2νββ decay in Eq. (3), only the σ · τ operator is involved
which does not appead6r in the matrix elements for forbidden
transitions. Thus, data of forbidden transitions are not adopted
to evaluate the quenching factor in this paper.

The experimental T (GT ) values are given as follows: The
nucleus 68Ge decays solely to the ground state of 68Ga. The
log10 f t value for this transition is measured to be 5.01 [50].
Using Eqs. (3)–(7) in Ref. [44], the experimental B(GT ),
M(GT ), R(GT ), and T (GT ) values are calculated to be
0.0606, 0.246, 0.0559, and 0.0559, respectively. The nucleus
68Se can decay to the 1+

1 and 1+
2 states of 68As. The log10 f t

values for these two transitions are measured to be 4.15 and
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FIG. 1. Comparison of the calculated T (GT ) values with the
experimental data. Each point represent a nucleus where the vertical
and horizontal axis are the associated experimental and calculated
T (GT ) values, respectively.

5.43 [50], respectively. Using Eqs. (3)–(6) in Ref. [44], one
obtains the R(GT ) values of these two transitions 0.123 and
0.0280. The T (GT ) value is a summing of the total strength.
Using Eq. (7) in Ref. [44], one gets T (GT ) = 0.126 for the
decay of 68Se.

The results for calculated and experimental T (GT ) values
are shown in Fig. 1. In Fig. 1 each point represents a nucleus
where the vertical and horizontal axes are the associated
experimental and calculated T (GT ) values, respectively. The
points follow a straight line whose slope is the averaged
quenching factors q = 0.73 ± 0.07. This value is consistent
with the quenching factor q = 0.74 for pf shell [39,44] and
q = 0.71 for sdpf shell [39]. In Ref. [15], no quenching factor
is included and gA = 1–1.261 is used. In Ref. [56], gA = 1 is
adopted to take into account the reduction of the Gamow-Teller
strength which yields the same result as gA = 1.27 with
q = 0.79. Thus, the value q = 0.73 ± 0.07 is adopted for all
the calculations in this work.

FIG. 2. Half lives for the 2νββ decays of the fpg shell nuclei.
The vertical axis is for the half lives in log10 frame in the units of yr
while the horizontal axis for the Q values is in units of MeV. Decays
for the 2ν2β− and 2νβ+/EC types are represented by triangles and
diamonds, respectively. Hollow squares are for the experimental data.

III. RESULTS AND DISCUSSIONS

One interesting feature of the 2νββ decay is its extremely
long half life. In Table I the calculated half lives of the
2νββ decays for the fpg shell nuclei are compared with
the experimental data. Column 1 is for the concerned nuclei.
Column 2 lists the types of the 2νββ decays where 2β− and
2β+ denote for the 2ν2β− and 2νβ+/EC, respectively. The
Q values adopted in the calculations, which are from the
recent atomic mass evaluation [58], are in column 3. Column 4
shows the calculated half lives where errors in the parentheses
originate from the error of the quenching factor. Experimental
half lives are listed in columns 5 and 6. It should be noted that
for the 78Kr nucleus, the experimental half life is for the 2ν2K
capture. It can be seen from Table I that agreements between
theory and experiments are good.

Half lives of the 2νββ decays are largely affected by Q
values. In Fig. 2 the half lives are plotted as a function

TABLE I. Comparison between the calculated half lives and the recent experiments. Column 1 is for the concerned nuclei. Column 2 lists
the types of the 2νββ decays where 2β− and 2β+ denote for the 2ν2β− and 2νβ+/EC, respectively. The Q values adopted in the calculations
are listed in column 3. Columns 4–6 are for the calculated and experimental half lives, respectively. The error given in the parentheses for the
calculated half lives originates from the error of the quenching factor. Half lives are in units of year while the Q values are in units of keV. Note
that the experimental values of the 78Kr are for the 2ν2K capture.

Nucleus Type Q value Half life (yr)

(keV) Theor. Expt.

64Zn 2β+ 1094.9 4.6(18) × 1024 �1.1 × 1019 [57]
70Zn 2β− 997.1 1.4(5) × 1023 �3.8 × 1018 [57]
74Se 2β+ 1209.24 2.9(11) × 1024 >1.5 × 1019 [58]
76Ge 2β− 2039.06 1.8(7) × 1021 (1.84+0.14

−0.10) × 1021 [59] (1.66 ± 0.13) × 1021 [58]
78Kr 2β+ 2847.67 14(5) × 1021 (9.2+5.5

−2.6 ± 1.3) × 1021 [27]
80Se 2β− 133.9 1.2(5) × 1030

82Se 2β− 2997.9 5.3(21) × 1019 (9.1 ± 0.3 ± 1.0) × 1019 [4] (9.2 ± 0.7) × 1019 [58]
84Sr 2β+ 1789.8 1.9(7) × 1023

86Kr 2β− 1257.42 4.2(16) × 1022
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TABLE II. Details of the 2ν2β− decays for the fpg shell nuclei. Column 1 is for the concerned nuclei. Excitation energies and J π for final
states are listed in columns 2 and 3, respectively. Absolute values of the calculated NMEs are in column 4 and results from other works are
listed in column 5 for comparison. Column 6 is for the phase space factors and column 7 is for the branching ratios of each transition. The last
two columns are calculated and experimental half lives, respectively. The error given in the parentheses for the calculated NMEs and half lives
originates from the error of the quenching factor.

Nucleus J π
f Ex. |M2ν

GT | G2ν (yr−1) Br. t2ν
1/2 (yr)

(keV) This work Others Theor. Expt.

70Zn 0+
g.s. 0 0.15(6) 0.447 [10] 3.243 × 10−22 1.000 1.4(5) × 1023 �3.8 × 1018 [57]

76Ge 0+
g.s. 0 0.064(25) 0.0655+0.0019

−0.0024 [3] 1.382 × 10−19 0.9990 1.8(7) × 1021 (1.84+0.14
−0.10) × 1021 [59]

0.074 [12]
0+

1 1122 0.053(20) 0.130 [12] 2.006 × 10−22 9.983 × 10−3 1.8(7) × 1024 >3.7 × 1023 [23]
2+

1 559 0.00058(22) 0.0006 [13] 1.228 × 10−21 7.243 × 10−7 2.4(9) × 1027 >1.6 × 1023 [23]
0.003 [12]

2+
2 1216 0.00060(23) 0.012 [12] 1.043 × 10−24 6.469 × 10−10 2.7(10) × 1030 >2.3 × 1023 [23]

80Se 0+
g.s. 0 0.073(28) 1.592 × 10−28 1.000 1.2(5) × 1030

82Se 0+
g.s. 0 0.063(24) 0.0509+0.0021

−0.0018 [3] 4.653 × 10−18 0.9999 5.3(21) × 1019 (9.1 ± 0.3 ± 1.0) × 1019 [4]
0.046 [12]

0+
1 1488 0.010(4) 0.228 [12] 1.321 × 10−20 7.746 × 10−5 6.9(26) × 1023 >3.4 × 1022 [60]

2+
1 777 0.00064(24) 0.0002 [13] 2.228 × 10−19 4.840 × 10−6 1.1(4) × 1025 >1.3 × 1022 [60]

0.0018 [12]
0.00012 [14]

2+
2 1475 0.0015(6) 0.061 [12] 2.071 × 10−21 2.358 × 10−7 2.3(9) × 1026 >1.0 × 1022 [60]

0.0094 [14]
86Kr 0+

g.s. 0 0.082(31) 0.110 [10] 3.353 × 10−21 1.000 4.2(16) × 1022

of the Q value in log10 frame. Calculated half lives of
the 2ν2β− and 2νβ+/EC are represented by triangles and
diamonds, respectively. Experimental data are represented by
hollow squares. All the data involved are from Table I. Good
agreements between theory and experiment are reached and
we also predict the half lives for six nuclei. Due to the small
Q value, the half life of 80Se is predicted much longer than
other concerned nuclei (t1/2 = 1.2 × 1030 yr), which is hard to
measure by recent experiments.

It is obvious from Fig. 2 that with similar Q values, half
lives for 2νβ+/EC are systematically longer than that of
2ν2β− decays. In the 2νβ+/EC decay, the 2νECEC process
is dominant. When Q values are equal, a phase factor of the
2νECEC is obviously smaller than that of the 2ν2β− decay
which leads to a longer half life for the 2νβ+/EC.

Calculated results show that besides the nuclei 76Ge, 82Se,
and 78Kr whose half lives have been measured, 86Kr is
predicted to have the shortest half life (t1/2 = 4.2 × 1022 years)
which may be detected by the recent experiments. The nuclei
70Zn and 84Sr are also predicted to have relatively short half
lives of 1.4 × 1023 and 1.9 × 1023 yr, respectively.

Under the framework of the nuclear shell model, transitions
to both the ground and excited states can be calculated. Details
about the 2ν2β− decays for the fpg shell nuclei are listed in
Table II where the first column is for the concerned nuclei.
The Jπ and the excitation energies for final states are listed
in columns 2 and 3, respectively. Absolute values of the
calculated NMEs are in column 4 and results from other works
are listed in column 5 for comparison. Column 6 is for the
phase space factors and column 7 is for the branching ratios

of each transition. The last two columns are calculated and
experimental half lives, respectively.

The NMEs listed in column 5 are from either the QRPA
approach [10,12–14] or evaluated from experimental data
[3]. The calculated results keep in line with the results from
[3,10,13,14]. For transitions to the excited states, the calculated
NMEs are systematically smaller than the data from Ref. [12]
which are given by the renormalized pnQRPA approach. As
the associated experimental data are not available, it is hard to
judge which is better.

The NMEs for decays to the 2+ state are significantly
smaller than those of the decays to ground state as illustrated in
Table II. This result agrees with the viewpoint of Refs. [14,28].
Due to the relatively smaller NMEs, transitions to the 2+ states
are difficult to observe.

Details of the 2νβ+/EC decays for the fpg shell nuclei are
presented in Table III. Column 1 is for the concerned nuclei.
The Jπ and the excitation energies for final states are listed
in columns 2 and 3, respectively. Column 4 is for the types
of the transitions. Column 5 is for the absolute value for the
calculated NMEs (M2β+

2ν , M
β+EC(K)
2ν , and M

EC(K)EC(K)
2ν ). As can

be seen from Eqs. (6)–(10), differences between the NMEs
for the K and L shell electron captures are very small. Thus,
NMEs for the L capture are not listed. Column 6 lists the
NMEs from others. Values for the G2ν are listed in column
7. For all transitions the 2νECEC type has the largest phase
space factor because the energy released by this transition is the
largest. Column 8 is the branching ratios for each transition.
Columns 9 and 10 are the calculated and experimental half
lives, respectively.
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TABLE III. Details of the 2νβ+/EC decays for the fpg shell nuclei. Column 1 is for the concerned nuclei. The J π and the excitation
energies for final states are listed in columns 2 and 3, respectively. Column 4 is for the type of the transition. Column 5 is for the absolute value

for the calculated NMEs (M2β+
2ν , M

β+EC(K)
2ν , and M

EC(K)EC(K)
2ν ). Column 6 lists the NMEs from others. Values for the G2ν are listed in column 7.

Column 8 is the branching ratios for each transition. Columns 9 and 10 are the calculated and experimental half-lives, respectively. The error
given in the parentheses for the calculated NMEs and half-lives originate from error of the quenching factor.

Nucleus J π
f Ex. Process |M2ν

GT | G2ν (yr−1) Br. t2ν
1/2 (yr)

(keV) This work Others Theor. Expt.

64Zn 0+
g.s. 0 β+EC 0.24(9) 1.039 × 10−32 2.836 × 10−9 1.6(6) × 1033 �9.4 × 1020 [57]

ECEC 0.23(9) 4.007 × 10−24 1.000 4.6(18) × 1024 �1.1 × 1019 [57]
74Se 0+

g.s. 0 β+EC 0.15(6) 0.0359 [15] 2.952 × 10−29 1.918 × 10−6 1.5(6) × 1030

ECEC 0.15(6) 0.0446 [15] 1.591 × 10−23 1.000 2.9(11) × 1024

2+
1 596 ECEC 0.00038(14) 0.00288 [15] 1.090 × 10−25 4.510 × 10−8 6.4(25) × 1031 >9.2 × 1018 [61]

78Kr 0+
g.s. 0 2β+ 0.076(29) 0.247 [12] 2.627 × 10−25 2.163 × 10−5 6.6(25) × 1026 �2.0 × 1021 [62]

β+EC 0.16(6) 0.37 [14] 1.050 × 10−21 0.3881 3.7(14) × 1022 �1.1 × 1020 [62]
ECEC 0.15(6) 1.848 × 10−21 0.6086 24(9) × 1021 (9.2+5.5

−2.6) × 1021 [27]
0+

1 1499 β+EC 0.077(30) 0.067 [12] 2.631 × 10−27 2.259 × 10−7 6.4(24) × 1028

ECEC 0.074(28) 0.076 [14] 4.183 × 10−23 3.296 × 10−3 4.4(17) × 1024 �5.4 × 1021 [27]
0+

2 1759 β+EC 0.0064(25) 3.158 × 10−33 1.871 × 10−15 7.7(29) × 1036

ECEC 0.0057(22) 1.400 × 10−23 6.607 × 10−6 2.2(8) × 1027

2+
1 614 2β+ 0.00069(26) 0.00078 [12] 1.260 × 10−31 8.515 × 10−16 1.7(6) × 1037

β+EC 0.00081(31) 0.0018 [14] 5.095 × 10−23 4.853 × 10−7 3.0(11) × 1028

ECEC 0.00069(26) 1.163 × 10−22 7.858 × 10−7 1.8(7) × 1028

2+
2 1309 β+EC 0.000042(16) 0.00081 [12] 8.873 × 10−26 2.241 × 10−12 6.4(25) × 1033

ECEC 0.0000041(16) 0.0017 [14] 1.774 × 10−23 4.210 × 10−12 3.4(13) × 1033

2+
3 1996 ECEC 0.0016(6) 8.829 × 10−25 3.258 × 10−8 4.4(17) × 1029

84Sr 0+
g.s. 0 β+EC 0.14(5) 0.0744 [17] 1.987 × 10−24 7.883 × 10−3 2.5(9) × 1025

ECEC 0.14(5) 0.0742 [17] 2.623 × 10−22 0.9921 2.0(7) × 1023

2+
1 882 ECEC 0.00081(31) 1.823 × 10−24 2.340 × 10−7 8.3(32) × 1029

The NMEs shown in column 6 are from the deformed shell
model [15,17] and the QRPA [12,14] approaches. For most
cases the present results agree with the previous work. For
some transitions to the 2+ state, the NMEs calculated in this
paper are the smallest.

In most cases the branching ratios for the 2νECEC transi-
tions to the ground state are very close to 1. For the 2νβ+/EC
decays to the ground state of 78Kr, it is of interest to find that

FIG. 3. The NME as a function of Q value for concerned nuclei.
Triangles and diamonds represent the 2ν2β− and 2νECEC types,
respectively.

the 2νECEC (Br ≈ 61%) and 2νβ+EC (Br ≈ 39%) transitions
compete with each other. The Q value for this decay is 2.848
MeV and the phase space factors for 2νβ+EC and 2νECEC
are comparable. At present only the experimental results for
the double-K capture of the 78Kr nucleus are available [27].
For a better understanding of the 2νβ+/EC decays of the 78Kr
nucleus, the half life of the 2νβ+EC transition should also be
measured.

FIG. 4. The accumulations of the NMEs of 64Zn decays to
ground state. Decays for the 2ν2β+, 2νβ+EC, and 2νECEC types
are represented by the squares, circles, and triangles respectively.
The SSDH, in this case, is not realized.
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FIG. 5. The accumulations of the NMEs of 78Kr decays to ground
state. Decays for the 2ν2β+, 2νβ+EC, and 2νECEC types are
represented by the squares, circles, and triangles respectively. The
SSDH is not satisfied.

The NMEs play important roles in the 2νββ decay. Unlike
the phase space factors which are well known, the NMEs
depend on the structures of the nuclei which are of interest
and difficult to calculate. In the 2νββ decays, transition to the
ground state of the daughter nuclei dominates. The NMEs for
these transitions are plotted as a function of the Q values in
Fig. 3 where triangles and diamonds are for the 2ν2β− and
2νECEC types, respectively. All the data are from Tables II
and III.

From Fig. 3 it is obvious that the NMEs do not depend on the
Q value significantly. It is of interest to find that for most cases
the NMEs for 2νECEC are systematically larger than that of
2ν2β−. This phenomenon is not just a coincidence. Comparing
Eqs. (4) and (8) one finds that the quantity F

2β−
m (0+) is

approximately half of the quantity F ECEC
m (0+) which leads

to smaller NMEs for the 2ν2β−.
Theoretically there exists the SSDH which suggests that the

decay rate of the 2ν2β is solely determined by virtual single-β

FIG. 6. The accumulations of the NMEs of 78Kr decays to the 0+
1 .

Decays for the 2ν2β+, 2νβ+EC, and 2νECEC types are represented
by the squares, circles, and triangles respectively. The SSDH, in this
case, is not realized.

FIG. 7. The accumulations of NMEs of 78Kr decays to the 2+
1 .

Decays for the 2νβEC and 2νECEC types are represented by the
circles and triangles respectively. The SSDH, in this case, is not
satisfied.

transitions via the 1+ ground state of the intermediate nucleus
[34,35]. If the SSDH is confirmed then the corresponding
NMEs could be determined from β decay measurements.
Thus, it is of interest to analyze how the NMEs are accu-
mulated. In the fpg shell the 2ν2β decays of four nuclei
(64Zn, 70Zn, 78Kr, and 80Se) are with intermediate nucleus
whose ground state is 1+. The accumulations of the NMEs for
these nuclei are analyzed.

Accumulations of the NMEs for the 2νβ+/EC decays of
64Zn are depicted in Fig. 4. The running sums of the NMEs gain
their final magnitude mainly from the first ten intermediate
states. In this case, the SSDH is not satisfied. The nucleus 78Kr
can decay to the ground and excited states of the 78Se nucleus.
Accumulations of the NMEs are depicted in Figs. 5–7 for
the 2νβ+/EC decays of 78Kr to the ground, 0+

1 , and 2+
1 states

of 78Se, respectively. One can see from these figures that until
after several intermediate states, the sums of the NMEs saturate
to their final magnitude. Obviously, the SSDH is not realized
for these cases. Accumulation of the 2ν2β− decays of the

FIG. 8. The accumulation of the NME of 80Se 2ν2β− decay to
ground state. The main contribution to the NME comes from the
second intermediate 1+ state which the SSDH is not realized.
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FIG. 9. The accumulation of the NME for the 2ν2β− decay of
70Zn to the ground state. The main contribution to the NME comes
from the intermediate 1+ ground state (about 42%).

80Se and 70Zn are depicted in Figs. 8 and 9, respectively. For
the 2ν2β− decay of 80Se, the second intermediate 1+ state
contributes most to the NME and the SSDH is not satisfied.
For the 2ν2β− decay of 70Zn, the sum of the NME gains 42%
of its finial magnitude from the first intermediate state. Still,
the SSDH is not realized.

By analyzing the accumulations of the NMEs, we find
that the SSDH does not hold for all the transitions of the
concerned nuclei. It should be noted that although the SSDH
is not satisfied in these cases, there exist some intermediate
1+ states whose contributions to the NME is significant. It
is of interest to study whether for some cases the SSDH is
approximately satisfied.

IV. SUMMARY AND CONCLUSIONS

In this paper the 2νββ decays for the fpg shell nuclei
are studied systematically under the framework of nuclear

shell model. The JUN45 effective interaction is used and all
of the shell model calculations are carried out without any
truncation. The axial-vector coupling constant gA = 1.27 and
the quenching factor q = 0.73 ± 0.07 are adopted. Results
for the calculated half lives, NMEs, phase space factors, and
branching ratios are shown. Good agreements between theory
and experiments are reached.

According to the calculations, the nuclei 86Kr, 70Zn,
and 84Sr are predicted to have relatively short half lives
of 4.2 × 1022, 1.4 × 1023, and 1.9 × 1023 year respectively
which seems attractive for future experimental probing. It is
of interest to find that the 2νECEC (Br ≈ 61%) and 2νβ+EC
(Br ≈ 39%) modes compete with each other in the decay of
78Kr. The half life of 78Kr can be obtained precisely if both of
the 2νECEC and 2νβ+EC modes are measured.

Accumulations of the NMEs are analyzed. From the
calculated results we find that the SSDH is not satisfied by
all the concerned nuclei (64Zn, 70Zn, 78Kr, and 80Se) whose
intermediate nuclei are of 1+ ground state. Thus it may not
be a very good approximation to use the SSDH in estimating
the NMEs of the 2νββ decays for the fpg shell nuclei. In the
future it would be interesting to investigate whether the SSDH
is satisfied for some nuclei and this is an open problem for
other nuclei.
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