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Scattering and fusion of identical heavy ions with arbitrary spin
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The cross sections of elastic scattering and fusion of identical heavy ions with arbitrary spin, s are derived.
Applications to several light heavy ions at near-barrier energies are made. It is found that the transverse isotropy;
namely, the flat angular distribution which sets in at a critical value of the energy, becomes less pronounced with
higher values of the spin. The oscillations in energy in the fusion cross section was found to go as 1/(2s + 1). A
similar factor is found in the angle-oscillating term in the elastic-scattering cross section.
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I. INTRODUCTION

In this paper we develop the theory of elastic scattering and
fusion of identical nuclei with arbitrary spin s. Although this
topic is an old one, a systematic development for any value
of spin of the participating nuclei is lacking in the literature.
With respect to elastic scattering, we generalize our findings
[1,2], discussing the transverse isotropy (TI) for nuclei with
spin larger than zero and analyze the use of this phenomenon
to discern the nuclear interaction at distances corresponding
to energies slightly above the Coulomb barrier. In the case of
fusion, we derive an expression for the cross section which
clearly shows how the spin of the nucleus appears in the
identity-related oscillatory term in the energy variation. We
apply our findings to several light ion systems.

The paper is organized as follows: In Sec. II we give a
short account of the wave function describing the scattering
system. In Sec. III we derive the elastic-scattering cross section
and show that the interference term, which expresses the
coherence in the system, goes as 1/(2s + 1), and accordingly
for high values of s the cross section becomes the incoherent
sum of the direct and the exchange contribution. We then
discuss the origin of transverse isotropy (TI) and investigate
this phenomenon in 6Li-6Li and 10B-10B collisions. These
are the lightest systems of identical nuclei with integer spin,
following 4He + 4He, where TI has been observed [2,3]. In
Sec. IV the fusion cross section is derived, and its dependence
on energy is analyzed. Both exact optical model calculations
and approximate analytical calculations are presented for a
few light systems of identical nuclei. Again we found that

*ajtoubiana@gmail.com
†canto@if.ufrj.br
‡rdonangelo@gmail.com
§hussein@if.usp.br

the oscillatory term depends on spin as 1/(2s + 1). Finally, in
Sec. V we present our concluding remarks. At the end of the
paper we present two Appendixes: the first is meant to clarify
the derivation of the general expression for the fusion cross
section for identical nuclei with arbitrary spin, and the second
supplies the details of the analytical calculation presented in
Sec. IV.

II. SCATTERING WAVE FUNCTION IN COLLISIONS
OF IDENTICAL PARTICLES

We consider the collision of two structureless identical
particles, each with mass m, charge Ze, and intrinsic spin s,
assuming that there is no spin flip. The properly symmetrized
scattering wave function reads

� (+)
μ1μ2

(r) = 1√
2

[ψ(r)|sμ1sμ2〉 + (−)2sψ(−r)|sμ2sμ1〉],
(1)

where μ1, μ2 are the z components of the spin of the two
particles. The factor (−)2s guarantees the correct symmetry
of the wave function with respect to exchange. It is equal to
1 in collisions of bosons and equal to (−1) in collisions of
fermions. The function ψ(−r) can be written in terms of the
space reflection operator P as

ψ(−r) = Pψ(r). (2)

Equation (1) then becomes

� (+)
μ1μ2

(r) = 1√
2

[ψ(r)|sμ1sμ2〉 + (−)2sPψ(r)|sμ2sμ1〉].

(3)
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It is convenient to express the spin state in the coupled basis,
which has well-defined exchange properties, by writing

|sμ1sμ2〉 =
2s∑

S=0

S∑
ν=−S

〈Sν|sμ1sμ2〉|Sν〉 (4)

and

|sμ2sμ1〉 =
2s∑

S=0

S∑
ν=−S

〈Sν| sμ2sμ1〉|Sν〉. (5)

Using the property (see p. 35 of Ref. [4])

〈Sν| sμ2sμ1〉 = (−)S−2s〈Sν| sμ1sμ2〉, (6)

one gets

|sμ2sμ1〉 =
2s∑

S=0

(−)S−2s

S∑
ν=−S

〈Sν| sμ1sμ2〉|Sν〉. (7)

Then, inserting Eqs. (5) and (7) in Eq. (1), one obtains

� (+)
μ1μ2

(r) = 1√
2

2s∑
S=0

S∑
ν=−S

[{1 + (−)SP}ψ(r)]

× 〈Sν| sμ1sμ2〉|Sν〉. (8)

III. THE ELASTIC CROSS SECTION

To evaluate the differential elastic cross section for a CM
collision energy E, one writes ψ(r) as the sum of the incident
(φin) and the scattered (ψ sc) waves and takes the asymptotic
form of the latter:

ψ sc(r) −→ A
1√
2
f (θ )

ei[kr−η ln (kr)]

r
. (9)

Above,

k =
√

mE

h̄
(10)

is the wave number,

η = mZ2e2

2h̄2k
(11)

is the Sommerfeld parameter, θ is the deflection angle, and A
is a normalization constant. The factor within square brackets
represents the asymptotic distortion of the outgoing spherical
wave caused by the Coulomb field. Inserting Eq. (9) into
Eq. (8), one obtains the asymptotic form of the scattered wave
in the full (coordinate + spin) space. It can be put in the form

�sc
μ1μ2

(r) −→ A
1√
2

Fμ1μ2 (θ )
ei[kr−η ln (kr)]

r
, (12)

with

Fμ1μ2 (θ ) =
2s∑

S=0

S∑
ν=−S

[f (θ ) + (−)Sf (π − θ )]

× 〈Sν| sμ1sμ2〉|Sν〉. (13)

The differential elastic cross section in a fully polarized
collision where the z components of the spins of the collision
partners are μ1 and μ2 is then given by

σμ1μ2 (θ ) = 2F †
μ1μ2

(θ )Fμ1μ2 (θ ). (14)

The factor 2 accounts for the detection of both the projectile
and the target nuclei, because they are identical [5].

The cross section in an unpolarized experiment is obtained
summing over final spin states and taking the average over the
(2s + 1)2 possible initial spin states. That is

σ (θ ) = 1

(2s + 1)2

∑
μ1μ2

σμ1μ2 (θ ). (15)

Inserting Eq. (13) into Eq. (14) and using the orthonormality
of the spin states and a symmetry property of Clebsch–Gordan
coefficients, one obtains

σ (θ ) = 1

(2s + 1)2

2s∑
S=0

(2S + 1)|f (θ ) + (−)Sf (π − θ )|2,
(16)

or

σ (θ ) = N+ + N−

(2s + 1)2 [|f (θ )|2 + |f (π − θ )|2]

+ 2
N+ − N−

(2s + 1)2 Re{f ∗(θ )f (π − θ )}. (17)

Above, N+ and N− are respectively the numbers of even and
odd values of S in the range [0,2s]. These numbers are given
below, for collisions of boson and for collisions fermion.

(1) bosons (2s = even):

N+ =
s∑

p=0

(4p + 1) = (s + 1)(2s + 1), (18)

N− =
s−1∑
p=0

(4p + 3) = s(2s + 1). (19)

(2) fermions:

N+ =
s−1/2∑
p=0

(4p + 1) = s(2s + 1), (20)

N− =
s−1/2∑
p=0

(4p + 3) = (s + 1)(2s + 1). (21)

Using these results, one immediately gets

N+ + N−

(2s + 1)2 = 1 and
N+ − N−

(2s + 1)2 = (−)2s

2s + 1
. (22)

Then, Eq. (17) can be put in the form

σ (θ ) = σinc(θ ) + δint(θ ). (23)

The first term in the above equation is

σinc(θ ) = |f (θ )|2 + |f (π − θ )|2. (24)

It corresponds to the incoherent sum of the cross sections for
detecting the projectile and for detecting the target. The second
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term in Eq. (17) represents the interference of the scattering
amplitudes for these processes. It is given by

δint(θ ) = 2
(−)2s

2s + 1
Re{f ∗(θ )f (π − θ )}. (25)

Note that δint(θ ) can take both positive and negative values.
It represents the quantum mechanical correction to the inco-
herent cross section, giving the interference of the direct and
exchange amplitudes.

A. Transverse isotropy: Mott-scattering case

Inspecting Eqs. (23)–(25), one concludes that the elastic
cross section is symmetric with respect to θ = π/2. Since
this cross section is a continuous function of θ , its derivative
at θ = π/2 must vanish. Therefore, the elastic cross section
will have a maximum or a minimum at π/2. This leads to
the following question: What are the conditions for the cross
section to have a maximum or to have a minimum at θ = π/2?
This question has been answered in the case of Mott scattering
[1,2], as explained below.

In a typical nucleus-nucleus collision the scattering ampli-
tude is given by

f (θ ) = fC(θ ) + fN(θ ), (26)

where fC(θ ) is the Coulomb amplitude and fN(θ ) is a correction
arising from the short-range nuclear potential. However, at
energies well below the Coulomb barrier the influence of
nuclear forces is negligible. Then, one can approximate in
Eqs. (23)–(25) f (θ ) by fC(θ ). This process is known as Mott
scattering and the elastic cross section in this case is known
analytically. In Ref. [1] it was shown that σinc(θ ) and δint(θ )
have opposite trends at θ = π/2 and the behavior of the cross
section near this angle is determined by a competition of the
two. In the case of fermions, it was shown in Ref. [1] that
the second derivative of the elastic differential cross section is
always positive at θ = π/2, therefore it is always a minimum.
In the case of bosons, the result depends exclusively on the
Sommerfeld parameter η. For large values of η (low collision
energies) the Mott cross section has a maximum, whereas
for small Sommerfeld parameters (high energies) it has a
minimum. The transition between these two behaviors takes
place at the critical value of the Sommerfeld parameter

ηC = √
3s + 2. (27)

For light bosonic systems, where Z = A/2, with A being the
mass number of the colliding nuclei, this condition can be
written as

EC = Z5

2η2
C

(
e2

h̄c

)2

m0c
2 = 0.025

[
Z5

3s + 2

]
MeV. (28)

The Mott differential cross section for bosonic systems
exhibits a very unusual behavior at the energy EC: it is nearly
constant over a broad angular region around π/2. The reason
for this behavior, which was called transverse isotropy (TI)
[1,2], is that both the first and the second derivatives of the
Mott cross section with respect to θ vanish at π/2. Thus the
first nonvanishing term in the Taylor expansion around π/2 is
of fourth order.

TABLE I. TI energies and barrier heights for the first few light
stable bosonic systems. The barrier heights VB were determined by
employing the Akyüz–Winther potential parametrization [6].

System Spin EC (MeV) VB (MeV) EM/VB

4He + 4He 0 0.40 0.87 0.46
6Li + 6Li 1 1.22 1.74 0.70
10B + 10B 3 7.05 4.40 1.61

B. Transverse isotropy: General case

A detailed investigation of TI in 4He + 4He scattering was
carried out in Ref. [2]. In this case, the TI energy in Mott
scattering is EC = 0.40 MeV. The fact that Mott scattering
completely neglects nuclear effects is not expected to be a
serious problem. Since the Coulomb barrier for this system
is VB ∼ 0.8 MeV, TI occurs well below the Coulomb barrier.
Therefore, the influence of the short-range nuclear potential
must be very weak. Thus, a TI pattern should be observable in
the neighborhood of 0.40 MeV. Unfortunately, no experiment
has been performed in this energy region.

However, there are measurements of 4He + 4He scattering
at higher energies, and the experimental cross sections at
1.0 and 1.5 MeV exhibit TI patterns. These findings were
theoretically justified in Ref. [2], where it was shown that the
nuclear potential gives rise to new TI patterns at energies above
the Coulomb barrier. Although the new TI energies cannot
be calculated analytically, they can be easily determined by
numerical procedures. First, one evaluates the function

D(E) =
[
d2σ (θ )

dθ2

]
θ=π/2

. (29)

The TI energies are then given by the solutions of the equation
D(E) = 0.

Although the predictions of Mott scattering cannot be
extended to systems where EC � VB, they can be used to help
select systems where TI could be observed.

Table I shows the TI energies predicted in Mott scattering
of a few identical light nuclei in comparison with their
Coulomb barriers. The barriers were calculated by using the
Akyüz–Winther potential [6,7]. Clearly, the ideal system for
TI studies is 4He + 4He, where the EC value lies well below
the Coulomb barrier. Furthermore, there is the additional
advantage that 4He + 4He scattering at near-barrier energies
can be theoretically described with a real potential. This is
because the lowest excited state of 4He lies above ∼20 MeV.
Therefore all nonelastic channels are closed. Collisions of
heavier identical nuclei are more complicated. Those collisions
suffer a stronger influence of nuclear forces, so that the
predictions of Mott scattering may not be so useful. It is then
essential to include a nuclear potential in all calculations. This
potential should be complex, to account for the influence of
open inelastic and/or transfer channels.

1. 6 Li + 6 Li scattering

According to Eq. (28), the TI energy predicted in Mott
scattering increases with the atomic number and decreases
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TABLE II. Woods–Saxon parameters of the AW and of the
phenomenological potentials for the 6Li + 6Li scattering case. All
potential strengths are given in MeV and lengths given in fm. See text
for details.

Pot. U0 W0 r0r r0i ar ai r0C

AW −26.9 −21.0 1.15 1.15 0.54 0.54 1.06
WS-1 −5.0 −5.0 1.60 1.60 0.12 0.46 1.60
WS-2 −11.7 −6.9 1.40 1.50 0.46 0.73 1.30

with the spin of the nucleus. Then the next systems where the
nuclear effects must be weak are 6Li and 10B (we note that
there are no stable even-A Be isotopes). In this section we will
investigate TI in 6Li + 6Li collisions. Since the TI energy in
Mott scattering is below the Coulomb barrier (see Table I), it
should not be significantly affected by the nuclear potential.

We consider three nuclear potentials: The first is the Akyüz–
Winther (AW) potential [6], UAW(r). This potential is calculated
by a double folding integral involving the projectile’s and
target’s densities and a nucleon-nucleon interaction [8,9]. This
integral is calculated within some approximations and the
resulting potential is fit by a Woods–Saxon (WS) function. This
procedure was applied to several systems and the parameters of
the WS: V0, r0, and a, which were approximated by analytical
functions of the mass numbers of the collision partners. We
assume that the potential has an imaginary part with the same
shape. This procedure was successfully used in the description
of elastic and reaction cross sections for several systems [10].
In this way, we set

VAW(r) = [U0(r) + iW0(r)]fWS(r), (30)

with

fWS(r) = 1

1 + exp [(r − R0)/a]
. (31)

The other two potentials considered in this section are phe-
nomenological WS potentials with different sets of parameters.
In these cases, different parameters are used for the real and
for the imaginary parts of the WS. The first set of parameters,
set 1, was taken from Ref. [11] whereas the second, set 2, was
taken from Ref. [12].

The Coulomb potential is given by the usual approximation
in heavy-ion scattering:

VC(r) = Z2e2

r
for r � RC

= Z2e2

2RC

(
3 − r2

R2
C

)
for r < RC.

Above, RC = 2r0CA
1/3 is the Coulomb radius and Z and A are

the atomic and the mass numbers, respectively, of the identical
collision partners.

The parameters of the nuclear potentials and the Coulomb
potential used in our 6Li + 6Li scattering calculations are listed
in Table II.

The second derivatives of the elastic cross section in 6Li +
6Li scattering at 90 degrees (θ = π/2) for the three potentials
are shown in Fig. 1 as functions of the collision energy. We note

FIG. 1. Second derivatives of the differential cross sections for
6Li + 6Li elastic scattering, at θ = π/2. The results for the three
potentials considered in the text are shown as functions of collision
energy. The solid circles indicate the TI energies.

that there are several energies where the second derivatives
vanish. However, only at the lowest energy the predictions of
the three potentials coincide. The next-higher TI energy is the
same for the two phenomenological WS potentials, but not
for the AW potential. Note that the remaining TI energies are
strongly dependent on the nuclear potential employed.

Figure 2 shows angular distributions in the vicinity of 90
degrees calculated with the three potentials. The results are for
the collision energies E = 1.25 [Fig. 2(a)] and E = 2.05 MeV
[Fig. 2(b)]. The three angular distributions at E = 1.25 MeV
are very flat. This is consistent with Fig. 1, which indicates that
the three potentials have a TI energy very close to 1.25 MeV.
The TI energies for the AW potential and for the WS potentials
with parameter sets 1 and 2 are respectively 1.24, 1.28, and
1.28 MeV. Note that these TI energies are also close to that in

FIG. 2. Angular distributions of 6Li + 6Li scattering at 1.25 and
2.05 MeV calculated with the AW potential (blue solid lines) and
with the phenomenological WS potentials with set 1 (green dashed
lines) and set 2 (red dot-dashed lines).
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FIG. 3. Angular distributions of 6Li + 6Li scattering at the TI
energies below 10 MeV. The curves correspond to calculations with
the Akyüz–Winther potential, normalized with respect to their values
at θ = 90 degrees.

Mott scattering (see Table I). On the other hand, the angular
distributions at 2.05 MeV show different patterns (see Fig. 3).
The curves for the two phenomenological WS potentials are
very flat, whereas that for the AW potential exhibits a minimum
at 90 degrees. Again, this is consistent with Fig. 1: the second
derivatives for the two phenomenological potentials vanish at
90 degrees, while the one for the AW potential is positive.

Now we investigate the influence of the collision energy
in the TI pattern. For this purpose, we show the angular
distributions at all TI energies below 10 MeV. For simplicity,
we limit this study to the AW potential. We note that, for most
energies, the flat angular region is θ ≈ 90 ± 10 degrees, but at
4.05 MeV it is θ ≈ 90 ± 20 degrees. We emphasize again that
these results are strongly dependent on the nuclear potential
employed, which suggests the experimental determination of
the TI energies and the angular distributions at those energies
are useful constraints on the nuclear optical potential.

2. 10 B + 10 B scattering

Now we investigate TI in 10B + 10B scattering. In this
case the TI energy predicted in Mott scattering exceeds the
Coulomb barrier by about 60%. Thus, the choice of the nuclear
potential is expected to play an even more crucial role than in
the case of 6Li + 6Li. As in the previous section, we perform
calculations with the AW and with two phenomenological
potentials. The latter are the WS potential with two sets of
parameters, which we label by A and B, taken from Ref. [13].
The WS parameters of the AW and of the phenomenological
potential are listed in Table III, together with the radius
parameter of the Coulomb potential.

Figure 4 shows the second derivatives of the angular
distributions, D(E), as defined in Eq. (29) for the AW and
the two phenomenological WS potentials, as well as for
the Mott-scattering case. In each case, the TI energies are
indicated by solid circles. The conclusions of this analysis are
summarized in Table IV. We notice that the results are strongly
dependent on the nuclear potential for all of the energies
considered. Here, the TI energies for the three potentials are
systematically different. Similar situations are expected to

TABLE III. The parameters of the AW and of the phenomenologi-
cal potentials of Ref. [13] for 10B + 10B scattering. Potential strengths
are given in MeV and lengths are given in fm. See text for details.

Pot. U0 W0 r0r r0i ar ai r0C

AW −34.1 −26.6 1.16 1.16 0.57 0.57 1.06
WS-A −70.0 −10.0 1.05 1.05 0.50 0.50 1.06
WS-B −500.0 −19.5 1.05 1.05 0.40 0.40 1.06

occur in collisions of other heavier systems. Thus TI could
to be a useful tool to investigate the nuclear interaction in
collisions of identical nuclei.

Figure 5 shows angular distributions calculated by using the
three potentials discussed in the text, at three of the collision
energies listed in Table IV. This means that each one is a TI
energy for one of these potentials. At 4.8 MeV, the angular
distribution for the WS potential with set B (red dot-dashed
line) is very flat, whereas those for the other two potentials
exhibit maxima at 90 degrees. This is consistent with the
indication of Table IV. At 7.8 MeV, the angular distribution of
the AW potential is flat, whereas the other two have minima
at 90 degrees. This is also consistent with the analysis of the
second derivative, presented in Table IV. Finally, at 9.0 MeV,
the angular distribution for the WS potential with set A is
flat, whereas the one for the AW potential has a maximum
at 90 degrees and the one for the WS with set B has a
minimum. Again, this is consistent with the indications of
Table IV.

IV. THE FUSION CROSS SECTION

The fusion cross section for an unpolarized collision is
given by

σF = 1

(2s + 1)2

1

|A|2
k

E

∑
μ1μ2

〈
� (+)

μ1μ2

∣∣ − W
∣∣� (+)

μ1μ2

〉
. (32)

FIG. 4. Second derivatives of the angular distribution of 10B +
10B scattering with respect to θ , taken at θ = π/2. The curves
correspond to results for the three nuclear potentials discussed in
the text, and for the Mott-scattering case. The solid circles indicate
the TI energies.
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TABLE IV. Behavior of the angular distributions for the three
potentials of Table III at the TI energies of each individual potential.
The ↑ symbol indicates that the angular distribution at π/2 has a
maximum, ↓ that it has a minimum, and “TI” indicates “transverse
isotropy.”

ETI (MeV) AW WS-A WS-B

4.8 ↑ ↑ TI
5.2 ↑ TI ↓
6.7 TI ↓ ↓
7.8 TI ↓ ↓
9.0 ↑ TI ↓
9.6 TI ↑ ↓

Inserting the explicit form of the wave function [Eq. (8)] in the
above equation and using the fact that the imaginary potential
is diagonal in the |Sν〉 basis, one gets

σF = − 1

(2s + 1)2

k

2|A|2E
2s∑

S=0

S∑
ν=−S

∑
μ1μ2

|〈Sν|sμ1sμ2〉|2

×[〈ψ |W |ψ〉 + (−)S{〈ψ |WP|ψ〉 + 〈ψ |P†W |ψ〉}
+ (−)2S〈ψ |P†WP|ψ〉].

FIG. 5. Angular distributions in 10B + 10B at three energies,
calculated for the three potentials of Table III. For details see text.

Carrying out the summation over μ1, μ2, and ν, one gets

σF = − 1

(2s + 1)2

k

2|A|2E
2s∑

S=0

(2S + 1)

×[〈ψ |W |ψ〉 + (−)S{〈ψ |WP|ψ〉 + 〈ψ |P†W |ψ〉}
+(−)2S〈ψ |P†WP|ψ〉]. (33)

Above, we have used the symmetry property of the Clebsch–
Gordan coefficients,∑

μ1μ2

|〈Sν| sμ1sμ2〉|2 = 1. (34)

Next, we use the relations

P† = P, P2 = 1, [P,W ] = 0, (−)2S = 1, (35)

and get

σF = − 1

(2s + 1)2

1

|A|2
k

E

2s∑
S=0

(2S + 1)

× [〈ψ |W |ψ〉 + (−)S〈ψ |WP|ψ〉]. (36)

A. The partial-wave projection

Next, we carry out the angular-momentum expansion of
the wave function in coordinate space [see Eq. (3.125a) of
Ref. [9] ] for an incident wave along the z axis (k̂0 = ẑ),

ψ(r) = A
∑

l

√
4π (2l + 1)Yl0(r̂)eiσl il

ul(kr)

kr
, (37)

where we have used the relation Ylm(ẑ) = √
(2l + 1)/4πδm,0.

The partial-wave expansion of P(ψr) can be trivially obtained
from the above equation by using the property Yl0(−r̂) =
(−)lYl0(r̂). One gets

Pψ(r) = A
∑

l

(−)l
√

4π (2l + 1)Yl0(r̂)eiσl il
ul(kr)

kr
. (38)

Note that we are assuming that the radial wave function is not
dependent on the total angular momentum J = L + S. This
condition is clearly satisfied if there is no spin-orbit term in
the projectile-target interaction.

By using these expansions in Eq. (36) and considering that
W is a central potential, we get

σF = − 4π

(2s + 1)2

k

E

2s∑
S=0

(2S + 1)
∑
l,l′

√
(2l + 1)(2l′ + 1)

×ei(σl′−σl )il
′−l[1 + (−)S+l′ ]

∫
Y ∗

l0(r̂)Yl′0(r̂)d�

×
∫

u∗
l (kr)

k
W (r)

ul′(kr)

k
dr, (39)

and, by using the orthonormality of the spherical harmonics,
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one gets

σF = − 1

(2s + 1)2

4π

kE

2s∑
S=0

(2S + 1)
∑

l

(2l + 1)

×[1 + (−)S+l]
∫

|ul(kr)|2W (r)dr, (40)

or

σF = 1

(2s + 1)2

π

k2

2s∑
S=0

(2S + 1)
∑

(2l + 1)[1 + (−1)l+S]Tl,

(41)
with

Tl = 4k

E

∫ ∞

0
[−W (r)]|ul(kr)|2dr. (42)

Equation (41) can be simplified if one rewrites it in the form

σF = π

k2

∑
l

(2l + 1)Tl

[
N− + N−

(2s + 1)2

]

+ π

k2

∑
l

(2l + 1)(−)lTl

[
N+ − N−

(2s + 1)2

]
, (43)

and then use Eq. (22). The resulting cross section can be put
in the form

σF = σ0 + σosc, (44)

where

σ0 = π

k2

∑
l

(2l + 1)Tl (45)

is the fusion cross section for distinguishable collision part-
ners, and

σosc =
[

(−)2s

2s + 1

]
π

k2

∑
l

(−1)l(2l + 1)Tl (46)

is a correction arising from the exchange symmetry. As we
show in the next section, this term oscillates with the collision
energy.

B. Analytical insight of energy oscillations
in fusion cross section

There are two types of energy oscillations in the fusion
cross section:

(1) Oscillations related to the discrete nature of the l sum:

σ0 = π

k2

∑
l

(2l + 1)Tl. (47)

This is present in all fusion cross sections; however,
they are quite small and are very difficult to observe
due to energy-resolution limitations.

(2) Oscillations arising from the symmetry requirement in
the case of fusion of identical nuclei, exemplified by
Eq. (46). This type of energy oscillations is a natural
consequence of the odd-even staggering contained in
the l sum.

To exhibit clearly these two types of oscillations we resort to
an alternative representation of the l sum; namely, the Poisson
formula. In this representation, the sum

S(E) ≡
∑

l

(2l + 1)Tl(E) (48)

is given by the series of integrals over the continuous variable
λ = l + 1/2,

S(E) = 2
∑

m=0,±1,...

(−)m
∫

λT (λ,E)e2iπmλdλ, (49)

or

S(E) = S0(E) + S−1(E) + S+1(E) + · · · , (50)

with

Sm(E) = 2(−)m
∫

λT (λ,E)e2iπmλdλ. (51)

Inspecting the above equation, one concludes that S0(E) is real
and the remaining terms are complex, satisfying the relation

Sm(E) = S∗
−m

(E). (52)

For m �= 0, the integrand of Eq. (51) oscillates, and the
period of oscillations decreases as |m| increases. This produces
cancellations, so that Eq. (50) is dominated by the term with
m = 0. Truncating the series of Eq. (49) after |m| = 1 and
using the result in Eqs. (48) and (47), the fusion cross section
takes the form

σ0(E) = σ (0)
0 (E) + σ0(E), (53)

where

σ (0)
0 (E) = π

k2
S0(E) (54)

is the leading term and

σ0(E) = π

k2
[S−1(E) + S+1(E)]

= 2π

k2
Re{S−1(E)} (55)

is a small correction, which oscillates with the collision energy.
It is convenient to introduce the integral

In(E) =
∫ ∞

0
dλλT (λ,E)eiπnλ (56)

so that we can write

Sm(E) = 2(−)mI2m(E) (57)

and

σ0(E) = −4π

k2
Re{I2(E)}. (58)

In the case of identical nuclei, the cross section gets an
additional term σosc [see Eqs. (44)], which is given by the parity-
dependent partial-wave sum of Eq. (46). Using the Poisson
representation of this sum and writing

(−)l = eiπl = eiπ(λ−1/2) = −ieiπλ,
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the cross section σosc takes the form

σosc = (−)2s

2s + 1

π

k2

∑
m=0,±1,...

Zm(E), (59)

with

Zm(E) = −2i(−)m
∫

dλλT (λ,E)eiπ(2m+1)λ, (60)

or

Zm(E) = −2i(−)mI2m+1(E). (61)

The terms Zm(E) and the integrands in the above equation
are oscillating functions of λ. Then the leading terms, which
oscillate more slowly, are those for m = 0 and m = −1. These
terms are related by the expression

Z−1(E) = Z∗
0 (E). (62)

Then, neglecting the contributions from the remaining terms,
the cross section of Eq. (59) becomes

σosc(E) = (−)2s

2s + 1

π

k2
[Z0(E) + Z−1(E)]

= (−)2s

2s + 1

2π

k2
Re{Z0(E)}, (63)

or

σosc(E) = (−)2s

2s + 1

4π

k2
Im{I1(E)}. (64)

The relative importance of the oscillatory terms in Eqs. (58)
and (64) can be better assessed if an analytical form for the
transmission coefficient T (λ,E) is employed. This is supplied
by the Hill–Wheeler formula [14,15], based on the parabolic
approximation of the λ-dependent effective interaction. The
potential is approximated by the parabola

V (r) = Bλ − 1
2μω2

λ
(r − Rλ)

2,

where Bλ, Rλ, and h̄ωλ are respectively the height, the radius,
and the curvature parameter of the parabolic approximation to
the barrier of the effective potential for angular momentum λ.
The transmission coefficient through this parabolic barrier can
be evaluated exactly, and the result is [14]

T (λ,E) = 1

1 + exp [2π (Bλ − E)/h̄ωλ]
. (65)

Wong neglected the angular-momentum dependence of the
radius and the curvature parameter. He approximated

Rλ � Rλ=0 ≡ RB

and

h̄ωλ � h̄ωλ=0 ≡ h̄ω.

In this way, the barrier height for angular momentum λ is given
by

Bλ = VB + h̄2λ2

2μR2
B

,

where we have introduced the notation: VB ≡ Bλ=0. With this
approximation, the term m = 0 of the Poisson series can be

evaluated analytically. The result, known in the literature as
the Wong formula [15], is

σ W(E) = h̄ωR2
B

2E
ln

[
1 + exp

(
2π

h̄ω
(E − VB)

)]
. (66)

The Wong formula works for heavy systems but is very
inaccurate for light heavy ions, below and above the Coulomb
barrier. Rowley and Hagino [16] showed that it can be
significantly improved if one replaces RB and h̄ω by the
parameters associated with the grazing angular momentum,
denoted respectively by RE and h̄ωE, and replace also

VB → VE = VN(RE) + VC(RE).

The term of order zero of the Poisson formula then becomes

σ (0)
0 (E) = h̄ωER

2
E

2E
ln

[
1 + exp

(
2π

h̄ωE

(E − VE)

)]
. (67)

The calculation of the other terms of the Poisson series
is more complicated. To evaluate σ0(E) and σosc, one first
rewrites the transmission coefficient in terms of the angular
momentum λ and its grazing value λg given by the relation

λg =
[

2μR2
E

h̄2 (E − VE)

]1/2

. (68)

One gets

T (λ,E) =
{

1 + exp

[
2π

h̄ωE

(
h̄2

2μR2
E

(
λ2 − λ2

g

))]}−1

. (69)

This expression is then used in Eq. (56). The resulting inte-
grals cannot be calculated analytically. However, approximate
expressions can be obtained [16] by evaluating the integrals in
the complex plane. For energies sufficiently above the barrier
[(E − VE) � h̄ωE/2], one gets for n �= 0 (see Appendix B for
details)

In(E) = i
μh̄ωER

2
E

h̄2 e−nξ einπλg , (70)

with

ξ = μh̄ωER
2
E

2h̄2λg

. (71)

Then, inserting the above result into Eq. (58), replacing
λg → lg + 1/2, and expressing k2 in terms of E, one obtains

σ0(E) = −2π
h̄ωE

E
R2

E e
−2ξ sin(2πlg). (72)

Repeating the same procedure in Eq. (64), one gets

σosc(E) = (−)2s

2s + 1
2π

h̄ωE

E
R2

E e
−ξ sin(πlg). (73)

As a result of the damping factors, the symmetry-related
energy oscillation is larger in magnitude than the discrete-l-
related energy oscillation. The periods of the oscillation of
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FIG. 6. Fusion cross sections for the identical projectile-target
systems (a) 6Li + 6Li and (b) 7Li + 7Li. For details see the text.

σ0(E) (P ) and σosc(E) (P ′) are

P (E) = dE

dλg

= h̄2λg

μR2
E

, (74)

P ′(E) = 2
dE

dλg

= 2
h̄2λg

μR2
E

. (75)

Thus the fusion cross section for identical nuclei exhibits
symmetry-related energy oscillations superimposed on twice-
as-rapid smaller-amplitude discrete-l-related oscillations. It is
very difficult to discern the rapid oscillations because they are
very tiny. However, the symmetry-related oscillation have been
observed for s = 0 [16,17]. In the application to follow we
numerically evaluate the fusion cross section for the systems
6Li + 6Li (s = 1) and 7Li + 7Li (s = 3/2), guided by the
results of this section.

C. Applications

1. Fusion in 6 Li + 6 Li and 7 Li + 7 Li collisions

In this section we study fusion of the 6Li + 6Li and
7Li + 7Li systems. The 6Li nucleus is treated as a boson with
spin s = 1 and 7Li is treated as a fermion with spin s = 3/2.
We adopt the Akyüz–Winther potential [6] for the real part
of the nucleus-nucleus interaction, and a short-range strong
absorption potential for its imaginary part. More precisely,
we employ a Woods–Saxon function with parameters W0 =
−50 MeV, r0i = 1.0 fm, and ai = 0.2 fm.

Fusion cross sections for the 6Li + 6Li and 7Li + 7Li
systems are shown respectively in Figs. 6(a) and 6(b). The
blue solid lines are cross sections including exchange effects.

FIG. 7. The oscillatory terms, σ0(E) and σosc(E) of Eqs. (72
and 73) vs the center-of-mass energy for the systems 6Li + 6Li and
7Li + 7Li. See text for details.

These cross sections are denoted by σ (b)
F in case of bosons (6Li),

and by σ (f)
F in the case of fermions (7Li). The red dashed lines

correspond to the cross sections σ0, where exchange effects are
neglected. It is clear that the effects of exchange are very small.
The amplitudes of the oscillations for the two systems are
quite close, although in the case of 7Li + 7Li the oscillations
seem to be slightly weaker. Weaker oscillations in the case
of 7Li would be expected for two reasons. The first is that
the oscillation amplitude decreases with the mass [16]. The
second is that it also decreases with the spin of the collision
partners, as Eq. (46) indicates.

Figure 7 shows results of the analytical approximation for
the oscillatory terms in the fusion cross sections of 6Li + 6Li
[Fig. 7(a)] and 7Li + 7Li [Fig. 7(b)]. The details of the
calculations are presented in Appendix B. The figure shows
σ0 (green dashed lines), σosc (red dot-dashed lines), and the
sum of the two (blue solid lines), which corresponds to the
total correction to the improved Wong formula of Eq. (72).
The results are shown from an energy just above the Coulomb
barrier to 15 MeV. This upper limit is slightly below the critical
energy for the 6Li-6Li collision (Ecrit = 17.6 MeV), above
which the grazing angular momenta used in the calculations are
not defined. Clearly, the oscillations arising from the discrete
nature of l (σ0) are much weaker than those associated with
exchange (σosc), except at the highest energies.

Comparing σosc for the 6Li + 6Li and 7Li + 7Li systems
(red dot-dashed lines in the two panels), one observes two
interesting points: The first is that the oscillations for the two
systems are approximately in phase. At first sight, this is an
unexpected result. The cross section σosc is proportional to
exchange factor, (−)2s/(2s + 1), which is positive for 6Li and
negative for 7Li. From this point of view one would expect
oscillations with opposite phases. However, the exchange
factor is not the only difference in the two cross sections. Since
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FIG. 8. Damping of σosc(E) in the 6Li + 6Li and 7Li + 7Li
collisions: panel (a) shows the damping parameter, ξ , in the two
cases; panel (b) shows the ratio of the two attenuation factors
(Att = exp(−πξ )) for the two Li systems. See text for details.

the potential barriers for the two systems are different, the
λ-dependent transmission coefficients used in the calculations
are not the same. Then, the combined effect of these two factors
cannot be guessed. To check this point, we performed a new
calculations for the 6Li + 6Li system adopting the artificial
spin value s = 3/2. In this case, the only difference between
the cross sections for the two spin values is the exchange factor.
Then, as expected, the oscillations in the two cross sections
have opposite phases.

The second feature is that the amplitude of the oscillations
for 7Li (measured at E ∼ 11 MeV) is about 65% of the one
for 6Li. To justify this result, we recall that σosc is proportional
to two factors [see Eq. (73)]. The first is the exchange factor,
with modulus 1/(2s + 1). That is, it is equal to 1/4 for 7Li and

FIG. 9. Influence of the spin and the mass of the identical nuclei
on the exchange effects. The figure shows the ratio σosc/σ0 for several
systems as functions of the dimensionless energy variable, x = (E −
VB)/h̄ω. Clearly, the importance of exchange effects (measured by
the amplitude of the oscillations) decreases with the mass and the
spin.

TABLE V. Barrier parameters for different systems. VB and h̄ω

are given in MeV and RB is given in fm.

System VB (MeV) RB (fm) h̄ω (MeV)

6Li + 6Li 1.7 7.0 2.4
7Li + 7Li 1.6 7.4 2.1
10B + 10B 4.4 7.6 2.8
12C + 12C 6.1 7.8 2.9
24Mg + 24Mg 21.8 8.8 3.4

1/3 for 6Li. The second is the energy-dependent attenuation
factor

Aatt = exp (−ξ ),

which is different for the two Li isotopes. The effects of the
damping is illustrated in Fig. 8. Figure 8(a) shows the damping
parameter ξ for the two Li systems as functions of the collision
energy. One observes that the curves for the two systems are
close, and that the one for 7Li is slightly higher. Therefore, the
attenuation factors for 7Li must be smaller than those for 6Li.
This behavior is confirmed in the curve in Fig. 8(b), which
shows the ratio of the two attenuation factors. Indeed, the ratio
Aatt(6Li)/Aatt(7Li), corresponding to the red solid line, is less
than unity in the whole energy range.

2. Comparison with heavier systems

The mass dependence of the oscillations are investigated
in Fig. 9, where we compare the oscillating cross section in
collisions of several identical nuclei. We consider 6Li (spin 1),
7Li (spin 3/2), 10B (spin 3), 12C (spin 0), and 24Mg (spin 0).
In this case, we plot the ratio σosc/σ0, instead of σosc, against
the reduced energy x = (E − VB)/h̄ω. The use of reduced
energies is a common procedure in comparisons of cross
sections for different systems [18–20]. For any system, the
barrier energy corresponds to x = 0. The barrier parameters
for these systems are given in Table V.

First, one notices that the amplitude of the oscillations
for 6Li + 6Li increases at very low energies, which was not
observed in the previous figures. The reason is that σ0 decreases
rapidly in this reaction, leading to a pronounced increase of
the ratio σosc/σ0. Comparing the curves for the other systems,
one finds that the strongest oscillations occur in the case of
12C + 12C, although its mass is twice that of the 6Li + 6Li
system. This behavior can be traced back to the spin zero of
12C. Thus, the spin dependence is much stronger that the mass
dependence.

V. CONCLUSIONS

In this paper we have reported a general discussion of the
elastic scattering and fusion of identical nuclei with arbitrary
spin. The fusion cross section exhibits two types of energy
oscillations. The first, related to the discrete nature of the
orbital angular momentum and taking place even in the more
general case of fusion of nonidentical nuclei, is small and rather
difficult to discern in the data. The second type of oscillations
is exclusive to identical systems and related to the spatial
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symmetry (antisymmetry) of the system. The corresponding
oscillating term in the cross section is damped by the spin
factor (−)2s/(2s + 1). Accordingly, the higher the spin of the
nuclei, the less important is the symmetry-related oscillating
term. The same finding was obtained for the elastic-scattering
cross section. Applications to light heavy-ion systems were
made. The bosonic system 6Li + 6Li and the fermionic
system 7Li + 7Li were carefully studied. The phenomenon
of transverse isotropy (TI) the near flat angular distribution
reached at a critical value of energy [1,2] in the angular
distribution was revisited and discussed at a region of energy
where the nuclear potential is significant. The same analysis
was carried out for the slightly heavier system, 10B + 10B. We
believe that a careful study of these types of oscillations both in
the context of fusion and through the TI in the elastic scattering
of identical nuclei could shed light on fundamental issues such
as the disappearance of coherence, as well as supply useful
information about the interacting system.
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APPENDIX A: AN ALTERNATIVE EXPRESSION FOR σF

An alternative expression for the cross section can be
obtained in terms of the wave functions with even (ψ+ ) and
odd (ψ−) parities,

|ψ+〉 = |ψ〉 + P|ψ〉√
2

, (A1)

|ψ−〉 = |ψ〉 − P|ψ〉√
2

. (A2)

Writing the inverse transformations,

|ψ〉 = |ψ+〉 + |ψ−〉√
2

, (A3)

P|ψ〉 = |ψ+〉 − |ψ−〉√
2

, (A4)

and inserting them into Eq. (34), we get

σF = − 1

(2s + 1)2

1

2|A|2
k

E

2s∑
S=0

(2S + 1)

× [〈ψ+|W |ψ+〉 + 〈ψ−|W |ψ−〉
+ (−1)S(〈ψ+|W |ψ+〉 − 〈ψ−|W |ψ−〉)]. (A5)

Re-ordering the terms of the above equation, it can be put in
the form

σF =1

2
σ+

[
N+ + N−

(2s + 1)2 + N+ − N−

(2s + 1)2

]

+ 1

2
σ−

[
N+ + N−

(2s + 1)2 − N+ − N−

(2s + 1)2

]
, (A6)

with

σ± = − 1

|A|2
k

E
〈ψ±|W |ψ±〉. (A7)

Next, we use Eq. (22) in Eq. (A6) to get

σF =1

2
σ+

[
1 + (−)2s

2s + 1

]
+ 1

2
σ−

[
1 − (−)2s

2s + 1

]
. (A8)

In the particular cases of bosons (σ (b)
F ) and of fermions (σ (f)

F ),
the above equation takes the forms

σ (b)
F = s + 1

2s + 1
σ+ + s

2s + 1
σ−,

σ (f)
F = s

2s + 1
σ+ + s + 1

2s + 1
σ−.

The above equations have a simple interpretation: σ (b)
F and

σ (f)
F are weighted averages of the cross sections for even (σ+)

and odd (σ−) parities, in collisions of bosons and fermions,
respectively. In each case, the factors multiplying σ+ and σ− are
the probabilities that the incident wave have an even or an odd
parity. The exchange symmetry of the total quantum state is
the product of the symmetry in spin space with the parity of the
wave function in coordinate space. In this way, the symmetry of
the spin state determines unambiguously the parity. Therefore,
the statistical weights are given by the fraction of the |Sν〉 states
that have each symmetry in the spin space. This symmetry is
determined by the Clebsch–Gordan coefficients [see Eq. (6)].
That is, states with even S are symmetric whereas states with
odd S are antisymmetric. In this way, the fusion cross sections
for bosons and for fermions can be written as

σ (b)
F = PSσ+ + PAσ−, σ (f)

F = PAσ+ + PSσ−, (A9)

with

PS = N+

N
and PA = N−

N
, (A10)

where N = (2s + 1)2 is the total number os spin states.

APPENDIX B: ANALYTICAL EVALUATION OF In

In this Appendix we present the details of the derivation of
Eqs. (72) and (73).

We have to evaluate the integral

In =
∫ ∞

0
dλ

G(λ)

F (λ)
, (B1)

where

G(λ) = λeinπλ (B2)

and

F (λ) ≡ 1

T (λ,E)
= 1 + exp

[
α
(
λ2 − λ2

g

)]
, (B3)
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FIG. 10. The contour � used in evaluation of the integral of
Eq. (B1). The three poles of the integrand closest to the real axis
are represented by circles. Only the contribution from the pole with
smallest imaginary part (green solid circle) is taken into account.
Contributions for other poles (open circles) are neglected.

with

α = πh̄2

μh̄ωER2
E

. (B4)

To evaluate Eq. (B1), we perform the integration over the
complex plane in a closed contour �, represented in Fig. 10.
It is formed by the positive parts of the real and the imaginary
axes, closing with a quadrant of a circumference of infinite
radius. The result is given in terms of the residues of the poles
of F (λ) inside the circuit. Keeping only the contribution from
the pole closest to the real axis, λ, one gets

I� � 2πiRes(λ) ≡ 2πi lim
λ→λ

{
(λ − λ)

G(λ)

F (λ)

}
. (B5)

The first step is to determine λ. This pole is given by the
condition

exp
[
α
(
λ

2 − λ2
g

)] = −1 =⇒ α
(
λ

2 − λ2
g

) = iπ, (B6)

where λg is the grazing angular momentum of Eq. (68). Writing
the complex poles as λ = λR + iλI, Eq. (B6) corresponds to
the conditions

λ2
I = λ2

R − λ2
g, (B7)

λRλI = π

2α
. (B8)

Using Eq. (B8) in Eq. (B7), one gets the equation

λ2
R − λ2

g − π2

4α2λ2
R

= 0 =⇒ λ4
R − λ2

gλ
2
R − π2

4α2
= 0, (B9)

which has the solution

λR = 1√
2

[
λ2

g +
√

λ4
g + π2

α2

]1/2

. (B10)

The imaginary part of the pole is given by Eq. (B8) as

λI = π

2αλR

= μh̄ωER
2
E

2h̄2λR

. (B11)

We remark that, for high enough energies; that is, for (E −
VE) � h̄ωE/2, one can approximate

λR � λg, (B12)

λI � μh̄ωER
2
E

2h̄2λg

. (B13)

However, at lower energies these approximations break down.
In the limit E → VB, the grazing angular momentum vanishes.
Then Eq. (B13) diverges, whereas Eq. (B11) tends to the finite
limit

λI = RE

h̄

√
μh̄ωE.

According to Rowley and Hagino [16], the integral along
the circumference of infinite radius vanishes, and the inte-
gral along the imaginary axis is negligible. Thus, one can
approximate, I� � In. The integral In can then be evaluated
by Eq. (B5). Expanding F (λ) around λ and inserting the
expansion into Eq. (B5), one gets

In(E) = 2πi
G

(
λ
)

F ′(λ) , (B14)

where F ′(λ) is the first derivative of F (λ) at λ = λ, which has
the value

F ′(λ) = −2αλ. (B15)

Using the explicit forms of G(λ) and α, we get for |n| �= 0,

In(E) = −i
μh̄ωER

2
E

h̄2 e−nπλIeinπλR . (B16)

Now we calculate σ0(E) and σosc. We start from Eq. (58),

σ0(E) = −4π

k2
Re{I2(E)},

and use Eq. (B16) for n = 2. We get

σ0(E) = 4π

k2

μh̄ωER
2
E

h̄2 e−2πλI Re{iei2πλR}. (B17)

Taking the real part of iI2(E) and writing k2 in terms of the
collision energy, one obtains

σ0(E) = −2π
h̄ωE

E
R2

E e
−2πλI sin (2πλR), (B18)

or, replacing λR = lR + 1/2 and using the relation

sin (2πλR) = sin [2π (lR + 1/2)] = − sin (2πlR),

Eq. (B18) becomes

σ0(E) = 2π
h̄ωE

E
R2

E e
−2ξ sin (2πlR), (B19)
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with

ξ = π
μh̄ωER

2
E

2h̄2λR

. (B20)

If the collision energy is not to close to VB, λR can be replaced
by λg and one gets Eq. (71).

Now we evaluate σosc. For this purpose, we insert Eq. (B16)
for n = 1 into the expression [see Eq. (64)],

σosc(E) = (−)2s

2s + 1

4π

k2
Im{I1(E)}.

We get

σosc(E) = − (−)2s

2s + 1
2π

h̄ωE

E
R2

E e
−πλI Re{eiπλR}, (B21)

or

σosc(E) = − (−)2s

2s + 1
2π

h̄ωE

E
R2

E e
−πλI cos (πλR). (B22)

Using the relation

cos (πλR) = cos [π (lR + 1/2)] = − sin (πlR),

the above equation becomes,

σosc(E) = (−)2s

2s + 1
2π

h̄ωE

E
R2

E e
−πλI sin (πlR). (B23)

Except for the spin factor (−)2s/(2s + 1) and the use of λR

and λI , Eqs. (B19) and (B23) and the damping parameter,
Eq. (B20), are the same as the corresponding ones obtained in
Ref. [16].
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