PHYSICAL REVIEW C 96, 045202 (2017)

Multicomponent van der Waals equation of state: Applications in nuclear and hadronic physics
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A generalization of the quantum van der Waals equation of state for a multicomponent system in the
grand-canonical ensemble is proposed. The model includes quantum statistical effects and allows us to specify
the parameters characterizing repulsive and attractive forces for each pair of particle species. The model
is applied to the description of asymmetric nuclear matter and also for mixtures of interacting nucleons
and nuclei. Applications of the model to the equation of state of an interacting hadron resonance gas are

discussed.
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I. INTRODUCTION

The equation of state of hot, dense strongly interacting
matter has been the focus of experimental and theoretical
investigations of high-energy heavy-ion collisions. Thermal
models were constructed [1-10] to describe yields of sec-
ondary hadrons and nuclear fragments from such collisions.
These models assume that the emitted particles stem from
a statistically equilibrated system. The temperature 7 and
baryon chemical potential pp of the emitting source are
obtained by fitting the observed yields of stable hadrons. In
most cases, the ideal hadron resonance gas (I-HRG) model
has been used. A surprisingly good description of many
experimental hadron yield data from heavy-ion collisions have
been achieved within this simple approach for a broad range of
collision energies (see, e.g., Ref. [11] and references therein).
The T-up values fitted in the -HRG model show, however,
that hadron densities are rather large at the chemical freeze-out
stage of the reaction. Therefore, one can expect residual
interactions, leading to significant deviations from the ideal
gas picture.

Phenomenological models of the phase structure of nuclear
matter also show [12,13] that a realistic phase diagram cannot
be obtained without an explicit account of the hadronic
interactions. Extensions of the ideal gas picture have been
discussed mostly within the excluded volume HRG model,
in which the effects of various hadron’s repulsions at short
distances have been introduced (see, e.g., Ref. [14] and
references therein).

The presence of both repulsive and attractive interactions
between nucleons is evident from the existence of stable
nuclei. These interactions should also be taken into account
to describe the simple binding properties of nuclear matter
and the multifragmentation observed at intermediate energy
nucleus-nucleus collisions. Recently, nuclear matter has been
modeled as van der Waals (vdW) fluid of interacting nucleons

2469-9985/2017/96(4)/045202(8)

045202-1

[15]. The vdW parameters @ and b describe, respectively,
attractive and repulsive vdW interactions. a and b are fixed
by fitting the nucleon number density and binding energy
per nucleon at T = 0. Attractive and repulsive interactions
between nucleons were also discussed within the mean-field
theory (see Ref. [16] and references therein). vdW interactions
between baryons, and between antibaryons, respectively,
were considered within a quantum vdW-HRG model in
Ref. [17].

This paper presents general formulation of the quantum
van der Waals (QvdW) model, with different repulsive
and attractive interactions in the multicomponent system
of different particle species. Classical multicomponent vdW
description is done for the pressure as a function of the tem-
perature T and the particle number densities n; (i =1, ...,h)
in the canonical ensemble (CE): p = p(T,ny,...,n;). To
proceed further, the free energy F is reconstructed. F is
the thermodynamical potential in the CE. At this stage,
we introduce quantum statistics. Note that a quantum vdW
model was previously formulated for a single constituent type
only [17].

Next, the model formulation is transformed to the grand-
canonical ensemble (GCE). Reference [18] shows that this
transformation is important for several reasons. Note that the
chemical potentials—and not the particle densities—and the
temperature are the natural variables of the pressure function
p = pT, 1, pp)

Section II presents the multicomponent vdW model in the
CE and introduces the effects of quantum statistics. Section
IIT presents the GCE formulation. Section IV discusses the
applications of the developed formalism. Many applications
of the multicomponent QvdW equation are in sight: A first
example is a model of nuclear matter that includes a mixture
of interacting protons, neutrons, and nuclei. A second example
is the multicomponent QvdW HRG. Section V summarizes the

paper.
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II. CANONICAL ENSEMBLE FORMULATION

The classical multicomponent system with vdW interac-
tions is defined within the CE in terms of the following pressure

function:
E Cl,’j n; l’lj,

ij

T n;

(T,ny,...,np) = _— —
P 12 1-— Z j b ji n j
where n; is the particle density for the ith species (i = 1, ... ,h)
and T is the system’s temperature. The parameters a;; and b ji
in Eq. (1) yield the attractive and repulsive vdW interactions,
respectively. The repulsive vdW interactions amount to the
excluded volume (EV) correction. For particles with the
classical hard-core interaction one has [19]

bij = 2b;ib;; [(bii + b)), (2)

where b;j = 27 (r; +r;)*/3 is the symmetric matrix of the
second-order virial coefficients, r; being the hard-core radius
for the i th particle species. In a more general case, b;; should be
regarded as phenomenological parameters, characterizing the
strength of the repulsive interactions between different pairs
of particle species.

The free energy F(T,V,{N;}) in the CE reads [14]:

F(T,VAN) =) FT,V =) b;iN;,Ny)
J

i

N; N;
— ii —. 3
;a, v 3)

The function F4(T,V,N;) is the free energy of the classical
(Boltzmann) ideal gas for species i (h = ¢ = 1):

g Vm2T Kx(m;/T)
E=yT } @)

FT,V.N;) = —N; T[l +1In

Here m; is the mass of particle species i, g; is the particle
degeneracy factor (i.e., the number of internal states), and K,
is the modified Bessel function. Note that the free energy F
is a genuine thermodynamic potential in the CE. F gives the
complete information about the statistical system considered.
The partial derivative of F' (3) over the system volume, p =
—(0F/0V)r,(n,), yields the vdW pressure (1). Note that free
energy (3) depends on the parameters {m;} and {g;}, but these
parameters are absent in the vdW pressure (1) in the CE.

Expressions (1) and (3) do not include the effects of
quantum statistics. The classical free energies of an ideal gas
Fiid in Eq. (4) are replaced by the ideal quantum gas expressions
(Fermi-Dirac or Bose-Einstein) in order to include these
effects. This procedure satisfies the following consistency
requirements: It leads to a mixture of the ideal quantum
gases if all b, ;i =0 and g;; = 0. It gives the correct limiting
classical expressions (1) in the regions of the thermodynamic
parameters where quantum statistics can be neglected. Finally,
the entropy obtained for the QvdW expressions is positive
definite, S > 0, and it respects Nernst’s theorem, S — 0 at
T — 0. Quantum statistics of the one-component vdW fluid
has been considered in Refs. [15,20,21].

Using this quantum statistical free energy, one can calculate
all other thermodynamic functions in the CE: pressure p, total
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entropy S, and energy E of the system, as well as the ith
chemical potential w;:

()., 20 )
(), "%
— Zaij ninj, (5)
iJj
JIF
S(T,v,{Nk})s—(—) —VZﬁ ld( )(6)
VN

aT
E(T.VANY) = F+TS=V Zf,- s}d<T,%>

p(T.{n}) =

—VZai_,-n,-nj, (7

(T i) (BF) id(r ”")
wi(T ) = o+ = T.—
dN; T.V.(Njzi} fi

+ sz, P ( Tj) - Z(aij +ajn;.
J
®)

Here fi=1-3%; bjin; quantifies the fraction of the total
volume which is available for particles at the given densities
values and p s l‘d, ;d, and /,L are the ideal quantum gas ex-
pressions for the CE pressure, entropy density, energy density,
and chemical potential for ith particle species, respectively, as

functions of temperature and particle number density.

III. GRAND-CANONICAL ENSEMBLE FORMULATION

In the GCE, the thermodynamic variables are the tempera-
ture 7 and the set of chemical potentials {u;}. The particle
densities {n;}, on the other hand, are not the independent
variables anymore in the GCE. Instead, they become functions
of the T and {x;}. The pressure function p(7T,{u;}) defines all
thermodynamic properties of the system in this ensemble.

Both the CE and the GCE are equivalent for describing the
thermodynamic properties in the thermodynamic limit, V —
oo. This fact can be used to transform the multicomponent
QvdW model from the CE to the GCE: It is sufficient only to
derive the function p(T,{u}) from Egs. (5)—(8).

First, let us introduce the notations

_ id ni id ni _ id ni
=i (rg) () = ()

and

n

)

Here all the ideal gas functions correspond to the CE. Equation
(10) can be inverted to yield:

Wi = u§d<T,

(10)

il id * :
ani (Tvl“Li)ﬂ l=1?'-'ah7 (11)
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where ni%(T,u¥) is now the GCE ideal gas density at
temperature 7' and chemical potential 1}. Using (11) one can
rewrite Egs. (9) as

pi=piTp)), nf =), sf=s4T.u),
12)

where all the ideal gas functions in (12) correspond to the
GCE. Therefore, the GCE pressure reads

p(TAwh)y =Y pf = aijnin;. (13)
i ij

Equations (11) can be rewritten as the system of linear
equations for particle densities n;:

Y Gij+binhng=nf, i=1...h (14
J

If the uf, at given T and u;, are known, then all other
quantities, in particular, the system pressure (13), can be
calculated as well. Indeed, the calculations of p; and n}
are straightforward, while n; can be recovered by solving
the system of linear equations (14). Finally, the pressure
is obtained by substituting p} and n; into (13). All other
thermodynamic functions in the GCE are obtained from the
pressure function p(7,{x;}) using standard thermodynamic
relations.

Using the above notations, one can rewrite (8) as

J

ijLZEU p;’f - Z(aij +aji)n; =u;, i=1,...,h.
J
(15)

Solution to this system of transcendental equations determines
{ur} at given T and {y;}. In general, this solution should be
obtained numerically. Once the effective chemical potentials
{7} are specified, all other quantities can be calculated
directly. If multiple solutions of equations (15) are found, then
the solution with the largest pressure is the physical result
according to the Gibbs criterion.
The GCE entropy and energy densities are given as

ap N
S(T.{wi}) = <ﬁ>m =2 fish, (16)
J 1
ap ap
e(T,{wi}) = (ﬁ) +) (a—) -
()} ; K /T (s
=Y fie] =Y aijnin;. (17)
i ij
Here &} = &(T,u}).
IV. APPLICATIONS

The new multicomponent QvdW formalism presented here
is applied to the following three examples.
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A. Asymmetric nuclear matter as a QvdW mixture of protons
and neutrons

Nuclear matter is a hypothetical infinite system of interact-
ing protons and neutrons which is approximately realized in
nature in the interior of massive nuclei and in neutron stars. The
thermodynamic equilibrium in such a system can be specified
by the temperature, 7, and proton and neutron densities, n,,
and n,,. Nucleon-nucleon interactions exhibit repulsion at short
distances and attraction at intermediate ones. Hence, it makes
sense to model such a system by a QvdW equation. The
multicomponent QvdW equation for protons and neutrons then
reads

. n : n
p(T’npann) = Pf(T, f_P) + p:Ld(Tv Tn) —dpp ni
p n

2
—AppNpNy — Aup Np Np — Aup N, (18)

where f,=1- l;,,,,n,, — l;,,,,n,, and f,=1-— l;,mn,, —
bup 1. Isospin symmetry yields m, = m, ~ 938 MeV/c?,
byp = buns bpn = byp, app = app, and ap, = ayp. This model
has only four interactions parameters: b,,, b,,, a,,, and
apn. These correspond to isospin-dependent nucleon-nucleon
interactions.

The asymmetry of the nuclear matter is characterized by the
proton fractiony = n,/(n, + n,), which takes values between
0 and 1, and the total nucleon density ny = n, + n,. The value
y = 1/2 corresponds to the symmetric nuclear matter, i.e., the
numbers of protons and neutrons in the system are equal. In this
case, Eq. (18) reduces to a single-component QvdW equation
for nucleons,

ny

p(T,ny,y =1/2) = p;\(}(T ) —ayy ni, (19)

"1 —byyny

Here the nucleon ideal gas pressure pﬂs contains the spin-
isospin nucleon degeneracy factor gy = 4, and

" - bpp + bpn
M and byy = $. (20)

aNN =

Equation (19) coincides with the model used in Ref. [15].
The parameters ayy and byy are fixed by reproducing the
binding energy ¢ /ny — my = —16MeV at saturation density
no = 0.16 fm~3. The following parameter values are obtained:
ayy = 329MeV fm® and byy = 3.42 fm’.

In the present work these ayy and by values are used,
while the ap,/a,, and b Iy l;,,,, ratios are taken as free
parameters. Variations in these ratios correspond to different
scenarios for the isospin dependence of the nucleon-nucleon
potential.

Cold nuclear matter with 7 = 0 is considered. The nuclear
symmetry energy S(n) is sensitive to the isospin part of the
nucleon-nucleon interactions. It characterizes the dependence
of the energy per nucleon E/A = ¢/ny — my on the proton
fraction y. The widely used parabolic approximation repre-
sents E/A as

E/A(n,y)~ E/A(n,y =1/2)+4Sn)(y — 1/2)>. (1)
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FIG. 1. Dependence of the symmetry energy J on the ratio
b onl b »p Of the repulsive vdW parameters for three different values of
the ratio ap, /a,, of the attractive vdW parameters. Variations in these
ratios probe the isospin dependence of the nucleon-nucleon potential.

The symmetry energy at saturation density, defined as
02(E/A)

1
8 9y? ’

ny=ng, y=1/2

J = S(ng) = (22)

corresponds roughly to the difference of the energy per nucleon
at ny = no ~ 0.16 fm~ for pure neutron matter (y = 0) and
symmetric nuclear matter (y = 1/2).

The dependence of J on different values of the ap,/a,,
and bpn /b,y ratios is shown in Fig. 1. The empirical range

~ 25-35 MeV [22] is depicted by the shaded area. In the
fully symmetrlc scenario, i.e.,fora,, = a,, = ayy and b,,,, =
b on = = byy, the value of the symmetry energy J ~ 18 MeV
underestimates significantly the empirical estimates. In this
case the total symmetry energy value is attributed solely to
the decrease of the spin-isospin degeneracy factor, from 4 in
symmetric nuclear matter to 2 in pure neutron matter. This
mechanism is not sufficient to describe the empirical data. On
the other hand, either an increase in a,,, or a reduction in b pn
improves the agreement with the data.

More stringent restrictions on the values of parameters ap,
and b pn can be obtained by analyzing additional observables.
These may include the density dependence of the symmetry
energy or the higher-order terms of expansion (21) of the E/A
in terms of the proton fraction y.

B. Mixture of interacting nucleons and o particles

Light nuclei ought to be included in models of nuclear
matter. A simple example is a mixture of nucleons and o par-
ticles in symmetric nuclear matter, i.e., n, = n,. The baryon
number B = Ny + 4N, is conserved in this system, but the
numbers of nucleons, Ny, and «’s, N,, are not conserved
separately. The chemically equilibrated N —« mixture has one
independent baryonic chemical potential u© which regulates
the baryonic density n = ny + 4n,. The chemical potentials
of nucleons and alphas are uy = u and u, = 4u, and the o
binding energy is contained in the o mass. The pressure of the
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system is (1)
— Agy ni

(23)

* * 2
P =Pyt Py, —AnNN Ry —AaNg NNIlg — gNTgNN

Here

4T ) = 8N /DO dk k*
PN—pN Wy) = —— T
0 /m%]_'_kZ
—1
Jmy K=y o1

X | exp T +1 ,
b= T = S [T K
a — Po My 67‘[2 0 mg —|—k2

) 2 _ gt -1
X |:exp <—m°‘ +7{< M“) — 11| , (25)

and my ~ 938MeV, gy =4, my, ~ 4my — 28.3MeV, and
8a = L.

The system of linear equations (14) can be explicitly solved
to yield

n?\[[l + (I;aa - I;aN)nz]

ny = . A S - ,
YT U b iy + baa 1 + (B bag — bya bun) iy 1
(26)
n ni[l + (byn — by ny]
¢ 1+ENNn7\] +Eaan;+(BNN5aot_I;NaEaN)n*Nn;.
(27)
Here
nly = (T )=g—N/oodkk2
v=myin) =575 )
-1
Jmy K=y
x|lexp| —— | +1 ,  (28)

T

my = (T = 35 2/ dk K2

-1
[ 3k
X |:exp (W) — 1j| . 29)

The quantities l;,-j are given by Eq (2) in terms of hard-core
radii ry and r,,.

The system of Egs. (15) should be solved with respect to
wy and o at given T and . It reads

Wy = —byy Py — bya i+ 2any ny + (@ng + Gan e,

*

e =4 — bun Py — bug Pl + 2 gq N + (@an + ane)iy.

(30)

The system of equations for wj and u’ can be solved
numerically. The system pressure (23) and all other ther-
modynamical functions can be calculated once the effective
chemical potentials u}, and w1, are found. The solution with the
largest pressure is taken if multiple solutions appear at a given
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TABLE I. Thermodynamical properties of the mixture of inter-
acting nucleons and « particles at the critical point. The results are
compared to the case of pure nucleon matter [15].

T. MeV) pe MeV) ne (fm™) p.(MeVfm™) X,

19.90
19.68

907.56
907.67

0.0733
0.0723

0.562 0.013
0.525 0

N + o mix.
Pure N

w-T pair, in accordance with the Gibbs criterion: This means
that only the states corresponding to global thermodynamic
equilibrium are considered in the present work.

The following QvdW parameters reproduce the known
properties of the nuclear ground state [15]:

ayy =329 MeV fm® and byy =3.42fm°.  (31)

For simplicity, attractive vdW interactions involving «
particles are neglected, i.e.,

gy = AogN = ANa = 07 (32)

but repulsive EV interactions between -« pairs and between
a-N pairs are included, an effective hard-core radius of r,, = 1
fm is assumed. This entails

~ 16772 3
boo = 7 16.76 fm’. (33)

The EV cross terms are calculated according to (2). This gives
boy ~13.95fm>  and by, ~2.85fm°.  (34)

The phase diagram for the N —« mixture is shown in Fig. 2
in the (i, T') plane. The parameters of the critical point (CP) are
presented in Table 1. They are compared to the corresponding
results for pure nucleon matter. The addition of « particles to
the model does lead to small changes in the phase diagram
of this toy model of nuclear matter. The phase diagram is
very similar to the pure nucleon system [15]. A slight change
in the location of the CP of nuclear matter yields a shift
in critical temperature 7, from 19.68 MeV to 19.90 MeV.
The critical baryon density 7, increases from 0.0723 fm= to
0.0733 fm~3 (see Table I). The “mass fraction” of « particles,
Xy = 4ny/(ny + 4ny,), is approximately, 1.3% at the CP.

50 ng (fm=3)
40 0.16
< 30 0.12
[
=3
= 20 0.08
10 0.04
(a)
0.00

Q
880 890 900 910 920 930 940
177:} (MeV)
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i (MeV)

FIG. 3. Dependence of the o mass fraction X, on the baryon
chemical potential i for three different isotherms. The dashed red line
corresponds to 7' = T, /2 >~ 10 MeV, half the critical temperature.
The solid black line corresponds to the critical isotherm 7 = T, =~
19.89 MeV. The dash-dotted blue line correspondsto 7 =37, /2 =~
30 MeV, above the critical temperature.

The behavior of the o mass fraction, X,, is shown in
Fig. 2(b) in the (u,T) plane. X, jumps from approximately
0.2 to a negligibly small value across the phase transition line
at T = T./2. A noticeable fraction is present just below the
phase transition line. This jump is caused by the repulsive EV
interactions between nucleons and « particles, which suppress
the bigger « particles in dense nuclear matter.

The dependence of X, on the baryochemical potential p
is shown in Fig. 3 for three different isotherms. The dashed
red line depicts the isotherm 7 = 10 MeV, at half the critical
temperature. X, increases smoothly with chemical potential
until reaching the liquid-gas coexistence curve. Higher values
of u correspond to a dense liquid composed mainly of
nucleons. The o mass fraction drops to negligibly small values
in the liquid phase. As mentioned above, only the globally
stable thermodynamic states are considered. The metastable
parts of the 7 = 10 MeV isotherm (which also exist) are not
shown in Fig. 3.

50 Xoa = 4na/nB
0.20
40
0.15
< 30
[}
=3 0.10
= 20
10 0.05
(b)
0] 0.00
880 890 900 910 920 930 940

UB (MeV)

FIG. 2. Contour plots of the baryonic density np (a) and of the “mass fraction” of the « particles (b) in the (up,T) plane. The solid lines
depict the phase transition curve. The full circles correspond to the critical end point.
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FIG. 4. The temperature dependence of (a) x£ and (b) xf/ x; net t baryon number susceptibilities, as calculated within the I-HRG model
@ashej black lines), the QvdW-HRG model with ag = ans and bs = bys (solid blue lines), and the QvdW-HRG model with ag = ans/8 and
bs = bns/8 (dash-dotted orange lines) at zero chemical potential. The lattice QCD results of the Wuppertal-Budapest [30,31] and HotQCD

[32] collaborations are shown, respectively, by symbols and green bands.

The behavior of X, at the critical isotherm 7 = T, (solid
black line in Fig. 3) is qualitatively similar to the previous
one. X, exhibits a rapid, but continuous drop at CP and in the
vicinity of the CP along the critical isotherm. This correlates
with a rapid increase of the baryon density with w across the
critical isotherm near the CP.

Finally, the isotherm T =3T7./2>~30MeV in the
crossover region is shown in Fig. 3 as the dash-dotted blue
line. The u dependence of X, shows a broad maximum at this
isotherm. This bump corresponds to the crossover region of
the phase diagram (Fig. 2), where a smooth increase of the
baryon density with u takes place.

The example presented in this subsection shows that the
repulsive vdW interactions cause the cluster dissolution at
high baryonic densities. This conclusion is not new: The EV
interactions had previously been used in relativistic mean-
field models of nuclear matter [23—25]. More realistic studies
of nuclear matter must also take into account the attractive
interactions involving « particles.

Presented studies can be extended. For instance, only
globally stable thermodynamic states of the N-o mixture
were considered in this work: the Gibbs criterion in the GCE
was applied. A more complete picture can be obtained by
additionally analyzing metastable and unstable states. This
work assumes that o particles do not form Bose-Einstein
condensates. The effects of Bose-Einstein condensates of «
particles could play a significant role [26], especially at low
temperatures. Other nuclear clusters, such as d, ¢, etc., should
be included in the description of nuclear matter as well [7].

C. Flavor-dependent vdW interactions in HRG and lattice data
at mp = 0

Flavor-dependent vdW interactions in the HRG model can
be considered in the context of the lattice QCD data. The
strong influence of the baryon-baryon vdW interactions was
demonstrated for observables accessible with lattice QCD
at zero chemical potential in the crossover region [17],
using identical vdW interactions between only (anti)baryon

pairs. The vdW terms between all other hadron pairs were
neglected in Ref. [17]. This simplest scenario can be modeled
essentially with a single-component quantum statistical vdW
model. Evidently, different baryon pairs may have different
vdW parameters. Heavier strange hadrons may have different
parameters compared to nonstrange ones, e.g., a smaller size.
A thermal analysis of the hadron yield data [27] suggests this
possibility.

Presently vdW interactions are included only for
(anti)baryon pairs, similarly to Ref. [17]. We extend the
QvdW-HRG model' of Ref. [17] by considering grossly
different vdW parameters for nonstrange and strange baryons.
The vdW parameters which reproduce properties of the nuclear
ground state [15] are employed for all pairs of nonstrange
baryons, i.e., ans = 329 MeV fm?® and bys = 3.42 fm>. The
effective hard-core radius of strange baryons is assumed to be
half that of nonstrange baryons. Hence, the EV parameter bg
of a strange baryon is 8 times smaller than the EV parameter
bns of nonstrange baryon. The attractive vdW parameters
ans here are assumed to be also a factor 8 smaller then
the nonstrange ones. Thus, as = ans/8 >~ 41 MeV fm® and
bs = sz/S ~043 fm3.

A large, factor 8, difference between vdW parameters for
strange and nonstrange baryons in the present toy model
illustrates the multicomponent vdW formalism. Obviously, a
different scenario with revised values of these parameters may
be considered as well. The vdW interactions between strange
and nonstrange baryons are characterized by the corresponding
cross-term coefficients. The repulsive cross-term coefficients
b;; are calculated according to Eq. (2). The attractive cross-
term coefficients a;; are calculated as a geometric mean, i.e.,

aj; = 4/a;aj;. (35)
This particular mixing rule is motivated by its common use in
chemistry [28,29].

'In the notation of Ref. [17] it is referred to as the VDW-HRG
model.
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as calculated within the I-HRG model (dashed black lines), the QvdW-HRG model with as = ans and bs = sz (solid blue lines), and the
QvdW-HRG model with as = ans/8 and bs = sz /8 (dash-dotted orange lines) at zero chemical potential. The lattice QCD results of the
Wauppertal-Budapest [30] and HotQCD [32] collaborations are shown, respectively, by symbols and green bands.

The temperature dependencies of the net baryon suscepti-
bilities X2 and y, By X2 at © = 0 are calculated for the different
models: Within the [-HRG model, the QvdW-HRG model with
as = ans and bs = bs, and the QvdW-HRG model with ag =
ans/8 and bs = bns/8. These dependencies are compared in
Fig. 4 to the lattice QCD data of the Wuppertal-Budapest
[30,31] and HotQCD [32] collaborations. The scenario with
weaker vdW interactions involving strange baryons improves
the agreement with the lattice data. This is primarily caused
by the overall decrease of the effects of the repulsive EV
interactions.

The strangeness observables are sensitive to vdW interac-
tions of strange baryons. The net strangeness susceptibility XQS
and the baryon-strangeness correlator ratio Cps = —3 55/ x)
are used to demonstrate this. The latter observable, suggested
in Ref. [33], is particularly sensitive and therefore is a useful
diagnostic tool for QCD matter. The calculations for these two
observables are shown in Fig. 5. They are compared with the
corresponding lattice results of the Wuppertal-Budapest [30]
and HotQCD [32] collaborations.

The standard QvdW-HRG model (identical vdW parame-
ters for both, the nonstrange and strange baryons) does not
improve the agreement with the lattice data as compared to the
I-HRG model for these observables. In fact, the agreement
becomes significantly worse at high temperatures. In the
scenario with the smaller vdW interactions for strange baryons,
on the other hand, the existing agreement of the I-HRG model
with the lattice QCD data for X2S is preserved, see Fig. 5(a).

None of the considered scenarios describes the lattice data
for the Cgs [Fig. 5(b)]: The lattice data are underestimated
by all three models. The two QvdW-HRG models do show a
characteristic inflection point in the temperature dependence of
Cgs. This point seems to be present in the lattice QCD data as
well. Reducing the vdW interactions of strange baryons does
result in an improved agreement with the lattice QCD data.
Hitherto undiscovered strange hadrons may be the source of
the underestimation of Cgg in HRG models. These states have
been predicted by the quark model [34,35] and by the lattice

QCD spectrum calculations [36]. The agreement between the
lattice QCD data and the I-HRG model for Cgg is improved if
these extra states are included into the I-HRG model [37]. A
similar effect is expected for all QvdW-HRG based models.

V. SUMMARY

This paper presented a generalization of the van der
Waals equation of state for a multicomponent system. The
formalism takes into account both the repulsive and the
attractive interactions between particles of different species. It
allows to specify the parameters characterizing repulsive and
attractive forces between each pair of species independently.
The quantum statistical effects, absent in the classical van der
Waals equation, are introduced into the free energy of the
multicomponent van der Waals model. The grand-canonical
ensemble formulation of the model is also presented.

Both the grand-canonical formulation and the implemen-
tation of the quantum statistics in the multicomponent van
der Waals model have been done in the present paper for
the first time. These extensions are useful for many physical
applications. The quantum statistical formulation is helpful
for describing the asymmetric nuclear matter, which consists
of an unequal number of interacting protons and neutrons.
The formulation also allows treatment of the light nuclei in
dense nuclear matter. The repulsive and attractive van der
Waals interactions seem to be crucially important for baryons
and antibaryons in hot hadronic matter. Such an application
of the multicomponent van der Waals model is discussed in
the present paper in the context of the strangeness dependent
interactions. The formalism developed in this paper should
be also useful for studies of the multicomponent systems of
interacting atoms and molecules at small temperatures, where
the quantum statistical effects are important.
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