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To extend the applications of the so-called “three-dimensional” formalism to the description of three-nucleon
scattering within the Faddeev formalism, we develop a general form of the three-nucleon scattering amplitude.
This form significantly decreases the numerical complexity of the “three-dimensional” calculations by reducing
the scattering amplitude to a linear combination of momentum-dependent spin operators and scalar functions of
momenta. The number and structure of the spin operators is fixed and the scalar functions can be represented
numerically using standard methods such as multidimensional arrays. In this paper, we show that all orders
of the iterated Faddeev equation can be written in this general form. We argue that calculations utilizing the
three-nucleon force will also conform to the same general form. Additionally, we show how the general form
of the scattering amplitude can be used to transform the Faddeev equation to make it suitable for numerical

calculations using iterative methods.
DOLI: 10.1103/PhysRevC.96.014611

I. INTRODUCTION

The “three-dimensional” (3D) formalism is a framework
for performing quantum mechanical calculations related to
few-nucleon systems without resorting to partial wave de-
composition. This approach uses the 3D vector degrees of
freedom of the nucleons directly and was applied, in particular,
to calculate the two-nucleon (2N) bound state and transition
operator [1,2] and the 3H bound state [3]. An introduction to the
“three-dimensional” formalism can be found in Refs. [1-7].
Also, the Tehran group published a series of papers (see, e.g.,
Refs. [8-17]), where many investigations within the “three-
dimensional” formalism, especially regarding three-body and
four-body bound states are discussed in detail. For recent
investigations on the “three-dimensional” approach using the
low-momentum interaction or the relativistic interaction, see
Refs. [15] and [16,17], respectively. The 3D approach is
characterized by flexibility because it provides an easy way
to exchange models of nuclear interactions since the potential
does not need to undergo the partial wave decomposition
procedure. The precision of these computations was compared
to partial wave calculations in our recent paper [18], where
we calculated observables related to neutron-deuteron (Nd)
scattering in the first order of the iterated Faddeev equation.
In spite of the fact that our results in this paper were
obtained using the first-order terms only, they demonstrated
the usefulness of the 3D approach for certain kinematical
configurations of the breakup reaction where the convergence
for partial wave results is slow.

Our motivation for the present work is the extension of the
three-nucleon (3N) 3D scattering calculations [18] to all orders
of the Faddeev equation. The hope is that avoiding partial
wave expansion will facilitate the applicability of three- and
many-body nuclear forces derived from chiral effective field
theory [19-25].

Our framework to study the Nd scattering process is based
on the Faddeev formalism [26]. The central element of this
description is the Faddeev equation for the 3N transition
operator 7":

T|p) = IP|¢p) + IGoPT|), (1)
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where P = ﬁ12ﬁ23 + 1513 Iv’gg is an operator built from particle
transpositions P, s G is the free propagator, 7 is the 2N tran-
sition operator satisfying the Lippmann-Schwinger equation,
and |¢) is the initial product state composed from a deuteron
and a free nucleon with momentum ¢ in the 3N center of mass
frame. Nd scattering observables can be calculated using two
types of matrix elements. For the breakup channel observables
can be calculated from

(ol (1 + PYT9), 2
while for the elastic scattering channel from
(@'1PGy" + PT|g). 3)

In Eq. (2), (¢o] is a final state containing three free nucleons
and in (3) (¢’| is a final product state composed from a deuteron
and a free nucleon with momentum gqy,.

Our attempt to use the 3D formalism to solve Eq. (1) begins
with considerations related to numerical complexity. Since we
do not use partial wave decomposition and work instead with
the 3D degrees of freedom of the nucleons directly, we will
focus on the matrix element (p'q’|T|pq), where p'.q’.p.q
are Jacobi momenta in the final and initial states. This matrix
element is an operator in the isospin-spin space of the 3N
system and can be represented using a 8 x 8 = 64 by 64 matrix
(there are 8 possible spin states and 8 possible isospin states
for the 3N system) for every momentum combination. Each
element of this matrix is a complex-valued function of the
4 x 3 = 12 components of the four Jacobi momenta. It follows
that our calculations would involve 64 x 64 = 4,096 complex-
valued functions of 12 arguments. If each argument of these
functions were discretized over a lattice of 32 points, then our
code would have to handle arrays of 4,096 x 3212~ 4.7 x
10?! complex numbers to represent r'q'\T\pq) numerically.
This is equivalent to approximately 7.5 x 10'* GB of data for
double precision numbers and is clearly not practical or even
possible using modern computing resources.

Fortunately, from the form of Eq. (1) and the matrix
elements Egs. (2) and (3), it is clear that we only need to
calculate the state 7'|¢). This state can be projected onto a
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Jacobi momentum eigenstate (pq|T|¢) and represented by
8 x 8 = 64 functions for each momentum combination, thus
significantly reducing the numerical complexity of the prob-
lem. We expect each of these functions to have nine arguments
coming from the components of the Jacobi momenta p,q
and the free nucleon momentum ¢ in the initial state |¢).
Overall, if each argument of these functions were discretized
over a lattice of 32 points, our code would have to handle
arrays containing 64 x 32° ~ 2.3 x 10'3 complex numbers to
represent (pq| T|¢). This is still a very large number and if we
hope to create a practical numerical implementation of 3D Nd
scattering calculations, we need to further reduce this figure.

In the following sections, we show how this large number
can be additionally reduced to approximately 64 x 8 x 32° ~
5.5 x 10'" by using spatial rotation symmetry. Once this
symmetry is taken into account, the 3N scattering amplitude
( pq|T|¢) can be represented by 64 x 8 (64 functions for
each of the 8 possible isospin cases) complex-valued scalar
functions of p,q,qo. The scalar nature of these functions
means that each will only have six real arguments (number
of vectors x number of components for each vector — number
of dimensions: 3 x 3 —3 = 6), and thus the size of arrays
representing these functions in numerical implementations is
decreased by a couple orders of magnitude.

The paper is organized as follows. In Sec. II, we make a
general argument about the form of the 3N scattering ampli-
tude in the Faddeev equations. This argument is applicable
not only to Eq. (1) but also to the Faddeev equation with
the 3N force included (see, e.g., Ref. [26]). In Sec. III, we
discuss the arguments of the scalar functions that determine
the scattering amplitude, and in Sec. IV, we show how, using
the general form, the Faddeev Eq. (1) can be transformed
into an operator equation that can be solved iteratively
using Krylov subspace methods. Finally, in Sec. IVC we
discuss the singularities of the 3N scattering amplitude
resulting from the 2N transition operator, and in Sec. V
we summarize. Additionally Appendices A and B contain
the most important result of this work, a set of operators
and scalar functions necessary to represent the Nd scattering
amplitude.

II. THE 3N SCATTERING AMPLITUDE

To make a general argument about the form of the 3N
scattering amplitude (pq|T|¢), we will express it more
explicitly. In the first step, we insert the identity operator
between the 3N transition operator 7 and |¢), and use the
Dirac 8 function 83(q’ — qo) arising from the momentum state
|go) of the free nucleon in |¢):

(pq|T\p) = | &*p'd*q'(pq\T|p'q')(p'q'1d)

d’p'(pq|T1p'q0)(P'q0l9). )

/
/
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We can further rewrite Eq. (4) using the operator form of the
deuteron bound state [1]:

2
=Y a(Pbi(p)llmy), )

=1

(plda)

where |1m,) is the deuteron spin state, b;( p) are spin operators
given in Ref. [1] and the bound state is determined by two
scalar functions ¢;(p) of the 2N relative momentum that
are directly related to the s- and d-wave components of the
deuteron as given explicitly in Ref. [1]. The two operators
51:1,2(1)) that make up the deuteron bound state in Ref. [1]
will be capitalized in the following B;(p’) to mark that they
act in the isospin-spin space of three particles. This results in

(pq|T|o)

2
= / p' Y o(p)pa|TIp' g B(P)1ls).  (6)

I=1
where we use square brackets to denote operators in the
isospin-spin space and

9= (5=

3N isospin
)

H®100 ® (ISy) ® [1mg))*N o

(N

is a 3N isospin-spin state made up from the free neutron
(proton) isospin |— — —) (1% 5+ )), the deuteron isospin |00),
the free nucleon spin |S N), and the deuteron spin |1m) states.

Overall, apart from the implicit energy dependence, the
right-hand side of Eq. (6) depends on the Jacobi momenta in
the final state p, ¢ and on the momentum of the free nucleon q0,
which is related to the 3N system energy E3V = 4m ‘Io + Ey4,
the deuteron bound state energy E,, and the nucleon mass m.
The isospin-spin operators, marked in Eq. (6) by using square
brackets can be constructed from combinations of p,q,qo,
and pure spin and isospin operators. Examples of pure isospin
and pure spin operators might include the three isospin vector
operators T (i) and the three spin vector operators & (i) for each
of the three nucleons i = 1,2,3 whose matrix representations
are given in terms of the Pauli matrices.

Using these observations we deduce that ( pq|T|¢) must
have the following general form:

(pq|T|p) = [X(p.q.90)]ls), (8)

where X(p,q.q0) is an operator acting in the isospin - spin
space of the 3N system. Furthermore, symmetry consider-
ations lead us to expect the X(p,q,go) operator to have
rotational symmetry, i.e.,

[R1[X(p.q.90)] = [X(R(p),R(q),R(go)]I[R],

where R is a spatial rotation and [R] is the matrix representa-
tion of the rotation in isospin-spin space. We can therefore use
the algorithm from Sec. 2 of Ref. [27], with minor adjustments,
to find its general, rotation invariant, form. To do this we
consider the spin and isospin parts of Eq. (8) separately,

X(p.q.90) = X*"P" @ X™"(p,q,q0),

and focus on the spin part since the isospin operator has no
momentum dependence and does not change under spatial
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rotations. X*""(p.q.,q0) can be constructed from scalar com-
binations of the following set of vectors:

{6(1).6(2).6(3).p.q9.90}. €))

and this set needs to be substituted for T in the procedure from
Ref. [27].

The final result of using the modified procedure [27] is the
operator form,

64
XP"(p.q.q0) =Y 7 (p.4.40)0:(p.q.q0),  (10)

r=1

where the 3N spin operators O,(p.q.qo) are listed in Ap-
pendix A and t.(p,q,q¢) are some scalar functions. The
algorithm guarantees that any rotation invariant operator
constructed from elements of Eq. (9) can be written in this
form.

Using Eq. (10) we can finally write the general form of the
scattering amplitude,

(pq|T o)

64
=33 7" (p.q.901¥*") ® (0,(p.g.q0le). (1)

yIN r=1 |
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where the first sum is over the eight possible isospin states
ly3Ny of the 3N system and |a) is a 3N spin state that, in
principle, does not have to be equal to the spin part of |s) from
Eq. (7), making Eq. (11) more general than Eq. (6). In Eq. (11),
the 3N scattering amplitude is fully determined by the 64 x 8

3N
complex-valued scalar functions 77" (p,q.,qo) of momenta. It

follows from the scalar nature of these functions that they have
only six independent real arguments. This leads to a significant
reduction of numerical complexity and makes 3D calculations
of Nd scattering observables, which incorporate all orders of
the Faddeev equation, feasible. There are multiple choices for
the six arguments and the next section discusses two possible
options. Since this section does not make direct references to
the two- or three-nucleon potential, Eq. (11) can also be used
in the version of the Faddeev equation that utilizes the three
nucleon force.

III. SCALAR FUNCTION ARGUMENTS

We begin with a flawed example to demonstrate the
importance of a proper choice for the arguments of the scalar
functions. Let us assume that the scalar functions have the
following arguments:

3N 3N
7 (p.g.90 =7 (P*.4°.95.P 4.9 - 90.90 - P).

Using this choice and trying to compute the value of p x ¢ -
qo, we encounter two possible answers:

+/~(p-0°4} — (p - 40°¢> + 2p

This ambiguity is unacceptable, since we want to uniquely fix
the angles between p,q and q.

There are many possible proper choices for the arguments
that uniquely fix all the angles in the set of three vectors p,q,q.
One such choice is given in Ref. [29],

" (p.g.90 =" (p*.4%.43.(q0 x @)
(g0 X P).q - q0.90 - P)- (12)

and we refer the reader to this paper where all relevant angles
are worked out in terms of the scalar function arguments from
Eq. (12).

IV. REMOVING SPIN AND ISOSPIN DEPENDENCIES

The 3N Faddeev Eq. (1) can now be rewritten using Eq. (11).
After removing the spin and isospin dependencies, Eq. (1) will
be transformed into a set of coupled equations for the scalar

functions 7,7 . (P.q,90)- In the following subsections, we will
consider each term of the Faddeev equation separately and
form a simple linear equation with operators acting on the
scalar functions t (of vectors p, q, g and integer arguments
r, 3N

T =%+ 0t (13)

-9)(p - 90)(q - 90) + P> (934> — (g - 90).

(

The two terms 7 P|¢) and /G PT|¢) on the right-hand side of
Eq. (1) will be transformed into ¥ (a scalar function of p, ¢,
go and integer arguments r, >V) and the operator Q acting
on t, respectively. The left-hand side will be transformed into
an identity operator acting on t.

Equation (13) can be rearranged by moving the unknown
function t to the left-hand side,

d-0r =1, (14)

to form a more explicit linear equation for t. The transfor-
mation of Eq. (1) into Eq. (14) makes it possible to apply
iterative Krylov subspace methods, for example, the Arnoldi
algorithm [28], to find the solution—the scalar functions t that
define T'|¢) in Eq. (11). Scalar functions 7, ¥ in Eq. (14) can
be represented as multidimensional complex arrays and the
iterations can be constructed around the (I — Q) operator to
produce its representation as a matrix with a relatively small
size. Using this, Eq. (14) can be transformed to a small system
of linear equations and solved using popular linear solvers
(e.g., LAPACK).

A. Operator form of (pq|{ P|¢)

Arguments similar to those that led to T|$) having the
general form of Eq. (11) also lead to the conclusion that
[P|¢) and Gy PT |¢) can be written in the same way. Writing
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(pqltvﬁ|¢) in the general form of Eq. (11),

ZZTV (p.q.90)ly*")

yer]

®(0,(p.q.q0)la)), (15)

and removing the spin and isospin dependencies will result
in a set of coupled linear equations for the scalar functions

rry (p.q.q90). To show this, we begin by inserting the

identity operator between the 2N transition operator 7 and the
permutation operator P, and between the permutation operator
and the initial state |¢):

(pqliP|¢) = /d3p’d3q/fd3p”d3q”<pq|f|p’q/)

x(p'q'|PIp"q")(p"q"19). (16)

The three matrix elements in Eq. (16) will introduce four
Dirac § functions into the integrations, thus eliminating them
completely.

Namely, the 2N transition operator 7 acts in a two-particle
subsystem with the relative momenta of the two nucleons
p,p’ and cannot change the Jacobi momenta q,q’ between
the initial and final state. This results in the first element
(pqlf|p'q’) introducing 8*(q — q’). The initial state |¢) is
a product of |go) and the deuteron wave function therefore
the third element (p”q”|p) mtroduces 83(q" — qo). Using
both these observations, the ¢’ and q” integrations can be
eliminated and these vectors replaced by g and g, respectively.
The remaining matrix element (p’q’| P|p”q”) introduces two
Dirac § functions, and there are two cases to consider. Each
case corresponds to one of the two terms in the permutation
operator P = P, P,; + P13 P>;. This leads to two different
sets of momentum vectors that will be substituted for p and
p" after carrying out the integrations in Eq. (16). The first

(pqliPlg) =

term, (p'q’ = q| Py = P12 Py|p"q" = qo), results in

pP=p = 5‘1 +qo,

(17

p = P1 = —‘¢I() q,
and the second term, (p'q' = q|P, = Pi3Px|p"q" = qo),
results in

P =p)=—39 —qo.

P =py=3q0+4. (18)

Using relation Egs. (17) and (18) together with the operator
forms of the 2N transition operator (pq|7|p/,q) from Ref. [1]
and initial state (p/ qo|¢) from Eq. (5), we can rewrite Eq. (16)

>Yyy

u=1 y2N [=1 i=1

(pqliPlp) =
y 3N_i 2 I A "
xt | E ol DN A 2 L)
m
[Ty "1 ®
< [Fr]®[F)]
x [11®[1 & bi(p)lls), (19)

[ ® wi(p,p)]
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where m is the nucleon mass and the sum over u is related
to the two terms in the permutation operator. The last three
lines of Eq. (19) have the isospin and spin parts of operators
separated. Square brackets on the left and right side of ®
are used to mark the isospin and spin components with 8 x 8
matrix representations. These two separate components are
additionally divided in line three and five to separate operators
acting in the space of particles 2 and 3 (on the right-hand side of
® in [...]) from operators acting in the space of particle 1 (on
the left-hand side of ® in [. . .]). Since the matrix representation
of the permutation in the 3N isospin space [P,js] and the 3N
spin space [P!] is the same, in the following we will use
[151,] = [13;-‘] = [ﬁ;]. The deuteron bound state |¢,;) in |¢p)
has the form of Eq. (5), and in Eq. (19) the two capitalized
(acting in the space of particles 2 and 3) spin operators from
Eq. (6), Bi(p) = 1 ® b;(p), are written explicitly. The six spin
operators w;(p, p,) in Eq. (19) are part of the 2N transition
operator,

(p'y*"1ilpy*")
6
2N
= SVIZNVZN Ztiy (E2N7p/ap7p/ ° p)lbi(p/vp)v (20)
i=1

and are defined in Ref. [1]. In Egs. (19) and (20), we write
the energy argument E explicitly and mark the difference
between the 3N and 2N energy E>N = E3V — 242 The
transition operator is determined by the scalar “functions
tiVZN (E?N,p',p,p’ - p) and the sum over y>" in Eq. (19) is over
the four possible 2N isospin states. Since the 2N transition
operator does not mix isospin states in the 2N subsystem
[1], the isospin component in line three of Eq. (19) contains
the |y2V)(y2N| operator acting in the subspace of particles 2
and 3.

Using the general form of Eq. (15) and splitting Eq. (7) into
the isospin and spin components |s) = |y) ® |a), Eq. (19) can
be written as

64
YT gl ® (0:(p.g.q0)l)

Y3 r=1

DD DWW (LS TITIIY

u=1 y2v =1 i=1

x ¢ (PO @ 1y ) (™M1

® [ @ wi(p. PP ® [F,][1]

® 1 @ bi(p)Iy) ® la)). 2y
This equation holds for all spin states |«), not only for the
deuteron spin part of Eq. (7). The spin dependencies can,

therefore, be removed by acting from the left, on both sides of
Eq. (21), with

(™ ® (a|0,(p.q.90) (22)
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FIG. 1. Distribution of nonzero elements in the A, matrix.
The nonzero elements of this sparse matrix are marked using
black squares. Each row and column of squares corresponds to the
appropriate row and column of A, .

and summing over all possible 3N spin states |«). This
procedure transforms the left-hand side of Eq. (21) into

64

> Au(p.g.q0E"

r=1

(piqvq())

64
=" (@l0u(p.4.90)0,(p.q.q)|c)T"

r=1 «o

(p.9.90);

(23)

where we introduced the 64 x 64 = 4096 element A, matrix
containing scalar coefficients. This matrix is symmetric,
A;j = Aj;, and the distribution of its nonzero elements is
illustrated in Fig. 1. Appendix B contains a complete list of
expressions for the nonzero elements of this matrix on and
above the diagonal.

The right-hand side of Eq. (21) is more complicated.
Applying Eq. (22) and summing over the spin states |«) results
in

u=1 I=1 i=

2N 3 A
x 2t (E” — PP PL)

VZN
x o (P NI @ [y ) (N NRIY)
x Y (a|[Ow(p.q.q0]IT ® Wi(p. p))]

—_

x [PIT @ bi(p))]er). (24)
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Lines two and three of Eq. (24) constitute new scalar functions,

13N 2N 3 N ~ ,
fh (pg.qo) =)t (EW ——q*.p.p.p- pi,)d)/(p;)

4m
)/2N

x ("M@ M) (MR, (25)

of momenta and indexes u,i,/, y’3N that are related to the per-
mutation, the transition operator scalar function, the deuteron
scalar function, and the 3N isospin, respectively. Lines four
and five of Eq. (24) define new coefficients that can be easily
calculated using software for symbolic algebra [30]:

Buiui(p.4.90) = )_(@l[0u(p.q.90)Il1 & w;(p, p)IP,]

o

x [1® bi(p!)lla). (26)

Using Egs. (25) and (26) the right-hand side of Eq. (21) can
be transformed to

2 2 6
NS i (0.4.40Buia(pg.a0). Q2D

u=1 I=1 i=1

Collecting the left- and right-hand sides from Eqgs. (23) and

(27), we get a s1mple matrix equation for the values of the
scalar functions &7 ( P.9,90):

64

Y Au(p.g.q0F"

r=1

(P»Q»QO)

6
= Zzzfull (p q, QO)meI(P q, qO) (28)

Finding the solution requires the inversion of the A, matrix:

2 2 6
~ry’3N(p’q’q0) = Z Z Z f,,);,;N(P,‘IJIO)

u=l1 [=1 i=1
x ZA (P-4.90)Buiu(p.q.90)- (29)

Equation (29) allows the first part P |¢) of the Faddeev Eq. (1)
to be written in the general operator form of Eq. (11). It is
also a recipe for the T function from Eq. (13). The successful
application of this formula depends on the numerical properties
of A; these should be carefully investigated during the
numerical realization.

B. Operator form of (pq|{GoPT|$)
Writing (pgq liGoPT|¢) in the general form of Eq. (11),
(pqliGoPT|¢)
64

=N 7" (p.g.q0lr™) ® (0,(p.g.q0)le)).

Y3 r=1

(30)

3N
with new scalar functions 7/ (p,q.qo) and removing the spin
and isospin dependencies will complete the reformulation of
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the Faddeev Eq. (1) into Eq. (14). We begin by inserting two
identity operators between G and P and between P and T':

(pqliGoPT|¢)
= /d3p’d3q’fd3p”d3q”<pqlféolp’q’>
x (p'q'|PIp"q")(p"q"|T o). @31

The first matrix element (pq|iGo|p’q’) will introduce
53(q q/) into the integrand. The second matrix element
(p'q'|P|p"q") will introduce two Dirac § functions into the
integrations and, in analogy to the previous subsection, we will
have to consider two cases corresponding to the two terms in
P = Py Py; + P3Py;. The third matrix element (p”q"|T |$)
can be written in the general operator form of Eq. (11) but does
not explicitly introduce any Dirac delta functions. Altogether,
this results in one integration remaining in Eq. (31), and it is
important to choose this integration smartly due to the singular
nature of the integrand.

We expect T to have at least one singularity coming from
the 2N transition operator 7. The explicit energy dependence
of 7 in Eq. 31) is E*¥ — 2-¢ and the singularity will occur
when this value approaches the deuteron-bound state energy.
This directly translates to a singularity of (p”q”|T|¢) in q".
Using this observation and following Ref. [29], we eliminate
three integrals and leave only the ¢” integration in Eq. (31).

After eliminating the integrals, the first term in the permu-

tation operator (p'q’ = q|P; = P> P3| p"q”) results in
p =k = %q +4q",
1 (32)
p// — k/ll = _Eq// _q’
and the second part (p'q’ = q|P, = P3P p”q") results in
P=K=-34-4"
=k =3q"+q. (33)

With this, Eq. (31) can be written using the general form of
Eq. (30):

64

Y S 7" (p.g.901v") ® (0,(p.q.90)|e)

y3‘v r=1

2 % «
" -y [Pu] ® [Py]
zg/d% Upglilk, )l == =

4m mou

x ZZ” (k;.q".q0)ly*") ® (0,(k;.q".q0)|)),

y3N r=1

(34)

with the scalar function 7 determining T after the application
of Gy P and |a) being a 3N spin state.

PHYSICAL REVIEW C 96, 014611 (2017)

Removing the spin and isospin dependencies from Eq. (34)
follows the same procedure as in Sec. IV A. For this reason,
we will not delve into details and only write the final result:

_., 3N
7 (p.9.90)
64 64

2 6
/ d3q” Z Z Z Z Arw (P q, qO)Cwszu

u=l i=1 w=I s=1
X (1,4.90.4")8% (P.q.90.9"). (35)

In Eq. (35), Cysin(P,q.90,q") are new functions that can be
easily calculated using software for symbolic algebra,

Cusin(P-4.90.4") = Y _(@|[0w(p.q.q0)Il1 ® Wi (p.k,)]

x [P10s(K;.q" .qo)|x), (36)

and the sum is over all possible spin states. The functions
B3N
ghi (p.q.q0,q") are related to the scalar functions t via

3N /
gs):_u (pquq()aq /)

=Yy

2N ?N

3
(E”V——q Dk P k)

3 1 -

x (E +ie— —q° — —k;2> " (K!.q" q0)
4dm m ’

x (NI @ 1y M)y M B Y). 37)

With this we have a complete set of definitions that can be
used to solve Eq. (1) using iterative Krylov subspace methods.

C. Collecting all terms

We mentioned above that a smart choice of integration
variable is important due to the singular behavior of the 2N
transition operator around the deuteron-bound state energy.
The form of this singularity is well known and can be used in
Egs. (29) and (35) by explicitly writing the scalar functions
that define the 2N transition operator in Eq. (20) as

o 27 EN ppp - p)
! (E*,p',p.p - p) = W . (38
— L4

This substitution is only necessary for the case of the deuteron
isospin |y2V) = |00) and results in nonsingular scalar func-
tions ¢*. In addition to the deuteron, also the free propagator
contributes to the singular behavior of the integral form of
the Faddeev equation; this results in the so-called “moving
singularities.” In our scheme, these poles will be treated
numerically as described in Refs. [6,29], where equations
very similar to the ones presented in the current paper are
considered. Additional information on the treatment of the
deuteron pole can be found in Ref. [26].

With this in mind, all ingredients are in place to implement
Eq. (14),

i-0r=¢
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numerically. Equation (29) together with Egs. (25) and (26)
can be used to construct T,

2 2 6
2" (g0 =Y. 3> [ (.4.90)

u=1 I=1 i=1
64
X ZAr_w](p’qqu)Bwiul(pyqaqO)g

w=1

while Eq. (35) together with Eqgs. (36) and (37) define the Q
operator:

00" (p.q.q0) = 7" (p.q.90)
2 6 64
= /d3q”22 > AL (p.g.90)
u=1 i=1 w,s=1

/ 3
X Cosiu(P,4.90.94")8%s (P.q.90.4")-

We managed to significantly reduce the numerical complexity
of the problem by utilizing rotational symmetry; however, the
numerical size of the problem is still significant. This poses
a serious challenge for the future implementation, which we,
nonetheless, regard to be feasible since even more simpli-
fications are immediately apparent. For instance, looking at
the final expressions, each free nucleon relative momentum
magnitude gy case produces an independent equation and
can be treated separately, thus further reducing the numerical
complexity of the calculations.

V. SUMMARY

In Sec. II, we showed that the 3N scattering amplitude can
be written in a general form,

(pq|T|o)

64
= " (p.a.q0ly™) 8 (0,(p.g.q0)l)),

y3N r=1

and the arguments we presented are applicable also in the case
when a 3N force is taken into consideration. Next, we used
this general form to rewrite the Faddeev equation as
i-0r=t

where Q is a linear operator acting on the scalar functions t
(depending on momenta p,q,q and integer arguments r and
y>3N) that define the scattering amplitude and 7 is a given set
of scalar functions calculated using the 2N transition operator.
This simple linear equation can be solved iteratively for t.
These scalar functions can be represented numerically using
only approximately 5.5 x 10'' complex numbers if they are
discretized over a lattice of 32 points for each momentum
magnitude and angular argument.

This is a significant reduction of numerical complexity with
respect to approaches that do not utilize rotational symmetry,
and we hope that it will allow us to construct a numerical
scheme that accounts for all orders of the iterated Faddeev
equation. We also hope that using the general form of the
scattering amplitude will make it possible to include 3N forces
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into the description of three nucleon scattering without using
partial waves. However, to achieve this goal we will have to
work out the general operator form of the 3N force. For first
steps in this direction by H. Krebs et al., see Ref. [25].

It should be mentioned that a further reduction of numerical
complexity can be achieved by utilizing discrete symmetries.
Utilizing symmetry properties under parity, time reversal and
particle exchange might reduce the total number of scalar
functions. We estimate that this is a much smaller gain than the
one obtained by utilizing rotation symmetry; however, every
simplification of the problem should be considered.
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APPENDIX A: SPIN OPERATORS IN THE GENERAL
FORM OF THE 3N SCATTERING AMPLITUDE

01(p.q.q90) = 1
0:(p.q.90) = p - (1)
03(p.q.90) = p - 5(2)
O4(p.q.90) = p - 5(3)
Os(p.q.90) = q - 6(1)
O6(p.q.90) = q - 6(2)
0+(p.q.90) =q - 5(3)
Os(p.q.90) = qo - &(1)
Oo(p.q.q0) = g0 - 6(2)
O10(p.q4.90) = qo - 5(3)
011(p.q.90) = 6(1) - 6(2)
O12(p.q.90) = 6(1) - 5(3)
013(p.q.90) = 6(2) - 6(3)
014(p.q.90) = p x 6(1) - 6(2)
O15(p.q.90) = p x 6(1)- 6(3)
O16(p.q.90) = p x 6(2) - 6(3)
017(p.q.90) = q x (1) - 5(2)
O15(p.q.90) = q x (1) - 6(3)
019(p.q.90) = q X §(2)- §(3)
O20(p.q.90) = go x (1) - 6(2)
021(p.q.90) = qo x §(1) - &(3)
0x0(p.q.90) = qo x 5(2) - 7(3)
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023(p.q.90) = (1) x 5(2) - 6(3)
02(p.q.90) = p-6(1) p-6(2)
025(p.q.90) = p -6(1) p-5(3)
O2(p.q.90) =p-6(1) ¢-6(2)

02 (p.q.q90) =p-6(1) ¢-6(3)
Ox(p.q.90) = p - (1) qo-6(2)
O2(p.q.90) = p - 6(1) qo-5(3)
O30(p.q.90) = p - 6(1) 5(2)-6(3)
031(p.q.90) = p-6(1) p x5(2)-6(3)
O3(p.q.90)=p-6(1) g x5(2)-6(3)
O33(p.q.90) = p-6(1) go x 5(2)-6(3)
O34(p.q.90) = p-6(1) 6(1) x 6(2)- 6(3)
O35(p.q.90) = p-6(2) p-6(3)
O36(p.4.90) =p-6(2) ¢-6(3)
O37(p.q.90) = p-6(2) qo-6(3)
O35(p.q.90) = p - 6(2) &(1)-6(3)
O30(p.q.90)=p-6(2) px&(1)-6(3)
Os0(p.q.90) = p-6(2) ¢ x 5(1)-6(3)
O41(p.q.90) = p-6(2) qo x &(1)-5(3)
Op(p.q.90) =q - 6(1) q-6(2)
O43(p.q.90) =q - 6(1) q-5(3)
Ouu(p.q.90) = q -5(1) qo-6(2)
O45(p.q.90) = q - 5(1) qo-5(3)
Ous(p.q.90) = q -5(1) 6(2)-6(3)
Ou1(p.q.90) =q -6(1) px&(2)-5(3)
Oss(p.q.90) =q -5(1) ¢ x 6(2)-5(3)
Os0(p.q.90) = q -5(1) go x 6(2)-5(3)
Oso(p.q.q0) = q - (1) (1) x §(2) - &(3)
Os1(p.q.90) =q -6(2) ¢-6(3)
O52(p.q.90) = q - 6(2) qo-5(3)
Os53(p.q.90) = q - 5(2) 6(1)-6(3)
Os4(p.q.90) =q - 6(2) px&(1)-5(3)
Oss(p.q.90) =q - 5(2) g x 6(1)-&(3)
Os6(p.q.90) = q - 5(2) go x 6(1)-&(3)
Os1(p.q.90) = qo - 6(1) &(2)-6(3)
Oss(p.q.q0)=p-6(1) p-&Q2) p-6(3)
Oso(p.q.90) =p-6(1) p-6Q2) q-6(3)
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Oco(p.q.90) =p-6(1) p-6(2) qo-5(3)
Oci(p.q.90)=p-6(1) q-5Q2) q-5(3)
Oc(p.q.90)=p-6(1) ¢-5Q2) go-6(3)
O3(p.q.90) =q-5(1) q-5(2) q-6(3)
Ocs(p.q.90) =q - 5(1) q-6(2) qo-5(3)

APPENDIX B: NONZERO COEFFICIENTS

FOR THE A,, MATRIX
A1 =38
Ajn=Apn=4A33=24
Axoz =48

Asrs0 = 8i(p x q) - qo

Aszso = 16i(p X q) - qo

Algaq = Asas = Agsa = A6 = A2127 = A3
= Axzer = Az0s6 = Azaso = Asga9 = Agos7
=8(pxq)-qo

Assse = 8i(p X q0) - q

Assa9 = 16i(p X q0) - q

A1728 = A1s29 = A1937 = A3353 = Az750 = Ad146
= Ass57 =8(p X q0) - q

Aziss = Azgag = —=8(p x @) - (p X q)

Asoso = 8i(p x q) - (p X q)

Ax40 = Ayrsa =8(p x q) - (p X q)

Azga9 = —8(p x q) - (P X q0)

Asoe0 = 8i(p x q) - (p X qo)

Auz56 = Asgsa = —8(p x q) - (¢ X q0)

Asoe2 = 8i(p x q) - (¢ X qo)

Asras = 8(p x q) - (g X q0)

Az1s6 = —8(p X qo) - (P X q)

Aszpa1 = Azza0 = 8(p X qo) - (p X q)

Az341 =8(p X o) - (P X q0)

Ag149 = 8(p X q0) - (¢ X q0)

Assea = —8i(g X qo) - (p X q)

Aszss = 8(¢ X qo) - (p X q)

Aszs6 = 8(¢ X go) - (P X o)

As9s6 = 8(q X qo) - (¢ X q0)

A3z = Azgza = —16p - p

A3y = —16ip - p

Azr = A3z = Aga = Ana = Anos = Aizss

= A3 =8p-p
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Alg1a = Ais1s = A6 = Alesa = A3z = 16p - p Azzss = Asoso = —16q - q
As030 = Asg3s =24p - p Asosy = —16iq - q
Az60 = Asgo60 = —8p - p(P X q) - qo Ass = Ago = A77 = A11a2 = A1naz = Aizs)
As162 = Azzso = Aa1so =8p - p(p X q) - 4o = As53 =89 - q
Anszs = Asszs = Azpss = Assss = Asgsg = 8(p - p)’ A1717 = Aig1s = A1919 = Agso = Azas = 16q - q
A3131 = Aze30 = 16(p - p)* Asca6 = As3s3 =24q - q
Asgss = 8(p - p)’ Asse2 = =8¢ - q(p X q) - qo
Axq0 = Axzsy = Azgso = —16p - q Agr60 = Asses = Asee1 =8¢ -q(p X q) - qo
Asgs3 = Asgso = —16ip - q Aze26 = A2727 = Asz061 = As636 = 8p - pq - ¢
Azs = Aze = A47 = An126 = A1227 = A1336 = A3053 A3230 = Asoa0 = Aa747 = Asasa = 16p - pq - q
= Asg46 =8p ¢ Asoso =8(p - p)q-q
Arg17 = A1s18 = As619 = Ateso = Ar934 = Aoz Azear = Az743 = As063 = Azes1 = Asses = Aacel
= Axz47 = 16p - q = Asze1 =8p-qq - q
Az046 = Azgsy =24p - q Aspag = Asoss = Aarag = Asass = 16p -qq - q
As062 = Aageo = Asseo = —8p - q(p X q) - qo Asoe1 =8p-pp-qq -4
Az164 = Aszgea = Ag161 = Aar62 = As959 = Ases9 Asoes =8(p-9)°q - q
=8p-q(pxq)-qo As3e2 = As761 =8P - qoq - q
Aza26 = Azsar = Azpso = Assze = Azgso = Aaess As749 = Asase = 16p - qoq - q
= As3ss =8p-pp-q Apn = Apas = Ases = Asis1 = Aszes = 8(q - @)°
A3132 = Az147 = Azga0 = A39s4 = 16p - pp - q Augas = Assss = 16(q - q)°
Assso =8(p- p)’p-q Asier =8p - p(q - q)°
Asap = Axsaz = Aszssi = Asgel Asies =8p-q(q-q)°
= Asss9 = As3s9 = 8(p - q)° Agses = 8(q - q)°
A3148 = Azpu7 = Asoss = Asoss = 16(p - q)° Axse = —16q - qo
Asger =8p - p(p-q)° Asg = Ago = A710 = A11aa = Ajnss
Asses = 8(p - q)° = Aizs2 = Aszs1 =8¢ - qo
Axzar = —16p - qo A1720 = A1s21 = A1922 = Anso = Az = 164 - qo
Azg = Az = Ag10 = Ar12s = Aoy = A1337 Ases7 =244 - qo
= Asgs7 =8p - qo Ane2s = Az729 = Ao = A3637 =8p - pq - qo
Ang20 = Arsa1 = Aje22 = Az = A3 = 16p - qo Azp33 = Ag0a1 = 16p - pq - qo
Aszos7 =24p - qo Asoqo = 8(p - P)’°q - qo
Aza23 = Assa9 = Azpeo = Ass37 = Asgeo = Asyss Azsas = An7as = Aogar = Azgaz = Azoes = Ases2
=8p-ppP-q0 = As751 = Asses = Asee2 =8P 49 - qo
A3133 = Azoa1 = 16p - pp - qo A3249 = A3z348 = Asos6 = Aa1s5 = 16p - qq - qo
Asso = 8(p - p)’P - qo Asoe2 = Aco61 =8p - PP - 99 - 9o
Angaa = Assas = Azssy = Asger = Assco Asoes = Acoes = 8(p - 4)°q - qo
= As360 = As750 =8p - qp - qo As162 =8P - 409 - qo
A3149 = Asz347 = Asgs6 = Aqisa = 16p -qp - qo Aas = Aszas = Agees = As152 = Aszea
Asse2 =8p-pp-qp-qo = As163 =384 - 49 - qo
Asses =8(p-9)’P - qo Asgag = Assse = 164 - qq - qo
As160 = 8(p - o)’ Aci62 =8p - pq -49 - qo
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Aotosa = Ae263 =8P 49 - 49 - qo
Aszes = 8(¢ - 9)°q - q0
As764 = 8(q - 40)°

Agg = Agg = Aj010 = 840 - g0
A2 = A2121 = Anxn =164y - qo
As757 = 2440 - qo
Angas = Az929 = A3737 =8P - pqo - qo
A3333 = Ag141 = 16p - pqo - qo
Acoso = 8(p - P)’q0 - 40

PHYSICAL REVIEW C 96, 014611 (2017)

Adgas = Azgas = Az152 =8p - qq0 - qo
Azz49 = As156 = 16p - qq0 - qo0

A¢o62 =8p - PP 949040

Acoes = 8(P - 4)q0 - qo

Aggaa = Assas = Aszso = 84 - 4490 - qo
Ag949 = Ases6 = 169 - qq0 - qo

Ae2e2 =8p - Pq - 990 4o

Ac264 = 8P 49 - 990 9o

Asses = 8(4 - 4)°40 - 4o
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