
PHYSICAL REVIEW C 96, 014606 (2017)

Neutron-induced fission of even- and odd-mass plutonium isotopes within a four-dimensional
Langevin framework
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Neutron multiplicity prior to scission and evaluation of mass distribution of fission fragments with the fission
time scale for neutron induced fission of plutonium isotopes are investigated using a dynamical Langevin
approach. Also, mass yield of fragments and prompt neutron multiplicity in different time scales of the fission
process are compared with experimental data. Reasonable agreement is achieved between calculated and
available experimental data.
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I. INTRODUCTION

Despite many experimental and theoretical studies about
different kinds of fission, there is has not been a fully
microscopic approach to study the kinematics as well as the
dynamics of fission. Different semiclassical and semiempirical
approaches have been developed to extensively investigate
fission fragment mass distribution, prompt neutron multi-
plicity, fission cross sections, and other properties of fission
statistics, which are important for both nuclear technologies
and knowledge of nuclear energy [1–7].

Statistical frameworks, such as Weisskopf-type or Hauser-
Feshbach, have ignored dynamical evolution of the fission
process. On the other hand, experimental methods of fission
[5,6] have been developed to measure the particle multiplicities
from excited nuclei and have exceeded the values expected
from statistical models. Therefore to reproduce fission char-
acteristics accurately, it is essential to employ a dynamical
treatment of the fissioning nucleus, which goes beyond the
limitations of the statistical model, taking into account the
dissipation effects of the fissioning system after formation of
the compound nucleus and its evaluation until separation of
fission fragments at the scission point based on the dynamical
Langevin approach [8].

After successful application of Langevin equations in the
neutron-induced fission of uranium isotopes and 239Pu at low-
excitation energies [9,10], in the present study the neutron-
induced fission of five plutonium isotopes (238Pu, 239Pu, 240Pu,
241Pu, and 242Pu) are analyzed and compared with available
experimental data. Time evaluation of fission fragment mass
distribution, along with prompt neutron multiplicity and its
sensitivity to the energy of the incident neutron, was studied
to present more quantitative results.

Although most of plutonium isotopes, namely, 238Pu, 240Pu,
and 242Pu, are fissionable with fast neutrons and are significant
in a fast neutron reactor, they are even-A isotopes; 241Pu and
239Pu play a major role in the conventional light water power
reactor and undergo fission with thermal neutrons. Therefore,
the fissile plutonium isotopes and the active targets 239Pu
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and 241Pu are considered the most important isotopes with
respect to the modeling of innovative cores required for fast
generation-IV reactors [11,12]. Also 238Pu,240Pu, and 242Pu,
which are produced in nuclear fuel through successive neutron
captures and decay processes, are nonfissile and most of
their available data are limited below the reaction threshold.
In thermal systems, these nonfissile isotopes are typically
produced faster than they are transmuted due to their long
half-lives. To optimize design parameters and reduce operation
margins in fast reactors, in which the harder neutron spectrum
efficiently induces fission in these and other transuranic
isotopes, it is important to have highly accurate nuclear data
in the fast neutron region where these systems operate [13].

In the following we briefly describe the theoretical aspects
of the present model. Then we compare evaluated results with
the available experimental data. Finally we analyze the results
of the present approach by comparing theoretical results and
available experimental data.

II. DESCRIPTION OF THE DYNAMICAL MODEL

The shape of a fissioning nucleus in the present study
is restricted to the funny hills parametrization. The funny
hills parameters c, h, and α represent the elongation, the
neck thickness, and the asymmetry of the fissioning system,
respectively. These variables define the shape of the fissioning
compound system in cylindrical coordinates [14,15]:

ρ2
s (z) =

{
(c2 − z2)

(
As + Bsh

z2

c2 + α z
c

)
if Bsh � 0,

(c2 − z2)
(
As + α z

c

)
e(Bshcz

2) otherwise,
(1)

where ρs and z are defined above as the radial coordinate of
the compound nuclei and the coordinate along the symmetry
axis, respectively. The quantity As is defined based on the
conservation of nuclear volume as follows [15]:

As =
{

c−3 + Bsh/5 if Bsh � 0,

− 4
3

Bsh

exp(Bshc3)+[1+1/(2 Bshc3)]
√

−πBshc3erf(
√

−Bshc3)
otherwise,

(2)

while Bsh = 2h + (c − 1)/2 stands for the nuclear shape
function. Many recent studies have been performed on the
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basis of one-dimensional and multidimensional Langevin
equations to analyze experimental data on the different features
of fission reactions [16–19]. However, in the present study
to measure the evolution of the funny hills shape, we have
performed the extension of the three-dimensional Langevin
dynamical model by adding the orientation degree of freedom
(projection K of the total spin I to the symmetry axis of the
nucleus) that describes the shape evolution of the fissioning
nucleus [20–22]. Evolution of these coordinates is considered
as the motion of Brownian particles which interact with a
large number of internal degrees of freedom, constituting the
surrounding “heat bath” in the present stochastic approach
[23,24]. The coupled four-dimensional Langevin equations
are used to calculate the evaluation of the funny hills shape
coordinates as [23]

dqi

dt
= pj

mij

, (3)

dpi

dt
= −pjpk

2

∂

∂qi

(
1

mjk

)
− ∂V

∂qi

+ T 2 ∂a

∂qi

− ηij

dqi

dt
+ gjkξj (t), (4)

where qi = c, h, and α are coordinates, and pi = mij
dqj

dt
are

their conjugate momenta. Following the Maxwell-Boltzmann
distribution the initial distribution of the coordinates and mo-
menta for each Langevin trajectory are chosen from sampling
random numbers [24–27]. The initial value of c is restricted
to interval (1.00,1.10). Also, V and a are, respectively, the
potential energy of the system and the level density parameter,
which are defined in the following. T is the temperature of
the compound nucleus, which is related to its intrinsic energy
through T = √

Eint/a. The intrinsic energy of the compound
system (Eint) is recalculated at every step of the Langevin
trajectory:

Eint = Ec.m. − Q − pi pj

2 mij

− V (q,l,T = 0). (5)

where Ec.m. and Q are the energy of the system in the center-of-
mass framework and the Q value of the reaction, respectively.

The inertia tensor mij is evaluated using the Werner-
Wheeler formula [28,29]:

mij = π ρm

∫ zmax

zmin

ρ2
s (z)

(
AiAj + ρ2

s (z)A′
iA

′
j /8

)
dz, (6)

where ρm, zmin, and zmax are the mass density of the compound
nucleus and the left and the right boundaries of the compound
nucleus surface, respectively. Ai can be expressed as

Ai = − 1

ρ2
s (z)

∂

∂qi

∫ z

−c

ρ2
s (z′)dz′. (7)

The quantity A′ is the first derivative of A with respect to
z. The modified potential energy of the system consists of the
liquid-drop, the rotational, and the microscopic parts [8,30]:

V (q,I,K,T ) = VLD(q) + Vr (q) + VSH(q,T ). (8)

Here VLD(q) is the potential energy, which is calculated
based on the liquid-drop model as

VLD(q) = ES(q) + EC(q), (9)

where ES and EC are the surface and Coulomb energy,
respectively [31]. The second term on the right-hand side of
Eq. (5) is the so-called rotational energy:

Vr (q) = [I (I + 1) − K2]h̄2

I⊥(q)0.8MR2
0 + 8Ma2

0

+ K2h̄2

I‖(q)0.8MR2
0 + 8Ma2

0

, (10)

where R0 = 1.2249A
1/3
CN , ACN is the mass number of the com-

pound nuclei (CN), and a0 = 0.6 fm [30]. The temperature-
dependent shell correction energy as a microscopic part of the
potential energy is denoted by VSH as

VSH(q,T ) = [�Epair(q) + �Eshell(q)]	(T ), (11)

where �Epair(q) is the pairing correlation energy in the BCS
approximation [14,32]. Also, based on the Strutinsky method
the shell correction energy, which is denoted by �Eshell(q), is
the difference between the sum of the single-particle energies
of occupied states and the average density of single-particle
states and can be evaluated using [14,33,34]

�Eshell(q) =
∑

k

εk −
∫ μ

−∞
eg(e)de. (12)

Here the energy, the chemical potential, and the parameter
of density of states for the single-particle representation are,
respectively, denoted by εk , μ, and g(e). The temperature
dependence of the shell correction is [35]

	(T ) = exp

(
−aT 2

Ed

)
, (13)

where Ed is the shell damping energy that is considered to
be 25 MeV and a is the level density parameter, which is
evaluated as follows [36,37]:

a =
{

1 + VSH(T = 0)

aT 2

[
1 − exp

(
−Eint

Ed

)]}
ã(q), (14)

where in high-excitation energies the asymptotic form of a is
defined by ã as

ã(q) = a1ACN + a2A
2/3
CNBs(q). (15)

The average values of the volume and the surface
coefficients of ã(q), which were used in the present study and
control the volume and shape dependence of the level density
parameter, are a1 = 0.050 and a2 = 0.190, where a1 = 0.068
and a2 = 0.213 were frequently used in the earlier literatures
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[36,37]. Also Bs(q) is the dimensionless functional of the
surface energy in the liquid drop model (LDM) with a sharp
surface [14].

The inertia and friction tensors may be related to the shell
effects. Therefore, to account for these effects we need to
consider the calculated microscopic transport coefficients,
for example, within the linear response theory and the
local harmonic approximation. Because the calculated friction
tensor in this approach is much smaller than those calculated by
the macroscopic model at low temperature, the macroscopic
friction and inertia tensors are used in the present paper. It
should be mentioned here that the role of shell effects in the
collective inertia and the friction coefficients are complicated
physical phenomenon and may require deep information about
the structure of the compound system, which is out of the
scope of this study. However, this would not affect much the
final results of the present approach. The friction tensor in
the wall-and-window one-body dissipation scheme for a small
elongation before neck formation (c < cwin) is given by [38]

ηwallij (c < cwin) = π ρm

2
υ

∫ zmax

zmin

(
∂ρ2

s

∂qi

)(
∂ρ2

s

∂qj

)

×
[
ρ2

s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz, (16)

and for an elongation greater than those points in which a neck
is formed in the nuclear system (c � cwin), the corresponding
friction tensors can be defined by [38]

ηwallij (c � cwin) = π ρm

2
υ

⎧⎨⎩
∫ zneck

zmin
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s

∂qi

+ ∂ρ2
s

∂z
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)

×
(
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s

∂qj

+ ∂ρ2
s

∂z

∂D1

∂qj

)

×
[
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s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz

+
∫ zmax

zneck

(
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s

∂qi

+ ∂ρ2
s

∂z

∂D2

∂qi

)
×

(
∂ρ2

s

∂qj

+ ∂ρ2
s

∂z

∂D2

∂qj

)

×
[
ρ2

s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz

⎫⎬⎭, (17)

ηwinij
(c � cwin) = πρm

2
υ

(
∂D3

∂qi

∂D3

∂qj

)
�σ, (18)

where ῡ = 3
4v is the average speed of nucleons inside the

nucleus with v is the Fermi velocity of the Fermi gas model.
D1 and D2 represent the positions of the centers of two parts
of a fissioning system, relative to the center of mass of the
whole system. zmin, zmax, and zneck are the positions of the
left and right ends of the nuclear shape and the neck plane,
respectively. Also �σ is the area of window between two parts

of the system and D3 is the distance between the centers of
mass of the nascent fragments. Eventually, after introducing
a measure of chaos for the classical linear response theory
regarding one-body dissipation, a scaled version of the friction
(the chaos-weighted wall-and-window friction) will be [39]

ηij (c < cwin) = μ(c)ηwallij (c < cwin),
(19)

ηij (c � cwin) = μ(c)ηwallij (c � cwin) + ηwinij
(c � cwin).

Here μ(c) is a random number that is a measure of chaos that
is sampled following the Maxwell-Boltzmann distribution. To
obtain variation of the shape of the compound nucleus from
its initial spherical symmetric to deformed asymmetric shape,
μ(c) was sampled randomly in the range of 0 to 0.5.

The normalized random force gij ξj (t), which is related to
the dissipation coefficients through the fluctuation dissipation
theorem, is assumed to be a Gaussian white noise and has
an extremely short correlation time, implying that the intrinsic
nuclear dynamics is Markovian. The strength of random force,
gij , is given by ηijT and the properties of ξj (t) can be written
as [7,15,23,40]

〈ξj (t)〉 = 0, 〈ξk(t1)ξl(t2)〉 = 2δklδ(t1 − t2), (20)

which causes fluctuations of the collective variables resulting
in fluctuations of the physical observables in the fission
process. The δ term means no time correlation among random
forces and hence the collisions are memoryless. Moreover, the
perturbation process of random force for each parameter does
not mean that the value of the parameter is dependent on time.
Actually, the realistic random force has little contribution to
time through the collision time of particles. Also, application
of Langevin equations is limited to the time scale greater than
collision time, otherwise this approximation will not be valid.

The Langevin equation for the K coordinate allows the
modeling of the relaxation process of K states depending on
the instantaneous physical properties of the fissioning system,
such as temperature and moment of inertia. The description of
evolution of the K collective coordinate using the Langevin
equation for overdamped motion has been recently proposed
in Ref. [30]. The stochastic dynamics of the orientation degree
of freedom could be described by the overdamped Langevin
equation [15]:

dK = −I 2γ 2
K

2

∂V

∂K
dt + γKIξ (t)

√
T

2
, (21)

where I and K are the total spin and its projection on the
symmetry axis, respectively. γK is the friction parameter,
which controls the coupling between the orientation degree
of freedom and the heat bath [15]:

γK = 1

RNRCN

√
2π3n0

√
I‖IeffIR

I 3
⊥

, (22)

where RN and n0 are the neck radius and the bulk flux in
standard nuclear matter n0 = 0.263 × 10−22 MeV s fm−4.

014606-3



M. R. PAHLAVANI AND S. M. MIRFATHI PHYSICAL REVIEW C 96, 014606 (2017)

I‖ and I⊥ are the rigid-body moments of inertia about and
perpendicular to the symmetry axis for a liquid-drop nucleus
with a sharp boundary as a function of the distance between
mass centers in units of the corresponding spherical values,

I‖ = c2

{
c−3 + 4Bs

35

(
4Bsc

3

15
− 1

)}
, (23)

where I⊥ = I‖ + c2. Also IR = MR2
CN/4, with M and RCN

being the mass and the radius of the compound nucleus, and
I−1

eff = I−1
‖ − I−1

⊥ is the effective moment of inertia. The initial
value of K for each Langevin trajectory was generated from
a uniform distribution as a function of angular momentum
(L), using the Monte Carlo method in the interval (−L,L)
[30]. Also ξ (t) has the same meaning as in Eq. (4) The
Langevin equations for the shape parameters [Eqs. (3) and (4)]
and the Langevin equation for the K coordinate [Eq. (12)]
are connected through the potential energy. The Langevin
dynamics of the K coordinate is influenced by the actual value
of the potential energy V (q,I,K,T ). At the same time, the
rotational part of the potential energy is dependent on the actual
K value at time t , and in this way it influences the dynamical
evolution of the shape parameters.

In the present dynamical model, each fission event is defined
as the instance when the Langevin trajectory overcomes the
scission point and the neck radius becomes zero. Shape evo-
lution of the compound nucleus proceeds in competition with
particle and γ -ray emission with fission. In the present study
the multiplicity of neutrons is calculated using Weisskopf’s
conventional evaporation theory under the following outline.
The neutron decay width is calculated using the following
relation [41,42]:

�n = 2mn

[πh̄]2ρc(Eint)

∫ Eint−Bn

0
ρd (Eint − εn)εnσinvdεn, (24)

where mn is the reduced mass of the neutron with respect to
the residual nucleus and Bn shows the binding energy of the
compound nuclei. Also, ρc and ρc are the level densities of the
compound and daughter nuclei, respectively. εn is the mean
kinetic energy of the emitted neutrons and σinv(εn) = πR2

n is
the inverse cross section for the reaction (A − 1) + n → A.
Also Rn can be evaluated via Rn = 1.21[(A − 1)1/3 + 1] +
3.4/

√
(εn).

Practically, distribution of a fragment’s mass and fission
cross section in the statistical model for neutron-induced fis-
sion reactions is obtained using a proper distribution function
that depends on fission transmission coefficients. However, in
the present dynamical approach, a Monte Carlo algorithm is
applied to calculate the competition between neutron emission
and fission [43]. The neutron decay width and the decay rates
of fission, which depend upon the excitation energy, the spin,
and the mass number of each nuclei, have been evaluated in
every interval of time evolution of a fissioning nucleus by
employing the Langevin equations.

To calculate the competition between neutron emission and
fission by using the Monte Carlo technique, in the first step, a
random number r on the half-open interval [0,1) is selected.
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FIG. 1. Mass distribution of neutron-induced fission fragments
of 238Pu with En = 0.0253 eV. Experimental data [48] are indicated
by open squares.

The random number is a numerical characteristic assigned
to an element of the sample space. Then the probability of
emission of a neutron is defined by x = τ/τn, where τn is the
neutron decay time and τ is the time step of the calculation. If
r < x, it will be interpreted as a neutron emission; otherwise
if the neck radius is equal to zero, it will be clarified as fission,
which determines the fission probability. After emission of a
neutron, the intrinsic excitation energy of the residual nuclei is
recalculated and the process is continued. The kinetic energy of
the emitted neutrons has been sampled from the Watt spectrum
[44,45]:

dNpre

dεn

=
√

εn

�(3/2)
√

T 3
pre

exp (−εn/Tpre). (25)

FIG. 2. Mass distribution of neutron-induced fission fragments
of 239Pu with En = 0.0253 eV. Experimental data [49] are indicated
by open squares.
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FIG. 3. Mass distribution of neutron-induced fission fragments
of 240Pu with En = 1.9 eV. Experimental data [50] are indicated by
open squares.

Here we choose Tpre = 1.10 ± 0.05 MeV. After every fission
event, the mass numbers of conjugate fragments are calculated
as well. Calculation of the cross section for the neutron-
induced fission reaction, based on an extended statistical
model, predicts a significant change in the properties of fission
fragments [46,47].

III. RESULTS

We performed calculations for the compound nuclei formed
in the following neutron-induced reactions:

(I) nth + 238Pu (En = 0.0253 eV),
(II) nth + 239Pu (En = 0.0253 eV),

(III) n + 240Pu (En = 1.9 eV),
(IV) nth + 241Pu (En = 0.0253 eV),
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FIG. 4. Mass distribution of neutron-induced fission fragments
of 241Pu with En = 0.0253 eV. Experimental data [51] are indicated
by open squares.
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FIG. 5. Mass distribution of neutron-induced fission fragments
of 242Pu with En = 15.1 MeV. Experimental data [52] are indicated
by open squares.

(V) n + 242Pu (En = 15.1 MeV).

The reason for selecting these reactions is that these
reactions have been studied experimentally. Therefore a few
experimental observables are available for comparison with
the theoretical predictions.

To illustrate the variation of fission probability with time,
the evaluation of the calculated mass distributions of fission
fragments for the selected isotopes of plutonium together with
experimental data are shown in Figures 1–5. In these figures
the open squares indicate the experimental data [48–52] and
the dashed, dotted, and solid lines represent the calculated
results of the present dynamical approach for different times
of fission.
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FIG. 6. Average prompt fission neutron multiplicity for 238Pu as
a function of the incident neutron energy. Experimental data are
denoted by the solid line.
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FIG. 7. Average prompt fission neutron multiplicity for 239Pu as
a function of the incident neutron energy. Experimental data [53] are
denoted by open squares.

The variation of these distributions with time are in
accordance with general expectations. As can be seen in
these figures the time it takes these nuclei bombarded with
neutrons to descend from saddle to scission point is very
long especially in the case of thermal neutrons for 239Pu and
241Pu. It is clear from these figures that the number of fission
events increases with time until they become saturated, which
indicates the occurrence of almost all of the fission events.
As can be seen in these figures, the theoretical results and
therefore the contributions of the mass-asymmetric fission
events of plutonium isotopes have been clarified and are in
agreement with available experiment data. Although as is clear
from Figs. 1, 3, and 5, the theoretical mass yields of fission
fragments for 238Pu, 240Pu, and 242Pu obtained are a little bit
higher than experimental data, and also the peak position of
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FIG. 8. Average prompt fission neutron multiplicity for 240Pu as
a function of the incident neutron energy. Experimental data [54] are
denoted by open squares.
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FIG. 9. Average prompt fission neutron multiplicity for 241Pu as
a function of the incident neutron energy. Experimental data [55] are
denoted by open squares.

the fragment yields is not in accordance with the experimental
data but the widths of calculated mass distribution do not
differ substantially from the experimental data. Also for 239Pu
and 241Pu one can see in Figs. 2 and 4 that the theoretical
mass yields of fragments obtained are a little bit lower than
experimental data, but the peak position of the fragment yield
is in accordance with the experimental data. Generally the
presence and the position of each mass-asymmetric peak
in theses isotopes are reproduced rather well and the width
and strength of the calculated mass distribution do not differ
substantially from the experimental data.

The average neutron multiplicities as a function of incident
neutron energy are also calculated and are shown in Figs. 6–10.
These figures show a reasonable agreement of the theoretical
result based on the dynamical approach with the experimental
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FIG. 10. Average prompt fission neutron multiplicity for 242Pu as
a function of the incident neutron energy. Experimental data [54] are
denoted by open squares.
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data [53–55]. Although in low incident neutron energies,
the agreement between results of the present model and the
experimental data, which are denoted by solid squares, is
satisfactory, but at high-excitation energies, such agreement
is not achieved. Besides the incident energy of neutrons, the
high average prompt neutron multiplicity is due to the effect
of the fissility parameter, which plays an important role in
theoretical calculation.

IV. CONCLUSION

In the present study, the neutron-induced fission of four
plutonium isotopes was analyzed in terms of collective motion
through the Langevin equations coupled with a Monte Carlo
simulation to allow discrete emission of neutrons. The present
dynamical Langevin mechanism was successful in calculating
fission fragment mass distribution and in reproducing prompt

neutron multiplicity along with available experimental data. It
was found that irrespective of the fissioning system the time
evaluation of the mass yield of nascent mass fragments is
insensitive to the energy of the incident neutron where we
reproduce well the peak position of fragments for different
isotopes. Generally with these theoretical considerations, the
proportionality of emitted prompt neutrons versus incident
neutron energies are consistent with the available experimental
data. We obtained the sawtooth behavior of prompt neutron
multiplicity that was observed experimentally. If we look at the
trend of the theoretical multiplicity, a decrement is observed.
This deviation in comparison with the experimental data is not
so surprising since the prompt neutron multiplicity is mainly
dependent on the total excitation energy of each nucleus,
which is mainly related to incident neutron energies, and the
parameters of the present model (such as friction coefficient),
which are modified for low-energy-induced fission in the
present model.
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