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I present a prediction of the e± elastic scattering cross-section ratio, Re+e− , as determined using a new
parametrization of the two-photon exchange (TPE) corrections to electron-proton elastic scattering cross section
σR . The extracted ratio is compared to several previous phenomenological extractions, TPE hadronic calculations,
and direct measurements from the comparison of electron and positron scattering. The TPE corrections and the
ratio Re+e− show a clear change of sign at low Q2, which is necessary to explain the high-Q2 form factors
discrepancy while being consistent with the known Q2 → 0 limit. While my predictions are in generally good
agreement with previous extractions, TPE hadronic calculations, and existing world data including the recent two
measurements from the CLAS and VEPP-3 Novosibirsk experiments, they are larger than the new OLYMPUS
measurements at larger Q2 values.
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I. INTRODUCTION

The electromagnetic form factors of the proton and neu-
tron, G

(p,n)
E and G

(p,n)
M , are fundamental quantities which

provide information on the spatial distributions of charge
and magnetization within nucleons. The form factors are
measured using electron scattering where the incident electron
scatters from a nucleon target through the exchange of a
virtual photon. By increasing the four-momentum transferred
squared of the virtual photon, Q2, the virtual photon becomes
more sensitive to the small scale internal structure of the
nucleon.

Primarily, there are two methods used to extract the proton
form factors. The first is the Rosenbluth or longitudinal-
transverse (LT) separation method [1], which relies on mea-
surements of the unpolarized cross section. The second is
the polarization transfer or polarized target (PT) method [2],
which requires measurement of the spin-dependent cross
section.

In the Rosenbluth separation method, the reduced cross
section σR for electron-proton elastic scattering in the Born or
one-photon exchange (OPE) approximation is given by

σR = (
G

p
M (Q2)

)2 + ε

τ

(
G

p
E(Q2)

)2
, (1)

where τ = Q2/4M2
p is a kinematics factor, Mp is the mass of

the proton, and ε is the virtual photon longitudinal polarization
parameter, defined as ε−1 = [1 + 2(1 + τ ) tan2( θe

2 )], where θe

is the scattering angle of the electron. For a fixed Q2 value,
measuring σR at several ε points, one can separate G

p
E and G

p
M .

For cases where ε/τ is small (large), extraction of G
p
E(Gp

M )
with high precision would be difficult.

In the recoil polarization method, a beam of longitudinally
polarized electrons scatters elastically from the unpolarized
proton target. The electrons transfer their polarization to
the unpolarized protons. Simultaneous measurements of the
transverse, Pt , and longitudinal, Pl , polarization components
of the recoil proton, allows for the determination of the ratio

μpG
p
E/G

p
M in the OPE [2–4]:

μpR = μp

G
p
E

G
p
M

= −Pt

Pl

(E + E′)
2Mp

tan

(
θe

2

)
, (2)

where E and E′ are the initial and final energy of the incident
electron, respectively. The ratio can be extracted in a similar
fashion using polarized beams and targets by measuring the
asymmetry for two different spin directions [5,6].

A significant difference is observed between LT and PT
extractions of the proton form factors [5–22]. The values of
μpG

p
E/G

p
M differ almost by a factor of three at high Q2. In

the LT separation method, the ratio shows approximate form
factor scaling, μpG

p
E/G

p
M ≈ 1, albeit with large uncertainties

at high Q2 values. The recoil polarization method yields a ratio
that decreases roughly linearly with increasing Q2, with some
hint of flattening out above 5 (GeV/c)2.

Several studies suggested that missing higher order ra-
diative corrections to σR , and in particular, larger-than-
expected TPE contributions [23–27] diagrams may explain
the discrepancy. The impact of TPE effects was studied both
theoretically [28–33] and phenomenologically [25,34–45].
Most studies suggested that the TPE corrections are relatively
small, but have a significant angular dependence which mimics
the effect of a larger value of G

p
E . See Refs. [23,24] for detailed

reviews.
To account for TPE contributions to σR , I add the real

function F (ε,Q2) to the Born reduced cross section

σR = (
G

p
M

)2
[
1 + ε

τ
R2

]
+ F (ε,Q2), (3)

where R = G
p
E/G

p
M is the recoil polarization ratio.

Experimentally, several measurements were performed to
verify the discrepancy [7,8]. The goal was to measure or con-
strain TPE contributions to σR and hence the ratio μpG

p
E/G

p
M .

Several studies examined the ε dependence of σR [35–37],
and no deviation from linearity as predicted in the OPE
approximation was observed. Meziane and collaborators [46]
performed a measurement to look for TPE effects by extracting
the ratio μpG

p
E/G

p
M at Q2 = 2.50 (GeV/c)2 as a function
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of scattering angle. However, no deviation from the OPE
prediction was observed as the result should be independent
of scattering angle in the Born approximation.

Several analyses were performed to extract the TPE
contributions based on the observed discrepancy between the
LT and PT results. With the assumption that TPE contributions
are linear in ε and vanish in the forward limit (ε → 1)
(Regge limit) [37,47], and that the PT results were confirmed
experimentally to be independent of ε, extractions of the
TPE contribution using combined cross section and polariza-
tion measurements of elastic electron-proton scattering were
also performed [25,37–39,41–44,48]. Several analyses also
attempted to extract the TPE amplitudes with fewer assump-
tions [40,49,50], though with relatively large uncertainties.

The most direct technique for measuring TPE is the
comparison of electron-proton and positron-proton scattering.
The function F (ε,Q2) which represents the interference of
the OPE and TPE amplitudes, changes sign depending on
the charge of the projectile (lepton), yielding an amplified
signal when taking the ratio of electron and positron scattering.
Therefore, any deviation of the ratio Re+e− (Q2,ε) defined as

Rraw
e+e− (ε,Q2) = σ (e+p → e+p)

σ (e−p → e−p)
, (4)

from unity will be a direct evidence for the TPE effect and
therefore provides a direct way to determine its magnitude. The
ratio Re+e− can be expressed as Re+e− ≈ 1 + 4�(A2γ )/A1γ

with A1γ and A2γ being the OPE and TPE amplitudes [51],
respectively. Here � stands for the real part. On the other
hand, the modification to the electron cross section is ≈ 1 −
2�(A2γ )/A1γ . Clearly, any change in the electron cross section
will have almost twice the change in the ratio Re+e− but with
opposite sign.

The only other first-order radiative correction which de-
pends on the lepton sign is the interference between diagrams
with Bremsstrahlung from the electron and proton, and this
contribution is generally small. Therefore, after correcting
for the electron-proton Bremsstrahlung interference term and
the conventional charge-independent radiative corrections, the
ratio Re+e− becomes

Re+e− (ε,Q2) = 1 − δ2γ

1 + δ2γ

≈ 1 − 2δ2γ , (5)

where δ2γ = F (ε,Q2)/σBorn is the fractional TPE correction
for electron-proton scattering, and σBorn is the Born reduced
cross section.

Until recently, there was only limited evidence for any
nonzero TPE contribution from such comparisons [52], as data
were limited to low Q2 or large ε, where the TPE contributions
appear to be small. In addition, the details of the radiative cor-
rections applied to these earlier measurements are not always
available, and it is not clear if the charge-even corrections
were applied in all cases. New measurements by the CLAS
collaboration [53] and the VEPP-3 collaboration [54] have
found more significant indications of TPE contributions at low
ε and moderate Q2, with the ratio Re+e− larger than unity. This
is consistent with a variety of TPE calculations which include
the effect of hadronic structure [29,33,55,56] in somewhat

different approximations, but has the opposite sign compared
to the exact calculations at Q2 = 0 (or the high proton mass
limit) [57], and finite-Q2 calculations for a point-proton [24].
It is important to mention here that the VEPP-3 data are
normalized to the luminosity normalization points taken at
small scattering angles (high ε) which assumed Re+e− = 1.
This clearly was not a good assumption as demonstrated later
by the new OLYMPUS data [58]. Therefore, the VEPP-3
data should be shifted such as the normalization point used
is at the Re+e− value of the prediction curve to which the
data are compared. Recently, new precision measurements
of the ratio Re+e− by the OLYMPUS collaboration [58] at
Q2 values of 0.165–2.038 (GeV/c)2 showed that Re+e− is
less than unity at high ε and gradually increased to about
2% at ε = 0.46. Their results were generally below TPE
calculations of Blunden [59], but in reasonable agreement
with subtracted dispersion calculation of Tomalak [60] and
Bernauer’s phenomenological fit [48]. These three recent
experiments measured the ratio Re+e− for Q2 < 2.1 (GeV/c)2,
and their results are in good agreement with each other within
statistical and systematic uncertainties. However, the VEPP-3
results show a sharper Q2 dependence which disappears
mostly when the results are compared to calculations that
increase with Q2. See Ref. [61] for latest review of TPE
contributions to elastic electron-proton scattering.

II. TWO-PHOTON EXCHANGE CONTRIBUTION

Based on the formalism of Guichon and Vander-
haeghen [25], Guttmann and collaborators [40] ex-
pressed the reduced cross section σR/G2

Mp, the ratio
−μp

√
τ (1 + ε)/(2ε)Pt/Pl , and the ratio Pl/P

Born
l in terms

of the ratio G
p
E/G

p
M and the real parts of the TPE ampli-

tudes relative to the magnetic form factor or YM (ε,Q2) =
�(δG̃p

M/G
p
M ), YE(ε,Q2) = �(δG̃p

E/G
p
M ), and Y3(ε,Q2) =

(ν/M2
p)�(F̃3/G

p
M ) as

σR(
G

p
M

)2 =1 + ε

τ

(
G

p
E

G
p
M

)2

+ 2YM + 2ε

τ

G
p
E

G
p
M

YE

+ 2ε

(
1 + G

p
E

τG
p
M

)
Y3 + O(e4), (6a)

−
√

τ (1 + ε)

2ε

Pt

Pl

= G
p
E

G
p
M

+ YE − G
p
E

G
p
M

YM

+
(

1 − 2ε

1 + ε

G
p
E

G
p
M

)
Y3 + O(e4), (6b)

Pl

P Born
l

=1 − 2ε

(
1 + ε

τ

(
G

p
E

G
p
M

)2
)−1

×
{[

ε

1 + ε

(
1− 1

τ

(
G

p
E

G
p
M

)2
)

+ G
p
E

τG
p
M

]
Y3

+ G
p
E

τG
p
M

[
YE − G

p
E

G
p
M

YM

]}
+ O(e4). (6c)
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TABLE I. Values of the fit parameters for the TPE amplitudes coefficients α(0,1,2)(Q2) and β(0,1,2)(Q2). The reduced χ 2 value of the fit is
also listed.

Coefficient a0 a1 a2 χ 2
ν

α0(Q2) (−0.89 ± 1.27)×10−3 (−1.45 ± 0.80)×10−2 (+7.75 ± 2.59)×10−3 1.56
α1(Q2) (−0.58 ± 0.86)×10−3 (+1.02 ± 0.53)×10−2 (−3.77 ± 0.17)×10−3 1.36
α2(Q2) (+1.22 ± 0.80)×10−3 (+3.95 ± 5.47)×10−3 (−3.78 ± 1.87)×10−3 1.92
β0(Q2) (+3.19 ± 1.43)×10−3 (+5.53 ± 8.30)×10−3 (−5.88 ± 2.69)×10−3 1.57
β1(Q2) (−2.56 ± 0.85)×10−3 (−0.02 ± 4.98)×10−3 (+1.51 ± 1.58)×10−3 1.28
β2(Q2) (−1.49 ± 0.89)×10−3 (−3.93 ± 5.85)×10−3 (+3.94 ± 2.00)×10−3 1.91

Recently [50] I have extracted the three TPE amplitudes
YM , YE , and Y3 (generalized form factors) as a function of ε
at fixed Q2 value using Eqs. (6a)–(6c) above. Summary of the
procedure, together with the constraints and assumptions used
is outlined below:

(1) I assumed that the TPE correction is responsible mainly
for the discrepancy between the cross section and polarization
data measurements.

(2) The recoil polarization data were confirmed “ex-
perimentally” to be independent of ε [46]. Therefore, I
constrain the ratio −√

τ (1 + ε)/(2ε)Pt/Pl in Eq. (6b) to its
ε-independent term (Born value) or R = G

p
E/G

p
M by setting

the TPE contributions to zero. In this case the amplitude
YM (ε,Q2) can be expressed in terms of the remaining YE(ε,Q2)
and Y3(ε,Q2) amplitudes. In addition, I used the recent
improved parametrization of the ratio R = G

p
E/G

p
M along with

its associated uncertainty [44] from polarization measurements
at both low- and high-Q2 values

μpR = 1

1 + 0.1430Q2 − 0.0086Q4 + 0.0072Q6
(7)

with an absolute uncertainty in the fit given by δ2
R(Q2) =

μ−2
p [(0.006)2 + (0.015ln(1 + Q2))2], with Q2 in (GeV/c)2.

Therefore, σR/(Gp
M )2 as given by Eq. (6a) is written as

σR(
G

p
M

)2 = 1 + ε

τ
R2 +

[
2

R
+ 2εR

τ

]
YE(ε,Q2)

+
[

2

R

(
1 − 2εR

1 + ε

)
+ 2ε

(
1 + R

τ

)]
Y3(ε,Q2).

(8)

(3) Because of the experimentally observed linearity of
the Rosenbluth plots [34–37] where σR exhibits no (or weak)
nonlinearity in ε, I expanded each of the amplitudes YE

and Y3 as a second-order polynomial to reserve as possible
the linearity of σR as well as to account for any possible
nonlinearities in the TPE amplitudes

YE(ε,Q2) = (α0 + α1ε + α2ε
2),

and

Y3(ε,Q2) = (β0 + β1ε + β2ε
2) (9)

with αi and βi (i = 0,1,2) are functions of Q2 only.
(4) Substituting Eqs. (9) in Eq. (8), and imposing the Regge

limit where the TPE correction to σR vanishes in the limit ε →
1, one obtains YE(1,Q2) = −Y3(1,Q2) or simply (α0 + α1 +

α2) = −(β0 + β1 + β2). Further, to ensure the correct behavior
of the TPE amplitudes as ε → 1 where each amplitude must
go to zero (Regge limit), one obtains the following constraints
on the coefficients: α0 = −(α1 + α2) and β0 = −(β1 + β2).

(5) Using the constraints on α0 and β0 derived above, σR

can now be expressed as

σR(
G

p
M

)2 = 1 + ε

τ
R2 +

[
2

R
+ 2εR

τ

]
[α1(ε − 1) + α2(ε2 − 1)]

+
[

2

R

(
1 − 2εR

1 + ε

)
+ 2ε

(
1 + R

τ

)]

× [β1(ε − 1) + β2(ε2 − 1)]. (10)

where (Gp
M )2, α1, α2, β1, and β2 can in principle be determined

by fitting σR to ε for a fixed Q2 value.
(6) In order to utilize Eq. (10) above, and for a fixed

Q2 value, σR must be measured at a minimum of six ε
points. However, the number of fitting parameters can be
reduced by fixing the value of (Gp

M )2 and making use of the
assumption that for ε → 1, the TPE correction to σR vanishes
or σR(ε = 1,Q2) = [(Gp

M )2 + (Gp
E)2/τ ]. In addition, because

of the experimentally observed linearity of the Rosenbluth
plots where σR data show a linear behavior in ε suggesting the
fit: σR = [a(Q2) + εb(Q2)]. Therefore, for a fixed Q2 value, I
linearly fit σR to ε and extract the constants a(Q2) and b(Q2).
Equating the two expressions for σR(ε = 1,Q2) yields

(Gp
M (Q2))2 = a(Q2) + b(Q2)

(1 + R2

τ
)

. (11)

(7) I fit the world data on σR used in the analysis of Ref. [44]
to extract (Gp

M (Q2))2 first following Eq. (11). By constraining
the values of (Gp

M (Q2))2 and the ratio R as given by Eqs. (7)
and (11), respectively, I fit σR to Eq. (10), and extract the TPE
amplitudes coefficients αi and βi (i = 1,2), which are then
used to determine the coefficients α0 and β0. In the analysis,
93 Q2 points up to Q2 = 4.0 (GeV/c)2 were used with σR

measured at a minimum of five ε points. For the high Q2

points, Q2 > 1 (GeV/c)2, the majority of σR measurements
were made at a limited number of ε points (below five points),
and therefore, only a handful of sets of these Q2 points could
be used in the analysis. However, this was not the case for the
low-Q2 measurements.

(8) The TPE amplitudes coefficients αk and βk (k = 0,1,2)
are at the few-percentage-points level, and they were all
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FIG. 1. The ratio F (ε,Q2)/(Gp
M )2 as a function of ε as extracted

from this work (solid black line) for a range of Q2 values listed in the
figure. Also shown are previous phenomenological extractions and
fits: ABGG [62] (solid red line), Arrington [39] (dashed blue line),
Qattan-I [42] (dashed magenta line), Qattan-II [44] (solid magenta
line), and Bernauer [48] (dashed-dotted black line).

best parametrized as a second-order polynomial of the form:
α(β)(0,1,2)(Q2) = (a0 + a1Q

2 + a2Q
4). The parameters of the

fits along with the reduced χ2 values obtained are listed in
Table I. See Ref. [50] for details.

III. RESULTS AND DISCUSSION

I use my new parametrization of the TPE amplitudes to
construct the TPE contributions to electron-proton elastic
scattering F (ε,Q2) based on the formalism of Guichon and
Vanderhaeghen [25]. Figure 1 shows the ε dependence of the
ratio F (ε,Q2)/(Gp

M )2 as extracted from this work (solid black
line). In addition, I compare the results to several previous

phenomenological extractions and fits: “ABGG” [62] (solid
red line), “Arrington” [39] (dashed blue line), “Qattan-I” [42]
(dashed magenta line), “Qattan-II” [44] (solid magenta line),
and “Bernauer” [48] (dashed-dotted black line). The ratio
as extracted from this work is positive and exhibits strong
nonlinearities at low Q2. My extractions, in addition to
the Bernauer and the Qattan-II extractions, are the only
extractions that predict positive ratio at low Q2. However,
the Qattan-II extractions predict rather a linear behavior. As
Q2 increases, the ratio decreases and changes sign, as seen
in previous low Q2 calculations [29,44,45,55,64,65], where
it starts to increase slowly in magnitude where it becomes
linear. My results are in good qualitative agreement with
previous phenomenological extractions as all extractions yield
similar slopes. The Arrington parametrization, on the other
hand, predicts somewhat larger slope as the recoil-polarization
ratio R was corrected for TPE corrections which reduces R as
measured in polarization experiments. The ABGG fit shows
essentially no Q2 dependence as the Q2 dependence of the
TPE correction applied was taken as the dipole parametrization
GD(Q2) = (1 + Q2/[0.71 (GeV/c)2])−2 which is a nearly
constant fractional correction to σR at large Q2 with σR being
dominated by G

p
M ≈ μpGD .

Figure 2 shows the ratio Re+e− as a function of ε as extracted
from this work for a range of Q2 values. In addition, I compare
the results to the previously mentioned phenomenological
extractions and fits as well as to TPE hadronic calculations
from Ref. [63] “AMT” (short-dashed red line). The curves are
the same as in Fig. 1. At low Q2, the ratio Re+e− as extracted
from this work is below unity and behaves linearly with ε.
In general, my extractions are in good agreement with the
Bernauer and the Qattan-II extractions as well as with AMT
hadronic TPE calculations although the Qattan-II extractions
show a strong nonlinearity at low ε. On the other hand, the
Arrington, ABGG, and Qattan-I extractions all predict a ratio
above unity with strong nonlinearity at low Q2 and low ε
seen in the Arrington and the ABGG extractions. Note that
parametrizations where the TPE correction applied is linear
or roughly linear function times (Gp

M )2 will yield a strong
nonlinear behavior for the ratio Re+e− at low Q2. It should be
noted that the TPE contribution relative to (Gp

M )2 is linear, but
(Gp

E)2 dominates σR at very low Q2, except for ε → 0, strongly
suppressing TPE as a fractional contribution as one moves
away from ε = 0. With increasing Q2, the ratio increases
slowly and changes sign, above unity, where it behaves linearly
with ε in good qualitative agreement with previous extractions
and TPE hadronic calculations except for the ABGG fit which
shows essentially no Q2 dependence.

In Fig. 3 I compare my predictions of the ratio Re+e−

to the world data from Refs. [51,53,54,58,66–74], and to
several previous phenomenological extractions and fits from
Refs. [39,42,44,48,62], as well as TPE hadronic calculations
from Ref. [63] at the Q2 value listed in the figure. The
measurement and the Q2 value(s) are given in (GeV/c)2. The
two recent measurements from the CLAS collaboration [53]
and the VEPP-3 collaboration [54] have provided significantly
more precise measurements at Q2 ≈ 1.0 and 1.5 (GeV/c)2.
They show a clear ε dependence, consistent with the form fac-
tor discrepancy at Q2 values of 1.0–1.6 (GeV/c)2, providing
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FIG. 2. The ratio Re+e− as a function of ε as extracted from
this work (solid black line) for a range of Q2 values listed in
the figure. Also shown are previous TPE hadronic calculations
AMT [63] (dashed red line) and phenomenological extractions and
fits: ABGG [62] (solid red line), Arrington [39] (dashed blue line),
Qattan-I [42] (dashed magenta line), Qattan-II [44] (solid magenta
line), and Bernauer [48] (dashed-dotted black line).

evidence for nonzero TPE at larger Q2 values and a change
of sign from the exact calculations at Q2 = 0 [57] which
is consistent with my predictions. My results are slightly
larger than the direct measurements at 1.0 (GeV/c)2 from
Ref. [54], but otherwise in very good quantitative agreement
with existing data. On the other hand, the direct measure-
ments by the OLYMPUS collaboration [58] at Q2 values of
0.165–2.038 (GeV/c)2 are below my predictions at larger Q2

values, as well as TPE calculations from Refs. [59,63] and phe-
nomenological extractions and fits from Refs. [39,42,44,62].

IV. CONCLUSIONS

In conclusion, I used a new parametrization of the TPE
corrections to electron-proton elastic scattering cross section
to predict the ratio of positron-proton and electron-proton
scattering cross sections, Re+e− . I compared the results to
several previous phenomenological extractions and fits, TPE
hadronic calculations, and world data on Re+e− . At low Q2,
the ratio as extracted from this work is below unity and
behaves linearly with ε in agreement with phenomenological
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FIG. 3. The ratio Re+e− as a function of ε as extracted from this
work (solid black line) at the Q2 values listed in the figure. Also
shown are previous TPE hadronic calculations AMT [63] (dashed
red line) and several previous phenomenological extractions and fits:
ABGG [62] (solid red line), Arrington [39] (dashed blue line), Qattan-
I [42] (dashed magenta line), Qattan-II [44] (solid magenta line), and
Bernauer [48] (dashed-dotted black line). The data points are direct
measurements of Re+e− [51,53,54,58,66–74]. For the world data, the
measurement and the Q2 value(s) are given in (GeV/c)2.

extractions from Refs. [44,48] and TPE hadronic calculations
from Ref. [63]. The ratio increases slowly and changes sign,
above unity, where it behaves linearly with ε at larger Q2 values
in good qualitative agreement with all previous phenomeno-
logical extractions shown from Refs. [39,42,44,48,62] and
TPE hadronic calculations [63]. While my predictions are in
generally good agreement with existing world data, including
the recent direct measurements [53,54] which show a clear
ε dependence, providing evidence for nonzero TPE at larger
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Q2 values and a change of sign from the exact calculations at
Q2 = 0 [57], they are larger than the new direct measurements
from Ref. [58] at larger Q2 values. Finally, as the majority of
the Re+e− date are taken for Q2 < 2.1 (GeV/c)2 which is
below where the discrepancy between the cross section and
recoil-polarization measurements on the ratio μpG

p
E/G

p
M is

significant, the assumption that TPE corrections could account

for the discrepancy remains an open question and future
experiments at larger Q2 values are clearly needed.
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