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Stability of the wobbling motion in an odd-mass nucleus and the analysis of '**Pr
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We apply alternative representations of Holstein-Primakoff boson expansion to the particle-rotor model as
useful probes to test the stability and the physical contents of the exact solution. The diagonal representations with
the total and single-particle angular momenta along the same axis (longitudinal case) and along two perpendicular
axes (transverse case) are employed according to the system with rigid or hydrodynamical moments of inertia
(Mol). The longitudinal case gives the normal wobbling mode for rigid Mol, but does not give a stable solution
for hydrodynamical Mol. The transverse case applied for hydrodynamical Mol describes a few low spin states
with reduced alignment of the total spin in the parallel direction to the single-particle spin, but these states
differ from the wobbling mode which involves a quantized unit of rotational angular momentum. Employing
the angular-momentum-dependent rigid Mol which is derived from the self-consistent Hartree-Fock-Bogoliubov
equation together with angular momentum and particle-number constraints, we obtain good fitting not only to
the energy-level scheme, but also to the electromagnetic transition rates and the mixing ratio for '*Pr.
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I. INTRODUCTION

Since wobbling motion was proposed by Bohr and Mottel-
son [1] as an indication of the triaxial rotor, there have been
many experimental data to show the existence of the wobbling
mode [2-8]. All the observed experimental data are around
A ~ 160 and limited to highly excited high spin states in
odd-proton nuclei. The top-on-top model or the particle-rotor
model with rigid (rig) moments of inertia (Mol) was successful
in explaining not only the energy scheme but also the transition
rates B(M1) and B(E2) in A ~ 160 nuclei [9-12].

Recently, the transverse wobbling mode with hydrodynam-
ical (hyd) Mol has been proposed for the yrast band near the
ground state before the first backbending in 1**Pr [13]. It is not
yet verified whether the transverse wobbling mode exists, and
Ref. [14] emphasizes the wobbling mode around the principal
axis with the middle Mol. The wobbling mode for rotation
around the axis with middle Mol never exists in the pure rotor
model, as is proved in classical mechanics [15] and quantum
mechanics [1] irrespective of rigid or hydrodynamical Mol. As
for the particle-rotor model, as long as the rigid Mol is adopted,
there is no chance to find wobbling around the axis with
middle Mol, because the single-particle oscillator strength
wy [16] and the rigid Mol must both change their magnitudes as
functions of y in the same direction periodically with the same
span of 27 /3. However, the hydrodynamical Mol changes its
magnitude in every span of /3 in an opposite direction to wy,
and so there may be a possibility to find the wobbling mode
around the axis with middle Mol for the particle-rotor model
with hydrodynamical Mol.

In the present paper, we extend the Holstein-Primakoff
(HP) boson expansion method in the particle-rotor model with
rigid Mol [9-12,17] to the case of hydrodynamical Mol. The
extension of HP bosons to the odd-A case introduces two
kinds of bosons for the total angular momentum / and the
single-particle angular momentum ] Thus, we can identify the
nature of each band referring to two kinds of quantum numbers
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(na,nﬂ) indicating the wobbling of I and the precession of

Jj, respectively. In this scheme, both I and ] interact on an
equal footing. We make use of different choices of HP boson
representations as theoretical probes of the physical contents
of the exact results.

In Sec. II, we review the HP boson expansion method in
odd- A nuclei [9], where the stability equation is derived from
the next-to-leading order in 1/(27) and 1/(2j) together with
the leading one. In order to clarify the meaning of quantum
numbers, we discuss the special case when the single-particle
potential vanishes. In Sec. III, the algebraic method is applied
to the hydrodynamical Mol when the single-particle potential
exists. In Sec. III B, we investigate the transverse case by
applying the diagonal HP boson representation for /, and j,.
We discuss the results of this analysis in detail. In Sec. IV, the
particle-rotor model with angular-momentum-dependent (/-
dependent) rigid Mol, which is derived from the self-consistent
constrained Hartree-Fock-Bogoliubov (HFB) equations [18],
is applied to reproduce the experimental data in '3 Pr [13,19].
In Sec. V, the paper is summarized and concluded.

II. HOLSTEIN-PRIMAKOFF BOSON EXPANSION
METHOD

A. Top-on-top model (particle-rotor model)

We adopt the particle-rotor Hamiltonian given by
H = Hrol + Hsp (1)

with

Ho= Y Al = jo)*, (2a)
k=x,y,z

V3siny (2 - j2)].

y

_ V .2_ kvl _
Ho = Sapleosr (i =7)

(2b)
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where 1 is the total angular momentum, ] the single-particle
angular momentum, A; = 1/2J;) for Mol J;, (k =1,2,3
or x,y,z), and the deformation parameters describing the
ellipsoidal shape of the rotor are 8, and y.

Here we remark that Hyp is derived from the y-deformed
Nilsson potential [16]

I .
H; = —hwo(S)ﬁzrz[cos yYso — 3 siny (Y + Yz_z)i| 3)

by applying the Wigner-Eckart theorem for the single-j case:

. 1 .
(]m|r2|:COS)/Y20 — 5 sin y(Yar + Yz-z)} | jm)

_ 1 5 2
= —8](]+1)\/7<Jm|r[cosy(3]z %)

3siny (i} —jy)]ljm). 4)

Comparing Eq. (2b) with Egs. (3) and (4), V is related to the
y-deformed Nilsson potential as

1[5 )
V= 3 —hawo(8)B2(r") jm- ®)
g

Then, for the A1/, orbital and B, = 0.18 which is adopted in
Ref. [13] for the '*3Pr nucleus, V is almost equal to 1.5 MeV,
if we choose (r? )jm = N +3/2 as in Ref. [16]. To enhance
the effect of V we choose V = 1.6 MeV in this paper.

We study two models for J, the hydrodynamical model in
Lund convention,

jhyd j sin (y + %nk), (62)
and the rigid-body model in Lund convention,
jkrig — . —( ?)1/2/3 [1 <%)1/2ﬁ2 cos (y + %nk)].
Tom 2
’ (6b)
Note that the maximum rigid Mol is 7/ with J3'¢ > J;'¢ >

J“g in 0 < y < /3. As seen in Egs. (2b) and (6b) there is
no possibility to find the transverse wobbling because both the
coefficient of j? in Hy, and 1/7;"® increase or decrease in the
same direction as functions of y with the same periodicity.
Both are derived from the radius,

[ 5\ 2k
re = Ryl 1+ <—> ﬂzCOS <)/+—>i| 7)
4 3

However, 1 /thyd changes in the opposite direction with a
different periodicity as a function of y, compared to the
coefficient of j1<2 in Hgp,. Then, there may occur a possibility to
find the transverse wobbling mode.

The rotor Hamiltonian is invariant with respect to rotation
through an angle m about each of three principal axes,
Ri(w) = exp(—im Ry) with Ry = I — ji (k = 1,2,3). These
symmetry operations compose the D, symmetry group, which
has four representations labeled by (rq,7,,73), where ;. stands
for an eigenvalue of R;(x) and takes the value +1 or —1,
and rirpr3 = 1 [1]. Bohr symmetry [20] requires that only the
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states belonging to the (r1,r,73) = (+1, + 1, + 1) represen-
tation are allowed as nuclear states, unless the corresponding
invariance of the Hamiltonian is violated for some reason.
We refer to both D, symmetry and Bohr symmetry simply
as D, invariance, hereafter. If the x axis is chosen as the
quantization axis, the physical states must be invariant under
both operations Ri3(w) = exp{—in (I, — j,)} and R(7) =
exp{—im (I, — ji)}. A complete set of the D,-invariant basis
states is provided by

121 +1 ;
{ 16+2 [D1I‘4K/(9 )¢Q’+( 1)1 jDM [(/(Qi)qaigr];

|K' — Q| =even, Q > 0}, ®)

where ¢Q, stands for the single-particle state, and D i (6;) for
the Wigner D functions.

From now on we discuss the case of / > j. Because the
magnitude R of the rotor angular momentum R=1 + (— ])
isgivenbyR=1—-jI—j+1,....,]+j—1,or]+ j,an
integer ng definedby R =1 — j + ng takes the values

ng =0,1,2,...,2j. ©)

As R, runs from Rto —R,and R, =1, — j, =K' — Q' =
even, an integer n, defined by the relation R, = R — n, takes
the values

ng =0,2,4,...,2R, for R =even,
(10)

ng =1,3,5,...,2R—1, for R = odd.

Physical states are realized for a set of non-negative integers
ne and ng, which are related to the magnitude of rotor
angular momentum R and its x component R, through the
relations R=1—j+ng and R, =1 — j+ng —ny by
the Dj-invariance rule. When we consider the y axis as
the quantization axis, R, =1 — j +ng —ny by the D,-
invariance rule. We diagonalize Eq. (1) within the D,-invariant
basis Eq. (8) to obtain the exact solution.

B. Diagonal boson representation for both I and ; in the
same direction

At first, we consider the HP boson expansion method for
the system with rigid Mol, which explains both the energy
levels and the in-band and out-of-band transition rates B(E?2)
and B(M1) in Lu isotopes [9-12]. Because the coefficient of
12 and also the coefficient of j2 are the smallest among the
other coefficients in Egs. (2a) and (2b), it is expected that the
total energy becomes the lowest when both angular momentum
vectors I and ] are aligned along the x direction. Therefore,
we choose the diagonal forms for the components 7, and j, in
the HP boson representation as follows:

I =1 =1, +il. = —a'y/2I — a,,

I, =1—-h,  with A,=a'a:

V2j — iy b,

with 7, = b'b.

. (11)
j+ =]l =jy+ijz:

szj_ﬁh
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Using these representations, we rewrite Hamiltonian (1) in
terms of two kinds of boson operators, 4 and b. Here we note
that /;, satisfies commutation relations with a minus sign, while
Ji satisfies normal commutation relations [21]:

[Inl]—_ iXjo []ts]j] ijixj- (12)
For the system with hydrodynamical Mol, where Jvh yd
jxhy 45 hy d , another boson representation is preferable:

. (13)
Jy =Jjl = jo+ije=+2j —hyb,
jy=Jj—np,  with A, =>5bb.
Similarly, for the region where y ~ 0but # 0, the following
representation is preferable [17]:

L=1 =1 +il,=—-al\/2I —a,,

(14)
je=il=je+ijy=v2j b,
j.=j—hp,  with f,=>b'b.
In any of Egs. (11), (13), and (14), we expand the square
roots /21 — A, and /2] — A, up to the order of A, /(21) and
Aip/(2)) as small quantities:

V2l —h, = @(1 - %)
V2 =y & (1——>

Then, the Hamiltonian contains the fourth order terms in boson
operators in addition to the second order ones. For simplicity,
we call this order of approximation next-to-leading order
approximation, in contrast to the leading order approximation.
The latter includes only the lowest order contributions from
the expansion of Eq. (15), and the Hamiltonian includes
contributions up to the terms bilinear in the boson operators.
Applying HP transformation of Eq. (11) to the Hamiltonian
Eq. (1) with the rigid Mol Eq. (6b), we expand /21 — i1,
and /2j — 1 into series in 7, /(21) and 71, /(2), and retain
up to the next-to-leading order. We arrive at an approximate
Hamiltonian written in terms of two kinds of HP bosons

5)

Hg = Hy + Hy + H,, (16)

where H, denotes a constant which collects all the terms
independent of boson operators, H, the bilinear forms of boson
operators, and Hy the fourth order terms. Their explicit forms
are given by using A® = 1/(27"®) as
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S
@_‘lz IS}

H, = (a at bh , (18)

Q>
OO Q
Q"™
N"QT
SIS

where the coefficients are defined by

1 1 " 1 1
AZE ZA}ZX-‘F_]A BZE I_Z AyZv

1/ 1 e 1/ 1
C=§ ]—5 ayzx—i-IAx, D=§ J_Z Aayz,

P VI £ AY), 6= 5T

Ayoe = ATE+ ATE—2ATE A, = ATE— AT,
V3V
ay; = Ay, + ————sin(y —7/3),
TG+
A+ ( /3) (19)
Ayx = Ay;x + ————=cos(y —m/3).
SR TE ) et

To diagonalize H, in Eq. (18), we solve the eigenvalue
equation taking account of the metric arising from the boson
commutation relation:

A—w G B F
G C—-ow F D
B -F -A-w -G |=9% @0
—F -D -G —C—-w
This equation reduces to
ot —b? +¢c =0, (21)
with
b= A>— B>+ C?— D>+ 2(G*> - F?),
c = (A? — B?)(C? — D*) + (G* — F*)?

+4FG(AD + BC) — 2(AC + BD)(F* + G?*). (22)

Equation (21) gives two positive solutions

2wiy, = b+ Vb2 —4c, (23)

only when

b*—4¢>0, b>0, c>0. (24)
These inequalities compose the stability conditions for the
wobbling mode and the precession mode [9].

The diagonalization of H, given in Eq. (18) is attained
by the unitary transformation (or the boson Bogoliubov
transformation) connecting the boson operators (&,B,&T,ET)

to the quasiboson operators (a, 8,a', 81):

. 1 . . : P * *
Hy = ATS(I — j)* + - (A8 + AT® —2A7%) a uy wy ut wr\ [«
20 ’ b v t ve ¥ B
=1 + - . (25)
3 al u_ w_ Mj_ wj_ O{T .
—2V cos(y — 7r/3)<1 — —4j(j n l))’ (17) bt o v ﬂT
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The normalized column vectors in this transformation matrix
are determined from the set of homogeneous equations

*

A G B F Uy wy u w_
G C F D Uy t+ v ti
-B —-F —-A -G u_ w- ul wi
-F -D -G -C/ \v- . v 1}

*
*

uy wy ut w*\ /o, 0 0 0
I DTS TR VR 0  wg 0 0
Tlue o wo Wi wi 0 0 —w, 0
(VN SR A 0 0 0 —wg
(26)
together with the orthonormality relations
2 2 2 2
g ]” = Ju— "+ lwi |” — Jw—]|
2 2 2 2
= v = o7+ e " = =" = 1,
u vt —utvg +wett —wrey
=uivy —u_ v +wity —w_t* =0,
2 2 2 2
e |” = Ju— "+ o |” — v-|
2 2 2 2
= Jwil” = Jw_|" + |4 |" = [-]" =1,
koK kK * ok * ok
U w_ —u_wy +v - —vty
=uswy —u_w’ + vt —v_t’ =0. 27

Here, we can take real solutions for the coefficients of
quasibosons in Eq. (25). In Eq. (26), wy or wg corresponds
to either of w4 (W) > w—)). In Ref. [9], Eq. (26) is solved
in two steps. At first, the dangerous terms a'a’ + H.c. and
bTht + H.c. are eliminated without mixing a and b. Next, the
remaining terms from a’a, b'b, and ab, a'b and their Hermitian

conjugate terms are diagonalized. In the first step, we get
1 |A]
Pi=|-| —
2 /A2 — B2

1/2
+ 1)} b
AB [1

YV [5(% B 1)]1/2’

(28)
N | 1 12
O+ = [5<¢c2—D2+ )] ’

__¢cp [1 IC]| _1]1/2
0-="icp| §<m ) '

Equation (31) in Ref. [9] works for rigid Mol in the range
0° < y < 60°, and also for hydrodynamical Mol defined by
Eq. (3a) in Ref. [9] in the range 0 < y < 30°, because A and
C are positive and B and D are negative in these regions.
However, for the general case Eq. (31) in Ref. [9] should
be replaced by Eq. (28) in the present paper. There are two
misprints in Ref. [9]: Eq. (38) should read

B=wia+1t.b—w_a —1 b, (29)

and sign(p — q) in Eq. (44c) should read sign(q — p). We
comment that Eq. (44c) of Ref. [9] was obtained in the leading
order approximation with V = 0. Although Ref. [9] solved
Eq. (26) in two steps, it is also solvable directly in one step.
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As long as the stability conditions in Eq. (24) are satisfied,
H, is diagonalized as

Hy ~ 20,(iy + 1/2) 4 204(ip + 1/2), (30)

where we introduce number operators in the new quasiboson
picture:

Ay =ala and 7z = BB (31)

To take account of higher order terms, we apply the boson
transformation to Hy and retain only diagonal terms which are
expressed in terms of 71, and 7ig. Consequently, we arrive at
an approximate formula for Hg as

Hp >~ Hy + wy + wg + Co + Qwy + Co)ity
+ Qwg + Cp)itg + Caahy + Cpphiy, + Capiaiip, (32)

where the six C’s are constants which arise from additional
higher order terms describing the anharmonicity effect, and
their explicit forms are listed in Ref. [9].

To clarify the physical meaning of the two quantum
numbers n, and ng, which are the eigenvalues of 71, and 7ig,
we consider the pure rotor case, i.e., V = 0 in Eq. (1). Then,
formula (32) reduces to a simple expression of the rotational
energy:

Eut = A™R(R + 1) — #ni

+ 1
+ <2R¢pq +/prq — P4 > q)(na + §>, (33)
where
RZI__]+nﬁ, szR—naa

. . . . (34
p= Al ATE g = ATE AT,

In the symmetric limit of Ag,ig = A?g (y = 60°), formula (33)
becomes the well-known expression

Exp = ATER(R + 1) — (ATE — ATE)(R —ng)>.  (35)

The eigenvalue R can be regarded as an effective magnitude of
the rotor angular momentum, and R — n, as its x component
R,. It turns out that these n, and ng are the same integers
ny and ng as defined in Egs. (9) and (10). This allows us
to interpret the quantum number 7, as the wobbling quantum
number of R [1] because of R, = R — n,. The other quantum
number ng is interpreted as the precession of j. In Eq. (33),
if we stay in the leading order approximation, two wobbling
energies reduce to

wa’“(l—j)\/P_,

The wobbling energy w, becomes the same as Bohr and
Mottelson’s formula [1] with I — j instead of /. This result
is also obtained from the leading order stability equation with
V =0, where the numbers —1/2 and —1/4 inside the factors
like (I — 1/2) appearing in A, B, C, and D in Eq. (19) are

wg ~ (I — HATE.  (36)
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E (MeV)
4 -

Rig Mol at 30°

4--- 4::: ==
3—
22—
or0—

0,0

0. 0%%1,0% %1, 0%%1,0% 1, 0" Yq,0 @onp

LR RSV AN IS TR - N - N S

2 2 2 2 2 2 2 2 2 2 2 2

-1t

FIG. 1. The energy levels given by Eq. (33) for the rigid (rig) Mol
at y = 30° as functions of /. The solid lines correspond to the levels
with / — j = even, while the dashed lines and the lowest solid lines
correspond to the ones with / — j = odd. A numeral beside each line
denotes the value of R. A pair of quantum numbers (n,,n4) next to
the bottom is assigned to the yrast for each /. The lowest solid lines
represent (1,0) for the yrast levels of I — j = odd for / > 17/2. The
parameters are Jy = 25 MeV~' and B> =0.18.

dropped. Then,
208 = (= P[pg + (AF)" £ |pg — (A7) 3D

For the case of rigid Mol, pg — (A}%)? is always negative in the
region 0° < y < 60°. Thus, we getwy = (I — j)/Pqg = w,
and w1y = (I — j)AY® = wg, indicating that the lowest mode
is the wobbling motion around the axis with the maximum
Mol.

In Fig. 1, we show four energy levels from the yrast with
Jo =125 MeV~!, y =30°, and B, = 0.18 in Eq. (6b). We
choose j = 11/2 in this paper. As seen in Fig. 1, the lowest
energy in the band with / — j = odd shown by the solid
lines is always (nq,ng) = (1,0) except for I = 13/2, where
(0,1) becomes lowest. Because of D, invariance, R = 1 is
not allowed; subsequently no (1,0) case exists for I = 13/2.
This is also found in the experimental data of Ref. [13]; i.e.,
no 13/2 level has been observed in the wobbling band. From
the quantum numbers (1,0), all the lowest levels in I — j =
odd bands are wobbling modes around the x axis with the
maximum Mol, except for the 13 /2 level where the lowest level
is the precession mode of j around the axis with maximum
Mol. The energy levels are in good agreement with the exact
results. Moreover, all these four levels from the yrast are well
described by (nq,ng).

For the case of hydrodynamical Mol and V = 0, where

)l,]yd > xhyd > jzhyd in the region 0° < y < 30°, we apply

PHYSICAL REVIEW C 95, 064315 (2017)

Eq. (13) to Eq. (2a) in the same approximation as Eq. (33),
and get

4

p+q ,
2

Ert = AY'R(R+ 1) = g

/ !/ ]
+ (2R\/p/q/ +vVrPq — il | )(na + E)’ (38)

2
where
R=1—-j+ng, R,=R-—n,,
P ABI AN e )

In the leading order approximation, Eq. (38) reduces to
wy ~ (I — j)a/p’'q’, which is nothing but the wobbling mode
around the axis with the maximum Mol jvh ¥4 and to wg ~

—-j )A};yd, the precession of j around the same axis. From
Eq. (23) in the leading order approximation with V =0,

replacing ( Xrig’ ;ig’Zrig) by ( )1’1}’dm,7zhyd7 xhyd), we get for
hydrodynamical Mol

208, = (I — D*[p'q’ + (A £ [p'g’ — (A*)’]]. 40)

In the region 0° < y < 30°, p'q’ — (A;lyd)2 is always positive,
so that w_y = wg and w) = w,. Subsequently, the lowest
mode is the precession of f around the axis with maximum
Mol j;,]yd. In Fig. 2, we show four energy levels from the yrast

E (MeV)
4 -

1014

Hyd Mol at 30° - — —

3---

T =

2—
00—

0, 0) 0, 0) 0, 0) 0,0 0,0 0, 0)

©, 1) (ng, ng)

o, 1) o, 1) o, 1) o, 1 o, 1

TR RSV A IR TN < N - S S
2

2 2 2 2 2 2 2 2 2 2 2 I

-1t

FIG. 2. The energy levels given by Eq. (38) for the hydrody-
namical (hyd) Mol at y = 30° as functions of /. The solid lines
correspond to the levels with / — j = even, while the dashed lines
and the second solid lines correspond to the ones with / — j = odd.
A numeral beside each line denotes the value of R. A pair of quantum
numbers (n,,7n5) next to the bottom is assigned to the yrast for each
1. The solid lines for the yrare levels with I > 17/2 represent (1,0).
The parameter J, = 25 MeV ™! is the same as in Fig. 1.

064315-5



KOSAI TANABE AND KAZUKO SUGAWARA-TANABE

with the same parameter as in Fig. 1. The energy levels from
Eq. (38) coincide with the exact results because y = 30°. In
contrast to Fig. 1, the lowest energy level in the band with
I — j = odd is always labeled (ny,ng) = (0,1), which is the
precession mode of ] around the axis with the maximum Mol
j;‘yd. There is no difference in (n4,ng) between the = 13/2
level and the other levels with I — j = odd. This contradicts
the non-observation of the 7 = 13/2 level in Ref. [13]. The
levels corresponding to the wobbling mode around the axis
with the maximum Mol jyh yd, i.e., the levels with (1,0) (shown
by solid lines), become the second lowest levels, which are
represented by solid lines in Fig. 2. Not only the yrast levels
but also all the other levels are well explained by (ny,np).
Forsmall y (A, ~ A,), the diagonal representation for both
I, and j, in Eq. (14) is suitable. We have
p// + q// 5
—n
2

o

" " 1
_<2R p//q//+ p//q//_ p ;q )(na+§)a

(41)

E = A:R(R+ 1)+

where

R:I_]+n/3, Rz:R_nav
(42)

pr=A—A, q¢"=A,—A,.

In the symmetric limit of y = 0°, Eq. (41) goes to the well-
known expression

Eni = A,R(R+1) — (A, — AR —n,)’,  (43)

though A}z'yﬁl diverges in this limit. The integer R can be
regarded as an effective magnitude of the rotor angular
momentum, and R — n, as its z component R.. In Fig. 3, we
show the energy levels for the hydrodynamical Mol at y = 6°
with the same value of 7, as in Fig. 2. A pair of numerals
below now stands for (R,R;), and all the yrast levels have
R, = 0. Here we comment that Eq. (41) is easily obtained
by replacing I and k in Eq. (7) of Ref. [17] by R and n,,
respectively. Reference [17] is the first paper that applied the
HP boson transformation to the triaxial rotor.

Similarly, in Fig. 4, we show the results for rigid Mol
at y = 6° with the same parameters as in Fig. 1. A pair of
numerals below stands for (R,R;), and all the yrast levels
with I — j = odd have R, = 2, except for I = 13/2 where
the R, =2 level appears as the yrare levels. Once the D,
invariance is violated, the R, = 2 level splits into two levels
characterized by (r1,72,73) = (+1, + 1, + Dand (+1, — 1, —
1) symmetry [1]. It may be a possible interpretation of the
signature partner band reported in Ref. [13]. This is not realized
with hydrodynamical Mol in Fig. 3, because R, = 0 does
not split in both prolate and oblate sides even when the D,
invariance is violated (see Fig. 4-33 in Ref. [1]). The energy
levels calculated from Eq. (41) reproduce the exact results, and
not only the yrast but also all the other levels in Figs. 3 and 4
are well described by (R, R;).

To clarify the character of (0,1) and (1,0) levels, we show
the alignments of (I )?)1/ 2 and ( sz)l/ 2 for the rigid Mol case
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FIG. 3. The energy levels given by Eq. (41) for the hydrodynami-
cal (hyd) Mol at y = 6° as functions of /. The solid lines correspond
to the levels with / — j = even, while the dashed lines correspond to
the levels with / — j = odd. A numeral beside each line denotes the
value of R. A pair of quantum numbers (R, R;) next to the bottom is
assigned to the yrast for each /. The parameter set is the same as in
Fig. 2.

in Fig. 5, and (Ivz)l/2 and (j}z.)l/2 for the hydrodynamical Mol
case in Fig. 6, respectively. In both figures, the approximate
solutions shown by open circles well overlap with the exact
results shown by small solid circles. The approximate solutions
are calculated using the wave functions directly obtained
from the leading order approximation in Eq. (26). In Fig. 5,
(ng,ng) = (0,0) is assigned to the I — j = even and (1,0) to
the I — j =odd case. InFig. 6, (0,0)is assignedtothe I — j =
even, and (0,1) to the I — j = odd case. In both figures,
I =11/2 and 13/2 are not shown, because b = ¢ = 0 for
I = 11/2inthe leading order approximation. As for I = 13/2,
the value of w_, becomes quite small, indicating that the
system is already close to the border of the stability domain.
The agreement with the exact results is quite good in both
figures, showing the usefulness of the HP boson method.

We investigate further details of Figs. 5 and 6. In Fig. 5,
we find (Ixz)}f2 - (Ixz)y2 ~ 2irrespective of whether I — j =
even or odd. This regularity is also realized in the case with
potential (V # 0), as seen in Fig. 9. The unit 2 difference in
(13)1/ 2 for AI = 2 indicates that the x axis plays the role of
the quantization axis. The average values of (12),/%, — (12)}/?
is —0.7 for I — j = even, and 2.7 for I — j = odd, whose
deviations from zero and 2 are related to the fluctuation of
( sz) 1/2 petween the solid and dashed lines. Because of V = 0,
the staggering behavior of j, is allowed, but I, behaves to
compensate such a fluctuation of j, within a combination of
AV, — j,c)2 in H;,c. We confirm that the average value of

064315-6



STABILITY OF THE WOBBLING MOTION IN AN ODD- ...

E (MeV)
3r Rig Mol at 6°
10;
By 10 --
9::
8 —
g =
7::
1 6—
6::: —
5__5::
4 _ 4 =
37 -
2 — —
or 0 —
0,0 2,0 4,0 6,0 8,0 10,0
O0 5,020 3.2) 40 (52) @0 (72) B0 (g ) 1O &Ry
LB 15171 ou B 23w B 3 .
2 2 2 2 2 2 2 2 2 2 2

,1,

FIG. 4. The energy levels given by Eq. (41) for the rigid (rig) Mol
at y = 6° as functions of /. The solid lines correspond to the levels
with I — j = even, while the dashed lines correspond to the levels
with / — j = odd. A numeral beside each line denotes the value of
R. A pair of quantum numbers (R, R;) next to the bottom is assigned
to the yrast for each /. The parameter set is the same as in Fig. 1.

(D2 = GV = (D = (7)) is =0.1 for T —
j = even, implying that (R?)!/? (R, = I, — j,) shows the
stepwise behavior, which is quite similar to the one for the

Rig Mol at y=x/6 and V=0
15 1

=
E 10+ 1
=
2
<

5 L

0 L P L L

0 5 10 15

FIG. 5. Alignments of (/2)'/? and (j2)!/? for rigid (rig) Mol as
functions of /. The solid circles connected by solid lines show exact
results for / — j = even and the ones connected by dashed lines
for I — j = odd. The open circles connected by solid and dashed
lines show the corresponding results obtained from the leading order
approximation. The parameter set is the same as in Fig. 1.
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FIG. 6. Alignments of (/7)"/* and (j7)'/* for hydrodynamical
(hyd) Mol as functions of /. The solid mrcles connected by solid
lines show exact results for / — j = even and the ones connected by
dashed lines for / — j = odd. The open circles connected by solid
and dashed lines show the corresponding results obtained from the
leading order approximation. The parameter set is the same as in
Fig. 2.

V # Ocase [see Egs. (62a) and (62b), and Fig. 15]. The average
value of 1((12),/2, + (12)/*) — (12)}* isalmost 1 for I — j =
even, which corresponds to the wobbling mode represented by
the quantum number n, = 1 (see Fig. 4(b) in Ref. [2]).

In Fig. 6, we find (12)}f2 (15)}/2 ~ 2 irrespective of
whether 7 — j = even or odd. The unit 2 difference in
(Iy?)l/2 for AI =2 indicates that the y axis plays the role
of the quantization axis. We confirm that the average value
of (T2 — (j2)V2) 1y — (I — (j2)V/2); is 0.1 for [ —
j= odd, implying that (Rg)]/2 (Ry = I, — j,) shows the
stepwise behavior like (Ri)}fz (Rz)l/2 =2, and (R2)}fl =
(Rz)l/ % for I — j = odd, in contrast to the rigid Mol case
[see Eq. (62a)]. This coupling scheme corresponds to the
cranking regime (see Fig. 4(a) in Ref. [2]). The average value
of 2((]y)}fr22+(]y)1/2) (]y)l,fr, is assumed almost 1 for
I — j = even, which is interpreted as the j-precession mode
represented by the quantum number ng = 1 around the y axis
with maximum Mol for the case of hydrodynamical Mol.

III. HP BOSON EXPANSION METHOD APPLIED TO THE
HYDRODYNAMICAL MOI CASE WITH V # 0

A. Diagonal boson representation for both I and ; in the same
direction (longitudinal case)

_ Now we discuss the case of V # 0. With some hope that
J» when pinned along the axis of medium Mol (x axis), may
act to keep I around the x axis through Coriolis force, we
study the stab111ty of the wobbling and the precessional motion
of I and J. At first, we apply the same type of stability
conditions as in Egs. (22) and (24) obtained by replacing A™2’s

by AWd°s Because of the relation Ty hyd o xhyd > hyd for
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Next—to—leading order stability
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FIG. 7. Stability domain in the y-V plane for hydrodynamical
(hyd) Mol with diagonal representation of I, and j, in the next-to-
leading order approximation. The numerals denote the values of 1.
The solid lines are for the levels with I — j = even, while the dashed
lines are for those with I — j = odd. The values of (n,,np) are shown
for each 1. The arrows attached to the lines indicate the region where
the stability conditions are satisfied.

5° < y < 30°, the transverse wobbling may be realized when
f is aligned along the x axis. Equation (24) does not allow
any stability region over the whole I range when V = 0, but
once V > 0 there appears some stability domain. In Fig. 7,
we show the results with J, = 25 MeV~'. The pattern of
the diagram does not change for a different choice of J,
because the physical content depends only on the scaling factor
s = JoV.Thelevels with I = 11/2,13/2, and 15/2 are stable
in a finite range of y, but the stability domain for the level
with I = 17/2 moves to the region of larger V (>2.2 MeV)
and narrow extent of y about 17°. For the I = 19/2 level the
stability domain cannot be found within the region V. < 6 MeV
and 5° < y < 30°. Moreover, (nq,ng) = (0,0) is assigned to
I =11/2 and I = 15/2 levels, while (0,1) is assigned to the
I = 13/2level. Thus, we do not find any stability region which
allows the transverse wobbling for V ~ 1.5 MeV.

We extend the stability analysis to the case with diagonal
representation for both I, and j, as given by Eq. (13). The
relevant quantities are obtained from Eq. (19) by replacing

(T, T8, T7%) by (7T ), and also y — /6 by
y + 7 /6. From the results displayed in Fig. 8, we find that
the stability domain is restricted to a quite narrow range in the
y-V plane only for large I, i.e., 21/2 < I < 33/2. No stable
region is found in the potential range of V > 0.3 MeV.

We compare the exact results for the two models of rigid
and hydrodynamical Mol. We show the calculated alignment
of I and ] along the x and y axes with rigid Mol in Fig. 9,
and with hydrodynamical Mol in Fig. 10. The parameters
are common for both models, i.e., Jy = 25 MeV™', V=16
MeV, B, = 0.18,and y = 26° as adopted in Ref. [13]. Figure 9
shows a typical example of wobbling mode. We confirm that
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0.5
Next—to—leading order stability
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FIG. 8. Stability domain in the y-V plane for hydrodynamical
(hyd) Mol with diagonal representation of /, and j, in the next-to-
leading order approximation. The solid lines are for the levels with
I — j = even, while the dashed lines are for those with / — j = odd.
The arrows attached to the lines indicate the region where the stability
conditions are satisfied.

(125 — (12> =2 (2] and (12)}/7, — (12);* = 0 or 2 for
I — j = even or odd, respectively. Therefore, the difference
of (12)!/? between the solid and dashed lines is almost one
unit, while (j2)!/? and (j2)"/? are almost constant over the

whole region of I. On the other hand, Fig. 10 shows that

15 ]
< 107 1
-]
=
=
2
<

5, 4

e s
<>

0 L L L

0 5 10 15

FIG. 9. The alignments of (I2)"/2, (I2)'/2, (j2)'/?, and (;2)'/* for
the rigid (rig) Mol as functions of I. The solid circles connected by
solid lines show (I2)'/* and (12)"/2 for the levels with  — j = even,
while open circles connected by dashed lines show the corresponding
results for I — j = odd. The closed triangles connected by solid lines
show (j7)!/? and (j7)'/ for the levels with I — j = even, while the
open triangles connected by dashed lines show the corresponding
results for I — j = odd. The parameters are Jp = 25 MeV™!, V =
1.6 MeV, B, = 0.18, and y = 26°.
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FIG. 10. The alignments of (12)!/2, (If)l/z, (j)'2, and (jf.)l/2
for the hydrodynamical (hyd) Mol as functions of /. The solid circles
connected by solid lines show (12)!/? and (12)'/* for the levels with
I — j = even, while the open circles connected by dashed lines
show the corresponding results for / — j = odd. The closed triangles
connected by solid lines show (j7)'/* and (j;)'/* for the levels with
I — j = even, while the open triangles connected by dashed lines
show the corresponding results for / — j = odd. The parameter set
is the same as in Fig. 9.

)1/2 is the largest at the beginning of the band and then
)1/2 increases rapidly and becomes the largest. Although
J9)'/? and (j})'/? keep constant for the small 7, they start to
oscillate between I — j = even and odd lines with increasing
1. The difference in (I Xz)l/ 2 or (IVZ)I/ 2 between the solid and
dashed lines never becomes one unit.

2
5

(
(
(

B. Diagonal boson representation for I, and j, (transverse case)

Keeping in mind the behavior of the alignments shown in
Fig 10, we employ the diagonal representation both for /, and

Ju:
L=1 =1 +il, =—a'V21 —a,,

. o ~T A
with 7, =a’ a';

Iy =1 — iy,

Jr=Jl=jy+ije=2j Ay b,

with Ay =b"'H.

(44)

Jx =] =,
We diagonalize Ho + Hyp in the next-to-leading order expan-
sion in the boson-number operators 7i,, and 7i;y. To eliminate
the linear terms iv/21jAM*@ — a'") and i\/2_jIA2yd(5’T +
'), we apply the unitary transformation giving constant shifts
to the boson operators:

d=a+p, b=>b+gqg. (45)
Then, p becomes purely imaginary, so we put p = ir and
obtain
I jAY j 1Ay
= ) q = A 9 (46)
2A-B 2C+D

PHYSICAL REVIEW C 95, 064315 (2017)

where A, B, C, and D are defined by

I 1
A= (A A oAy (1 - — ),
2( 2 T ) 21
I 1
B = (A — AM) (1 - — ),
(At — by (11—
J| hya hyd hyd 4 ( ”)
C=2AM A oAt~ cos(y — =
2[ v AT I e T3

j 2 1

D= %[A}y‘yd — Algyd + Hﬂsin (y — Z)] (1 — —)
JG+1 3 4j

47)

We arrive at an approximate Hamiltonian written in terms of
two kinds of HP bosons (a,at,b,b"), i.e., Hy = Hy + H, +
H; + H,, where Hy denotes a constant which collects all the
terms independent of boson operators, H, the bilinear forms of
boson operators, and the residual H3 and H third and fourth
order forms, respectively. With Egs. (46) and (47), Hy becomes

T
Hy = A j(j + 1)+ A I(I + 1) — 2V cos (y — 5)

. hydy2 S (7 Ahydy2
_I(]Axy) _](]Ayy) _l(Ahyd+Ahyd—2Ahyd)
A—B C+D 47 ’ )
N 3V ( ”) (48)
—— COS I
275G+ VT3

The H, term is expressed in the form

A iF B —iF\ (a4

.~ o ~|—-iF Cc —iF D bt
Mm=@ b at O g & Zipllal
iF D iF C b
(49)

where F = /Ij/ 2A?yd. In this next-to-leading order approxi-
mation, the stability condition is derived from the two positive
solutions of 2w(,, = b £ v/b? — 4c with

bEAz—B2+C2—D2,
(50)

¢ = (A% — B*)(C* — D*) —4F*(A — B)(C + D).
In Fig. 11, we show the domain where the stability conditions
are satisfied. The solid lines are for the levels with I = 11/2
and 31/2 (I — j = even), and the dashed lines for / = 13/2
and 33/2 (I — j = odd). The stability domains for the other
levels are located between these border lines. In the region
13° < y < 30°, this model gives a stability domain for V =
1.6 MeV.

Now we go back to the leading order approximation, in
which the factors (1 — 3-) in A, (1 — ;) in B, (1 — ZLJ.) in C,

and (1 — 4ij) in D are replaced by 1 in Eq. (47), and the last
two terms in Eq. (48) do not exist. Then, the values of b and ¢
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FIG. 11. Stability domain in the y-V plane for hydrodynamical
Mol with diagonal representation of I, and j, in the next-to-leading
order approximation. The solid lines correspond to the yrast levels of
I =11/2and31/2 (I — j =even), while the dashed lines correspond
to those of / = 13/2 and 33/2 (I — j = odd). The domain borders
for the other levels are between these lines. The arrows attached to
the lines indicate the region where stability conditions are satisfied.

are calculated from these new A, B, C, and D as
.\ 2
2( shyd hyd hyd hyd J
b=1 (Axy - Ayy )(Azy - Ayy )|:1 i V1V2<7> i|’

¢ = [1(A = A (A — AT

2
hyd
1% <—A3y
2~ h s
yd hyd
e Al

x Vi (618
where
23V siny
Vi=— hyd hyd -1
J(.] + 1)(Ax - Ay )

(52)

2/3Vsin(y + %) gl

G+ DR = AP Al AR

Then the squares of the two positive eigenvalues are

.\ 2
2 = P Ay a1+ ()

+ (1 V. (j)2>2 +V ( 2jAEYd )2
—vivay I\ = twd_  hvds
! AP AT

(33)

In the asymptotic region of j/I < 1, we get a)(2+) ~

12AYY — AP AP — ADY), which is nothing but the ex-
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citation energy of the wobbling mode around the y axis

with the maximum Mol j;.lyd, as was proposed by Bohr and
Mottelson [1]. For the other energy w(z_), we get

wf_y = (AR — AP (AR — AN

2
!};yd
X [/1 [/2 -
Alz]}/d A};'Yd

This expression indicates that the excitation energy w(_) is
associated with the precession mode of ] because it vanishes
for j =0. If we continue further the calculation of the
alignments (If)l/2 and (j}z,)l/2 for larger I > 33/2 in Fig. 10,
they show a similar behavior as in Fig. 6, indicating that a)(zf)
is the j-precession mode around the axis with the maximum
Mol. The potential effect becomes negligible compared with
the Coriolis term for larger 1.

Now we consider the case of I = j in Eq. (53). The expres-
sion under the square root in Eq. (53) is well approximated by

i)

because the remaining part is only 1%. In this case, we get

1’A? < V3V
A.—a,\jG+ 1D
This approximate expression still gives the domain border,
but it indicates neither the wobbling mode nor the precession
mode.

To clarify the physical contents of elementary excitations
with w4, we solve the eigenvalue equation using the wave
functions defined in Eq. (25) for H, given in Eq. (49)
together with the orthonormality relations of Eq. (27). In this
framework, w4, corresponds to g, and w_) to wg. Using
the eigenvalues w), we express all the components of the
eigenvectors as

ur = (A — B+ w)[(C + D)2F? — BC + BD)
+ Bw(2+)]N+s
vy = +i F(C 4+ D+ w)[(A — B)’ — oINS,

(54)

(55)

4wl ~ + A, - Ax>. (56)

wy = (A — B+ w_)I(C + D)2F*— BC + BD)
+ B, IN_,
ty = +iF(C+ D+ o)A — B —w_IN_, (57)
where the normalization constants are defined by
N:* = 40w [(A—B)(C+D)2F*~BC+BD) + B},
+ F*(C + D)(A — B)* — w())]. (58)

In Fig. 12, we show the evolution of squared amplitudes
lus|® (solid circles), |v+|* (solid triangles), |w.|*> (open
circles), and |£+|? (open triangles) with increasing 1. Because
of the small values of |w_|? and |¢_|?, they are not clearly
discriminated in the figure. These eight amplitudes satisfy
the orthonormality relations of Eq. (27). Note that there
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FIG. 12. Comparison of the squared absolute amplitudes in
Eq. (27) in the next-to-leading order approximation as functions of
1. The solid circles correspond to luy|?, solid triangles to lvel?, open
circles to |w~|?, and open triangles to |¢+|>. Both |w_|* and |z_|? are
quite small and lie along the abscissa. The parameter set is the same
as in Fig. 9.

occurs the crossover between the decreasing amplitude (|v |?
and |w, |?) and the increasing ones (|u|> and |z, |?) around
I =17/2 ~ 21/2. By the inverse transformation of Eq. (25),
the quasiboson operators « and 8 are expressed in terms of the
boson operators a and b:

of = uya' —u_a+ v+l3lf —v_b,
N R (59)
Bl =wea’ —w_a+r1.b" —1_b.

Comparing Eq. (59) with the results in Fig. 12, we find that b
dominates as the main component of «, and & as that of 8, for
low I (£ 13/2). However, for high I (= 29/2), b dominates as
the main component of 8, and a as that of «. The eigenvector
corresponding to w(_y is given by (w4, t4, w_, t_), while the
one corresponding to w4, is given by (u4, vy, u_,v_). In
other words, for low I the lower mode with w_y (ng = 1)
is related to I, and the higher mode with Wiy (ng =1) is
related to j. For high I, the lower mode with w—y (ng=1)
corresponds to ] and the higher mode with w4 (ny = 1) to
I , which agrees with the prediction based on the expression in
Eq. (54).

The original bosons to describe the particle-rotor model
with hydrodynamical Mol are not 4 and b but &' and &/,
which are related to @ and b through Eq. (45). These shift
transformations were determined to eliminate linear terms in
the boson operators 4, at, b, and b'. In Fig. 13, we show the
behavior of r? (solid circle) and ¢ (open circles) defined in
Eq. (46) calculated in the next-to-leading order approximation.
According to the decrease of 2 and the increase of ¢> with
increasing I, the physical quantities evolve with /. Figure 13
shows that 2 becomes large for low 1, while g? becomes large
for high 7. As seen in Fig. 12 in the low spin region of I ~ j,
the amplitudes of |vy]? and |w+|2 are dominant (~1), while
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FIG. 13. The square of shift parameters > and g as functions
of I in the next-to-leading order approximation. The solid circles
correspond to r2, and open circles to g. The parameter set is the
same as in Fig. 9.

the rest is small. However, in the high spin region of 7 > j,
|u4|? and |74 |*> are dominant (~1), while the rest is small.

To discuss the physical contents in both asymptotic regions,
keeping only these dominant amplitudes |u.|?, |v4|%, |wy|?,
and |z, |* relevant to the harmonic excitation described by

w(2ng + 1), we express Ixz, If, sz, and ]3 as

3 I
If~r2<21—r2—z>+

2
17
+ﬁ,3|w+|2<1 —- -+

|w+|2
, 60
272 2 (602)
12~ (= 4 (s P 4w )
+aglw [H22r* = 1) + |u|*, (60b)
and
B2~ G =g+ PP+ 1)
+ gt H{22g% — j) + [vi (61a)
3\  J
2 g2 0i g2 2 J
Jy~a < I=¢—7)*+3
+hglte | L 2+—|t+|2 (61b)
Bl J ) 261 ) .

In the region of I ~ j, due to the large value of 2, the co-
efficient of 7ig in Eq. (60a) becomes negative, while the one in
Eq. (60b) becomes positive. As a consequence, the dashed line
for (12)1/2 in Fig. 10 is located lower than the solid line, and the
dashed line for (/ f)l/ 2 higher than the solid line. In contrast,
in the region of 1 > j (I > 29/2), due to the small value of
r2, the coefficient of 7 s in Eq. (60a) becomes positive, while
the one in Eq. (60b) becomes negative. As a consequence,
the dashed line for (12)!/? in Fig. 10 is located higher than
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FIG. 14. The alignments of (R?)'/?, (R?)'/2, and (R?)'/* for the
hydrodynamical (hyd) Mol as functions of /. The solid lines are for
the levels with I — j = even, while the dashed lines for those with
I — j = odd. The parameter set is the same as in Fig. 9.

the solid line, and the dashed line for (13)1/ 2 lower than the
solid line. The difference between the solid and dashed lines
becomes smaller due to the decrease of [w |*. As for (I7)'/2,

the large value of |u.|> works to decrease the difference.

Similarly, in the region of I ~ j, due to the small value of
q?, the coefficient of 7z in Eq. (61a) becomes negative, while
the one in Eq. (61b) becomes positive. As a consequence, the
dashed line for ( jf)l/ 2 in Fig. 10 is located lower than the
solid line, and the dashed line for (;7)'/* higher than the solid
line, although the difference is small due to the small value of
|£4 |?. In contrast, in the region of I > j (I > 29/2), due to the
large value of ¢?, the coefficient of /i in Eq. (61a) becomes
positive, while the one in Eq. (61b) becomes negative. As a
consequence, the dashed line for (j2)!/? in Fig. 10 is located
higher than the solid line, and the dashed line for ( jyz) 172 Jower
than the solid line.

We expect that the behavior of the core angular momentum
R=1- Jj gives direct information about the wobbling motion
of the triaxially deformed core. In Fig. 14, we plot the exact
root-mean-square values of (R%)l/z, (Ri}l/z, and (Rf)l/z. First
of all, (R%)l/ 2 is the largest through the whole region from
I = 11/2to 33/2, so that the body rotates around the y axis
with the maximum Mol. Moreover, there is no staggering to
indicate a wobbling mode in (R%)l/ 2, because I — j = even
(solid line) runs below I — j = odd (dashed line) and the
difference is not unity. For comparison, we show the rigid
Mol case in Fig. 15, which demonstrates typical behavior of
the alignment of R when the wobbling mode occurs around
the x axis with maximum Mol. Note that the increment of
the alignment (R?)!/? is well quantized by one unit, which
is similar to the case of (I2)'/? in Fig. 9. As a typical
characteristic of the wobbling mode around the x axis with
the largest Mol, the following identities hold:

(R)%)l/z = <R§)1/2 for I — j = even,

. i (62a)
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FIG. 15. The alignments of (R2)"/2, (R%)!/2, and (R2)'/* for the
rigid (rig) Mol as functions of /. The solid and open circles correspond
to (R?)!/2 and (R?)!/2, while solid and open triangles correspond to
(R?)'/2. The solid lines are for the levels with 7 — j = even, while
the dashed lines for those with I — j = odd. The parameter set is the
same as in Fig. 9.

and

(R = (R, ~=2.

(62b)

_ Th§ beﬁhavior of the three angular momenta I , f, and
R =1 — j are illustrated in Fig. 16(a) for the lowest spin
state with / = j = 11/2, and in Fig. 16(b) for a higher spin
state with / = 31/2. The quantization axis is assigned to the
x axis in Fig. 16(a) and to the y axis in Fig. 16(b). The
domains where the heads of angular-momentum vectors move
are symbolized by closed loops, being depicted in a way
consistent with the exact results of the root-mean-square values
(IH2, (jHY2, and (RH)V? (k = x,y,z). The vector heads
of I and ; are on the spheres with definite radii //(1 + 1)
and +/j(j + 1), respectively. The loop for I in the figure
represents the intersection between the sphere and an elliptic
cylinder, whose projection onto the zx plane is an ellipse with
semimajor axis (/2)!/? and semiminor axis (I7)!/? for the
case [ =§1 /2 as shown in Fig. 16£b). The way to draw the
loop for j is the same as that for I in Fig. 16(b). However,
the two loops for I and j in Fig. 16(a) are located very
close to each other because of the equality I = j and the
fact that the exact result gives (1)2,)1/2 ~ (jy2)1/2 ~ 2.2 and
(I2)'% ~ (j2)!/2 ~ 1.3. These values are the same as those
displayed in Figs. 10 §nd 14.

As for the vector R whose square does not commute with
the Hamiltonian, we depict the corresponding loop as an inter-
section between the sphere with its radius (R? + R} + R?)'/?
and an elliptic cylinder with the semimajor axis (R>)'/* and the
semiminor axis (R2)!/? for Fig. 16(a), and with the semimajor
axis (R?)'/? and the semiminor axis (R?)'/? for Fig. 16(b).

In Fig. 16(a) I, f, and R compose an isosceles triangle with
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_ FIG. 16. Behavior of three angular momenta I, ; and 13(5 I—
Jj) for the hydrodynamical Mol. (a) The case of the lowest spin state
of I = j = 11/2, and (b) the one of the high spin state of / = 31/2.
Both drawings are designed in consistence with the exact results of
the root mean squares of angular-momentum components. Further
details are presented in the text.

sides of I (=j). We observe that the vector R describing the
rotation of the triaxial body moves very close to the y axis
with the largest Mol already from I = j(= 11/2), and keeps
a similar behavior also for higher spin states. Comparing the
sizes of loops, we recognize that the extent of the precession

PHYSICAL REVIEW C 95, 064315 (2017)

of R about the y axis is narrower than that of I. Note that R is
nearly perpendicular to the x axis with medium Mol through
the whole range of 1.

IV. REPRODUCTION OF EXPERIMENTAL DATA USING
RIGID MOI

In reproducing the electromagnetic transition rates, we are
faced with a defect when using the hydrodynamical Mol. We
compare B(E2)qy/B(E2);, calculated with hydrodynamical
and rigid Mol in Table I, and B(M1)oy/B(E2);, in Table II
as functions of y and I of the initial state. The other
parameters are the same as those used in Fig. 9. As seen in
Table I, the use of the hydrodynamical Mol gives smaller
B(E2)ou/B(E2);, values than the use of the rigid Mol.
Because B(E2)q/B(E2);, is proportional to tanzy, both
types of Mol give increasing values with increasing y. The
decrease of the ratio B(E2)qy/B(E2), with increasing [ is
more rapid for hydrodynamical Mol than the one for rigid
Mol. In Table II, the ratio B(M 1)qy/B(E2)i, is proportional
to (esr/ 00)?, where we adopt geir = 0.414, which is obtained
from the bare value of g — gr + (g; — g¢)/(2j) multiplied by
the quenching factor 0.5. The value of Qy is estimated from
the following formula with the radius given by Eq. (7):

3
= ﬁZRgﬁz cosy, (63)

which gives Qg =3cosy b for ¥Pr with 8, =0.18. In
contrast to the case of B(E2),y/B(E2)n, the use of hy-
drodynamical Mol gives larger values of B(M1)oy/B(E2)in
than using rigid Mol, and decreases slowly at high spin. The
large value of B(M 1),y /B(E2);, at high spin excludes the
possibility of hydrodynamical Mol for the wobbling mode in
Lu isotopes [14] unless the sign of y is changed [22].

There is no way to take into account the pairing effect
microscopically when using hydrodynamical Mol. However,
the pairing effect on the Mol is well taken into account
by using the rigid Mol [1,18,23]. The integrand after the
closure approximation to the cranking formula is carefully
approximated and the analytical formula was obtained in
Ref. [18], which agrees quite well with the results obtained
in Refs. [1,23]. This approximation method is extended to the
gap equation, which takes into account the Coriolis antipairing
(CAP) effect and the blocking effect. The other approximation
methods of Refs. [1,23] are not applicable to this gap equation.

TABLE I. Comparison of B(E2).y/B(E2);, between hydrodynamical (hyd) and rigid (rig) Mol as functions of y and I of the initial state.

Initial / y = 10° y = 18° y = 26°

Hyd Mol Rig Mol Hyd Mol Rig Mol Hyd Mol Rig Mol
21/2 0.0818 0.289 0.227 0.606 0.416 1.161
25/2 0.0628 0.234 0.158 0.496 0.273 0.954
29/2 0.0498 0.197 0.106 0.420 0.181 0.812
33/2 0.0404 0.170 0.071 0.364 0.124 0.707
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TABLE II. Comparison of B(M 1)4,/B(E2);, between hydrodynamical (hyd) Mol and rigid (rig) Mol as functions of y and [ of the initial
state.

Initial / y = 10° y = 18° y = 26°

Hyd Mol Rig Mol Hyd Mol Rig Mol Hyd Mol Rig Mol
21/2 0.213 0.174 0.294 0.324 0.528 0.543
25/2 0.165 0.120 0.273 0.228 0.681 0.386
29/2 0.134 0.088 0.276 0.168 0.656 0.289
33/2 0.112 0.067 0.257 0.129 0.563 0.223

For highly excited states the angular-momentum depen-
dence through the decreasing pairing gap caused by the
CAP effect is well simulated by a two parameter fitting of
the rigid Mol [10-12]. However, these two parameters are
determined at very high spin and highly excited states, where
the average pairing gap is small. In the *°Pr case, these
levels are before the first backbending caused by the gapless
superconductor [24-29]. In such a case we have to refer to the
detailed behavior of Mol as a function of I, which has been
derived from the HFB analysis [18].

In reference to the /-dependent curve as displayed in Fig. 9
in Ref. [18], which is derived by the perturbation treatment of
the CAP effect on an odd-A nucleus, we assume a simplified
functional form for the / dependence of the rigid Mol:

Jo
1 +exp(—(I — b)/a)

(64)

We choose the two parameters as a@ =7.5 and b=
15.5. The other parameters are §, = 0.18, V = 1.6 MeV,
Jo =25 MeV~!, and y = 18°, which are the same as in Fig. 9
except for y.

InFig. 17, we compare the calculated energy level relative to
the reference E(I) — 0.021(1 + 1) as functions of the angular
momentum /, together with the experimental ones [13,19].
The theoretical values are normalized at / = 11/2 in band

1. The energies of E(I) — 0.021(I + 1) are not sensitive to
y, but y = 18° seems to be favorable in reproducing the
electromagnetic transitions. In Table III, we compare the
calculated electromagnetic transition rates and mixing ratios
6 with the experimental data [13]. The value of Q¢ and g
are the same as adopted in Tables I and II. The mixing ratio &
is proportional to Qo/ger- The theory reproduces all the data
quite well over the whole range of /.

In Fig. 18, we show the plot of I versus fiw = E,, /2 for
bands 1, 2, and 4 in comparison with the experimental data.
The value of hiw for the I = 13/2 state is defined by the
transition energy E, to the / = 11/2 state. The agreement
with the experimental data is quite good. As for the difference
between band 2 (from I = 13/2 to 25/2) and band 4 (from
I =17/2 to 33/2), it may come from the breaking of Bohr’s
symmetry (D, invariance), which is discussed toward the end
of Sec. I B.

Then it becomes desirable to reproduce the backbending
curve for band 1 through the whole region before and after
the first backbending. After the backbending the yrast levels
transfer to the new bands where a high-j pair in the neutron
shell or in the proton shell is decoupled, i.e., a gapless
superconductor [27-29]. We choose a larger Jp (= 35 MeV’l)
for this new decoupled band. The other parameters are kept the
same. In Fig. 19, the backbending curve for band 1 is shown.
The theoretical decoupled new band is shifted to coincide with

1.0
. 135 20 T T
I-dependent rig Mol Pr I—-dependent rig Mol 135Pr
~ 0.5+
%
= Band 2 and 4 E
= 0.0
+
E‘: Band 1
g —o05f ]
=]
A
=1 —1.0F Theory «¥—a o—eo ]
Exp. s~—2 6—0©
-15 | | | |
0 5 10 15 20 0 ) ) )
0.0 0.2 0.4 0.6 0.8

I ()

FIG. 17. Comparison of E(/) — 0.02/(I + 1) between theoreti-
cal results and experimental data in Refs. [13,19]. Theoretical values
are shown by solid triangles for band 1 and solid circles for bands 2
and 4, while experimental data for band 1 are shown by open triangles
and bands 2 and 4 by open circles. Band 2 is from / = 13/2 to 25/2,
while band 4 is from I = 17/2 to 33/2.

fiw (MeV)

FIG. 18. Comparison between theory and experimental data in
the backbending plot for bands 1, 2, and 4. Theoretical values are
shown by solid triangles for band 1 and by solid circles for bands 2
and 4, and experimental values are shown by open triangles for band
1, and by open circles for bands 2 and 4.
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TABLE III. Comparison of B(E2)oy/B(E2)in, B(M1)oy/B(E2);, and the mixing ratio § between experiment and theory.

I B(E2)ou/B(E2)in B(M1)ouw/B(E2)in )

Expt. Theory Expt. Theory Expt. Theory
17/2 0.648 0.192 —1.24£0.13 —-1.13
21/2 0.843 £+ 0.032 0.542 0.164 + 0.014 0.130 —1.54 £ 0.09 —1.34
25/2 0.500 + 0.025 0.463 0.035 + 0.009 0.0987 —2.38 £ 0.37 —1.44
29/2 > 0.261 £ 0.014 0.402 < 0.016 £ 0.004 0.0791 —1.49

the experimental band at / = 35/2. The agreement is quite
good, indicating that the CAP effect is well simulated using
two common parameters. Our calculation gives the alignments
of I, ] and R( I— ]) quite similar to those shown in Figs. 9
and 15 whose rigid Mol do not include any / dependence. Of
course, the identities in Egs. (62a) and (62b) are also satisfied
in this calculation with /-dependent rigid Mol.

V. CONCLUSION

We have confirmed that two quantum numbers (n4,7p)
assigned to each energy level characterize the wobbling mode
of the rotor angular momentum R and the precession mode of
f. When V = 0, the lowest level for / — j = odd has always
(0,1) for hydrodynamical Mol indicating the precession of
f. Such a system is well described by choosing a diagonal
HP boson representation for both /7, and j,. On the other
hand, the lowest level for I — j = odd has (1,0) for rigid
Mol, indicating the wobbling mode around the axis with
maximum Mol. In this case a diagonal HP boson representation
is chosen for both I, and j,. As for the level with I = 13/2,
the lowest level has (0,1) because of the D, invariance
which prohibits R = 1. When y ~ 0, another representation is
favorable where I, and j, are in the diagonal forms. In this case,
the two quantum numbers are reduced to R = I — j + ng and
R, = R — nqy. The lowest levels are always R, = 0orny, = R

35¢
t 135Pl‘
30F I-dependent rig Mol ]

250
20¢

1(h)

15¢
100

SO WU

0 0.2 0.4 0.6 0.8
fiw (MeV)

FIG. 19. Comparison between theory and experimental data in
the backbending plot for band 1. Theoretical values are shown by
solid triangles for 7/ < 31/2 and by solid circles for 1 > 35/2.
Experimental values are shown by open circles. Solid circles are
normalized at [ = 35/2.

for hydrodynamical Mol. On the contrary, the lowest levels for
I — j = even have R, = 0, but those for / — j = odd have
R, =2o0rn, = R — 2exceptfor I = 13/2. This R, = 2 level
splits into (y,7y,7;) = (+1, + 1, + 1) and (+1,—1,—1) only
if Bohr’s symmetry is violated and only if the D, symmetry is
satisfied.

Applying alternative HP boson representations as useful
theoretical tools, we have carefully checked the stability
equation for the case of hydrodynamical Mol with V # 0.
We solved three cases: First, both I, and j, are represented
in the diagonal forms, where we cannot find any stability
domain for a fixed y and V for I > 15/2. Second, both I,
and j, are in the diagonal forms, where no stability domain is
found for V > 0.3 MeV. Third, /, and j, are in the diagonal
forms. In this case the stability domain is found within the
region 13° < y < 30°. The lower harmonic excitation with
w(—y for I ~ j corresponds to the incremental alignment of
I along the y axis with the maximum Mol, while the one for
I > j corresponds to the precession of ] around the y axis.
In contrast, the mode with w,) for I > j corresponds to the
wobbling of I around the y axis with the maximum Mol. This
crossover occurs at I ~ 21/2.

A shortage of hydrodynamical Mol is to give a smaller
B(E2)ou/B(E2);, and larger B(M1)gy/B(E2)i, compared
with rigid Mol. Furthermore, hydrodynamical Mol has no
room to include the Coriolis antipairing effect, which is essen-
tial in the low-lying rotational levels like in the case of '*°Pr.

There is no wobbling mode around the axis with medium
Mol in the particle-rotor model even with the hydrodynamical
Mol, as is well known in the pure rotor. Then, there remains
the problem of how to describe the experimental data of
the band built on the 7 = 11/2~ state in '*>Pr. We use a
Woods-Saxon-type expression to simulate the / dependence
of the rigid Mol with two parameters, which is obtained
from the perturbation treatment of the CAP effect [18]. The
particle-rotor model with 7-dependent rigid Mol gives a
typical wobbling band and attains a quite good reproduction
of the experimental data not only for the energy of the levels,
but also for the electromagnetic transition rates and the mixing
ratios §.
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