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Effect of an electromagnetic field on the spectra and elliptic flow of particles
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In 2+1 dimensions, the evolution of flow under the influence of an external electromagnetic field is simulated.
The external electromagnetic field is exponentially decaying with time. Under the same initial conditions, flow
evolution with and without the external electromagnetic field is compared. It was found that the production of
particles was enhanced when the external electromagnetic field was present. As the strength of the electromagnetic
field increased, more particles were produced. Enhancement is greater at the high transverse momentum than
at the low transverse momentum. In addition, the electromagnetic field also modifies the elliptic flow and the
modification is related to the mass and charge of the particles.
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I. INTRODUCTION

Heavy ion collision is a key mechanism which is utilized
when investigating the properties of hot and dense strongly
interacting matter. Data obtained from the Relativistic
Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC) indicate that a deconfined quark-gluon plasma
(QGP) is created in the collisions [1–3]. Characterizing and
understanding the properties of the QGP and its hadronization
is the ultimate goal of heavy-ion-collision research. Time
evolution of the QGP can be modeled with relativistic fluid
dynamics. Hydrodynamic models have been very successful in
providing a quantitative explanation for the behavior observed
in experiments [4,5]. However, most of the previous models
did not take into account the effects of an electromagnetic
field. In reality, the electromagnetic effect is of paramount
importance in the heavy-ion collision as noncentral collisions
will produce strong transient electromagnetic fields. Some
studies have shown that e| �B|/m2

π ≈ 1–3 after collisions in the
RHIC and e| �B|/m2

π ≈ 10–15 after LHC collisions [6–8]. If
electric conductivity is taken into account, the magnetic field
will survive even longer.

In recent years, there have been many studies on the
consequences of the presence of an electromagnetic field
during collisions. In particular, the presence of a magnetic
field has led to a lot of interesting phenomena, such as the
chiral magnetic effect [6,9,10] and the chiral separation effect
[11,12].

This paper is organized as follows: In Sec. II, the hydrody-
namics equations in the presence of an external electromag-
netic field in (2+1) dimensions are presented. With an external
electromagnetic field, the distribution function of particles is
nonequilibrium. The deviations from the local equilibrium,
induced by the electromagnetic field, are also introduced in
this section. Transverse momentum spectra and the elliptic
flow of the particles are the important observables in heavy-ion
collisions. Thus, the effects of the electromagnetic field on the
spectra and elliptic flow path are investigated and presented
in Sec. III. Calculations are made in a (2+1)-dimensional
hydrodynamic model and the numerical results are presented in
this section also. Finally, in Sec. IV, summary and conclusions
are given.

II. (2+1)-DIMENSION HYDRODYNAMICS IN AN
EXTERNAL ELECTROMAGNETIC FIELD

A. Basics of (2+1)-dimension hydrodynamics in an external
electromagnetic field

According to Ref. [13], the electromagnetic tensor Fμν can
be written as

Fμν = Fμλuλu
ν − Fνλuλu

μ + �μ
αFαβ�ν

β

= Eμuν − Eνuμ + 1
2εμναβ(uαBβ − uβBα), (1)

where Eμ ≡ Fμνuν and Bμ = εμναβFναuβ/2 are the electric
and magnetic fields respectively. Here εμναβ denotes the
antisymmetric Levi-Civita tensor.

The electromagnetic field obeys Maxwell’s equations [14]

dμFμν = J ν, dμJμ = 0, (2)

where Jν is the current density and dμ is the covariant
derivative. The relationship between the current and the fields
is assumed to take the linear form [15]

Jμ = ρeu
μ + jμ, jμ = σEμ, (3)

where ρe is the electric charge density, jμ is the conduction
current, and σ is the plasma conductivity tensor (which is
assumed to be constant in the calculations presented in this
paper). The energy-momentum tensor T μν satisfies [14,15]

dμT μν = JνF
μν. (4)

In order to solve Eq. (4), the initial values and time
evolutions of the external electromagnetic field must be
specified in advance. According to Ref. [8], it is known
that the longitudinal fields Bz,Ez are much smaller than the
transverse fields Bx,y and Ex,y . Therefore, Bz,Ez are neglected
in the calculations presented here. In addition, the possible
polarization and magnetization effects of the plasma are also
neglected.

Details of time and space dependence of the magnetic fields
can be found in Refs. [8,16,17]. In the present demonstrative
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calculations, the spatial distributions of the magnetic fields is
parametrized as follows [17]:

eBy(�r,t) = eBx(�r,t) = eB0 exp

(
− r2

2σ 2
r

− t

τB

)
. (5)

The electric field can be calculated [8] by eE = −v × eB.
Here, r =

√
x2 + y2 and σr = 2.0 fm. The initial value of the

field is taken to be eB0 = 0.08 2 � (2mπ )2, which is estimated
in Ref.[18]. The duration time of magnetic field is controlled
by the parameter τB (see Refs. [16,17]).

In (2+1)-dimension hydrodynamics, heavy ion collisions
are best described in the coordinates (τ,x,y,η), which are
related with the flat coordinates (t,x,y,z). The longitudinal
proper time and the rapidity are

τ =
√

t2 − z2, η = 1

2
ln

t + z

t − z
. (6)

The metric tensor associated with the (τ,x,y,η) coordinates
is

gμν = diag(1,−1,−1,−1/τ 2). (7)

This leads to the following nonvanishing Christoffel sym-
bols

η
ητ = η

τη = 1

τ
,τ

ηη = τ. (8)

In this coordinate system, conservation laws for the energy
momentum tensor T μν can be written as (see Ref. [19])

∂τ T̃
ττ + ∂x(vxT̃

ττ ) + ∂y(vyT̃
ττ )

= −p − τ∂x(pvx) − τ∂y(pvy) + JxF
xτ + JyF

yτ

∂τ T̃
τx + ∂x(vxT̃

τx) + ∂y(vyT̃
τx)

= −τ∂x(p) + JyF
yx + JτF

τx

∂τ T̃
τy + ∂x(vxT̃

τy) + ∂y(vyT̃
τy)

= −τ∂y(p) + JxF
xy + JτF

τy. (9)

Here T̃ μν = τT μν and vi are the velocity components of the
fluid.

In contrast to the ideal case, conservation equations now
contain the electromagnetic tensor Fμν and current density
Jμ in the external magnetic field. Therefore, the components
of the energy-momentum tensor will evolve under the influ-
ence of the electromagnetic field. To solve the differential
equations (9), the sharp and smooth transport algorithm
(SHASTA[20,21]) method was employed. Given an equation
of state, if the energy density (ε) and fluid velocity (vx,vy)
distributions at time τi are known, ε, vx , and vy at the next
time step τi+1 can be obtained from differential equations (9).

B. The correction of the distribution function

With an electromagnetic field present, the system is not in
equilibrium. In order to correct the distribution function, the
same method that was employed in Ref. [22] is used. The
time evolution equation satisfied by f (x,p) is the Boltzmann
equation

pμ ∂

∂xμ
f + qepνF

μν ∂

∂pμ
f =

∑
Cij (xμ,pμ). (10)

Here Cij is the collision term and qe is the electric charge
of the particle. Fμν is the electromagnetic tensor, as defined
by Eq. (1). It is assumed that the distribution function which
satisfies Boltzmann equations (10) is f = f0 + δf , where f0 is
the equilibrium distribution function (Bose-Einstein or Fermi-
Dirac)

f0 = 1/[exp(uμpμ/T ) ± 1]. (11)

In the case of the relaxation time limit, the Boltzmann
equation can be rewritten as (see Ref. [22] for details)

pμ ∂

∂xμ
f + qepνF

μν ∂

∂pμ
f = −pμuμ

τrel
(f − f0) (12)

and in local rest frame, we have

δf = 1

T

qeτrel

pμuμ

f0(1 ± f0)pνF
ν, (13)

where Fv = [Ev − 1
2uμεμναβ(uαBβ − uβBα)]. In the calcula-

tions presented here τrel = 1.0 fm/c.
It should be mentioned that the correction to the distribution

function can also be derived by using the method outlined in
Ref. [23]. The form of the correction can be written as

δf = f0(1 ± f0)
qep̂vF

v

T 2
χ (p/T ), (14)

where χ (p/T ) = (|p|/T ), p̂v = pv/|pμuμ| is the momentum
unit vector.

C. Initial conditions

In the present calculations, similar initial conditions as
Ref. [5] have been used. For simplicity and comparison with
the ideal case, a simple Glauber model is used. Following Ref.
[5], initial transverse energy density distribution is given by the
Glauber model. The collision at impact parameter �b involves
80% soft scattering and 20% hard scattering.

In order to fit the charge multiplicity for most central
collisions at RHIC and LHC, we set ε0 = 55 GeV/fm3 at
RHIC and ε0 = 166 GeV/fm3 at LHC at the initial time
τ0 = 0.4 fm. In addition, it is assumed that at the initial time
τ0 = 0.4 fm, the initial transverse flow velocities are zero,
vx(x,y) = vy(x,y) = 0, and the shear viscosity η/s = 0. The
parameter ε0 and the initial equilibration time τ0 are fixed to
reproduce the experimental results of the heavy ion collisions.

III. RESULTS AND DISCUSSIONS

A. Electromagnetic effect on the spectra and
elliptic flow of hadrons

It is assumed that when the temperature drops below the
critical value, noninteracting particles instantaneously freeze-
out from a thermalize fluid to free streaming. The hadron
spectra can be obtained by using the Cooper-Frye freezeout
prescription (see Ref. [24]) over the freeze-out surface �(x),

E
d3N

d3p
= g

(2π )3

∫
pd3σ (x)f (x,p)

= g

(2π )3

∫
pd3σ (x)[f0(x,p) + δf (x,p)], (15)
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where g is the degeneracy factor for particles and pμ is the
particle four-momentum. The surface �(x) is subdivided into
infinitesimal elements d3σ (x) and d3σμ(x) is the outward-
pointing vector with the magnitude d3σ (x) on the surface
�(x) at point x [25],

d3σμ =
(

cosh η,− ∂τf

∂xf

,−∂τf

∂yf

,− sinh η

)
τf rdrdφdη.

(16)

The integration measure in the Cooper-Frye formula (15)
is

pd3σ (x) = [mT cosh(y − η) − p⊥∇⊥τf ]τf rdrdφdη. (17)

Here τf is a function of the transverse coordinate r, and
mT =

√
p2

T +m2 is the particle’s transverse mass.
In Eq. (15), the particle spectrum is a sum of a local

equilibrium and a nonequilibrium contribution. The equilib-
rium distribution function f0(x,p) and the deviation from
equilibrium distribution function δf (x,p) are given in the
previous section. The flow velocity in the distribution uμ =
γ⊥(cosh η,v⊥ cos ϕv,v⊥ sin ϕv, sinh η) with γ⊥ = 1√

1−v2
x−v2

y

parameterized along the surface �(x), and the scalar product
pμuμ in the distribution then becomes

pμuμ = γ⊥[mT cosh(y − η) − pT v⊥ cos(φp − φv)]. (18)

The azimuthal anisotropy of the particle momentum distri-
bution can be characterized by vn, the coefficients of Fourier
expansion decomposition with respect to the azimuthal angle
φp [26,27]:

E
dN3

d3p
= dN

dypT dpT dφp

= 1

2π

dN

pT dpT dy

[
1 + 2

∑
vn cos n(φp)

]
. (19)

Once the spectrum has been determined, the anisotropic
flow coefficients can be calculated and elliptic flow v2 defined
as

v2(pT ) =
∫ 2π

0
dN

dypT dpT dφp
cos(2φp)dφp∫ 2π

0
dN

dypT dpT dφp
dφp

. (20)

In Fig. 1, the spectra of π+ and K+ obtained in the Cooper-
Frye formalism are shown. As in the ideal fluid case, freeze-out
temperature TF = 130 MeV. By comparing the numerical
results from the hydrodynamic simulations with experimental
data measured, we found that over the full pT range, the devi-
ations between the numerical results and data measured are all
within 15%, no matter whether the external electromagnetic
field is present or not. For spectra of π+, the particle production
from ideal hydrodynamic simulation without electromagnetic
field are about 10% lower than with electromagnetic field
when transverse momentum pT > 2.5 GeV. It indicates that
particle production will increase due to the electromagnetic
corrections and the effect of the electromagnetic field is more
prominent at large pT than at low pT . The electromagnetic
field influences particle production in two ways. On one hand
is the impact to the evolution of the flow; on the other hand is

FIG. 1. Transverse momentum spectra of π+ and K+ in Pb-Pb
collisions in centralities 10–20%, obtained in the ideal hydrodynamic
model with (dash-dotted lines) and without an external electro-
magnetic field (solid lines). Symbols represent data of the ALICE
Collaboration [28].

the introduction of a correction to the equilibrium distribution
function. Nonequilibrium contribution depends on the strength
of the electromagnetic field. Therefore, the spectra for hadrons
obtained with or without an electromagnetic field do not differ
very much in the present calculations. This is a consequence
of the rapid weakening of the electromagnetic field over time,
as described by Eq. (5).

In Fig. 2, the momentum-dependent elliptic flow coeffi-
cients for π+ and K+ are shown. The elliptic flow for the ideal
case is compared to the case with the electromagnetic field.
The electromagnetic field acts on the evolution of flow, leading

FIG. 2. Elliptic flow coefficients of the identified particles as a
function of transverse momentum in the ideal case (solid lines) or with
an electromagnetic field (dash-dotted lines); the symbols represent the
results of the ALICE Collaboration [29], centrality 40–50%.
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to the reduction of elliptic flow of positively charged particles.
Whether or not there is an electromagnetic field, the change of
elliptic flow of hadrons is not great because the electromagnetic
field is weak in the final stage of the expansion. It was also
found that the nonequilibrium correction stemming from the
electromagnetic field could in principle be very different for
different species of particles, as it depends on the mass and
charge of the particles.

It is worth mentioning that all of the hydrodynamic results
in Fig. 2 do not agree well with the experimental data at higher
pT . The reason is that the shear viscosity and bulk viscosity
were not considered in the calculations presented in this paper.
The elliptic flow v2 of hadrons will be suppressed at higher pT

by both shear and bulk viscosity corrections.

B. Electromagnetic effect on the spectrum and v2 of photons

In relativistic heavy ion collisions, photons are powerful
probes for QGP and magnetic field has impact on phenomenol-
ogy of QGP [30,31].

When photon comes out of the dense and strongly in-
teracting medium and is detected, most of the information
it carries is not lost. The transverse-momentum spectra and
azimuthal asymmetry of the photons can reflect the properties
of the substance under extreme conditions. It is essential to
investigate the effect the electromagnetic field has on the
spectrum and elliptic flow of the photons [32–35].

In order to obtain the photon spectrum, we have to calculate
the photon production rate first. The photon production rate can
be computed within a kinetic description. For 2 → 2 photon
production process (1 + 2 → 3 + γ ), it is [36]

k
d3Rγ

d3k
= 1

2(2π )3

∫
d3p1

2EP1 (2π )3

d3p2

2EP2 (2π )3

d3p3

2EP3 (2π )3

× (2π )4δ(4)(P1 + P2 − P3 − K)|M|2fp1fp2

× (1 ± fp3 ), (21)

where |M|2 is the squared matrix element corresponding to
the photon emission process. fp is the distribution function
for bosons and fermions. It is modified in the presence of
the magnetic field. According to the previous section, the
modification can be written as fp = f (0)

p + δf . Here f (0)
p

is correspondingly either the Fermi-Dirac or Bose-Einstein
distribution.

Inserting the modified distribution function into Eq. (21),
one may have

k
d3Rγ

d3k
= k

d3Rγ (0)

d3k
+ k

d3δRγ (EM)

d3k
, (22)

where

k
d3δRγ (EM)

d3k
= 1

2(2π )3

∫
d3p1

2EP1 (2π )3

d3p2

2EP2 (2π )3

d3p3

2EP3 (2π )3

× (2π )4δ(4)(P1 + P2 − P3 − K)|M|2
× [

δfp1f
(0)
p2

(
1 ± f (0)

p3

) + f (0)
p1

δfp2

(
1 ± f (0)

p3

)
± f (0)

p1
f (0)

p2
δfp3

]
. (23)

FIG. 3. Transverse momentum spectra of photons in Pb-Pb
collisions at the LHC in the 0–20% centrality range. The solid curve
represents the ideal case, while the dash-dotted line represents the
case in the electromagnetic field. The data are from Ref. [40].

Photon spectra can be obtained by integrating the photon
emission rate over space-time [37]

E
d3Nγ

d3p
= dNγ

dφppT dpT dy
=

∫
dx4 dRγ

dφppT dpT dy
. (24)

Now we turn to the elliptic flow of direct photons. Fourier
decomposition of the differential spectrum was made to find
out the dependence of photon production on the azimuthal
angle. In a particular event, Fourier coefficient vs

n and event-
plane angle �s

n are given by [38,39]

vs
ne

in�s
n =

∫
dpT dydφpT

[
p0 d3Ns

d3p

]
einφ∫

dpT dydφpT

[
p0 d3Ns

d3p

] , (25)

where superscript “s” represents the particle species.
Generally, the anisotropic flow coefficients of direct pho-

tons are calculated by correlating them with charged hadrons
[39]. Using the scalar-product (SP) method, one may obtain
the anisotropic flow of direct photons as [38,39,43]

vγ
n {SP} =

〈
vh

nv
γ
n cos

[
n
(
�

γ
n − �h

n

)]〉
ev√〈(

vh
n

)2〉
ev

, (26)

where 〈· · · 〉ev is an average over events. In the present
calculation, we set n = 2 to obtain the elliptic flow of
photons.

The photon spectra with and without the electromagnetic
field at

√
sNN = 2760 GeV in Pb-Pb collisions are presented

in Fig. 3. By comparison, it is easy to see that the effect the
electromagnetic field has on the spectrum of direct photons
is similar to that on the spectra of hadrons, except that
the influences are more pronounced. The reason for this
is that the photon yield not only originates from the QGP
phase but also from the hadronic phase. Compared to the
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FIG. 4. Elliptic flow v2 of the photons as a function of the
transverse momentum pT . The solid blue line is for an ideal fluid.
The dash-dotted green line is for the fluid with an electromagnetic
field. The symbols represent the results of the ALICE Collaboration
[41,42], centrality 0–40%.

hadronic phase, in the QGP phase the electromagnetic field
is stronger. In addition, the effect time of the electromagnetic
field on the photon spectrum is longer. The influence of the
electromagnetic field on this spectrum is mainly due to its
effect on the photon emission rates and space-time evolution
of the medium.

The elliptic flow v2(pT ) of photons produced in 0–40%
central Pb+Pb collisions at

√
sNN = 2760 GeV from the

hydrodynamic simulations with and without electromagnetic
field (solid color line) are shown in Fig. 4. Results
are compared to the preliminary data from the ALICE
Collaboration [41,42]. The v2 of the photons increases
at low pT and decreases at high pT . Comparing the
results with and without the electromagnetic effect, it was
found that adding the electromagnetic field increase the
elliptic flow and the differences between the cases with
or without an electromagnetic field are larger for photons
than for hadrons. One may conclude that the elliptic flow
of photons is sensitive to the electromagnetic effect in the early
stage.

IV. SUMMARY AND CONCLUSIONS

A study of the effect an external electromagnetic field has
in relativistic heavy ion collisions is presented. Its impacts
on both hadrons and photons are investigated assuming a
small electromagnetic field strength. Both the ideal case and
the case with an electromagnetic field are initialized equally
and the transverse profile is taken from a Glauber model
calculation. The effects of the electromagnetic field on the
spectra and elliptic flow of particles are examined. With
the electromagnetic field, better agreement was found with
preliminary experimental data for the transverse momentum
spectra of pions, kaons, and photons. The electromagnetic field
leads to enhance of the particle production. Particle production
increase due to nonequilibrium correction to the equilibrium
distribution function and the effect of the electromagnetic field
on the evolution of medium. Nonequilibrium correction to
the equilibrium distribution function is a dominating factor,
which influences the particle production. It is also noted that
the effect of the electromagnetic field is more prominent at
large pT than at low pT . The electromagnetic field not only
enhances particle production, but it also affects the elliptic
flow. The elliptic flow coefficient of hadrons is only slightly
affected by the electromagnetic field; however, the effect of
the electromagnetic field on the elliptic flow coefficient of
the photons is significant. In other words, the elliptic flow of
photons is more sensitive to electromagnetic effects. The main
reason for this is that the electromagnetic field rapidly weakens
over time, and thus its effect is stronger in the QGP phase than
the hadronic phase.

To conclude, the present study shows that the inclusion of
the electromagnetic field in the medium is very important in the
analysis of results obtained from RHIC and LHC collisions.
A more accurate description of transverse momentum spectra
and elliptic flow of particles is achieved when it is included.
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