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Penning-trap mass spectrometry and mean-field study of nuclear shape coexistence in the
neutron-deficient lead region
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We present a study of nuclear shape coexistence in the region of neutron-deficient lead isotopes. The midshell
gold isotopes 180,185,188,190Au (Z = 79), the two long-lived nuclear states in 197At (Z = 85), and the neutron-rich
nuclide 219At were produced by the ISOLDE facility at CERN and their masses were determined with the
high-precision Penning-trap mass spectrometer ISOLTRAP. The studied gold isotopes address the trend of
binding energies in a region of the nuclear chart where the nuclear charge radii show pronounced discontinuities.
Significant deviations from the atomic-mass evaluation were found for 188,190Au. The new trend of two-neutron
separation energies is smoother, although it does reveal the onset of deformation. The origin of this effect is
interpreted in connection to the odd-even staggering of binding energies, as well as theoretically by Hartree-
Fock-Bogoliubov calculations including quasiparticle blocking. The role of blocking for reproducing the large
odd-even staggering of charge radii in the mercury isotopic chain is illustrated.
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I. INTRODUCTION

The theoretical description of nuclear structure is made
difficult not only by uncertainties in the modeling of the
nucleon-nucleon interaction but also by the sheer number
of constituents of the atomic nucleus, making the problem
too difficult to solve. Efforts are ongoing to extend ab initio
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approaches to mid-mass nuclei [1–3], many by modeling the
nuclear Hamiltonian using chiral effective field theory and
renormalization-group methods [4].

Most nuclei are, however, still treated with drastic approx-
imations to the nuclear many-body problem or restrictions
thereof, the interactions being phenomenologically adjusted
to nuclear data. The nuclear shell model [5], for example, is
still restricted with respect to the accessible valence spaces
and each of them requires its own adjustment of the nuclear
Hamiltonian. For the more global approaches, recent studies on
the uncertainties of density-functional-type models [6] show
that the parameters of the nuclear energy functional are insuf-
ficiently constrained, leading to questionable predictive power
[7]. This in turn casts doubt on simulations of astrophysical
scenarios such as the r-process, which largely rely on theory
to provide the many required nuclear properties (see Ref. [8]
for a recent study).

Recent works in the ab initio framework emphasize the
distinction between actual observables and model concepts
in nuclear-structure theory, in connection to the presumed
shell structure [9] and even the nuclear Hamiltonian itself
[10]. Nevertheless, while efforts to build a microscopic many-
body nuclear theory continue, phenomenological approaches
remain an important tool to classify the manifestations of
nuclear structure with the variation of proton and neutron
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number and to highlight regions of interest for experiment. In
this context, it is still interesting to confront their predictions
with experiment and check the internal consistency of their
theoretical constructs such as nuclear shells and nuclear defor-
mation outside their original domain of parameter adjustment.

Despite their lack of spectroscopic accuracy, mean-field or
density-functional-type approaches [11] remain an interesting
tool to track the changes in structure along isotopic or
isotonic chains: One often encounters in midshell regions
sudden changes in the trends of nucleon separation energies
or mean-square charge radii, accompanied by a change of
the spacing of the yrast level sequence towards the pattern
of a quantum-mechanical rigid rotor [12]. In the mean-field
framework, it is in these regions that the intrinsic nuclear
shape changes from almost spherical to well deformed, which
produces effects on the computed nuclear properties that can
be observed experimentally. Characteristic of the nuclear mean
field is the existence of more than one local energy minimum
with respect to variations of the nuclear wave function. The
fingerprints of these equilibrium solutions are present in the
excitation patterns of nuclei. A remarkable example is that
of 186Pb [13], which has three 0+ states “coexisting” at
low excitation energy, corresponding to different mean-field
configurations. With the variation of proton and neutron
number, the ordering in energy of such coexisting states can
change, usually accompanied by major changes in the trends
of ground-state properties. Consequently, predicting the trend
of observables in the mean-field approximation requires the
correct descriptions not only of the deformation of every
individual equilibrium configuration but also of their energy
ordering.

In the present work, we report about a study of nuclear
structure in the neutron-deficient lead region, which is well
known for its variety of phenomena related to shape coexis-
tence [14]. Studies performed over the past three decades by
different methods have revealed a rapid evolution of nuclear
structure with proton number. This is vividly illustrated by the
nuclear charge radii in the region. Their trend along the lead
isotopic chain (Z = 82) has a smooth evolution, expected for
a magic proton number [15], but in the gold chain, with only
three protons fewer (Z = 79), it shows a significant increase
at neutron number N = 107 [16–19]. In between, the thallium
ground states (Z = 81) resemble more the behavior of the
neighboring lead isotopes (see also the recent discussion [20]),
while the long-lived thallium isomers have significantly larger
charge radii [21]. The mercury isotopes (Z = 80) are the
first to exhibit an increase in the ground-state charge radii
at N = 105 [22,23], but a strong odd-even staggering ensues
[24,25], suggesting the proximity in energy of very different
nuclear states, which alternate with neutron number. This
proximity is also apparent from the spectroscopy of even-even
mercury isotopes [26], but it is still not obvious why the odd
isotopes have a reverse ordering in energy. According to the
2012 atomic-mass evaluation (AME) [27], the two-neutron
separation energies along the gold and mercury isotopic
chains seem to be less sensitive to these phenomena. This
behavior is at odds with the neutron-rich isotopes of mass
A ≈ 100, which at neutron number N = 60 exhibit a con-
comitant increase in charge radii and two-neutron separation

energies (see, for example, the multiobservable comparison
of Ref. [12]).

In this work, we present new mass measurements of gold
isotopes in the region of the discontinuity in the trend of charge
radii, performed at ISOLDE/CERN with the Penning-trap
mass spectrometer ISOLTRAP [28,29]. These investigations
are part of a larger program of mass measurements in the
gold and astatine isotopic chains and the masses of two
astatine isotopes are also presented here. The new data help
us refine the knowledge of binding energies along the gold
isotopic chain and investigate a discontinuity in two-neutron
separation energies at neutron number 109. To interpret the
data in the region, including the new experimental findings, we
perform mean-field calculations, which, as discussed above,
naturally accommodate nuclear-structure concepts such as
nuclear deformation, shape coexistence, and shape transition.

The article is organized as follows. The first section
describes the ISOLTRAP setup and the techniques used for
the mass determination. The second section details the beam
times during which the data were measured, as well as the
measurement and the analysis procedures. The third section
presents new Hartree-Fock-Bogoliubov (HFB) calculations
and discusses in this framework the structure of nuclei in the
neutron-deficient lead region.

II. EXPERIMENT

The nuclides studied in this work were produced by
the ISOLDE radioactive ion-beam facility at CERN [30]
by proton-induced reactions on a thick uranium carbide
(UCx) target. The protons were delivered by CERN’s proton-
synchrotron booster (PSB) in pulses accelerated to 1.4 GeV
kinetic energy, providing an average current of up to 2 μA. The
target was heated to ca. 2000 ◦C, which thus allowed releasing
the reaction products by thermal diffusion and effusion. Some
of the unwanted products were ionized on the walls of the
heated transfer line between the target and the ISOLDE
beam-transport system. The gold and astatine isotopes were
selectively ionized by the resonance-ionization laser ion source
(RILIS) of ISOLDE [31] using a three-step ionization scheme.
The mixed ion beams (nuclides of interest and surface-ionized
contaminants) were then accelerated to a kinetic energy of
30–50 keV and transported through the ISOLDE magnetic
separators, which have sufficient resolving power to select the
species of a certain atomic mass number.

The ISOLTRAP setup, schematically presented in Fig. 1,
currently consists of four ion traps (described in more detail in
Ref. [28,32]). The first is a linear, segmented, radio-frequency-
quadrupole (RFQ) cooler and buncher, where the beam from
ISOLDE is accumulated for a certain period of time, cooled
by collisions with helium buffer gas and then ejected as a short
ion pulse. A pulsed drift tube is used to reduce the energy
of the beam from the ISOLDE transport energy to ≈3.2 keV.
The ion bunch is then captured in the multireflection time-
of-flight mass spectrometer (MR-ToF MS) [32,33], where,
following multiple reflections between electrostatic mirrors,
it is separated in its different charge-over-mass components.
They can be either observed with an ion detector placed behind
the MR-ToF MS or separated from contaminants using a
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FIG. 1. Schematic view of the ISOLTRAP experiment. For details, see text.

Bradbury-Nielsen beam gate (BN beam gate) [34]. A mass
resolving power above 105 can be achieved within only a
few tens of milliseconds trapping time in the MR-ToF MS
[35]. The purified ion bunch then undergoes a 90◦ bend and
enters the vertical transport section of ISOLTRAP, which
contains two Penning traps. The first is a cylindrical trap
(preparation Penning trap [36]), used to cool and purify
the ion bunch by mass-selective resonant buffer-gas cooling
[37]. To reduce the ions’ kinetic energy to less than 100 eV,
enough for capturing them in the preparation Penning trap, a
second pulsed drift tube is used. Following the purification and
cooling in the preparation trap, the ion bunch is transported
to the precision Penning trap, where the cyclotron frequency
of the ion of interest is determined using the time-of-flight
ion-cyclotron-resonance (ToF-ICR) technique [38].

The cyclotron frequency νc,x of the ion of interest X
is related to its mass mion,x by the relationship νc,x =
qB/(2πmion,x), where q is the ion charge (equal to the
elementary charge in our case, given that singly charged ions
are investigated) and B is the magnetic-field induction. Since it
is difficult to measure the magnetic field with enough precision,
one also measures the cyclotron frequency νc,ref of a reference
ion of known mass and from it the frequency ratio:

rref,x = νc,ref

νc,x

= mion,x

mion,ref
. (1)

From the measured frequency ratio, one obtains the atomic
mass of the species of interest:

mx = rref,x(mref − me) + me, (2)

where mref is the atomic mass of the reference species and me

is the electron mass.
The gold and astatine isotopes were studied in two different

experiments, as summarized in Table I, where the total storage
times in the MR-ToF MS and preparation trap are also
presented. The trapping time in the MR-ToF MS is determined
by the desired number of ion laps, which explains why the
values in the corresponding column are different for ions of
different mass. All species were studied as singly charged ions
and in all cases the reference ion was 133Cs+ from an off-line
ion source. In the first experiment, the mass of 185Au+ was
measured, while the second, which itself was split in two parts
due to the requirement of different laser ionization schemes,
addressed the masses of 197g,m,219At+ and 180,188,190Au+. The
number of ToF-ICR measurements and the corresponding
measurement time for each of them is shown in the last column
of Table I.

The schemes employed for the laser ionization of the gold
and astatine isotopes are recent developments at ISOLDE
[41,42], with the latter marking also a first determination
of the ionization potential of astatine. The laser ionization
of the gold isotopes was performed using broad-band lasers
of 10–20 GHz linewidth, while for the astatine isotopes a
narrow-band laser system was used for one of the excitation
steps, having a linewidth on the order of ≈1 GHz [43].
The narrow-band arrangement allowed having sensitivity to
different hyperfine-structure components, thus offering the
possibility to enhance the purity of isomeric beams by tuning
the laser frequency to a value which favors the ionization
of only one nuclear state. RILIS as a tool for isomeric
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TABLE I. Parameters describing the production, preparation, and measurement of the gold and astatine nuclides discussed in this work.
The total trapping times for the MR-ToF MS and preparation trap are rounded and displayed in the corresponding columns. The last column
presents the number of ToF-ICR measurements and exact excitation time in the precision trap. The superscript R indicates that a Ramsey-type
resonance was recorded [39,40] (the times reflect the used excitation pattern). For details, see text.

Production Preparation/measurement

Date Target/line Source Energy Sep. Ion MR-ToF MS Prep. trap Prec. trap

May 2012 UCx/Ta RILIS 30 keV GPS 185Au+ 32.7 ms 360 ms 1 × 1.2 s
3 × 3 s
1 × 5 s

Oct 2012 UCx/Ta RILIS 50 keV HRS 197At+(Iπ = 9/2−) 34.1 ms 210 ms 1 × 100 ms
2 × 30 − 240 − 30 msR

197At+(Iπ = 1/2+) 34.1 ms 210 ms 3 × 50 − 500 − 50 msR

219At+ 35.6 ms 110 ms 2 × 1.2 s
180Au+ 32.2 ms 110 ms 1 × 1.2 s

1 × 1.8 s
1 × 2.5 s

188Au+ 65.9 ms 110 ms 2 × 1.2 s
1 × 3 s

190Au+ 33.1 ms 110 ms 2 × 1.2 s

purification has been successfully exploited for a number of
years at ISOLDE [44]. In addition to its typical use as an
element-selective ion source, the RILIS is regularly applied
for in-source laser spectroscopy for hyperfine-structure (HFS)
and isotope-shift measurements [45]. In the following, some
relevant details of each measurement will be addressed. The
data analysis procedure follows closely the principles detailed
in Ref. [46]. A summary of the experimental results obtained
in this work are presented in Table II. The main sources for
the mass values in the atomic-mass evaluation are cited in the
last column of the table.

A. 190Au

The 190Au beam was contaminated by the thallium isobar,
but well separated using the MR-ToF MS, as shown in Fig. 2.
The Iπ = 11−, 125-ms half-life isomer was identified in
this isotope in Ref. [47]. The frequency of the first step
of the RILIS ionization scheme (the 6s 2S1/2 → 6p 2P1/2

transition at 267.594 nm) was thus scanned, in search for a
distinct frequency which preferentially enhances the ionization
of the isomer. The ion rate was recorded using the time-
of-flight detector behind the MR-ToF MS, as described in
Refs. [32,45]. No distinct ionization peak was observed
in the wave-number range 12451.6–12454.6 cm−1 (values
before frequency tripling), making the separation and study
of the short-lived isomer impossible. A pure 190Au+ beam
was subsequently transported to the precision Penning trap,
where 1.2-s ToF-ICR measurements were performed. The
long excitation time in the precision Penning trap ensured
that, whatever amount of isomeric state might have been
present in the beam, it would have decayed in the two Penning
traps. A significant deviation to the mass value in the atomic-
mass evaluation was found [27], the ISOLTRAP mass being
approximately 3σ heavier than the evaluated one (considering
the uncertainties of both values). The AME 2012 mass value
is constrained both by a storage-ring measurement [48] and
β-decay Q-value links to 190Pt [49,50] and 190Hg [50].

TABLE II. Measured frequency ratios with respect to 133Cs+ and derived mass excess (Mexc) values of the gold isotopes measured in this
work. The half-lives (T1/2) of the isotopes from NUBASE 2012 [59] and the mass excess values from AME 2012 [27] are also given. For
computing the mass excess, the 133Cs mass value from the AME 2012 is used, namely 132.905451961(9) u, and the atomic mass unit value
u = 931494.0023(7) keV/c2. The last column specifies the main references contributing to the AME 2012 value. For references to α- and
β-decay Q-value links which agree within the statistical uncertainty, only the earliest is cited.

Isotope T1/2 r = νc,ref/νc Mexc,ISOLTRAP Mexc,AME2012 �TRAP−AME References
(keV/c2) (keV/c2) (keV/c2)

180Au 8.1(3) s 1.3541407041(400) −25627.25(4.95) −25594(20) −33.3(20.6) [48,57]
185Au 4.25(6) min 1.3917112579(208) −31858.17(2.58) −31867(26) 8.8(26.1) [48,51,55,56]
188Au 8.84 (6) min 1.4142796434(220) −32371.33(2.72) −32277(15) −94.3(15.2) [48,51,52]
190Au 42.8(1.0) min 1.4293242637(281) −32833.53(3.48) −32883(16) 49.5(16.4) [48–50]
197At(Iπ = 9/2−) 388.2(5.6) ms 1.482207250(148) −6371.5(18.3) −6340(50) −31.5(53.2) [63]
197mAt(Iπ = 1/2+) 2.0(2) s 1.482207618 (111) −6325.9(13.7)a −6293(13) −32.9(18.9) [60]
219At 56(3) s 1.6478745678(625) 10394.35(7.74) 10397(4) −2.65(8.71) [64]

aExcitation energy 45.6(22.8) keV.
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FIG. 2. Time-of-flight spectrum of A = 190 isobars after 1000
laps in the MR-ToF MS, with the RILIS optimized for maximum Au
ionization efficiency.

B. 188Au

A similar laser-ionization study as for 190Au was performed
for 188Au, in the search for a high-spin isomeric state, but no
frequency was found for the selective ionization of an isomer
in the wave-number range 12453.1–12454.6 cm−1. A pure
188Au+ beam was transported to the precision Penning trap,
where the long storage time inhibits the subsequent detection
of any 100-ms isomeric state that may have been present. A
ToF-ICR measurement with 3-s excitation time was applied,
but also did not reveal any long-lived isomer at low excitation
energy. As for the case of 190Au, a significant deviation to the
AME 2012 mass value was found, the ISOLTRAP value being
6 combined σ lighter. As in the case of 190Au, the AME 2012
mass value is constrained both by storage-ring measurements
[48,51] and β-decay Q-value links to 188Pt and 188Pb [52].

C. 185Au

The beam of 185Au+ was significantly more abundant
than the thallium contamination, given the low production
cross section of 185Tl. Two long-lived nuclear states were
proposed for 185Au in Ref. [53] and confirmed in Ref. [54].
They have spins Iπ = 1/2+ and 5/2−, with half-lives on
the order of minutes but unknown difference in energy. The
ordering in energy between the two states is also not known.
The beam of 185Au+ was transported to the precision trap,
where several measurements at long excitation times were
performed (up to 5 s), with the purpose of increasing resolving
power. The measurements revealed no presence of a second
state. The conclusion is that either the two nuclear states are
too close in energy to be resolved, or the production ratio
differs significantly (by more than one order of magnitude).
The measurement of maximum resolving power would have
allowed completely separating two states differing in energy
by 150 keV or more. The single mass value extracted is one
order of magnitude more precise than the AME 2012 value,
but still lies within 1 standard deviation from it (combining
the uncertainties of both values). The AME 2012 value

is constrained by storage-ring measurements [48,51], by a
β-decay Q-value link to 185Pt [55], and by an α-decay Q-value
link to 181Ir [56]. Considering the work of Ref. [17], the spin
of the state produced and measured at ISOLDE is likely 5/2.

D. 180Au

The 180Au+ was significantly more abundant than any
isobaric contamination. A scan of the frequency of the first
RILIS excitation step was performed using the MR-ToF
MS: A wide range around the central ionization peaks
(12451.2–12455.0 cm−1) did not reveal the presence of any
additional resonance indicative of a long-lived isomer. The
pure 180Au+ beam was transported to the precision Penning
trap, where three ToF-ICR measurements of increasing exci-
tation time were performed, revealing a single nuclear state.
The ISOLTRAP mass value deviates from the one in AME
2012 by approximately one combined standard deviation, but
is 4 times more precise. The AME 2012 value is constrained
both by a storage-ring measurement [48] and by alpha-decay
Q-value links to 176Ir [57] and 184Tl [58].

E. 197At

The beam of 197At+ was ionized by the RILIS in narrow-
band operation mode. The beam was primarily contaminated
by isobaric thallium and tantalum monoxide, which were
eliminated using the MR-ToF MS. 197At contains two long-
lived nuclear states, one of Iπ = 1/2+ and half-life 2 s and
another of Iπ = 9/2− and half-life 388.2 ms. The ordering in
energy between the two states is given as unknown in NUBASE
2012 [59], although in Ref. [60] the ground state is assigned
to 9/2−. The HFS of the 197At atomic transition at 216.225
nm used for the first excitation step of the RILIS ionization
scheme [42] was measured by scanning the laser frequency
while α-particle counting using the “windmill”setup [61]. The
details of the experiment and the resulting hyperfine structure
analysis will be presented in a forthcoming publication. The
positions of the HFS resonances of the two nuclear states are
sufficiently separated to enable preferential ionization of the
chosen isomer by an appropriate tuning of the laser frequency.
An additional modification of the final ratio between the two
states could be performed by exploiting their very different
half-lives. Using a long trapping time in the ISOLTRAP cooler
and buncher and a long excitation time in the precision trap,
it was possible to favor the longer-lived, 1/2+ state in the
ToF-ICR measurement.

The measurements of the astatine ion beam were thus
performed in two configurations. The final weights of the
two states were determined for each configuration using the
normalized hyperfine-structure measurements and taking into
account the decay loss for each state. The first configuration
used the first step laser of the RILIS tuned to the wave number
of 15411.15 cm−1 (measured before the optical frequency
tripling) and produced an initial weight of the 9/2− state
of 93.3(6)% (the rest being the 1/2+ state). Using a total
ISOLTRAP cycle time (translated to decay time) of 1082.8
ms, the final weight of the 9/2− state in the ToF-ICR
spectrum was 74.4(1.8)% (the rest being the 1/2+ state). The
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FIG. 3. Time-of-flight ion-cyclotron resonances of 197At+, using
a Ramsey-type excitation scheme [39,40]. The full blue symbols
correspond to a weight of the 9/2− state in the measured beam of
approximately 74.4%, the rest being the 1/2+ state. The open red
symbols correspond to a weight of the 9/2− state of approximately
27.4%. The fits by the theoretical line shapes are also shown. The
dashed lines mark the centers of the two resonances.

cyclotron frequency ratio measured in this first configuration
was 1.4822073444(930). The second configuration used a
wave number of the first RILIS step of 15411.27 cm−1 and
produced an initial weight of the 9/2− state of 84.8(7)% (the
rest being the 1/2+ state). In this case, following a longer
ISOLTRAP cycle time (translated to decay time) of 1872.8
ms, the final weight of the 9/2− state in the ToF-ICR spectrum
was reduced to 27.4(1.0)% (the rest being the 1/2+ state).
The frequency ratio measured in this second configuration
was 1.4822075175(608). An example of two Ramsey-type
resonances measured in the two configurations is shown in
Fig. 3.

A study of the variation of the measured frequencies with
the number of ions simultaneously allowed in the precision
trap detected no frequency shifts due to Coulomb interaction,
within the statistical uncertainties. We consider that the
measured resonance frequency in each spectrum is a weighted
mean of the signals corresponding to the pure nuclear states,
as suggested in Ref. [62] (see also Ref. [46]):

νres = w9/2−ν9/2−
c + w1/2+ν1/2+

c , (3)

where w denotes the weight of each nuclear state and νc is the
corresponding cyclotron frequency. This assumption is correct
in the limit of close, unresolved resonances, as is the case
for 197At+. By knowing the weights of the two states in the
two configurations described above and the mixed frequency
ratios, it is possible to perform a linear regression of the data
set and extract the frequency ratios of the pure states. The final
results obtained are given in Table II. The conclusion is that
the 9/2− state is the nuclear ground state of 197At and that the
excitation energy of the 1/2+ state is 45.6(22.8) keV. We note
that the mass excess of the two states in 197At was previously
determined based on α-decay Q-value links [60,63] to 189Tl

[48,51]. The determined excitation energy of the 1/2+ state
agrees with the value of 50(10) keV proposed in Ref. [60].
The result confirms that the 1/2+ intruder state, interpreted as
resulting from the promotion of a s1/2 proton across the Z = 82
gap to the h9/2 single-particle level, is still higher in energy in
197At than the 9/2− state, which corresponds to three protons
occupying h9/2. The 1/2+ intruder becomes the ground state
in 195At, as determined in Ref. [65].

We note that in the determination of the initial weights of
the two states we assumed equal α branching ratios. The α
branching ratio of the 9/2− state is around 96%, while that
of the 1/2+ is thought to be close to 100% [59]. A slightly
different value of the two branching ratios would change the
result of the linear regression of the two 197At frequency ratios
by a much smaller amount than their statistical uncertainties.
Still, the discovery of a very different α branching ratio of the
1/2+ state can be completely corrected for at a later time based
on the information in the present work.

F. 219At

The beam of 219At+ was heavily contaminated by 219Fr+.
To purify the beam, the very short half-life of 219Fr was
exploited (20(2) ms [59]). The accumulation of ions in the
ISOLTRAP cooler and buncher was synchronized to the
impact of proton pulses on the ISOLDE target, with a delay
of 400 ms. Additionally, a 400-ms buncher accumulation
time was used for additional in-trap decay of the francium
contamination. With these precautions, a pure 219At+ beam
could be transported to the precision Penning trap. The
determined mass agrees with the value from the AME 2012
[27], which is determined based on an α-decay Q-value link
[64].

III. DISCUSSION

The upper panel of Fig. 4 shows the experimental two-
neutron separation energies of gold and mercury isotopes,
compared to the mean-square charge radii of gold isotopes
[66]. One notices the increase in charge radii at N = 107,
which marks the beginning of a region of deformation. The
experimental S2N values are represented for both the AME
2012 [27] data and for the masses measured in this work. One
observes that with the ISOLTRAP masses of 188,190Au the
discontinuity in the S2N trend around neutron number 110 is
reduced, but not fully eliminated. This means that some nuclear
structure effect might be at work. This could be connected to
the onset of deformation at N = 107; however, comparing to
the δ〈r2〉 of gold isotopes, we notice that the effect in S2N takes
place one neutron number higher.

To explain this difference, we represent in the lower panel
of Fig. 4 the three-point estimator of the pairing gap in the
gold and mercury isotopic chains, computed as

�3n(Z,N ) = (−1)N

2
[E(Z,N − 1)

− 2E(Z,N ) + E(Z,N + 1)], (4)

where E(Z,N ) is the ground-state binding energy taken with
negative sign [67].
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It was already noted that the pairing gap decreases suddenly
once the shape transition occurs in the gold chain at N = 107
[68] and from Fig. 4 the correlation between the pairing-
gap and the charge-radii trends is exact. As discussed, for
example, in Ref. [69], Eq. (1.16), the two-neutron separation
energies cancel out partially the odd-even staggering of
binding energies with neutron number, but they are sensitive
to its first derivative. If one assumes the binding energy
E(Z,N ) (negative sign) as composed of a smooth component
corresponding to the trend of even-even isotopes E0(Z,N ) and
a term giving the odd-even staggering δn, which is essentially
a loss of binding due to the unpaired particle:

E(Z,N ) = E0(Z,N ) + (−1)N+1 + 1

2
δn(Z,N ), (5)

then the two-neutron separation energy will be given by

S2N (Z,N ) = E(Z,N − 2) − E(Z,N )

= E0(Z,N − 2) − E0(Z,N )

+ (−1)N+1 + 1

2
[δn(Z,N − 2) − δn(Z,N )].

(6)

This shows that on top of the trend given by the even-even
isotopes, the S2N values have an odd-even staggering of their
own, given by the derivative of the odd-even staggering of
the total binding energy. Going back to Fig. 4 (lower panel),
one notices that between N = 109 and N = 107 there is a
significant drop in �3N , which according to Eq. (6) should
lead to a reduction in S2N at N = 109 with respect to the trend
of even-even isotopes. This agrees with what is observed in
Fig. 4 (upper panel). The fact that no significant deviation is
observed between N = 108 and N = 106 supports the idea
that the phenomenon is connected to the effect of the odd
neutron before and after the onset of deformation.

In order to discuss the evolution of two-neutron separation
energies and charge radii with respect to the underlying picture
of intrinsic nuclear shapes, including the effect of the unpaired
nucleon, we will analyze the two observables in the framework
of self-consistent mean-field theory. In the following, we will
only summarize the main aspects of the calculations. More
detailed information about the numerical approach are given
in the Supplemental Material [70].

For this work, we performed HFB calculations [71,72]
using the HFODD code [73,74]. The particle-hole part of the
energy functional was computed using the SLy4 interaction
[75], and the particle-particle part was computed using a
δ pairing interaction of volume type [67], which is only
characterized by the strength parameter V0. The strength of the
pairing interaction was adjusted to reproduce in the spherical
approximation the odd-even staggering of binding energies in
the lead isotopic chain, resulting in a value V0 = −185 MeV
fm3 (see Ref. [70]).

For the calculations presented in this work, as for the ones
performed for the region of neutron-rich nuclides of mass
A ≈ 100 in Ref. [79], we use a spherical basis, but we increase
the maximum number of harmonic-oscillator shells to 500, in
order to improve the numerical description of the nuclear wave
function. Calculations in optimized, axially deformed bases
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FIG. 4. Upper panel: experimental two-neutron separation ener-
gies for the gold and mercury isotopes compared to the mean-square
charge radii of the gold isotopes. Lower panel: three-point empirical
pairing gap for the mercury and gold isotopes in the region of interest.
The experimental masses are from the atomic-mass evaluation [27]
(empty symbols), this work (full symbols), and Ref. [29]. The
mean-square charge radii are given as displacement to the N = 115
value and taken from the Fricke evaluation [66].

were performed in Ref. [69], but suffer from an additional
uncertainty related to the matching of the chosen basis to
the deformation of each nucleus. We note, however, that the
qualitative results are preserved in the present work.

In this work, the axial quadrupole-deformation degree
of freedom was studied. The lowest stable configuration in
energy is chosen as the ground state of the nucleus in the
mean-field approximation. For discussing the evolution of
nuclear structure along an isotopic chain, it is, however,
also interesting to observe the properties of each equilibrium
configuration found, even when it is not the lowest in energy.
In the following, we will not only represent the trends of the
ground-state observables, but also those corresponding to the
lowest-energy prolate configuration and to the lowest-energy
oblate configuration considered separately.

The results of a first such calculation are presented in
Fig. 5, where the theoretical two-neutron separation energies
and mean-square charge radii are compared for the gold
and mercury isotopic chains to data from the atomic-mass
evaluation [27] and this work (for the former) and the Fricke
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FIG. 5. Experimental two-neutron separation energies (upper
panel) and mean-square charge radii (lower panel) for the gold
and mercury isotopes, compared to the results of HFB calculations
without quasiparticle blocking. The experimental masses are from
the atomic-mass evaluation [27] (empty symbols), this work (full
symbols), and Ref. [29]. The mean-square charge radii are given
as displacement to the N = 110 value and taken from the Fricke
evaluation [66,76]. The calculations are presented separately for the
lowest-energy oblate (blue squares) and prolate (green diamonds)
solution, as well as for the ground state (empty red circles), assigned to
the solution of lowest energy. The trends of the computed observables
in a spherical HFB calculation are given with dashed lines. The
two-neutron separation energies and charge radii of mercury isotopes
are offset in order to better separate the two isotopic chains.

evaluation [66,76] (for the latter). In this case, odd and even
nuclei were computed similarly as HFB zero-quasiparticle
states (no blocking), meaning that in the odd and odd-odd
systems all nucleons are paired, but form a wave function
with odd number of constituents on average. This is possible
in the HFB approach, because the Bogoliubov transformation
does not conserve particle number. This calculation does not
reproduce the odd-even staggering of binding energies, but

gives a first-order trend of two-neutron separation energies
and mean-square charge radii.

In Fig. 5, one notices that the experimental mean-square
charge radii of mercury isotopes also exhibit a significant
change of trend below neutron number 107, entering a region of
strong odd-even staggering. On the other hand, no significant
change of trend in the two-neutron separation energies is
observed around the transition in the mercury chain. The
calculations in Fig. 5 show that the mean field of the gold
and mercury isotopes has two important coexisting nuclear
configurations, of which one has oblate and the other has
prolate quadrupole deformation. The evolution of the two
configurations along the isotopic chains is readily observed
in the mean-square charge radii. For both chains, the prolate
configuration undergoes a jump at N = 107 from low to high
deformation, while the oblate configuration has a smooth
evolution with neutron number. A similar picture of axial
intrinsic oblate and prolate shapes was presented recently in the
study of β-decay properties of mercury and platinum isotopes
by QRPA calculations built on a HF+BCS basis [77] and the
impact on the charge radii was discussed.

In the gold isotopic chain, the oblate configuration is
more bound for N > 103 than the prolate one. At N = 103,
however, the prolate configuration becomes the lowest in
energy. This produces a clear jump in the ground-state charge
radii. Still, due to the fact that the oblate configuration has
a smooth trend before the transition point and the transition
is not accompanied by a sudden change in energy, there is
only a weak change in the trend of two-neutron separation
energies around the transition point. In the mercury isotopic
chain, the calculations without blocking predict that the oblate
configuration should remain the ground state all along the
isotopic chain and thus no jump in charge radii should occur,
at odds with experimental evidence.

The HFB wave function of odd nuclei must, however, be
described by taking into account that the unpaired nucleon
does not contribute to the pairing field. This is achieved in
the blocking approximation, which means more specifically
that the ansatz for the odd nuclei is not taken as the HFB
zero-quasiparticle state but a one-quasiparticle excitation on
the HFB vacuum, as described in Refs. [73,74].

By the blocking mechanism, the odd nucleus loses binding
with respect to the fully paired solution (the latter is also
called false vacuum [78]). The amount of energy lost for
each isotope is also called “blocking gap” [67] and will affect
the energy balance between the prolate and oblate solutions.
Interestingly, we find that in each of the two isotopic chains
the two configurations lose systematically different amounts of
energy in the region of interest (N < 110). More specifically,
the prolate configuration loses less energy than the oblate one
by the blocking of the odd nucleon. The impact on the energy
balance is illustrated in Fig. 6 for the mercury chain, where the
difference between the binding energy of the prolate and oblate
solutions is shown for each isotope. Without blocking (black
squares), the difference is positive for almost all isotopes,
which means that the prolate solution is always less bound
and the ground state is oblate. The interchange between the
two only takes place at N = 97, when the prolate configuration
has already lost its large deformation, so no major change in
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FIG. 6. Difference in binding energy between the prolate and the
oblate mean-field configuration for a calculation without quasiparticle
blocking (black squares) and with quasiparticle blocking (red circles)
for mercury isotopes. Negative values correspond to nuclei for which
the prolate configuration is more bound.

the trend of the charge radii is predicted. This corresponds
to the situation represented in Fig. 5. With blocking, however,
the binding-energy differences of the odd mercury isotopes are
shifted on a different trend, approaching 0, or even crossing
it, in the region of large prolate deformation. For the odd
isotopes for which the crossing occurs, an oblate to prolate
transition takes place in the ground state. For these isotopes
the charge radius should oscillate as a function of neutron
number between the oblate value (in the even systems) and
prolate value (in the odd systems).

The consequence of blocking at the level of observables
is illustrated in Fig. 7, where the mean-square charge radii
and two-neutron separation energies are again represented.
For the gold isotopic chain, proton blocking was implemented
for the even-N isotopes, but the odd-odd isotopes are not
calculated. For the odd-N mercury isotopes, neutron blocking
was implemented. One notices for the mercury chain that
the trend of mean-square charge radii now shows the strong
odd-even staggering observed in experiment (although dis-
placed to more neutron-deficient isotopes). The trend of two-
neutron separation energies remains relatively smooth after
quasiparticle blocking is implemented, although in the gold
isotopic chain the change of trend around the oblate-prolate
transition point is slightly more pronounced than in Fig. 5.
We note that the difference between the two configurations in
the region of large prolate deformation is below the typical
precision of mean-field calculations [6,7], so although the
pairing interaction was not tuned specifically to reproduce
the odd-even staggering of mercury charge radii, a slightly
different value would have shifted the differences enough to
maintain the oblate configuration as the ground state, or make
the crossing even more pronounced (for example, already
taking place at N = 103, as is almost the case in Fig. 6). Still,
the qualitative conclusion of Fig. 6, specifically the fact that
the prolate configuration loses less energy by blocking than the
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FIG. 7. Same as Fig. 5, but the calculations include proton
quasiparticle blocking for the gold isotopes of even neutron number
and neutron quasiparticle blocking for the odd mercury isotopes.

oblate one in the region of large deformation, is robust against
a readjustment of the pairing interaction.

IV. CONCLUSIONS AND OUTLOOK

In this work, we reported on ISOLTRAP mass mea-
surements of neutron-deficient gold isotopes, as well as
the masses of two astatine isotopes and one isomer. The
isotopes were produced by the ISOLDE facility at CERN.
Significant deviations from the atomic-mass evaluation [27]
were found for 188Au and 190Au, which partially smooths out
the experimental trend of two-neutron separation energies,
although not completely, highlighting the important role of
subtle changes in binding energies and hence illustrating the
interest of high-precision measurements. The mass excess and
ordering of the two long-lived states in 197At were determined
directly by a combination of selective laser ionization and mass
spectrometry.

The measured neutron-deficient isotopes are situated in a
well-known region of shape coexistence [14], in which nuclear
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charge radii exhibit spectacular jumps (in the gold isotopic
chain) and staggering (in the mercury isotopic chain). The
new measured masses suggest a weaker sensitivity of the mass
surface to these phenomena than initially thought; however,
through the reduction of the odd-even staggering in the region
of deformation some effect is preserved in both the gold and
the mercury isotopic chains, as also discussed in Ref. [68]. In
the gold isotopic chain, this effect is strong enough to leave
some staggering also in the two-neutron separation energy;
however, in the mercury isotopic chain it is reduced.

To explain the difference, we performed HFB calculations
with the HFODD code [73,74], the SLy4 interaction [75], and
a δ volume pairing interaction. Using a pairing interaction
adjusted to describe the odd-even staggering of masses in the
lead isotopic chain (computed in the spherical approximation),
it was possible to describe qualitatively the changes in charge
radii, as well as the lower sensitivity of the mass surface,
although the two-neutron separation energies are systemati-
cally lower and the jumps in charge radii are predicted to take
place for lower neutron number than observed experimentally.
It was shown that the phenomena arise from the balance in
energy between oblate and prolate configurations along the
isotopic chains. It was also illustrated that in the quasiparticle
blocking approximation, the prolate configurations lose less
energy (have lower blocking gap) than the oblate ones. This
leads to a slightly different picture of the nuclear configurations
once blocking is implemented, manifested in the mercury
chain by a successive shift between the oblate and the prolate
configurations of the nuclear mean field. In turn, this produces
an effect which qualitatively resembles what is observed
experimentally.

As discussed in Ref. [79] for the neutron-rich nuclides of
mass A ≈ 100, the neutron-deficient lead region offers another
example in which properties of midshell nuclei can be used
to constrain mean-field or density-functional-type approaches.
Experimental signatures such as the increase in two-neutron
separation energies and charge radii at N = 60 in the isotopic
chains between rubidium and zirconium and the strong odd-
even staggering of charge radii of neutron-deficient mercury
isotopes are predicted to occur in the mean-field theory.
However, their position and strength require a specific energy

balance between the competing mean-field configurations,
which narrows down the range of values that the parameters
of the model can take (one example being the strength of
the pairing interaction). Adding these specific regions and
properties to the input used to adjust phenomenological models
can improve their overall description and predictive power of
nuclear properties.

A treatment of nuclear pairing and quadrupole correlations
beyond the mean field is necessary to check which other
contributions to the ground-state binding energy can change
the picture drawn so far. The conclusions concerning the return
to less deformed states on the very neutron-deficient side of the
gold and mercury isotopic chains agree with results of other
global mean-field calculations, which include beyond mean-
field correlations [80,81]. It is thus of particular interest to
determine whether the mass surface will remain smooth further
than the region so far accessible by direct measurements, or
whether the end of the region of nuclear collectivity will pro-
duce more visible signatures. Beyond-mean-field calculations
of odd nuclei are also a point of great general interest, as
currently they are only applied to selected cases [82].
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