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Effects of a hyperonic many-body force on B� values of hypernuclei
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The stiff equation of state (EoS) giving the neutron-star mass of 2M� suggests the existence of strongly
repulsive many-body effects (MBE) not only in nucleon channels but also in hyperonic ones. As a specific
model for MBE, the repulsive multi-Pomeron exchange potential (MPP) is added to the two-body interaction
together with the phenomenological three-body attraction. For various versions of the Nijmegen interaction
models, the MBE parts are determined so as to reproduce the observed data of B�. The mass dependence of B�

values is shown to be reproduced well by adding MBE to the strong MPP repulsion, assuring the stiff EoS of
hyperon-mixed neutron-star matter, in which P -state components of the adopted interaction model lead to almost
vanishing contributions. The nuclear matter �N G-matrix interactions are derived and used in � hypernuclei
on the basis of the averaged-density approximation (ADA). The B� values of hypernuclei with 9 � A � 59 are
analyzed in the framework of antisymmetrized molecular dynamics with use of the two types of �N G-matrix
interactions including strong and weak MPP repulsions. The calculated values of B� reproduce the experimental
data well within a few hundred keV. The values of B� in p states also can be reproduced well, when the ADA is
modified to be suitable also for weakly bound � states.
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I. INTRODUCTION

� binding energies B� are basic quantities in � hyper-
nuclei. In the 1950s the values of B� were extracted from �
hypernuclei with mass A < 16 observed in emulsion. After the
1980s, medium and heavy � hypernuclei have been produced
by counter experiments such as (π+,K+) reactions. Recently,
accurate data of B� values in ground and excited states of
hypernuclei have been obtained by γ -ray observations and
(e,e′K+) reactions. On the other hand, theoretical baryon-
baryon interaction models have been developed [1–7], where
�N–�N coupling terms have been included in order to
reproduce values of � single-particle potentials U� in nuclear
matter more or less realistically. Because hyperon-nucleon
(YN ) scattering data are extremely limited, there remain
remarkable ambiguities in YN interaction models: Values of
U� for various interaction models are substantially different
from each other.

The YN interactions are related intimately to the recent topic
in neutron stars. The large observed masses of 2M� [8,9] give a
severe condition for the stiffness of the equation of state (EoS)
of neutron-star matter. The stiff EoS giving the maximum mass
of 2M� can be derived from the existence of strong three-
nucleon repulsion (TNR) in the high-density region. However,
the hyperon (Y ) mixing in neutron-star matter brings about
the remarkable softening of the EoS, which cancels the TNR
effect for the maximum mass [10–12]. This problem is known
as the “hyperon puzzle.” It is considered that this puzzle can
be solved if strong repulsions exist not only in NNN cannels
but also in YNN and YYN channels [12].

Recently, there have been reported trials to extract the
�NN repulsions from the systematic data of B� [13,14]. In
Refs. [13,15], the multi-Pomeron exchange potential (MPP)
was added to the two-body baryon-baryon interaction VBB

together with the phenomenological three-body attraction

(TBA). Then, the parameters included in MPP and TBA were
determined so as to reproduce the angular distribution of
16O + 16O scattering at E/A = 70 MeV and the nuclear satu-
ration property, where the MPP contributions were decisive for
reproducing the experimental angular distribution and brought
about the EoS stiff enough to give maximum masses over 2M�.
VBB gives the potentials in NN and YN channels, and MPP
is universal in all baryon channels. The TBA parts in YN
channels are determined so as to reproduce hypernuclear data
reasonably. On the basis of this (VBB+MPP+TBA) model, it
was shown that the EoS was still stiff enough to reproduce
neutron stars with 2M� in spite of substantial softening by
hyperon mixing.

The aim of this work is to investigate the �N sectors
of the VBB+MPP+TBA model, especially the many-body
effects (MBE) given by MPP+TBA parts, through structure
calculations of � hypernuclei within the framework of the
antisymmetrized molecular dynamics for hypernuclei (Hyper-
AMD). When we determine the MPP+TBA part so as to
reproduce the experimental values of B�, it is evident that
this part is dependent on the interaction model for VBB . In
other words, it is indispensable that reliable interaction models
should be used for VBB in order to investigate MBE. We start
from the Nijmegen interaction models for VBB , which are
reliable enough to extract MBE in spite of remaining ambiguity
for reproducing values of B�.

In Refs. [14,16], the strengths of �NN forces were
determined by the fitting procedure to the data of B�. Their
�NN repulsion in the best fitting case seems to be abnormally
strong. The reason seems to be because they start from the
two-body �N interaction with no �N–�N term, giving an
overbinding value of U�.

In our case, the �N–�N coupling terms are included in
the Nijmegen models so that their strengths are determined
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to reproduce physical observables through channel-coupling
effects to �N–�N diagonal channels. Then, there remains
rather small room for MBE around the normal-density region,
where the MPP and TBA contributions cancel substantially
with each other. In our previous work [17], the experimental
values of B� were reproduced systematically by the Hyper-
AMD calculations using a special Nijmegen model having
only very small room for MBE. In Ref. [17], even in this case
it was demonstrated that the small MBE work to improve the
fitting of B� values to experimental data. In this work, we show
that MBE appear more clearly in the case of using the updated
versions of Nijmegen extended-soft core (ESC) models.

This paper is organized as follows. In the next section,
the various versions of the Nijmegen models and MBE
(MPP+TBA) are explained, and the �N G-matrix calcula-
tions are performed. Different features of interaction models
are discussed by showing U� values in nuclear matter. In
Sec. III, a detailed analysis of � hypernuclei with 9 �
A � 59 is performed on the basis of HyperAMD with use
of G-matrix interactions including MBE. We discuss what
feature of the two-body interaction allows the existence of
strong repulsion suggested by the stiff EoS of neutron stars.
Section V summarizes this paper.

II. U� IN NUCLEAR MATTER

A. Nijmegen interaction models

The meson-theoretical models for YN interactions have
been developed continuously by the Nijmegen group. In
the earlier stage, they developed the hard-core models [18]
(NHC-D and -F) and the soft-core model (NSC89) [1]. After
that, the trial started to take into account the G-matrix results
in the modeling of YN interactions. As the first outcome of this
approach, the NSC97 models [2] were proposed, where the six
versions a–f were designed so as to correspond to different
strengths of the �N spin-spin parts. Then, the observed
splitting energies of spin-doublet states in � hypernuclei
suggested that the spin-spin strengths of NSC97e and NSC07f
were in a reasonable region. Significant development of the
Nijmegen models was accomplished by the ESC models, in
which two-meson and meson-pair exchanges are taken into
account explicitly. In the one-boson exchange (OBE) models
these effects are implicitly and roughly described by exchanges
of “effective mesons.” After some trial versions, there appeared
the specific versions ESC04a/b/c/d [3], features of which were
very different from those of the OBE models, especially
in S = −2 channels. However, there remain some serious
problems in NSC97 and ESC04 models. The first is that the
derived values of � spin-orbit splitting energies are too large
in comparison with the experimental values. The second is that
the derived �-nucleus potentials U� are attractive, whereas the
experimental values are indicated to be repulsive. Furthermore,
the �N interactions seem to be unreliable: The U� values
derived from the NSC97 (ESC04a/b) models are strongly
(weakly) repulsive. Those for ESC04c/d are attractive, but
their partial-wave contributions seem to be rather problematic.
These problems have been further investigated in ESC08a/b/c
[4], where the treatments for axial-vector and pair terms are

improved, and the effects of the quark Pauli-forbidden states
in the repulsive-core representation are taken into account.
However, in these models the �N cross sections are too large.
At present the possibility is being investigated to replace the
U� part of the two-body attraction by a three-body force
contribution. This trial to improve the �N part does not affect
the NN and YN (S = −1) parts.

Here, in order to investigate sizes of MBE needed for
different interaction models, we pick ESC08a/b/c, ESC04a,
and NSC97e/f among the various the Nijmgen models. In Ref.
[17], we used ESC08c in an early stage of parameter fitting:
This version is denoted as ESC08c(2012) [19], and the recent
version as ESC08c(2014) [20–22]. Hereafter, ESC08c(2012)
and ESC08c(2014) are denoted simply as ESC12 and ESC14,
respectively. These two versions of ESC08c are used in this
work mainly. Very recently, there appeared the latest version
ESC08c(2016) [23], ESC16, though it is not used in this
work. The reason why we pick ESC04a (NSC97e/f) among
ESC04a/b/c/d (NSC97a/b/c/d/f) is because ESC04b/c/d give
more attractive values of U� than ESC04a, and NSC97a/b/c
have unreasonable spin-spin parts, not giving the binding of
3
�H.

One of the ideas to avoid remarkable softening of neutron-
star EoS by hyperon mixing is to assume that the strong
three-body repulsions work universally for YNN , YYN , YYY ,
as well as for NNN [12]. As a model of universal repulsions
among three and four baryons, we introduce the multi-
Pomeron exchange potential (MPP). In addition to MPP, the
three-baryon attraction (TBA) is assumed phenomenologi-
cally. MPP and TBA in nucleon channels are determined
so as to reproduce the experimental angular distributions of
16O + 16O elastic scattering (E/A = 70 MeV) and the nuclear
saturation property. In hyperonic channels, they should be
taken consistently with hypernuclear data: For each interaction
model VBB , MPP and TBA parts are adjusted so as to reproduce
experimental data of B� as well as possible.

The specific form of MPP is given as the N -body local
potential by the Pomeron exchange W (N)(x1, . . . ,xN ) [13,15],
and the effective two-body potential in a baryonic medium is
obtained by integrating over the coordinates x3, . . . ,xN :

V
(N)
MPP (x1,x2)

= ρN−2
∫

d3x3 · · · ∈ d3xN W (N)(x1,x2, . . . ,xN )

= g
(N)
P gN

P

ρN−2

M3N−4

(
mP√

2π

)3

exp

(
−1

2
m2

P r2
12

)
. (1)

We assume that the dominant mechanism is triple and quartic
Pomeron exchange. The values of the two-body Pomeron
strength gP and the Pomeron mass mP are taken from the
adopted ESC model. A scale massM is taken as a proton mass.
TBA is assumed as a density-dependent two-body interaction:

VT BA(r; ρ) = V0 exp[−(r/2.0)2]ρ exp(−ηρ)(1 + Pr )/2, (2)

Pr being a space-exchange operator. We use three sets with
different strengths of MPP [13,15]. We consider the set “MPa”
as a guide in this work, where the parameters are taken as
g

(3)
P = 2.34, g

(4)
P = 30.0, V0 = −32.8, and η = 3.5. Then, the
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TABLE I. � potential energies U� (MeV) at normal density for
adopted interaction models. U�(S) and U�(P ) are S- and P -state
contributions, respectively, in units of MeV.

U� U�(S) U�(P )

ESC08a −40.6 −39.5 +0.5
ESC08b −39.4 −37.0 −0.6
ESC14 −40.8 −39.6 +0.4
ESC12 −40.0 −40.0 +1.5
ESC04a −43.2 −38.4 −3.7
NSC97e −37.7 −40.4 +4.0
NSC97f −34.8 −39.1 +5.6

most important consideration is whether or not such a strong
repulsion given by these values of g

(3)
P and g

(4)
P is allowable in

reproducing the mass dependence of B� values.

B. G-matrix interaction

We start from the channel-coupled G-matrix equation for
the baryon pair B1B2 in nuclear matter [24], where B1B2 =
�N and �N :

Gcc0 = vcc0 +
∑
c′

vcc′
Qy ′

ω − εB ′
1
− εB ′

2
+ �yy ′

Gc′c0 , (3)

where c denotes a YN relative state (y,T ,L,S,J ) with y =
(B1B2). S and T are spin and isospin quantum numbers,
respectively. Orbital and total angular momenta are denoted
by L and J , respectively, with J = L + S. Then, a two-particle
state is represented as 2S+1LJ . In Eq. (3), ω gives the starting
energy in the channel c0. �yy ′ = MB1 + MB2 − MB ′

1
− MB ′

2

denotes the mass difference between two baryon channels.
The Pauli operator Qy acts on intermediate nucleon states in a
channel y = (B1B2) = (�N and �N ). The continuous (CON)
choice is adopted for intermediate single-particle potentials in
the G-matrix equation.

The G-matrix equation (3) is represented in the coordinate
space, whose solutions give rise to G-matrix elements. The
hyperon single-particle (s.p.) energy εY in nuclear matter is
given by

εY (kY ) = h̄2k2
Y

2MY

+ UY (kY ), (4)

where kY is the hyperon momentum. The potential energy UY

is obtained self-consistently in terms of the G matrix as

UY (kY ) =
∑
|kN |

〈kY kN | GYN (ω = εY + εN ) | kY kN 〉. (5)

In Table I, we show the potential energies U� of a zero-
momentum � at normal density ρ0 (kF = 1.35 fm−1). Their
S- and P -state contributions are given by U�(S) and U�(P ),
respectively. They are calculated for adopted Nijmegen mod-
els. It is noted that the U� values for ESC08a/b, ESC14, and
ESC12 are rather similar to each other, and those for NSC97e/f
(ESC04a) are less (more) attractive due to strongly repulsive
(attractive) P -state contributions. As is given in [23], we have
U� = −39.6 MeV, U�(S) = −38.8 MeV, and U�(P ) = +0.7
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U
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Λ

1.1 1.2 1.3
k   [fm   ]F -1

FIG. 1. U� as a function of kF . Solid, dashed, dotted, and
dot-dashed curves are for ESC14, ESC12, ESC08a, and ESC08b,
respectively.

MeV for ESC16. Its S (P ) contribution is slightly less attractive
(more repulsive) than those for ESC14.

In Figs. 1, 2, and 3, respectively, U�, U�(S), and U�(P ) are
drawn as functions of kF in the cases of ESC08 models. Here,
solid, dashed, dotted, and dot-dashed curves are for ESC14,
ESC12, ESC08a, and ESC08b. It is found that the curves for
ESC14 and ESC08a are very similar to each other, and the
main difference among those for ESC14, ESC08a, ESC12, and
ESC08b is in the P -state contributions. In Fig. 3, the important
point is that the P -state contributions for ESC14 and ESC08a
are almost vanishing in the region of kF = 1.1–1.2 fm−1.
This feature appears also in the case of ESC16, which means
that the P -state contributions are small for B� values in light
hypernuclei. On the other hand, the repulsive contribution is
substantial in the case of ESC12. As discussed later, the sizes
of P -state contributions are related to room to take MBE into
account.

For structure calculations of � hypernuclei, we derive kF -
dependent effective local potentialsG(kF ; r), simulating �N G
matrices. They are parametrized in a three-range Gaussian
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FIG. 2. S-state contributions to U� as a function of kF . Also see
the caption of Fig. 1.
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FIG. 3. P -state contributions to U� as a function of kF . Also see
the caption of Fig. 1.

form:

G(kF ,r) =
3∑

i=1

(
ai + bikF + cik

2
F

)
exp

( − r2/β2
i

)
. (6)

The parameters (ai,bi,ci) are determined so as to simulate the
calculated G matrix for each 2S+1LJ state. The procedures
to fit the parameters are given in Ref. [24]. The parameters
for G(kF ,r) for ESC14 are given in Table II. It should be
noted that G(kF ,r) are adjusted so as to reproduce exactly the
values of U� in nuclear matter. Contributions from V

(3)
MPP ,

V
(4)
MPP , and VT BA(r; ρ) are taken into account by modifying

the second-range parts of G(kF ,r) by �G(kF ,r) = (a + bkF +
ck2

F ) exp −(r/β2)2.
Here, B� values in finite systems are calculated by using �-

nucleus potentials in which �N G-matrix G(kF ,r) interactions
are folded into density distributions [24]. Then, in order to
treat kF values included in G-matrix interactions, we use the

TABLE II. Parameters in G(kF ; r) = ∑3
i=1(ai + bikF + cik

2
F )

exp −(r/βi)2 for ESC14. ai (MeV), bi (MeV fm), ci (MeV fm2 ),
and βi (fm) are given for each i.

βi 0.50 0.90 2.00

1E ai − 3434.0 396.0 − 1.708
bi 6937.0 − 1057.0 0.0
ci − 2635.0 415.9 0.0

3E ai − 1933.0 195.4 − 1.295
bi 4698.0 − 732.8 0.0
ci − 1974.0 330.1 0.0

1O ai 206.1 67.89 − 0.8292
bi − 30.52 34.11 0.0
ci 16.23 2.471 0.0

3O ai 2327.0 − 254.1 − 0.9959
bi − 2361.0 202.6 0.0
ci 854.3 − 43.71 0.0

TABLE III. Parameters a (MeV), b (MeV fm), and c (MeV fm2)
in �G(kF ; r) = (a + bkF + ck2

F ) exp −(r/β2)2 with β2 = 0.9 fm in
the case of g

(3)
P = 2.34, g

(4)
P = 30.0, and V0 = −21.0.

1E 3E 1O 3O

a 20.71 19.16 26.31 24.95
b −51.74 −49.31 −73.58 −71.92
c 28.84 27.30 64.01 66.73

averaged-density approximation (ADA), given as

kF =
(

3π2〈ρ〉
2

)1/3

, 〈ρ〉 =
∫

d3rρN (r)ρ�(r), (7)

where ρN (r) and ρ�(r) represent the densities of the nucleons
and � particle, respectively. In the next section, as well as
in Ref. [17], HyperAMD is used for structure calculations of
� hypernuclei based on ADA. For spherical-core systems, it
is confirmed that the present G-matrix folding model and the
HyperAMD framework give rise to similar results.

Now, MPP and TBA parts are determined so that the
experimental values of B� are reproduced by calculations
with the G-matrix folding model and HyperAMD. In the
cases of ESC08a/b and ESC14, the experimental data can
be reproduced well by varying only V0 in TBA for values of
g

(3)
P = 2.34 and g

(4)
P = 30.0 in the MPa set, which are fixed

to assure the stiffness of neutron-star matter. In Table III, The
parameters in �G(kF ,r) are given in the case of g

(3)
P = 2.34,

g
(4)
P = 30.0, and V0 = −21.0, which are adequate for ESC14.

The parameters in �G(kF ,r) for ESC12 are given in Ref. [17].
In the cases of ESC12 and NSC97e/f, we need to take far

smaller values of g
(3)
P and g

(4)
P for good fitting. In the case

of ESC04a, we obtain no reasonable set of g
(3)
P , g

(4)
P , and V0,

which indicates that the ESC04 models are inadequate to find
reasonable MBE. Table IV gives the determined values of
g

(3)
P , g

(4)
P , and V0 and calculated values of �B� = B�(89

� Y) −
B�(16

� O) and B�(89
� Y) by the G-matrix folding model for

each interaction model. Here, the values of �B� are used to
demonstrate roughly the mass dependence of B� values. The
values in parentheses are obtained without the MPP+TBA part
�G(kF ,r). It should be noted that only in the case of ESC12 do
the calculated values reproduce well the experimental values
of �B� and B�(89

� Y) without contributions of �G(kF ,r).

TABLE IV. �B� (MeV) defined as �B� = B�(89
� Y) − B�(16

� O).
The experimental values of �B� and B�(89

� Y) are 10.7 MeV and
23.7 MeV, respectively. Values in parentheses are calculated without
MPP+TBA parts.

g
(3)
P g

(4)
P V0 �B� B�(89

� Y)

ESC08a 2.34 30.0 −21.0 10.9 (13.3) 24.2 (26.6)
ESC08b 2.34 30.0 −29.0 10.9 (12.3) 24.1 (24.2)
ESC14 2.34 30.0 −21.0 10.8 (13.2) 24.0 (26.5)
ESC12 0.39 0.0 −5.0 10.6 (10.8) 23.9 (23.7)
NSC97e 0.39 0.0 −8.0 10.4 (10.1) 24.0 (22.8)
NSC97f 0.0 0.0 −13.0 10.3 (8.7) 23.8 (20.2)
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TABLE V. �B� and B�(89
� Y) for ESC14 and ESC12. Values

labeled (a) are calculated with MPP+TBA, and values labeled (b)
and (c) are calculated only with MPP and TBA, respectively.

�B� B�(89
� Y)

ESC14
(a) MPP+TBA 10.8 24.0
(b) MPP 7.9 17.9
(c) TBA 16.1 33.4

ESC12
(a) MPP+TBA 10.6 23.9
(b) MPP 10.0 22.3
(c) TBA 11.4 25.2
Expt. 10.7 23.7

As found in Table I, the order of P -state repulsions U�(P )
is NSC97f > NSC97e > ESC12. This order corresponds to that
of the attractions V0 in Table IV, where the stronger repulsion
needs to be canceled by the stronger attraction.

Table V gives calculated values of �B� and B�(89
� Y) for

ESC14 and ESC12. Values labeled (a) are calculated with
MPP+TBA, which are the same ones in Table IV. Values
labeled (b) and (c) are calculated only with MPP and TBA,
respectively. In the case of ESC14, values of �B� and B�(89

� Y)
including only MPP (TBA) are far smaller (larger) than those
including MPP+TBA. Thus, we find that the reasonable values
for MPP+TBA are due to substantial canceling between MPP
and TBA contributions. On the other hand, contributions of
both MPP and TBA are small.

From Figs. 1, 2, and 3, some features can be found: One is
that the results for ESC14 and ESC08a are very similar to each
other. Their even-state parts give overbinding values of B�,
where the odd-state parts are weak. Then, MBE play a role to
lift them up to experimental values. As shown in Ref. [23], this
feature appears also in the case of ESC16. On the other hand,
in the case of ESC12 the even-state parts are more attractive
than those of ESC14 and ESC08a, and the strongly repulsive
odd-state parts contribute to reproduce the B� values, and there
remains only small room for MBE to improve fitting. Then, it
is very important that the odd-state contributions are relatively
smaller than the even-state ones in the low-density region.
In the case of ESC12 the mass dependence of B� values,
which are estimated roughly by �B�, can be reproduced well
owing to this feature of odd-state contributions. On the left
(right) side of Fig. 4, the U� curves are given for ESC14
(ESC12), where solid (dashed) curves are with (without) the
MPP+TBA contributions. It is found that the contribution from
the MPP+TBA part in the ESC14 case is much larger than that
in the ESC12 case. The kF dependence of U� is (not) changed
significantly by MBE in the former (latter) case. Dot-dashed
(dotted) curves in these figures show U� values only with MPP
(TBA). In the case of ESC14, the solid curve with MPP+TBA
turns out to be obtained by substantial canceling between MPP
and TBA contributions.

As found in Fig. 1, the U� curve for ESC08b is similar to
that for ESC12. However, the U�(S) values for ESC08b are
considerably less attractive than that for ESC12, and U�(P )
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Λ
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1.0 1.2 1.3

FIG. 4. (a) U� curves with ESC14. The solid (dashed) curve
shows U� with (without) the MPP+TBA contributions. The dot-
dashed (dotted) curve shows U� only with MPP (TBA). (b) The same
as (a), but for ESC12.

values for ESC08b (ESC12) are attractive (strongly repulsive).
Due to this feature of ESC08b, the B� values are instead
underbinding, and the experimental values are reproduced by
adding the large attractive contributions from the MPP+TBA
parts. In the cases of NSC97e/f, the odd-state contributions are
more repulsive than those for ESC12 and there is no room for
a strong-MPP contribution.

Thus, it should be noted that room for MBE is dependent
sensitively on the odd-state part in the �N interaction, which
has not yet been established experimentally in the present
stage.

III. ANALYSIS OF B� VALUES BASED ON HYPERAMD

In this section, we discuss how the difference in U� of
the �N two-body interactions appears and affects the MBE
in the systematics of B�. As for VBB , we focus on ESC14
and ESC12 with MBE, because ESC08a/b are very similar to
ESC14, as demonstrated in the previous section, and ESC12
is considerably different from ESC08a/b and ESC14 in odd
states. In this section, the calculations are performed with
use of ESC14 and ESC12. In our previous work [17], based
on ESC12, it was found that B� is sensitive to the structure
of core nuclei, in particular core deformations. Furthermore,
sophisticated treatment of kF related to core structure is also
essential for quantitative discussion of B�. In the present work,
we perform structure calculations based on ESC14 within the
framework of HyperAMD based on ADA from 9

�Li up to
59
� Fe, which are compared with the results in Ref. [17]. The
G-matrix interaction for ESC16 in Ref. [23] is considered, to
give a result similar to that for ESC14.

A. Framework of HyperAMD

The Hamiltonian used in this study is

H = TN + T� − Tg + VNN + VC + V�N, (8)

where TN , T�, and Tg are the kinetic energies of the nucleons,
� particle, and center-of-mass motion, respectively. VNN and
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VC are the effective nucleon-nucleon (NN ) and Coulomb
interactions, respectively. The Coulomb interaction VC is
approximated by the sum of seven Gaussians. For the �N
interaction V�N , we use the G-matrix interaction discussed
above.

In this study we use the Gogny D1S force [25,26] as the
effective NN interaction VNN . In our previous work [17], it
was found that the structure of the core nuclei affects the
values of B�. This fact tells us that a proper description of
core structure is indispensable to extract information on �N
interaction from the B� values in a model approach. Therefore,
we need to use an appropriate effective NN interaction in the
HyperAMD calculation, which gives better agreement with
the observed data in wide mass regions. The Gogny D1S force
is one of such effective interactions. It is found that the AMD
calculation with the Gogny D1S force successfully describes
core deformations and gives reasonable binding energies of
the core nuclei within a few percent of deviation from the
observed data.

The variational wave function of a single � hypernucleus
is described by the parity-projected wave function, 
± =
P̂ ±{A{ϕ1, . . . ,ϕA} ⊗ ϕ�}, where

ϕi ∝ e− ∑
σ νσ (rσ −Ziσ )2 ⊗ (uiχ↑ + viχ↓) ⊗ (p or n), (9)

ϕ� ∝
M∑

m=1

cme− ∑
σ νσ (rσ −zmσ )2 ⊗ (amχ↑ + bmχ↓). (10)

Here the single-particle wave packet of a nucleon ϕi is
described by a single Gaussian, while that of �, ϕ�, is
represented by a superposition of Gaussian wave packets. The
variational parameters Zi , zm, νσ , ui , vi , am, bm, and cm are
determined to minimize the total energy under the constraint on
the nuclear quadrupole deformation (β,γ ), and the optimized
wave function 
±(β,γ ) is obtained for each given (β,γ ).

After the variation, we project out the eigenstate of the total
angular momentum J for each set of (β,γ ),


J±
MK (β,γ ) = 2J + 1

8π2

∫
d�DJ∗

MK (�)R(�)
±(β,γ ). (11)

The integrals over the three Euler angles � are performed
numerically. Then the wave functions with different values of
K and (β,γ ) are superposed (using the generator coordinate
method, GCM):


J±
n =

∑
p

J∑
K=−J

cnK
J±
MK (zβp,γp), (12)

where n represents quantum numbers other than total angular
momentum and parity. The coefficients cnpK are determined
by solving the Griffin-Hill-Wheeler equation. After the GCM
calculation, we obtain both the ground and excited states of
hypernuclei as shown in Fig. 5, where the present calculation
nicely reproduces the observed spectra of 13

� C.
In order to see the importance of describing the core

deformation, we also perform the GCM calculation by using
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FIG. 5. Excitation spectra of 12C and 13
� C with (a) ESC12 + MBE

and (b) ESC14 + MBE. The observed energy spectrum of 13
� C by

γ -ray spectroscopy experiments [27] is also displayed.

the intrinsic wave function with β = 0.0 only, namely,


J±
n =

J∑
K=−J

cnpK
J±
MK (β = 0.0), (13)

and compare it with the usual GCM calculations given by
Eq. (12), which was done in Ref. [17].

B� is calculated as the energy difference between the
ground states of a hypernucleus (A+1

� Z) and the core nucleus
(AZ) as B� = E(AZ; j±) − E(A+1

� Z; J±), where E(AZ; j±)
and E(A+1

� Z; J±) are calculated by GCM.
We also calculate the squared overlap between the


J±
MK (β,γ ) and GCM wave function 
J±

n ,

OJ±
MKn(β,γ ) = ∣∣〈
J±

MK (β,γ )
∣∣
J±

n

〉∣∣2
, (14)

which is called the GCM overlap. OJ±
MKn(β,γ ) shows the

contribution of 
J±
MK (β,γ ) to each state J±, which is useful

to estimate the deformation of each state. In this study, we
regard (β,γ ) corresponding to the maximum value of the GCM
overlap as the nuclear deformation of each state.

B. Impact of MBE on mass dependence of B�

On the basis of ESC14 and ESC12, we discuss the effects
of MBE on B� values. In Table VI, the values of B�

calculated with HyperAMD are summarized together with the
experimental values of B� (Bexp

� ). It is noted that the values of
B

exp
� with dagger symbols are shifted deeper by 0.54 MeV

than those reported in Refs. [29,30,32,33,35], concerning
the systematic difference of B

exp
� between the emulsion and

(π+,K+) [or (K−,π−)] experiments, which was pointed out
in Ref. [37]. In Table VI, we also show the χ2 values calculated
by using the experimental and theoretical values of B� for the
hypernuclei with asterisks, to see their agreement with each
other. As discussed in Ref. [17], in cases of 9

�Be, 15
� N, and

28
� Si, the calculated values of B� deviate considerably from the
experimental values due to reasons inherent in each system.
Therefore, we exclude these hypernuclei from the evaluation
of the χ2 values.

Before the discussions on MBE, let us see the calculated
values of B� without MBE (VBB only in Table VI). Comparing
ESC14 with ESC12, it is seen that the B� for ESC12 without
MBE are rather close to the experimental data. This is clearly
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TABLE VI. Comparison of −B� (MeV), with inclusion of MBE, by MPP + TBA based on ESC12 and ESC14. Values of B� by using
ESC12 with/without MBE are taken from Ref. [17]. kF (fm−1) values calculated under ADA are also listed together with 〈ρ〉 (fm−3) defined by
Eq. (7). Observed values B

exp
� are taken from Refs. [28–37]. Values of B

exp
� with dagger symbols are explained in the text. χ2 values calculated

with B� and B
exp
� for the hypernuclei with (∗) are also listed. The ground-state spin-parity J π calculated and observed are also shown.

〈ρ〉 kF Based on ESC12 [17] Based on ESC14 Expt.

VBB only w/ MBE VBB only w/ MBE J π −B
exp
�

J π −B� J π −B� J π −B� J π −B�

9
�Li(∗) 0.072 1.02 5/2+ −7.9 5/2+ −8.1 5/2+ −7.6 5/2+ −8.1 −8.50 ± 0.12 [34]
9
�Be 0.060 0.96 1/2+ −7.9 1/2+ −8.1 1/2+ −7.7 1/2+ −8.1 1/2+ −6.71 ± 0.04 [28]
9
�B(∗) 0.072 1.02 5/2+ −8.0 5/2+ −8.2 5/2+ −7.7 5/2+ −8.2 −8.29 ± 0.18 [34]
10
� Be(∗) 0.077 1.04 2− −8.7 2− −9.0 2− −8.6 2− −9.0 −9.11 ± 0.22 [31],

−8.55 ± 0.18 [37]
10
� B(∗) 0.075 1.04 2− −8.9 2− −9.2 2− −8.7 2− −9.1 1− [38,39] −8.89 ± 0.12 [28]
11
� B(∗) 0.081 1.05 7/2+ −9.8 7/2+ −10.1 7/2+ −9.7 7/2+ −10.0 5/2+ [40] −10.24 ± 0.05 [28]
12
� B(∗) 0.083 1.07 2− −11.0 2− −11.3 2− −11.0 2− −11.3 1− [41–43] −11.37 ± 0.06 [28],

−11.38 ± 0.02 [36]
12
� C(∗) 0.086 1.08 2− −10.7 2− −11.0 2− −10.8 2− −11.0 1− [44] −10.76 ± 0.19 [34]
13
� C(∗) 0.090 1.10 1/2+ −11.3 1/2+ −11.6 1/2+ −11.5 1/2+ −11.7 1/2+ −11.69 ± 0.19 [31]
14
� C(∗) 0.093 1.11 0− −12.4 0− −12.5 0− −12.4 0− −12.5 −12.17 ± 0.33 [34]
15
� N 0.098 1.13 1/2+ −12.6 1/2+ −12.9 1/2+ −12.9 1/2+ −12.9 3/2+ [38] −13.59 ± 0.15 [28]
16
� O(∗) 0.105 1.16 0− −12.7 0− −13.0 1− −13.3 1− −13.0 0− [45] −12.96 ± 0.05 [32]†
19
� O 0.110 1.18 1/2+ −14.0 1/2+ −14.3 1/2+ −14.8 1/2+ −14.3
21
� Ne 0.106 1.20 1/2+ −15.1 1/2+ −15.4 1/2+ −15.8 1/2+ −15.5
25
� Mg 0.116 1.23 1/2+ −15.8 1/2+ −16.1 1/2+ −17.0 1/2+ −16.1
27
� Mg 0.125 1.23 1/2+ −16.1 1/2+ −16.3 1/2+ −17.5 1/2+ −16.2
28
� Si 0.125 1.23 2+ −16.4 2+ −16.6 2+ −17.8 2+ −16.6 −17.1 ± 0.02 [35,46]†
32
� S(∗) 0.130 1.24 0+ −17.4 0+ −17.6 1+ −19.4 0+ −17.6 −18.0 ± 0.5 [29]†
40
� K 0.136 1.26 1+ −19.2 1+ −19.4 1+ −21.5 1+ −19.4
40
� Ca(∗) 0.136 1.26 1+ −19.2 1+ −19.4 1+ −21.3 1+ −19.3 −19.24 ± 1.1 [30]†
41
� Ca 0.136 1.26 1/2+ −19.4 1/2+ −19.6 1/2+ −21.5 1/2+ −19.5
48
� K 0.141 1.27 1+ −20.1 1+ −20.2 1+ −22.6 1+ −20.2
51
� V(∗) 0.151 1.31 11/2+ −20.4 11/2+ −20.4 11/2+ −23.5 11/2+ −20.3 −20.51 ± 0.13 [33]†
59
� Fe 0.142 1.28 1/2+ −21.3 1/2+ −21.4 1/2+ −24.6 1/2+ −21.7

χ 2 for (∗) 38.7 3.61 87.7 4.63

seen in the χ2 values without MBE; i.e., the χ2 value for
ESC12 (χ2 = 38.7) is much smaller than that for ESC14 (χ2 =
87.7). However, this value for ESC12 is not extremely small,
which indicates that there still exists room to improve the fitting
by adding MBE. In the case of ESC14, the calculated values of
B� deviate significantly from the observations. In particular,
in the medium-heavy hypernuclei, the B� values for ESC14
become larger than those with ESC12, and overestimate the
B

exp
� considerably. For example, in 51

� V, the calculated value
of B� for ESC14 is 23.5 MeV, whereas B� = 20.4 MeV for
ESC12 (cf. B

exp
� = 20.51 ± 0.13 MeV [33]). This is mainly

due to the difference of the P -state interactions of ESC14
and ESC12. In Fig. 3 the P -state contribution for ESC14 is
found to be far smaller than that of ESC12, while the S-state
contributions for ESC14 and ESC12 are similar to each other.
Then, the difference of the P -state contributions for ESC14
and ESC12 appears more clearly in B� values of heavier

hypernuclei than in those of lighter ones, because P -state
contributions are relatively small in light systems.

Next, let us discuss the MBE on the mass dependence of B�.
From the analysis in Sec. II, we use different parameter sets of
MBE combined with ESC14 and ESC12, as shown in Table IV.
In the case of ESC14, the MPP part of the MPa set (g(3)

P = 2.34
and g

(4)
P = 30.0) is used, which gives the stiff EoS of neutron

star matter. In ESC12 with MBE, the parameters g
(3)
P , g(4)

P , and
V0 are determined so as to reproduce the B

exp
� in 16

� O without
considering the stiffness of the EoS, and show nice agreement
with B

exp
� in wide mass regions [17]. As a result, the strength

of the MBE part combined with ESC12 is much weaker than
that with ESC14. Hereafter, ESC14 (ESC12) combined with
MBE is denoted as ESC14+MBE (ESC12+MBE).

In Table VI, the values of B� calculated with ESC14+MBE
are also summarized, together with those by using
ESC12+MBE taken from Ref. [17]. It is found that the B�
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values for ESC14+MBE, as well as ESC12+MBE, reproduce
the observed data within about 200 keV in the 9 � A � 59
region, except for 9

�Be, 15
� N, and 28

� Si. It is clearly seen that
the χ2 values are reduced by including MBE (χ2 = 4.63
for ESC14+MBE and χ2 = 3.61 for ESC12+MBE), which
means that the agreement of B� is improved significantly by
including MBE. Here, it is not meaningful to discuss the
difference in the two small χ2 values, because we did not
search for these values exactly as minimum values for variation
of the parameters included in MBE.

For the good agreement of B� values, the MBE part
plays an essential role, especially in ESC14+MBE, which
is clearly seen in the comparison of B� between ESC14 and
ESC14+MBE in Table VI. In hypernuclei with A � 16, where
ESC14 causes overbinding of B�, the MBE essentially act as
a repulsive force and shift the B� to be close to the observed
values. For example, in 51

� V, B� is shifted from 23.5 to
20.3 MeV by adding MBE. In the light hypernuclei, the MBE
result in attraction. In ESC14+MBE, the MPP repulsion acts
strongly at high density or large kF , which gives the stiff EoS
of neutron-star matter, and becomes weaker as kF decreases,
while TBA remains in small kF regions. Thus, the MBE result
in attraction in the light hypernuclei with smaller values of kF .

In the case of ESC12, the MBE bring about minor changes
of B�, as seen in Table VI. This is because the MPP and
TBA combined with ESC12 are much weaker than those with
ESC14. It is noted that the weak MPP in ESC12+MBE is
inconsistent with the stiff EoS suggested by massive neutron
stars. It is also found that if the strong MPP included in
ESC14+MBE is combined with ESC12, the derived values of
B� contradict the observed data. Therefore, based on ESC12,
there is no choice of MBE to satisfy both the observed data of
B� and the stiff EoS of the neutron star matter. This indicates
that the strong repulsion suggested by massive neutron stars
imposes a stringent constraint on the �N two-body interaction
models. From the results in Table VI, we conclude that ESC14
is one of the �N interaction models which satisfies these
conditions. As discussed in the previous section, ESC08a/b
are similar to ESC14 on this point. P -state interactions in
ESC14 and ESC08a/b are not strongly repulsive, differently
from ESC12, and do not play a role to reproduce the mass
dependence of B� values. Namely, there is room for adding
MBE with strong MPP repulsion owing to the weak P -state
contribution.

In the light hypernuclei, as pointed out in Ref. [17], it is also
important to describe properly the core structure, especially
deformations of the core nuclei, to reproduce B�, because it
can affect the B� through the kF dependence of the interaction.
In order to see the effects of core deformations, we compare
the B� values calculated by performing the full-basis GCM
[see Eq. (12)] and spherical GCM [see Eq. (13)] calculations.
In Fig. 6, it is seen that B� calculated by the spherical GCM
are shallower than those in the full-basis GCM calculation and
deviate from B

exp
� , which is clearly seen in the χ2 values. In the

spherical GCM calculation with ESC12+MBE, the χ2 is 171,
whereas χ2 = 4.63 in the full-basis GCM calculation. This is
because spherical states make kF larger through the increase
of 〈ρ〉 in Eq. (7). The difference of B� in Fig. 6 is quite similar
to the results with ESC12 in Ref. [17].
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FIG. 6. (a) Comparison between B� from full-basis GCM (solid)
and spherical GCM (dashed) calculations. Open circles show ob-
served data with mass numbers from A = 9 up to A = 51, which are
taken from Refs. [28–36]. B

exp
� measured by (π+,K+) and (K−,π−)

reactions are shifted by 0.54 MeV as explained in the text. (b) The
same as (a), but magnified in the 5 � A � 20 region.

In Table VI, the spin and parity Jπ are also listed for the
ground states of the hypernuclei together with those known by
experiments. In case of the core nuclei having nonzero spin in
the ground states, such as 11C and 10B, we naturally obtain the
spin doublets in the corresponding hypernuclei, generated by
coupling a � particle with spin 1/2 to the ground states of the
core nuclei. For example, in 12

� C, we obtain the (1−,2−) doublet
corresponding to the 11C ground state (3/2−). In Table VI, it
is seen that the calculated ground state is Jπ = 2−, which
is different from the observation (J = 1−). Similarly, in 11

� B,
we obtain the Jπ = 7/2+ state as the ground state among the
(5/2+,7/2+) doublet, whereas the 5/2+ state is the lowest in
the experiment. This discrepancy is attributed to the property
of the �N spin-dependent interaction, which was discussed for
the series of the ESC08 interaction models in Ref. [24]. In 12

� C,
from the observed ground state 1−, one can notice that the spin-
singlet �N interaction is slightly more attractive than the spin-
triplet interaction. In the present calculation, it is considered
that the spin-triplet part of the �N interaction is slightly strong.
Thus, the detailed properties of the spin dependence of the
�N interaction could affect the ordering of the ground-state
doublet partners, though it has little influence on the B� curve.

Finally, we also comment on the energy change of the
nuclear part by the addition of a � particle, namely the
rearrangement energy �EN . Since B� is defined by the energy
difference of the ground states between a hypernucleus and the
core nucleus, it contains not only the � single-particle energy
but also the energy changes of the core part, in which the former
corresponds to the sum of the expectation values of T� and
V�N and the latter is the �EN . Therefore, the rearrangement
energy �EN is defined as

�EN =
〈

J±

n

∣∣HN |
J±
n

〉
〈

J±

n

∣∣
J±
n

〉 − E(AZ; jπ ), (15)

HN = TN + VNN + VC, (16)
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TABLE VII. Rearrangement energies �EN (MeV), defined by
Eq. (15), calculated for the ground states J π of the hypernuclei in
different mass regions by using ESC14+MBE. Calculated (Ecore) and
observed (Eexp

core) energies of the ground states J π
core in the core nuclei

are also listed in MeV.

J π �EN J π
core Ecore E

exp
core [47]

9
�B 5/2+ 0.24 2+ −41.5 −37.7
13
� C 1/2+ 0.16 0+ −92.8 −92.2
28
� Si 2+ 0.14 5/2+ −219.7 −219.4
41
� Ca 1/2+ 0.03 0+ −341.7 −342.0
48
� K 1+ 0.03 1/2+ −400.2 −f 389.0

where 
J±
n is the GCM wave function defined by Eq. (12).

In Table VII, we summarize �EN together with the ground-
state energies of the core nuclei for several hypernuclei in
the different mass regions. It is found that the rearrangement
energies are in the order of a few hundred keV, which are quite
small compared with B�. Furthermore, it is also seen that �EN

is reduced as mass number increases. This is because adding
a � particle cannot change the core nuclei significantly, if the
core nucleus is large enough.

C. B� in p states

Let us focus on excited p states of hypernuclei, in which
the � particle in a p orbit is bound to the ground state of
the core nucleus. In general, since the � particle in p1/2

and p3/2 orbits can couple to the core nucleus, several p
states appear. In this paper, we focus on the lowest p state
in the excitation energy for each hypernucleus. In Sec. III B,
the HyperAMD calculation nicely reproduces the observed
data of B� in the ground states of the hypernuclei using
ESC12+MBE and ESC14+MBE by taking into account their
structures, where the ADA treatment works well to obtain
appropriate values of kF from the wave functions of the
hypernuclei. In this section, we discuss the B� values in the
p states for the light (12

� B, 13
� C, and 16

� O) and medium-heavy
(28
� Si and 51

� V) hypernuclei. In these hypernuclei, the p states
were observed in various experiments. The (π+,K+) reaction
experiments show a peak structure corresponding to the p
states in 13

� C [32], 16
� O [32], 28

� Si [46], and 51
� V [33]. In 13

� C,
the excitation energy of the p states was precisely measured

by γ -ray spectroscopy experiments [27,48]. Recently, in 12
� B,

the (e,e′K+) reaction experiment was performed at Thomas
Jefferson National Accelerator Facility (JLab), which shows
clear peaks, regarded as the p states, with high resolution [36].

Table VIII shows the calculated values of B� and the
excitation energies Ex of p states with ESC12+MBE and
ESC14+MBE together with the observed values. The cal-
culated values of B� are found to be slightly overbound by
0.3–1.1 MeV in comparison with the observed data. Now, let
us try to modify the choice of kF values in ADA so as to
reproduce B� correctly, considering that the ADA might be
changed suitably for weak � bound states: We tune the kF

value in ADA as k′
F = (1 + α)kF by introducing a parameter

α, which is taken adequately for each mass region. For the
light systems with B� ∼ a few MeV, we take α = 0.070 so
as to reproduce the experimental values of B� in the p state
of 13

� C (Bexp
� = 0.9 MeV). Here, the B

exp
� of 13

� C is obtained
by subtracting the excitation energy E

exp
x = 10.830 ± 0.087

MeV measured by γ -ray spectroscopy [27,48] from the B
exp
�

in the ground state shown in Table VI. The calculated values
of B� and Ex with α = 0.070 are shown in Table IX. In both
cases with ESC12+MBE and ESC14+MBE, it is found that
the B

exp
� and E

exp
x in 13

� C are reproduced using almost the
same α. In Table IX, it is seen that the values of B� and Ex

calculated with α = 0.070 are much closer to the experimental
values than those without α in 12

� B and 16
� O.

In 28
� Si and 51

� V with stronger binding of �, it is found
that smaller values of α give reasonable values of B� and
Ex . Again, we tune kF so as to reproduce B

exp
� in the p

states of 28
� Si and determine α as α = 0.025 (α = 0.020)

with ESC14+MBE (ESC12+MBE). In 51
� V, it is also found

that the B
exp
� and E

exp
x in the p states are reproduced with

α = 0.015 (α = 0.010) using ESC14+MBE (ESC12+MBE).
These values of α in 28

� Si and 51
� V are much smaller than

that determined in 13
� C. Thus, larger values of α turn out to

be needed, as � bindings become weaker. It is worthwhile
to point out, here, that the energy spectrum of 89

� Y can be
reproduced nicely without the α parameter for the present
G-matrix interactions with use of the �-nucleus folding model
[13].

The degree of the modification of ADA by the α parameter
is dependent on the smallness of B�. As shown in Table IX,
the B

exp
� values are in the order of 1 MeV in 12

� B and 13
� C

hypernuclei, which are much smaller than those in their ground

TABLE VIII. Calculated (experimental) binding energy B� (Bexp
� ) and excitation energy Ex (Eexp

x ) for the p states J π in MeV together
with ρ (fm−3) and kF (fm−1) calculated by Eqs. (7). B

exp
� with †† (Eexp

x with †††) are calculated by using Eexp
x (Bexp

� ) of the p states and the
B

exp
� values shown in Table VI.

〈ρ〉 kF ESC12+MBE ESC14+MBE Expt.

J π −B� Ex J π −B� Ex −B
exp
� Eexp

x

12
� B 0.069 0.92 3+ −2.4 8.8 3+ −2.4 8.9 −1.289 ± 0.048 [36] 10.24 ± 0.05 [36]
13
� C 0.067 1.00 1/2− −2.1 9.5 1/2− −2.4 9.3 −0.9†† 10.830 ± 0.087 [27,48]

−1.96†† 9.73 ± 0.14 [32]
16
� O 0.068 1.00 3+ −3.9 9.1 3+ −4.0 9.0 −2.39†† 10.57 ± 0.06 [32]
28
� Si 0.101 1.14 3− −8.0 8.6 3− −8.4 8.2 −7.5 ± 0.2 [46]† 9.6†††
51
� V 0.124 1.22 11/2− −12.7 7.7 11/2− −13.1 7.2 −12.44 ± 0.17 [33]† 8.07†††
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TABLE IX. Same as Table VIII but with a correction of kF as k′
F = (1 + α)kF .

〈ρ〉 ESC12+MBE ESC14+MBE Expt.

k′
F J π −B� Ex k′

F J π −B� Ex −B
exp
� Eexp

x

α = 0.070 α = 0.070
12
� B 0.069 0.98 3+ −0.7 10.6 0.98 3+ −0.8 10.5 −1.289 ± 0.048 [36] 10.24 ± 0.05 [36]
13
� C 0.067 1.07 1/2− −0.9 10.8 1.07 1/2− −1.0 10.7 −0.9†† 10.830 ± 0.087 [27,48]

−1.96††† 9.73 ± 0.14 [32]
16
� O 0.068 1.07 0+ −2.2 10.8 1.07 2+ −2.6 10.4 −2.39†† 10.57 ± 0.06 [32]

α = 0.020 α = 0.025
28
� Si 0.101 1.17 3− −7.4 9.2 1.17 3− −7.5 9.1 −7.5 ± 0.2 [46]† 9.6†††

α = 0.010 α = 0.015
51
� V 0.124 1.24 11/2− −12.3 8.1 1.24 11/2− −12.5 7.8 −12.44 ± 0.17 [33]† 8.07†††

states and the p states of the medium-heavy hypernuclei.
Therefore, p-state � particles in light hypernuclei are rather
weakly bound. Generally, in weakly bound states, since the �
particle distributes in a broader region around the core nucleus,
the kF value evaluated by Eq. (7) under ADA could be smaller,
making the B� values larger. The above result shows that one
brings about some overbinding of � when using Eq. (7) naively
for weakly bound � states. Then, the α parameter plays a role
to make kF larger and correct the over-increase of B� by
smaller kF values. In heavier hypernuclei with increasing B�,
the above effect is less important, and thus α can be smaller. It
is demonstrated in Table IX that there is a good correspondence
between the decrease of B� values and the increase of α values.
Thus, the present calculation reproduces the B

exp
� in p states

based on ADA with only a minor correction of kF . This shows
the validity of the HyperAMD calculations with the G-matrix
interactions, applied to not only the ground states but also p
states of � hypernuclei with large mass regions.

D. 40
� K and 48

� K hypernuclei

At JLab, it is planned to perform the (e,e′K) reaction
experiment by using 40Ca and 48Ca as the target; i.e., potassium
hypernuclei (40

� K and 48
� K) are expected to be produced [49]. As

seen in Fig. 6, B� values were measured in several hypernuclei

in this mass region. However, only a few observed data
of B� are available. Furthermore, some of them have large
ambiguities. For example, in 40

� Ca, the B� in the ground state
has a large error (more than 1 MeV). Since absolute energies
of hypernuclei can be measured with high resolution in the
spectroscopy experiment at JLab, precise values of B� will be
available for not only in the ground states but also excited states
in 40

� K and 48
� K. Therefore, it is expected that the validity of the

present calculation could be confirmed by comparing with the
JLab experiments in heavier hypernuclei with 40 � A < 50.

Recently, in this mass region, the effect by the isospin
dependence of �NN force was discussed [50]. By an auxiliary
field diffusion Monte Carlo (AFDMC) calculation [49,50], it
was shown that if the isospin dependence exists, it affects the
B� values in neutron-rich � hypernuclei such as 48

� K due to the
asymmetry of the proton and neutron numbers. In the present
study, our many-body force is isospin independent, which
affects strongly the mass dependence of B� even in neutron-
rich hypernuclei. On the other hand, in our �N G-matrix
interactions, the charge-dependent components included in
the ESC model are not taken into account. On the basis of
our present modeling for the �N interaction, we predict the
values of B� in 40

� K and 48
� K in the ground and p states.

In Table X, the calculated values of B� in the ground
states with ESC12+MBE and ESC14+MBE are presented,

TABLE X. Calculated values of B� (MeV) for the ground and p states of 40
� K and 48

� K with ESC12+MBE and ESC14+MBE. In the p

states, kF calculated by ADA is tuned as k′
F = (1 + α)kF using α = 0.010 and 0.020 (α = 0.015 and 0.025) for ESC12+MBE (ESC14+MBE).

〈ρ〉 (fm−3), k′
F (fm−1), and spin-parity J π are also listed.

Ground states p states

〈ρ〉 α k′
F J π −B� 〈ρ〉 α k′

F J π −B�

ESC14+MBE
40
� K 0.136 0.000 1.263 1+ −19.4 0.109 0.015 1.191 2− −10.4

0.109 0.025 1.202 2− −10.1
48
� K 0.141 0.000 1.278 1+ −20.2 0.117 0.015 1.219 1− −11.6

0.117 0.025 1.231 1− −11.3
ESC12+MBE

40
� K 0.136 0.000 1.263 1+ −19.4 0.109 0.010 1.185 2− −10.2

0.109 0.020 1.196 2− −9.9
48
� K 0.141 0.000 1.278 1+ −20.2 0.117 0.010 1.213 1− −11.5

0.117 0.020 1.225 1− −11.2
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which are taken from Table VI; i.e., these values are calculated
without modifying ADA. It is found that the B� value in 48

� K
is larger than that in 40

� K. As seen in Fig. 6, these values are
consistent with the mass dependence of B�. Therefore, the B�

obtained by the present calculation becomes larger as the mass
number increases. In the calculation for the p states of 40

� K and
48
� K, we introduce the small parameter α as k′

F = (1 + α)kF in
the ADA treatment in the same manner as in Sec. III C. From
the results of 28

� Si and 51
� V, it is expected that the appropriate

value of α is between 0.015 and 0.025 (0.010 and 0.020) in the
p states of 40

� K and 48
� K with ESC14+MBE (ESC12+MBE).

Therefore, we calculate the B� in the p states using these
values of α. The resulting values of B� in the p states are
also summarized in Table X. In the case of ESC14+MBE, it is
found that the ambiguity of B� coming from the α parameter
is only about 300 keV, and the B� values are predicted
to be 10.1 � B� � 10.4 MeV and 11.3 � B� � 11.6 MeV
for 40

� K and 48
� K, respectively. These values are between

those in 28
� Si and 51

� V, and increase depending on the mass
number. We find the same trend of B� with ESC12+MBE.
These values of B� are expected to be compared with the
results of future experiments at JLab, which could give us
useful information on properties of the hyperonic many-body
force.

IV. SUMMARY

Basic quantities in hypernuclei are � binding energies
B� which lead to a potential depth U� in nuclear matter.
In spite of the longstanding development of studies for �N
interactions, values of U� derived from various interaction
models are substantially different from each other: There still
remain ambiguities of models due to lack of (accurate) YN
scattering data.

The stiff EoS giving the neutron-star mass of 2M� suggests
the existence of strongly repulsive many-body effects (MBE)
in the high-density region. On the other hand, the hyperon
mixing in neutron-star matter brings about the remarkable
softening of the EoS. In order to solve this ‘hyperon puzzle,”
we consider that the repulsive MBE work also in hyperonic
channels. As a specific model for MBE, the multi-Pomeron
exchange repulsion (MPP) is added to the two-body
interaction together with the phenomenological three-body
attraction (TBA).

We adjust MBE so as to reproduce the observed data of
B�. Then, it is evident that the strength of MBE depends
on the two-body interaction model. Even among various
versions of the Nijmegen interaction models (ESC08a/b,
ESC12, ESC14, ESC04a, NSC97e/f), there are considerable

differences. Especially important is the difference among the
P -state contributions. In the cases of ESC14 and ESC08a/b,
the P -state contributions are almost vanishing, where the mass
dependence of B� can be reproduced well by adding MBE
with the strong MPP repulsion, assuring the stiff EoS of
hyperon-mixed neutron-star matter. In the cases of ESC12
and NSC97e/f, the P -state contributions are substantially
repulsive and helpful to reproduce the mass dependence of
B�: There is no room to introduce the strong MPP repulsion
consistently with the experimental data. In the case of ESC04a,
the P -state contribution is strongly attractive, and it is difficult
to reproduce the mass dependence of B� by adding the present
form of MBE.

The B� values of hypernuclei with 9 � A � 59 are
analyzed in the framework of HyperAMD with use of the
�N G-matrix interactions derived from ESC14 and ESC12.
In both cases, the calculated values of B� reproduce the
experimental data within a few hundred keV, when MBE are
taken into account. The values of B� and Ex in p states also
can be reproduced well by HyperAMD, when the ADA is
modified so as to make input values of kF slightly larger for
weakly bound � states. Though the results for ESC14 and
ESC12 are quite similar to each other, the strength of MPP
repulsion included in MBE for ESC12 is far weaker than that
for ESC14: The former (ESC14) is strong enough to give rise
to the stiff EoS of hyperon-mixed neutron star-matter, but the
latter (ESC12) is not.

At present, it is difficult to prove the existence of MBE
including strong repulsion on the basis of the experimental
data of B�, because the two-body interaction model is not
well determined. However, we can say at least the following:
The possible existence of the strong hyperonic repulsions
suggested by the stiff EoS of neutron stars is compatible with
�N interaction models giving almost vanishing contributions
of P -state interactions.

The Fortran codes ESC08c2012.f (ESC12), ESC08c2014.f
(ESC14), and HNPOTESC16.f (ESC16) can be found on
the permanent open-access website NN-Online: http://nn-
online.org.
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