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We discuss the possible factorization of the tensor asymmetry AJ measured for polarized deuteron targets
within a relativistic framework. We define a reduced asymmetry and find that factorization holds only in plane
wave impulse approximation and if p waves are neglected. Our numerical results show a strong factorization
breaking once final state interactions are included. We also compare the d-wave content of the wave functions
with the size of the factored, reduced asymmetry and find that there is no systematic relationship of this quantity

to the d-wave probability of the various wave functions.
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I. INTRODUCTION

For a long time, the d-wave contribution to the deuteron
has been a matter of interest. Early on, it was determined that
the d wave is responsible in large part for the quadrupole
moment of the deuteron. Early calculations of the deuteron
wave function including the tensor force needed to pro-
duce the d-wave admixture resulted in a considerable range
of values for the d state probability. Eventually it was
argued that the d-wave contribution was not a physical
observable [1-4].

Experimentally, there have been many measurements aimed
at understanding the d wave contribution and the short
range structure of the deuteron. Exclusive electron scattering
from the deuteron, namely (e,e’p) reactions, were initially
motivated by the factorization assumption: if there are no
final state interactions, the *H(e, e’ p) cross section would be
proportional to the single-nucleon cross section multiplied
with the momentum distribution n(p). It has become common
practice to apply some form of the factorization prescription
as described by deForest [5] to measurements of the (e, e’ p) re-
action for all nuclei. It soon became clear that the factorization
assumption does not hold in general: final state interactions
and other pieces of the reaction mechanism beyond the plane
wave impulse approximation (PWIA) break factorization and
distort the cross section. Ever since the first experiments at
NIKHEF [6-11] and Saclay [12—15], the hunt has been on
for kinematic regions and observables that might allow us
to extract information on the deuteron’s d wave [16-21].
On the theory side, considerable effort has been expended
to describe the reaction mechanism, including final state
interactions, meson exchange currents, isobar contributions,
and either relativistic corrections or fully-fledged relativistic
descriptions [22—40].

In the search for suitable observables, measurements on
polarized deuteron targets have high potential. Polarization
experiments have much lower count rates than their un-
polarized counterparts, but they hold the promise of much
more sensitive observables. The tensor asymmetry of the
deuteron, accessible with an unpolarized electron beam and a
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tensor-polarized target, vanishes if there is no d wave. For the
exclusive reaction we discuss here, one has the best prospect
of disentangling information about the wave function from the
reaction mechanism.

Semi-inclusive reactions on tensor-polarized deuteron have
also been discussed lately, with a view to experiments at a
future electron-ion collider [41-45].

One possible approach that might allow for the determina-
tion of some information about the d state would be if some
region of kinematics could be found where the sensitivity to
the components of the current operator and to the final state
interactions is negligible. This would lead to the factorization
of the polarized deuteron cross sections into an effective single
nucleon part and various polarized momentum distributions.
Appropriate ratios of the cross section can then be defined
where the single-nucleon cross sections cancel and only a
ratio of momentum distributions remains. The objective of
this paper is to address the feasibility of such a process using a
variety of modern high quality wave functions, a selection of
single-nucleon electromagnetic form factors, and two different
parametrizations of the final state interactions.

The motivation for revisiting this problem at this time is
that a new polarized deuterium target is under construction to
be used in Hall C at Jefferson Laboratory for the approved
experiments [46] and [47]. While the first of these is for
inclusive scattering to obtain the b; structure function for
deep inelastic scattering and the second is to obtain elastic
and inclusive data at kinematics that are not necessarily
favorable for attempting to extract information about the
deuteron d state, the existence of this target allows for the
possibility of experiments more tailored to extracting this in-
formation. The practicality of such an experiment is considered
here.

The paper is organized as follows. First, we briefly
review the general formalism necessary to calculate response
functions for polarized targets, and the definitions of the
asymmetries that can be measured for polarized targets and
beams. Then, we carefully discuss under which conditions
the factorization of the tensor asymmetry may arise in a fully
relativistic framework based on the Bethe-Salpeter equation,
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FIG. 1. Coordinate systems for the 2H(e, e’ p) reaction. k and k' are the initial and final electron four-momenta, g is the four-momentum of

the virtual photon, and p is the four-momentum of the final-state proton.

and which form the asymmetry A! takes when it holds. In the
next section, we present our numerical results, in a kinematic
region relevant to experiments at Jefferson Lab. We show the
influence of the different model inputs on the calculations.
With final state interactions included, factorization breaks. We
conclude with a brief summary.

II. FORMALISM

We present a brief review of the formalism for calculating
the differential cross section, response functions, and asym-
metries for target polarization. For a complete discussion, the
reader is referred to [34].

A. Differential cross section

The standard coordinate systems used to describe the
D(e,e'p) reaction are shown in Fig. 1. The initial and final
electron momenta k and k” define the electron scattering plane
and the xyz-coordinate system is defined such that the z axis,
the quantization axis, lies along the momentum of the virtual
photon g with the x axis in the electron scattering plane and
the y axis perpendicular to the plane. The momentum p of
the outgoing proton is in general not in this plane and is
located relative to the xyz system by the polar angle 6, and
the azimuthal angle ¢,,.

J

The general form of the H(e,e’p) cross section can be
written in the laboratory frame as [48,49]

do? m,m, p, )
oo | = o3 OMott fre
ded,ds, ), 87 My
x [vp Ry +vr Ry +vrrRrr +vir Rt
+hvrr Ry + hvp Ry, (D

where My, m,, and m,, are the masses of the deuteron, proton,
and neutron, p, = p; and £2, are the momentum and solid
angle of the ejected proton, €’ is the energy of the detected
electron, and €2, is its solid angle, with 2 = %1 for positive
and negative electron helicity. The Mott cross section is

_(acos(®./2) \
OMott = <m) 2

and the recoil factor is given by

wp, — E,qcos0,

3
T 3)

frec:‘l"l‘

The hadronic tensor for scattering from polarized deuterons
is defined as

WD) = > (prsis pasai (S)* P (prsis pasai (ST | Pha) oo - )

S1.82.Ad, M)

The notation (—) in the final state indicates that the state satisfies the boundary conditions appropriate for an “out” state. The

deuteron density matrix in the xyz frame is

| 1+\/§T10+\/%T20
P=3 —\/g(Tn + To1)
V3T

_\/g(Tl*l +15)
1 — /2Ty

—\/g(Tn —-Tn) 1- \/ngo + \%Tzo

V3T3
SNEIE I ) s)
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FIG. 2. Feynman diagrams for the impulse approximation.

and the set of tensor polarization coefficients is defined as
D = {U,T0,T11,T20,T21, T2} (6)

with U designating the contribution from unpolarized
deuterons. The kinematic factors v; and the polarized response
functions are listed in Appendix A for convenience.

The expressions above assume that the deuteron target is
polarized along the direction of the three-momentum transfer
¢ which is defined as the z axis as defined in Fig. 1. However,
since this would require realignment of the target polarization
for each value of ¢, experiments are performed with the
deuteron polarization generally fixed along the direction of
the electron beam defined by k. This involves a right-handed
rotation of the deuteron density matrix about the y axis through
the angle between ¢ and k denoted by 6y, resulting in a
new set of polarization coefficients TJ u. This rotation is
described in detail in Appendix B. Equation (B8) relates 7y
to TJ M-

B. Asymmetries

Conventionally, target polarization in deuteron electrodis-
integration is measured in terms of four single asymmetries

AV UL R (Tho)+vr R (Tio)+vrr Rrr (Tio)+vir Rur(Tho)

¢ 1o
AT v R (Too)+vr Ry (Tao)+vrr Rrr(Tao)+vir Rur(Tho)
a= = :

AV v Rur(Tho) + vr Ry (Tho)

“ TS ’
AT, = ULT’RLT’(TZE) + UT/RT/(TZO)’ 7
X
where
X =v,R.(U)+vrRr(U) + vrr Rrr(U) + vpr Rer(U).
(3)

Here, R; (TIO) and R; (fzo) denote the response functions where
only Ty is nonzero or only T is nonzero. R;(U) denotes the
unpolarized response functions. In Eq. (7) the superscripts V
and T refer to vector and tensor polarizations. The subscript d
indicates that all of these asymmetries are defined for polarized
deuterons. The subscript e denotes the case where the electron
beam is also polarized.

C. Factorization

The Feynman diagrams representing current matrix element
deuteron electrodisintegration for the Bethe-Salpeter equation
are shown in Fig. 2. Figures 2(a) and 2(b) have plane wave
(PW) final states while Figs. 2(c) and 2(d) include final state
interactions (FSI). Figures 2(e) and 2(f) contain two-body
currents with plane wave final state and FSI, respectively.

Any attempt to evaluate the effects of d-state contributions
to the deuteron wave function require that the cross section can
be factored into an effective single-nucleon cross section and a
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FIG. 3. Feynman diagram representing the half-off-shell vertex
function.

momentum distribution. This can only occur if Figs. 2(b)-2(f)
make negligible contributions to the current matrix element.

J

T (p2.P) = [gl(pi,pz - P)y -&,(P)— g(p3.p2- P

- (gs(pﬁ,pz - P)y - &,(P)— g4(p3.p2- P)

PHYSICAL REVIEW C 95, 044001 (2017)

The plane wave contribution to the current matrix element
represented by Fig. 2(a) can then be written as

(P151; p2salJ ()| Pha)a = —i(p1,s)T"(@)Go(P — p2)
X F){,(PLP)ZZT(PLSZ)’ (9)
where the nucleon propagator is
y-p+m
Go(p) = ———~ (10)
my —p
and the one-body nucleon electromagnetic current operator is
chosen to be of the Dirac-plus-Pauli form

T(g) = FI(QY)y" + Q(Q) "q. (11)
m

The deuteron vertex function with particle 2 on shell, as
required by Fig. 2(a) is shown in Fig. 3 and is given in general
by

)PZ'fxd(P)
my
PZ'SM(P)>V'(P—P2)+m]C, (12)
my my

where &, (P) is the deuteron polarization four-vector, C is the charge conjugation matrix, and the invariant functions g;(p3, p - P)

are given by

Ep, — Ma)(prW3(pr) — myVa(pr))

gi(p3.p2- P) = VLTS : (13)
2(pi.pr P) = myQEp, Md)(prR‘V;fjﬂ_R;— my¥3(pr) = prVa(PR)) a4
R
g(p3.p2- P) = ——Eprj%;‘;pR) (15)
ga(p3.p2- P) = #(—M; W3(pr) + Ep (MaW3(pr) + 28 2my 1 (pr))
+V2My(prWa(pr) — my¥i(pr), (16)

where

P p)?
Pr =,/%—p§ (17)

is the relative momentum of the nucleons in the rest frame of
the deuteron and

Wi(pr) = u(pr) + V2w(pg), (18)
Wa(pr) = —V/3v5(pr). (19)
W3(pr) = V2u(pr) — w(pg). (20)
Wy(pr) = —v3u(pa). @1

Here, u(p) is the s-wave radial wave function, w(p) is the
d-wave radial wave function, and vs(p) and v;(p) are singlet
and triplet p-wave radial wave functions.

(

It is convenient to define a half-off-shell wave function as

Vg (P2, P) = Go(P — po)T (2, PYi" (p2.52).  (22)

We choose to normalize this wave function such that in the
deuteron in any frame

d’pp, m “ ph
%:/(271)315 Vg5 (P2 PYY Yy, (P2, P) = e (23)

which is correct only in the absence of energy-dependent
kernels. This results in the normalization of the radial wave
functions in the deuteron rest frame being

_ * dpp® 2 2 2 2
1= /0 n ) [4?(p) + w(p) + v (p) + vi(p)]

1 [ dpp?
=3 fo (2’;’7)3 [Wi(p) + W3 (p) + W3 (p) + Wi(p)] (24)

044001-4



FACTORIZATION BREAKING OF A7 FOR ...

In the deuteron rest frame we choose the four-momenta
such that

p1=pp = (Ep,.p1). (25)
p2=(Ep, — p), (26)
P = (M;,0), (27)
q=.q). (28)

The four-momentum of the struck nucleon is given by
l=P—pr=WMy—E, p)=(Ey,p)+(My—2E,,0)
=ptA, (29)
where
p=(Ep.p) (30)
is on shell and
pr = |pl. (31

The of-fshell contribution to the momentum of the struck
nucleon is

A =My —2E,,0) = (5,0). (32)

The PWIA response tensor is then

WE = 3, (e PTH(—q)u(pr.s)a(pr.s)
S1,82,Ad,Agr
X FU(Q)wld,sz(pZ»P)pkd,kd/
= Tr[I"*(=¢) A+ (pDT"(@)N(p2, P)], (33)

where the momentum distribution operator is given by

N(p2.PY= D Yip(P2. PIpryiy Uiy (P2 P). (34)

$2,Ad\Agt

The deuteron density matrix can be written as

e 2 J .
ol = 3 |:Z Tjot 0 + Z Z (m(TJM)TJJlM

J=0 J=1 M=1
+ %(TJM)T‘;M):|. (35)

where Too = 1 and the matrices T s, are defined as

1 0 0 3 1 0 O
Too = 0 1 0 s ‘[102\/; 0 O 0 ,
0 0 1 0 0 -1
1 1 0 0
'[2():— 0 _2 O )
v2\o o 1
0 -1 0 0 i O
3 3
1517‘1: -|1-1 0 -1, ‘L'i‘lz\/j —i il,
2\o -1 o 2\o —i 0
0o -1 0 0 0
w_ /3 s /3 !
T =4/=|-1 0 1), 75,=4=z|-¢ 0 —il,
2\o 1 o0 2\o i o0
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0 0 1 , 0 0 —i
rg;=d§(1) 8 8, rg‘zzﬁqg 8. (36)
1

Note that these matrices are all hermitian. The polarization
coefficients can be extracted from the density matrix using

Tyo = Tr[7}),0"], (37)
R(Tym) = 3Tr[25y0"], (38)
(Tyy) = %Tr[r?MpD]. (39)

Using Egs. (35), (36), and (39), the momentum distribution
operator can be written as

2
N(p2,P) =Y Nyo(p2, P)Ts0
J=0
2
+ )Y IR (P2, PYR(T i)
J=1M=1

+ I(Nym(p2, PI(Trm)l- (40)

This is an operator in the four-dimensional Dirac spinor space

and can be expanded in terms of y matrices such that, for
J=0orJ =2,

1
Nym(pa, P) = Q[Mv(Pz,P)n,JvM(P) + Nio(P,p2)n!M(p)

+N;(p2, P)n!™(p)]. 1)
where
1L P-p
Niw(p2,P) = =——vy - P, 42
(P2, P) ZMijV (42)
1(P-p Y P2
Now(p2,P)= | ——y - P——). 43
(p2,P) Z(MijV m (43)
1
Ni(p2,P) = 5 (44)
and, for J =1,
1
NlM(vapvs) = _[Muv(pZ,P,s)n[l%(P)
8
+ Niao(p2, P.)n; M (p)
+ N (P, pa.s)ny (p)]. (45)
where
1P-s
-/\[tav(p21P1S) - 5751/ : PVSv (46)
1 P-s
Niav(p2,P.s) = —(y -S = V- P)J/& 47)
2 M
i m
Nae(p2. P.s) = 5 ’; ~0*7 Pusy s (48)
and

E
my my

is the spin-four-vector for rest-frame spin aligned along p.
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The nine momentum distributions are given by

“p) = (w (p) + W3 (p) + Vi(p) + i(p)).  (50)
n(p) = ((\v (p) — W3(p) + V3i(p) — V;(p))
my
+ 27(%(1))%(1)) - %(p)%(p))), (51)
nX(p) = ((\If (p) — W3(p) + Wi(p) — Wi(p))

+ L u(pup) - 2\1’1(17)‘1’2(17))),
my

Ry (P) = nM«/_ (( Wi(p) — Vi(p)
- 2%%@)%(19)) Yiur(R2,). (52)
nM(py = — 1M V2T (W) + W) Vin(R)). (53)

<>———«/_ ((w2<p> Wi (p))

+ 21\1’3(!’)‘1’4(19)) Yim(82,),
mn

27 2
2M(p) = 3 V) +293(p) - W)
— Wi(p)) Yam(L2)), (54)
nM(p) = ’%M g((zw%(p)—zwi(p)—wi(p)

+ W2(p) + 2%(2%(;7)%(17)

+ %(p)wp))) Yau(2,), (55)
nMp) = — % 2?”((2%2(1:) —2W3(p) — W(p)
+ W) — 2%(2%@)%@)
+ %(p)wp))) Yau(2,), (56)
where

_J1 for M=0
™M=12 for M>0 "
If the p waves are neglected then ¥, — 0 and ¥, — 0.
The momentum distributions then simplify to

(57)

n = ng)(p) = ni(p) = n(p) = 3 S (Vi) +wip)
(58)
n{M(p) = njgy(p) = nip(p) = n}" (p)
_T«/E\Dg(p)ylM(Qp), (59)

PHYSICAL REVIEW C 95, 044001 (2017)

Mp) = niM(p) =nM(p) =nM(p)
2
=~ S U — W) Vo (2,). (60)
These can be rewritten in terms of # and w using
HWip) + ¥3(p) = u*(p) + w(p), (61)
M2(p) = Lu(p)* — 2v2u(p)w(p) + w(p)»),  (62)

L2W(p) — Wi(p) = w(p)2V2u(p) + w(p)).  (63)

These are in agreement with the usual nonrelativistic polarized
momentum distributions up to a factor determined by our
choice for the normalization of the wave functions [50,51].

Since all of the momentum distributions are now the same
for each J and M, these can now be factored out and leave the
combinations of operators

Niw(p2, P) + Niy(p2, P) + Ny(p2, P) =
for J = 0,2 and
-/\[tav(vaP) +-/\[sav(p2»P) +-/\[at(p27P)

Ai(p) (64

o 1 i ny aﬁP (65)
_2y S 2P-p20 aSg V5

for J = 1:
1

N(ps,P) = {A+<p)[n (p) +n3(p)Txo

+ Z[m(n (PIR(To)+3(n7 (p)))o(TzM)]]

+1 I my 5 p
27/52P aSg | Vs

x [n{(p)Tao + m(n+ (P)NR(Th1)
+ 3 (pNI(T))] } (66)
The factored cross section can then be written as

do? _mpymy py
de'dQ,dQ,  8m3 My

-1 1 1
OMott frec {[UL”(L) +v I’(T)

+ vrrrit) cos2¢ + vprrt) cos ?]

x [nio(pmwni"(pmﬁzo
- Zm(n (Pm)R(T2m)

+ \s(n (pm))\S(T2M)]:|

11 1
+ hlverrdy) cos ¢ + vy

x [0 2(pw)Tio + R} (P)R(T11)

+ S(n‘;(pm))%(m]}, (67)
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where the effective reduced single-nucleon response functions
are listed in Appendix C and are related to the conventional
deForest CC2 prescription [5] up to normalization factors.
Note that contributions from vector polarization of the
deuteron contribute to the factored cross section only when

J

PHYSICAL REVIEW C 95, 044001 (2017)

the electron beam is also polarized. The single-nucleon
contributions for unpolarized electrons are the same for both
unpolarized and tensor polarized deuterons.

Assuming that Ty # 0 only for / =2 and M =0 and
using Eq. (B8) the tensor asymmetry for the factored cross
section can be written as

n(pn) oo + R3 (p)RN(Tor) + ROZ(P))R(Tr2)

AT = T:
(A )factored n(_:_o( Pm)To

n2(p) L (1 + 3 c0s 20;,) + R(n2( pm))\/g sin 26, + R(n2( pm))\/g (1 — cos 26;,)

- —\Ym->¥sYkq)s

5 Wi(pw) + Vi (pw)

ng-o(pm)

(68)

where the factored effective single-proton cross section is canceled since it is the same for both the numerator and denominator.

The angular factor is defined as

1 3. 3
E(ln,9.0kg) = [4_1(1 + 30820k )Y20(2),) + \/;sm 201N (Y21(82p)) + \/;(1 — cosS 29kq)ER(Y22(Qp))]

[ 51 3
=\ ean I:Z(l + 305 260;,)(1 + 3 cos 26,,) — 3 sin 26, sin 26,, cos ¢ + Z(l — €08 By )(1 — cos B,,) cos 2¢:|.
T

If we define a reduced tensor asymmetry as

AT
adT = H—d. (70)
:‘(em »¢a9kq)
Then the factored reduced tensor asymmetry is
(al) _ 2w w(pn)@V2u(p) + w(pw)) an
d J factored 5 MZ(pm) + w2(pm)

independent of all kinematical variables except the missing
momentum p,,. If Eq. (71) correctly represents the reduced
asymmetry a} then this expression can be solved to obtain the

J

5y =5a17 —/T0mal +47 —2+/37

u(pm) . 5a)
w(pm) NG 75”52*\/ 107ra§+4n72\/57r
Sat{

In Sec. III, we investigate numerically the behavior of the
reduced asymmetry when it is calculated using final state
interactions, and various versions of commonly use d-wave
functions and form factor parametrizations. We will observe
there that factorization breaks down, and that the use of
Eq. (71) is unrealistic.

(69)

(

ratio of s to d state wave functions. This solution requires that

2 T 2
2. /= <al < /=
5 5

(72)
If p_ is defined such that
T 2
aq(p-) = =2/ = (73)
and p, is defined such that
2
aj(p) =/ = (74)
then
for 0< pn <p_orp, > ps
(75)

for p_ < pm < p+

III. RESULTS

Independent of the dynamical model for the description
of the f]z(e,e’p) reaction, every calculation needs a wave
function, nucleon form factor parametrizations, and nucleon-
nucleon amplitudes as inputs. We list the model inputs used in
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TABLE I. Model inputs to the calculation.

Final state interactions Form factors Deuteron wave function

IIB [63]

WIC 1 [64]
Regge GKex05 [59,60] WIC 2 [64]
[53-55] AV18 [65]
SAID AMT [61] CD Bonn [66]
[56-58] MMD [62] NIMJ 1 [67]

NIMJ 2 [67]

NIMJ 3 [67]

our calculations in Table I. The reasons for these choices are
discussed in more detail in [52].

We start out by showing the influence of the different wave
functions on the factored, reduced asymmetry a’ , as defined by
Eq. (71), in Fig. 4. Note that the factored, reduced asymmetry
does not depend on the nucleon form factors, so the only model
input necessary is the wave function. For missing momenta
larger than 0.3 GeV, the curves start to deviate from each
other, and they fan out considerably for p,, ~ 0.6 GeV and
larger. Most wave functions lead to similar asymmetries, with
the exception of the CD Bonn that has a slightly different
shape, peaking at high p,,, and the Nijmegen 3 wave function
that leads to the lowest values for the factored, reduced ag at
the high p,,. This indicates that constraining the interactions to
fit NN scattering up to just above the -production threshold
and to give the correct deuteron binding energy is insufficient
to uniquely determine the wave function above p,, >~ 0.3 GeV.
The corresponding s to d ratios are shown in Fig. 5.

When comparing the results shown in Fig. 4 to the numbers
for the d wave content of the various wave functions in Table II,
it is obvious that there is no direct relationship between
the d-wave content and the size of the reduced asymmetry
calculated with a particular wave function. Depending on the
missing momentum, e.g., the CD Bonn wave function result
is either below the others (for p,, < 0.6 GeV), or above the

15 T T T T
1.0f
0.5F
3 0.0 -
g
2 i/
% -05F S
= /, B
~S 1 R
S / w)C1
— ~1O0F --owje2 T
AV18
-15F —— CDBonn 1]
Nijm1
—20p -— Nijm2 ]
-— Nijm3
_25 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. The factored, reduced asymmetry a) calculated for the
eight different wave functions used in our calculations.
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— 1B
-- wc1
2 e
AV18
1 \\ —— CD Bonn ]
Nijm1
N -—- Nijm2

w(pm)/w(pm)

0.0 0.2 0.4 0.6 0.8 1.0

D (GeV)

FIG. 5. The ratio u(p)/w(p) calculated for the eight different
wave functions used in our calculations.

others around p,, =~ 0.9 GeV. CD Bonn has the lowest d state
probability of all considered wave functions. Nijmegen 2 and
Nijmegen 3 have almost identical d wave contents—35.68%
versus 5.65%—but are rather different, with Nijmegen 2
leading to a much smaller asymmetry than Nijmegen 3 for
Pm > 0.5 GeV.

A more realistic calculation includes the Born approxima-
tion graph, where the photon couples to the neutron, and final
state interactions. At this point, the parametrizations of the
nucleon form factors and of the nucleon-nucleon amplitudes
enter. As eight wave functions, three form factor parametriza-
tions, and two nucleon-nucleon amplitude parametrizations
lead to 8 x 3 = 24 possible combinations for PWBA and
to 8 x 3 x 2 =48 possible combinations for the DWBA
(henceforth referred to as FSI) and therefore lead to very
busy plots, we only show the envelope of the PWBA and
FSI calculations in the figures.

We remark in passing that the differences between PWIA
and PWBA calculations for the same choice of model inputs
is tiny. The difference is apparent in the numbers, but does
not show up on a plot of the scale we use for the figures in
this paper. The use of different form factor parametrizations
in PWBA leads to a relatively larger, but absolutely still very
small difference that is not visible at the scale used.

The difference between the PWBA and the factored version
of the PWBA, which excludes p waves, is small but visible

TABLE II. Wave function probabilities.

s wave d wave Triplet p wave  Singlet p wave
1B 94.82%  5.11% 0.06% 0.01%
WIC1 92.33%  7.34% 0.11% 0.21%
wiC2 93.60%  6.38% 0.01% 0.01%
AV18 94.24%  5.76% 0.00% 0.00%
CDBonn 95.15%  4.85% 0.00% 0.00%
NIIM 1 94.25%  5.75% 0.00% 0.00%
NIJM 2 94.32%  5.68% 0.00% 0.00%
NIJM 3 94.35%  5.65% 0.00% 0.00%
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FIG. 6. The envelopes of the reduced asymmetry a) calculated
in PWBA and with FSI, for x = 1.00, Q> = 2.4 GeV?, & = 8.3 GeV,
and ¢ = 165°. The horizontal dashed lines indicate the limits required
by Egs. (73) and (74).

at medium and high missing momentum when plotted for
relativistic wave functions. The non-relativistic wave functions
still show a difference between factored and unfactored
PWBA, but this is tiny as it is practically the difference between
PWIA and PWBA.

In Fig. 6 we show the envelopes for the PWBA and
FSI calculations for x = 1.00. The differences in the PWBA
calculations mainly stem from the different wave functions
used, and the PWBA envelope shown mainly corresponds
to the PWIA curves of Fig. 4. Once FSIs are included, the
asymmetry changes shape, and the dip moves to lower values
of the missing momentum, as observed already in [34]. For
FSI, the different model inputs now lead to a significant spread
for missing momenta above 0.35 GeV, as well as in the dip of
the asymmetry at lower p,,. For high missing momentum, the
uncertainties introduced by the model inputs in FSI are more
than twice as large as for PWBA.

We now consider kinematics at x = 1.35, away from the
quasielastic peak. Our results are shown in Fig. 7. As for
x = 1.00, the FSI calculation envelope shows a much larger
spread due to the model inputs than the PWBA envelope, in
particular for missing momenta larger than 0.7 GeV. While in
the factored version of the calculation, i.e., in PWIA without
p waves, the results are completely independent of x, it is
obvious from comparing Figs. 6 and 7 that FSIs introduce a
quite drastic dependence on kinematic variables beyond the
missing momentum.

IV. SUMMARY AND OUTLOOK

In this paper, first we considered the tensor asymmetry A}
within a relativistic framework. We investigated the conditions
under which this asymmetry can be factored. We defined a
reduced asymmetry a! that factors in PWIA when the p waves
are neglected. The factored version of the reduced asymmetry

PHYSICAL REVIEW C 95, 044001 (2017)
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FIG. 7. The envelopes of the reduced asymmetry a calculated in
PWBA and with FSI, for x = 1.35, 0% = 4.25 GeV?, ¢ = 11 GeV,
and ¢ = 165°. The horizontal dashed lines indicate the limits required
by Egs. (73) and (74).

depends on the missing momentum only. It agrees with the
well-known nonrelativistic version.

Then, we presented numerical results for the reduced tensor
asymmetry a) and compared these results to the factored
version (a”Tl)faCmred. While we have shown analytically and
numerically that factorization holds in PWIA in the absence
of p waves, the numerical results imply that factorization is
broken thoroughly once FSIs are included. The inclusion of
FSIs leads to changes in shape of the reduced asymmetry, in
particular at high missing momentum. The FSIs also introduce
a significant dependence on x (and other kinematics variables)
besides the missing momentum, thus making the breaking of
factorization obvious. This is consistent with [34,35]. The only
region where the factorization holds approximately is at very
low missing momenta of 200 MeV or less.

We also have demonstrated numerically that there is no
systematic relationship of the form of (a;)factored to the d-wave
probability of the various wave functions.

We would like to point out that the tensor asymmetry is
a special case: the vector asymmetry AZ as defined in [34]
does not factorize at all, not even in PWIA without p-waves.
Therefore, we feel that the tensor asymmetry A7 is the best
observable for the exploration of the d wave, unless one wishes
to consider experiments with polarized target and polarized
beam. These double-polarization are much harder to perform,
though.

Our results imply that extracting any information on the
d-wave content of the wave function—which is, after all, not
an observable—from the tensor asymmetry A] will require
an extremely careful treatment of the reaction dynamics, and
will carry a theoretical uncertainty due to the many, equally
valid model inputs necessary. It is important to keep in mind
that, completely apart from which contributions to the reaction
mechanism are evaluated in a theory calculation, and in which
way, the model inputs will always generate a considerable
uncertainty. Theoretical results should therefore always be
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given as an envelope to fairly represent the uncertainties, not
as single curves. The kinematics at large x and medium values
of p,, might be best suited to any attempt to learn about the
d-wave content.
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APPENDIX A: KINEMATIC FACTORS AND RESPONSE

FUNCTIONS
The leptonic coefficients vg are
Q4
o= (A1)
q
0° 2 Oe
vr = ﬁ -+ tan E, (A2)
Q2
Vrr = —5 5. (A3)
2q*
Q2 Q2 2 e
v = — — +tan” —, (A4)
t V2¢2\ 4? 2
2
0
= 0 tan —, (AS)

v = —\/—qu >
Q2
vy = tan — | — + tan? (A6)
q

The response functions in the xyz frame are given by

R.(D) = RY(D) = W*(D),
R (D) = RY’ = w''(D) + W?(D),
Rr7(D) = RY)(D)cos2¢ + RYD(D)sin2¢,
(A7)
Ri7(D) = R)(D)cos ¢ + R\ (D)sin ¢,
Ri7(D) = RY).(D)sing + RV))(D)cos ¢,
Ry(D) = RV = —2(W (D)),
where
R{)(D)cos2¢ = W2(D) — W'(D),
RYD(D)sin2¢ =2R(W (D)),
R\ (D)sin ¢ =2v2R(W (D)),
(A8)

RD(D)cosp = — 2v2R(W(D)),
RU).(D)sing = — 2v/23(W" (D)),
R(”)(D) cos = — 2v/2I(W2(D)).
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APPENDIX B: ROTATIONS

The form of the differential cross section given by Eq. (67)
assumes that the deuteron is polarized relative the direction
of the momentum transfer q. As a practical matter, polarized
deuteron targets are generally polarized along the direction of
the incident beam parallel to k. Re-expressing the cross section
for polarization to lie along the beam simply requires that the
density matrix be rotated from ¢ to k. This involves a rotation
of the density matrix through an angle 6;,, where
_1 k| — K| cos 6;

lq '

The components of the density matrix are given by the

matrix elements of the density matrix operator /¢ as

Py = (Rl AP 1%g)- (B2)

The density matrix operator 5 Aligned along k is obtained by
a right handed rotation about the y axis through the angle 6y,
which can be written as

P = R(3.0)p” R (§.6kg)- (B3)
The inverse of this expression is
6P = R™'(.0t)H" R(5.0kg) = R, — 0kg)p” R(3.0ky).
(B4)

So the matrix element of density operator is related to the
rotated operator by

D 1 D 5l
Prary, = Z dxd,\g(_ekq)pxg,\g/dxg’x; (Okq)- (BS)

1
hirg

Orq = cos B1)

The density matrix can be related the density matrix
polarized relative to k can be obtained using Eq. (B5), where

11+ cos 6) _fz sinf (1 —cos6)
ligy — g — L g
d )= 1 ﬁsme 1005.6’ 1 ﬁs1n0 (B6)
5(1 —cos®) WG sind  5(1 +cos®)

and representing the rotated density matrix by

1 2 B 2 J _ R
~ =§|:Z TJ()TJO"‘Z Z q{(TJM)TJM'i‘\S(TJM)T?;M)}.
J=0

J=1 M=1
(B7)

The polarization coefficients can then be extracted using
the properties of the matrices (36) to give the polarization
coefficients in terms of the rotated polarization coefficients
yielding

T10 = COS qu TIO — ﬁsin qugif“ ,

N(T11) = —= sin Oy Tio + €08 Oy R T11,

1
V2
S(Th) = 3T,

1 ~ 3 ~
Ty = Z(l + 3 cos 29kq)T20 - \/;Sil‘l 29kq§}fT21

3 ~
+ \/;(1 — €08 264 )N 1o,
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3 ~ ~ 1 ~ /3 ~ 1 ~
N(T>) = \/;sin 20kq Tro + €08 20k N T — 2 sin 20, N1, N(Ty) = 3—2(1 — €08 204 )Too + 3 sin 26, N1y
o~ _ ~T o ~T 1 ~
Q(Tzl) = COS quJTzl sin quJng, + Z(?’ + cos 29kq)5“T22,
S(Tap) = sin O, Ty + 05 Oy ST (BS)

J
APPENDIX C: SINGLE NUCLEON OFF-SHELL RESPONSE FUNCTION

The effective single-nucleon off-shell response functions are given by

1

= o | S AFHQDME, Q7 = BRI(Q)FAQmy (4 07) +4E; (4FT(Q7)m}
N
+F(0Y) Q%) +4E,v(AFH(QHmY, + FZ(0*0?) + FHQH (v Q* — 4m{,(v* + 0?))
—28Q2E, + v)( — 4F}(QH)my + F3(Q*)QE,v +v* — 0%))
+87[ —4E; F3(Q%) +4F{(Q%)m}, — 12E,F5(Q%)v + F7(Q*)(=5v* 4+ 0%)] — 48 FF(Q*)(E, +v) — 8 F5(0%)},
(€
1
i = o (44RO B0}, 0 + FE(QD (2}, + p1) 0 + 2F(QDmi 2l + 07)]
N
— 163 F1(Q*)(F1(Q*) + Fo(Q*))myv + 8% (8E, F5(Q*) — 8F}(Q*)my, + 8E, F;(Q*)v
—2F7(Q%) Q%) + 48’ F;(Q)(RE, + v) + 28* F7(0%)}, (C2)
() _ TAPLAFHQ%m], + F(0°)07)
T = 6dmn’, ’ (€3)
1
iy = ¢ pr IVI|QE, + v)p. (AFAQHm?, + F2(0Y0?)
+8pL[AFF(QMmY + FF(Q*)(—2E,v —v? + Q)] — 8°F;(Q%vp. . (C4)
2
rir) = %[E%(Q%v — 4E, Fi(Qm3 (FI(Q) + Fx(0?)
+ B(Q*W(2F(Q)my + Fx Q%) (my, — p°) + 8E, F5(Q*)QE, 4+ v) + 8 E, F3(Q%)], (C5)
1
! = s (B p (AFT(Q0m)y + FH(Q) Q%) +4E, FI(QDmiy vp (Fi(Q) + Fa(Q)
T P

—4F3(QMmy (my py + PP(py + @) + 2F1(QY) F(Q*)m} (py Q% — 2p°q)

+ FXQ)py Q% (m3, — p?)) + SE,(FA(Q*)(—2E,vpy + 2p*q + p; 0%)

+4FH(QMm py + 4F1(QNF(Q%)my ) + 87 F2(Q)(— Ep Fa(Q)vpy + 2F((QMmy py + F2(QP)pq)].  (C6)
where p = p,,, p1 = psinf,, and p; = pcos0,.
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