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The abnormally large diffuseness parameter of the Woods-Saxon (WS) potential in heavy-ion fusion reactions
is explained for the first time based on the microscopic dynamics simulations. With the improved quantum
molecular dynamic (ImQMD) model, we systematically explore the dynamical processes in the fusion reactions
12C + 92Zr, 16O + 92Zr, 28Si + 92Zr, 35Cl + 92Zr, 40Ca + 46Ti, and 16O + 154Sm. Without introducing any free
model parameters or additional assumptions, the microscopic ImQMD model can reproduce the measured
fusion cross sections of all selected colliding systems with good accuracy. Due to the dynamical evolutions
of the density distributions in the fusion processes, the energy dependence of nucleus-nucleus potential can
be clearly observed. Based on the dynamical nucleus-nucleus potential of the ImQMD simulations, we extract
the corresponding diffuseness parameters of the WS potential. The obtained values locate in a range between
a = 0.83 and 1.17 fm at different incident energies. In addition, the regular decreasing trend for the diffuseness
parameter with the increase of the incident energies is also observed.
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I. INTRODUCTION

Heavy-ion reaction at energies around the Coulomb barrier
is an efficient way to explore the nuclear structures and the syn-
thesis of extremely neutron-deficient nuclei and superheavy
elements [1–6]. For light and intermediate heavy systems, the
fusion process is usually described by the penetration of the
fusion barriers, and the fusion (capture) cross sections can
be accurately predicted by using the fusion coupled-channel
calculations or empirical barrier distribution approaches
[7–11]. The interaction potential between the projectile nuclei
and the target nuclei is one of the key quantities in a
theoretical description of heavy-ion fusion reactions. For
head-on collisions, the potential is usually defined as the
sum of two parts: the long-range Coulomb repulsion and
the short-range nuclear attraction. The Coulomb part of the
interaction potential can be described well especially before
the neck is formed, whereas the nuclear part is still not well
constrained. The accurate description of the nuclear potential
for heavy-ion fusion and scattering is a challenging task in
nuclear physics.

To describe the nucleus-nucleus potential, a large num-
ber of empirical nuclear potential were proposed in recent
decades [12–15]. In these nuclear potentials, the Woods-Saxon
(WS) form

VWS(r) = V0

1 + exp[(r − R0)/a]
(1)

is a widely used form, with the depth of the potential V0, the
radius R0 = r0(A1/3

1 + A
1/3
2 ), and the diffuseness parameter a.
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In the WS parametrization of nuclear potential, the diffuseness
parameter is one of the key parameters which affects the slope
of the nuclear potential in the surface region and thus the
curvature of the Coulomb barrier. From the elastic scattering
data, one extracted the diffuseness parameter with a value
of a = 0.63 fm [16–18], whereas it is shown that a larger
value is required for reproducing the experimental fusion data,
e.g., a = 0.75 to 1.5 fm [19–27]. In recent years, the surface
diffuseness anomaly has attracted much attention in heavy-ion
fusion and scattering research field. For example, Ghodsi and
Zanganeh employed the M3Y-type nucleon-nucleon forces
with additional repulsive interactions to calculate the inter-
action potential in the fusion reactions [28]. They found that
the correction effects of these repulsion interactions leads to
an increased value of 0.73 fm for the diffuseness parameter. In
other words, it is suggested that the incompressibility of the
cold nuclear matter could be responsible for the unexpected
behavior of the diffuseness parameter in the fusion process.
In another systematic study, M. Singh et al. [29] proposed
an energy-dependent form for the diffuseness parameter of
WS potential which are phenomenologically parameterized
at the energies around the fusion barrier. Their theoretical
predictions are in good agreement with experimental data
of the fusion excitation functions in the different projectile
and target combinations using the parameterized form of a(E)
supplemented with the coupled-channel effects. The authors
demonstrated that the diffuseness parameter has a decreasing
trend with incident energy, (e.g., for 32,36S + 90Zr the dif-
fuseness parameter decreases from a = 0.97 fm at an incident
energy of Ec.m. = 70 MeV to 0.85 fm at 100 MeV). In addition,
Chushnyakova and Gontchar [30] applied the classical dissipa-
tive trajectory model and varied the diffuseness of the charge
density in the double-folding potential as the consequence of
dynamical effects to explain the abnormally large diffuseness
of the nucleus-nucleus potential. They concluded that the
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anomaly of diffuseness parameter is not in the potential itself
but in the dynamical character of the colliding process.

The microscopic dynamics transport models could be help-
ful for understanding of the anomaly of diffuseness parameter,
since the whole fusion process of a reaction system, e.g.,
the time evolution of density distributions of the system, can
be described self-consistently, without introducing additional
assumptions. During the fusion process, the dynamic effects,
such as the dynamical deformation effects of the reaction
partners, the energy dependence of the nuclear densities, the
nucleon transfer, and the effects of the cold nuclear matter
play an important role, especially in the overlapping region
of the interacting nuclei [31–36]. It is expected that these
dynamical effects strongly influence the surface diffuseness
of the interacting nuclei at the touching configurations. It is
therefore interesting to investigate the behavior of nuclear
surface in the fusion process with a microscopic dynamics
model. In recent years, various dynamical approaches such as
TCSM and TDHF models have been used for calculating the
internuclear potential in the fusion process [37–40]. Another
semiclassical approach to analyze the fusion reactions for
heavy ions has been proposed in the literature [41]. The authors
incorporated quantal zero-point fluctuations of the surface
vibrations in a stochastic approximation. This stochastic
semiclassical model has been employed to calculate fusion
cross sections of Ni isotopes.

In this work, we attempt to explore the physics behind the
anomaly of diffuseness parameter by using the improved quan-
tum molecular dynamic (ImQMD) model for systematically
simulating the fusion processes. As an extended version of
the quantum molecular dynamics (QMD) model, the ImQMD
model was proposed for the study of heavy-ion reactions at
energies around the Coulomb barrier, in which the standard
Skyrme force is adopted for describing not only the bulk prop-
erties but also the surface properties of nuclei, and the Fermi
constraint is used to simulate the effects of antisymmetrization
and to improve the stability of an individual nucleus and
fragments. In addition to successfully describing heavy-ion
fusion reactions at energies around the Coulomb barrier [42–
47], the ImQMD model was also successfully applied to mul-
tifragmentation and multinucleon transfer reactions [48,49].
From the point of view of the semiclassical ImQMD model
based on event-by-event simulations, the sub-barrier fusion is
a process that the rare projectile nuclei surmount rather than
tunnel through the suppressed potential barrier.

The structure of this paper is as follows: In Sec. II, the
framework of the ImQMD model is briefly introduced. In
Sec. III, the time evolution of the nuclear density distributions
at different energies are investigated. In addition, the calculated
interaction potential and the fusion excitation functions are
also presented. Finally, the conclusions are drawn in Sec. IV.

II. FRAMEWORK OF THE ImQMD MODEL

In the ImQMD model, the density distribution function ρ
of a system reads

ρ(r) =
∑

i

1(
2πσ 2

r

)3/2 exp

[
− (r − ri)2

2σ 2
r

]
, (2)

where σr represents the spatial spread of the wave packet.
In fact, each nucleon is represented by a coherent state
of a Gaussian wave packet. The propagation of nucleons
is governed by Hamiltonian equations of motion under the
self-consistently generated mean field,

ṙi = ∂H

∂pi

, ṗi = −∂H

∂ri

, (3)

where ri and pi are the center of the ith wave packet in
the coordinate and momentum space, respectively. The initial
condition is very important in QMD calculations. In the
present work, the preparation of initial nuclei is completely
investigated in Refs. [42,43,45]. The Hamiltonian H consists

of the kinetic energy T = ∑
i

p2
i

2m
, the nuclear interaction

potential energy, and the Coulomb interaction potential energy,

H = T + Uloc + UCoul, (4)

where Uloc = ∫
Vloc(r)dr is obtained from the standard

Skyrme energy density functional,

Vloc = α

2

ρ2

ρ0
+ β

γ + 1

ργ+1

ρ
γ
0

+ gsur

2ρ0
(∇ρ)2

+ gτ

ρη+1

ρ
η
0

+ Cs

2ρ0
[ρ2 − ks(∇ρ)2]δ2 (5)

with isospin asymmetry δ = (ρn − ρp)/(ρn + ρp). UCoul is
the Coulomb interaction potential energy which includes the
contribution of the direct and exchange terms, with the latter
being taken into account in the Slater approximation.

To describe the fermionic nature of the N -body system
and to improve the stability of an individual nucleus the
modified Fermi constraint is adopted. In the Fermi constraint
which was previously proposed by Papa et al. in the CoMD
model [50] and improved very recently in Refs. [48,51],
the phase space occupation probability f̄i of the ith particle
is checked during the propagation of nucleons. If f̄i > 1,
i.e., violation of the Pauli principle, the momentum of the
particle i is randomly changed by a series of two-body elastic
scattering and inelastic scattering between this particle and its
neighboring particles, together with Pauli blocking condition
being checked after the momentum redistribution. In other
words, both the self-consistently generated mean field and
the momentum redistribution in the Fermi constraint which
introduces additional fluctuations and two-body dissipation
affect the movements of nucleons in the simulations. In this
work, we adopt the parameter set IQ3 [47].

III. RESULTS AND DISCUSSIONS

To understand the influence of the dynamical process on the
interaction potential between the reaction partners, we study
the time evolution of the nuclear density distributions of the
projectile and target nuclei. In the present work, we focus
on the fusion reactions 12C + 92Zr, 16O + 92Zr, 28Si + 92Zr,
35Cl + 92Zr, 40Ca + 46Ti, and 16O + 154Sm.

In Fig. 1, we show the time evolution of the density
distributions of the projectile-like and the target-like in
the fusion reaction 40Ca + 46Ti with the impact parameter
b = 0 fm at two different incident energies Ec.m. = 65 MeV
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FIG. 1. Time evolution of density distribution for head-on collisions of 40Ca + 46Ti at two incident energies: (a) Ec.m. = 65 MeV and (b)
Ec.m. = 75 MeV.

and Ec.m. = 75 MeV. Here, the density distribution is averaged
on the fusion events for the head-on collision with the
parameter set IQ3. For this reaction, the most probable barrier
height is 58.4 MeV, according to the barrier distribution
function in the extended Thomas-Fermi approach together
with the Skyrme energy density functional [52]. Here, we show
the density distributions of the reaction system at t = 300, 400,
and 500 fm/c. One can see that the dynamical effects strongly
influence the surface region of the nuclear densities at the neck
side. One should note that the saturation property of the cold
nuclear matter and nucleon transfer play an important role
in the fusion process, whereas the situation is quite different
in the static approach; see, for example, Fig. 1 of Ref. [53].

Comparing the density distributions of the interacting nuclei
at the same time but different incident energies, one sees that
the neck evolution and nuclear surface diffuseness at the neck
side are energy dependent. It is attributed to the increase of the
nucleon exchange between the reaction partners with incident
energy at head-on collisions.

It is expected that the change of the nuclear density
distributions during the fusion process affects the total in-
teraction potential between the projectile and target nuclei.
To understand the influence of the dynamical effects on the
nuclear potential, we show the calculated interaction potential
in Fig. 2 for two fusion reactions 16O + 92Zr and 28Si + 92Zr at
different incident energies as a function of the center-to-center
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FIG. 2. Dynamical nucleus-nucleus potentials for the fusion
reactions 16O + 92Zr and 28Si + 92Zr at different incident energies
Ec.m.. Solid curve denotes the static proximity potential [15].

distance r (in fm) by using the ImQMD model. We create
500 reaction events for head-on collision which for each
event, we evolve the reaction system for a time of 1000 fm/c.
Moreover, the distance between the projectile and the target at
the initial time is set to 40 fm for these reactions. The static
nucleus-nucleus potential from the proximity potential [15]
are also presented for comparison. One should note that
with increasing of the incident energy, the nucleons in the
individual nuclei have not enough time to readjust the density
distributions for lowering the barrier height before the neck
is well formed. In other words, it is expected that the barrier
height of the dynamical nucleus-nucleus potential approaches
to the result under the frozen density approximation at the
incident energies much higher than the Coulomb barrier.

From Fig. 2, we find that the dynamical barrier height
increases with increase of the bombarding energy of the
projectile and gradually reaches the static one. As pointed
before, the fully microscopic density-constrained TDHF is
utilized as a novel approach for calculating the ion-ion poten-
tial [38,39,54,55] which can incorporate all of the dynamical
effects such as neck formation, particle exchange, internal
excitations, and deformation effects into potential [56]. This
model predicts an energy-dependent behavior for interacting

potential in different fusion reactions, including heavy systems
such as 132Sn + 40,48Ca [55] and even in reaction between a
light and heavy nucleus such as 16O + 208Pb [57]. An important
conclusion drawn from those studies is that the height of
the fusion barrier increase by increasing the collision energy.
We also note the capture pocket in the Proximity potential
model [15] is deeper than those obtained from the ImQMD
model.

With the ImQMD model, the fusion cross sections can be
calculated by generating a large number of simulation events
(about 100) at each incident energy Ec.m. and at each impact
parameter b, and counting the number of fusion ones. We
obtain the probability of fusion reaction gfus(Ec.m.,b), by which
the fusion cross section can be calculated [42]

σfus(Ec.m.) = 2π

∫
b gfus db � 2π

∑
b gfus �b. (6)

The initial distance between the projectile and target is taken
to be R = 40 fm for calculating the fusion cross sections. It
is therefore necessary to check the reliability of the model for
the description of the dynamical potential and fusion cross
section, based on the measured fusion excitation functions.
The obtained fusion excitation functions for 12C + 92Zr, 16O +
92Zr, 28Si + 92Zr, 35Cl + 92Zr, 40Ca + 46Ti, and 16O + 154Sm
colliding systems are shown in Fig. 3. One can see that
the fusion data can be reproduced reasonably well with the
ImQMD simulations, especially at energies slightly lower
than the fusion barrier. As a result of the literature, we can
also explain the measured fusion cross sections at below and
above Coulomb barrier energies for different fusion reactions
using the other microscopic approaches such as the DC-TDHF
model—see, for example, Refs. [54,55,57]—whereas, the
theoretical results of the previous studies such as those in
Refs. [28,53] indicate that the standard static approaches
underestimate these data at sub-barrier energies.

Based on the dynamical interaction potential from the
ImQMD model, we extract the corresponding diffuseness
parameter a in the Woods-Saxon potential. Here, the values
of this parameter are determined by fitting the dynamical
potentials with a Woods-Saxon form and varying the param-
eter a around the fusion barrier radii. For each considered
fusion reaction, one can show that the extracted diffuseness
parameters are not very sensitive upon the choice of the
depth and the radius parameters. Therefore, the values of
these parameters are considered fixed to extract the diffuseness
parameter of the WS potential at different incident energies.
Figure 4 shows the trend of the diffuseness parameter a
versus the center-of-mass energy Ec.m. for all of the selected
fusion reactions [19,58,59]. The constant value of a = 0.63 fm
extracted from the scattering data is also given in Fig. 4
by the horizontal dashed lines. We find that the obtained
diffuseness parameter from the ImQMD with the values locate
in the range of 0.83 to 1.17 fm is systematically larger than
0.63 fm. In addition, we note that the extracted values of the
diffuseness parameter have a regular decreasing trend with
the increase of incident energy. As mentioned previously,
the energy dependence of the diffuseness parameter a has
also been examined by Singh et al. [29]. For 12C + 92Zr and
28Si + 92Zr, as an example, we also show the results of Singh
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FIG. 3. Fusion excitation functions for the fusion reactions (a) 12C + 92Zr, (b) 16O + 92Zr, (c) 28Si + 92Zr, (d) 35Cl + 92Zr, (e) 40Ca + 46Ti,
and (f) 16O + 154Sm. The open and solid circles denote the experimental data and the results of the ImQMD model, respectively. The experimental
data are taken from Refs. [19,58,59].

FIG. 4. Extracted diffuseness parameter as a function of incident
energy. In panels (a) and (b), the solid curves denote the results of M.
Singh et al. [29], for example. The estimation error of fitting the WS
potential to the dynamical potentials is less than 10−7.

et al. in Fig. 4 (solid curves) for comparison. We find that
both models give a similar decreasing trend for the energy
dependence of the diffuseness parameter.

IV. CONCLUSIONS

In this work, we have investigated six heavy-ion fusion
reactions with a microscopic dynamics model. The interaction
potentials and fusion cross sections of for 12C + 92Zr, 16O +
92Zr, 28Si + 92Zr, 35Cl + 92Zr, 40Ca + 46Ti, and 16O + 154Sm
are systematically studied by using the improved quantum
molecular dynamics (ImQMD) model under the parameter set
IQ3. We find the following results:

(1) In the time evolution of a fusion system, the dynamical
effects such as nucleon transfer and dynamical defor-
mation strongly influence the density distributions of
the reaction partners, especially the surface region at
neck side when the projectile nuclei approaching the
target.

(2) The dynamical effects lead to a distribution of the
fusion barriers due to the fluctuations and dissipations,
instead of a single barrier from the static approach.

(3) The energy dependence of the interaction potential can
be clearly observed and the measured fusion cross
sections for these reactions can be well reproduced
by using the ImQMD model, without introducing any
additional parameters or assumptions.
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(4) The diffuseness parameter represented in the Woods-
Saxon potential has a regular decreasing trend with the
incident energy at energies around the Coulomb barrier.

(5) The dynamical effects play a key role to the surface
diffuseness anomaly in the heavy-ion fusion reactions.
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