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Background: Reactions involving weakly bound nuclei require formalisms able to deal with continuum states.
The majority of these formalisms struggle to treat collective excitations of the systems involved. For continuum-
discretized coupled channels (CDCC), extensions to include target excitation have been developed but have only
been applied to a small number of cases.
Purpose: In this work, we reexamine the extension of the CDCC formalism to include target excitation and apply
it to a variety of reactions to study the effect of breakup on inelastic cross sections.
Methods: We use a transformed oscillator basis to discretize the continuum of the projectiles in the different
reactions and use the extended CDCC method developed in this work to solve the resulting coupled differential
equations. A new code has been developed to perform the calculations.
Results: Reactions 58Ni(d,d)58Ni∗, 24Mg(d,d)24Mg∗, 144Sm(6Li ,6Li)144Sm∗, and 9Be(6Li ,6Li)9Be∗ are studied.
Satisfactory agreement is found between experimental data and extended CDCC calculations.
Conclusions: The studied CDCC method has proven to be an accurate tool to describe target excitation in
reactions with weakly bound nuclei. Moderate effects of breakup on inelastic observables are found for the
reactions studied. Cross-section magnitudes are not modified much, but angular distributions present smoothing
when opposed to calculations without breakup.
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I. INTRODUCTION

Few-body models have been very successful in describing
nuclear reactions involving weakly bound nuclei, where
breakup probabilities are high and continuum states of these
nuclei influence heavily other relevant reaction channels
such as elastic scattering. Many models able to deal with
these positive-energy states have been developed, such as
continuum-discretized coupled channels (CDCC) [1,2], the
adiabatic approximation [3,4], Faddeev-AGS equations [5,6],
and several semiclassical approximations [7–12].

In most of these models, in particular CDCC, the weakly
bound nucleus is considered to be composed of two sub-
systems, the valence particle and the core, which may be
dissociated during the reaction in a breakup process. These
subsystems are usually considered to be inert at the energies of
interest. This is a good approximation for reactions involving
deuterons, which were the origin of many of these models,
but it is more questionable for more complex systems. For
this reason, extensions to include the collective excitations
of the core subsystem have been developed both for CDCC
[13,14] and Faddeev-AGS equations [15]. These extensions
were able to give proper descriptions of reactions involving
weakly bound nuclei with deformed cores such as 11Be [16]
and 19C [17].

In general, these models also consider that the target is an
inert system without internal degrees of freedom relevant for
the reaction. Possible excitations of the target are assumed to be
effectively included in the fragment-target optical potentials,
rather than explicitly treated. This assumption makes these
models unsuitable to describe excitation of the target or more
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generally any process in which both breakup of one system and
collective excitation of the other may take place concurrently.

However, there exist a variety of measurements in which
weakly bound nuclei collide with nuclei with collective
degrees of freedom which are excited during the reaction,
either due to a big deformation and an associated rotational
spectrum or to the existence of low-energy vibrational levels
[18,19]. These experiments require a consistent description of
both breakup and collective excitation of the target if reliable
information is to be obtained from them.

Extensions to include target excitation in CDCC were
already developed in the 1980s by the Kyushu–Pittsburg
groups [20] and have received some recent attention [21]
but in general have been restricted to deuteron scattering
considering only its s-wave component. Therefore, we find
it timely to reexamine the corresponding formalism and apply
it to more general reactions using the full formalism without
introducing further approximations. In this respect, it must be
remarked that the extension of the Faddeev-AGS equations
which allowed for the inclusion of collective excitations of the
core subsystem also permits the inclusion of target excitation
thanks to the symmetric treatment of target and projectile
which is employed in the Faddeev equations [15]. In this work
we reexamine the extension of the CDCC method to include
target excitation. The outline of this work is the following: in
Sec. II the formalism used for the extension is presented, while
calculations for different low- to medium-energy reactions are
shown in Sec. III. Finally, the summary and conclusions are
presented in Sec. IV.

II. SCATTERING FRAMEWORK

In this section we derive the expression for the coupling
potentials which allow us to treat breakup of the projectile
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and excitation of the collective states of the target on an
equal footing. Although these potentials were already derived
by the Kyushu–Pittsburg group [20], we find it suitable to
present them again here, in order to make this work more
self-consistent noting that we use the j -j coupling scheme,
in contrast to [20], where they employed the L-S coupling
scheme.

In our framework, the projectile is modelled as a two-body
system composed of a core c and a valence particle v, �r being
their relative coordinate. The target is assumed to have some
internal degrees of freedom ξ , which may be excited due to
its interaction with the projectile. The effective Hamiltonian
of the projectile-target system is of the form

H ( �R,�r,ξ ) = T ( �R) + hp(�r ) + ht (ξ ) + Vpt (�r, �R,ξ ), (1)

where �R is the relative coordinate between projectile and
target, T is the kinetic-energy operator of the projectile-target
system, and hp is the internal Hamiltonian of the projectile:

hp(�r ) = T (�r ) + Vvc(�r ), (2)

which depends on the relative coordinate between valence and
core systems. We must remark that, in this formalism, Vvc

may depend on other internal coordinates of core or valence
particle, resulting in eigenstates of the projectile which are a
linear combination of single-particle components. However,
it is assumed here that these internal coordinates will not be
modified by the interaction with the core, so their influence
is reduced to the structure of the projectile and will not
affect the dynamics of the reaction. Thus, they are ignored
in our derivation. Nevertheless, we note that the following
derivation is fully applicable to multicomponent projectile
wave functions, but components with different states of the
core will not be coupled in this formalism.

In Eq. (1), ht is the internal Hamiltonian of the target,
which only depends on collective degrees of freedom, whose
identities will depend on the model chosen to describe the
target. Finally, the interaction potential Vpt is divided in the
interaction between the valence particle and the target Vvt , and
between the core and the target Vct . Both interactions depend
on the relative coordinate between each subsystem and the
target and the internal degrees of freedom of the target; namely,

Vpt (�r, �R,ξ ) = Vvt ( �rv,ξ ) + Vct ( �rc,ξ ), (3)

�rv = �R − γv�r �rc = �R − γc�r, (4)

γv = mc

mc + mv

γc = − mv

mc + mv

. (5)

The projectile wave functions are the eigenfunctions of hp,
and a process of discretization of the continuum is employed
to treat breakup states [2,14,16,22]. The index i is used to
denote the states resulting from this discretization procedure.
The j -j coupling system is chosen to express the projectile
wave functions,

�i
Jp

(�r ) =
∑
l,j,I

ϕi
JpljI (r)

r
[Ylsj ⊗ χI ]Jp

, (6)

where ϕi
JpljI is the radial internal wave function of the

projectile for a definite l (orbital angular momentum of the

valence-core system); �j = �l + �s, where s is the spin of the
valence particle; and I is the spin of the core. Ylsj is the
spin spherical harmonic and χI is the wave function of the
core (core and valence states are assumed to be completely
determined by their spins).

The target wave functions [�n
Jt

(ξ )] are the eigenstates of
ht , depend on ξ , have an angular momentum Jt , and are
completely defined by the quantum number(s) n.

The scattering wave functions are chosen as in
Refs. [14,16,23]:

�JT ,MT
( �R,�r,ξ ) =

∑
β

χ
JT

β (R)

× {[
YL(R̂) ⊗ �i

Jp

(�r )]
J

⊗ �n
Jt

(ξ )
}

JT ,MT
,

(7)

where β denotes all the quantum numbers necessary to define
the channel β = {L,i,Jp,J,Jt ,n}. From now on we will be
using a notation similar to that employed in Refs. [13,14]:

〈R̂,�r,ξ |β,JT MT 〉 = {[
YL(R̂) ⊗ �i

Jp
(�r )

]
J

⊗ �n
Jt

(ξ )
}

JT ,MT
.

(8)

The most important physical ingredients for our calculations
are the coupling potentials:

U
JT

β,β ′ (R) = 〈β,JT MT |Vvt ( �R,�r,ξ ) + Vct ( �R,�r,ξ )|β ′,JT MT 〉.
(9)

It is assumed that both Vvt and Vct can be expanded in
multipoles of �r , such as

Vvt (�rv) =
√

4π
∑
Qq

VQq(rv,ξ )YQq(r̂v), (10)

and likewise for Vct . In some common models for nuclear
excitations, such as the rotational or vibrational models [24],
it is possible to factorize the potential in radial and structure
parts, leading to

Vvt (�rv) =
√

4π
∑
Qq

V
Q
vt (rv)T ∗

Qq(ξ )YQq(r̂v), (11)

where the radial part is V
Q
vt (rv) and T ∗

Qq(ξ ) is an operator with
the same tensorial character as YQq , appropriate to the structure
model used to describe the target.

The coupling potentials (9) can be expressed as

U
JT

β,β ′ (R) = 〈β‖Vvt + Vct‖β ′〉

=
∑


,
′,Q

(−1)Q+JT +J ′+Jt Ĵ Ĵ ′
{
J ′ J ′

t JT

Jt J Q

}

×
⎧⎨
⎩

L′ J ′
p J ′


 
′ Q
L Jp J

⎫⎬
⎭ 1√

4π
L̂
̂〈L0
0|L′0〉

×F

,
′,Q
ββ ′ (R),

(12)

where 6j , 9j symbols and Clebsch–Gordan coefficients appear
as usual and Â = √

2A + 1. Primed quantities refer to the
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initial channel and unprimed ones to the final channel.

, 
′, and Q are the orbital, projectile, and target angular
momentum transferred, respectively, and the radial form

factors F

,
′,Q
ββ ′ (R) do not depend on the orbital angular

momentum L. The expression for these form factors is the
following:

F

,
′,Q
ββ ′ (R) = (−1)J

′
p+
+J ′

t −Jt
√

4πĴpĴ ′
pl̂l̂′ĵ ĵ ′
̂
̂′2Q̂2

∑
α,α′,K,λ

(−1)j
′+j+l+l′+s+I K̂2

(
Q
λ

)

×
(

l′ l 
′
0 0 0

)(
λ K 

0 0 0

)(
Q − λ K 
′

0 0 0

){

′ 
 Q
λ Q − λ K

}{
j ′ j 
′
l l′ s

}

×
{
J ′

p Jp 
′

j j ′ I

}
R

Q,λ,K
α,α′ (R)δI,I ′ 〈Jt ,n‖TQ(ξ )‖J ′

t ,n
′〉, (13)

where 〈Jt ,n‖TQ(ξ )‖J ′
t ,n

′〉 is the reduced matrix element of
TQq as defined in Eq. (11) between the states of the target
{Jt ,n}, {J ′

t ,n
′}; α (α′) is the final (initial) state of the projectile

and includes all quantum numbers necessary for the determi-
nation of the corresponding component α = {i,l,j,I },(

Q
λ

)
=

√
(2Q)!

[2(Q − λ)]!(2λ)!
, (14)

and R
Q,λ,K
α,α′ (R) are defined as follows:

R
Q,λ,K
α,α′ (R) =

∫
ϕ∗

Jp,α(r)ϕJ ′
p,α′ (r)V QK

vt (R,r)Rλ(γvr)Q−λdr,

(15)

where ϕJp,α are as defined in Eq. (6) and α denotes all
the necessary quantum numbers that define the projectile
components. V

QK
vt (R,r) results from the multipole expansion

of V
Q
vt , according to

V
QK
vt (R,r) = 1

2

∫ 1

−1

V
Q
vt (rv)

r
Q
v

PK (u)du, u = R̂ · r̂ . (16)

Equations similar to (15) and (16) apply to the core-target
interaction, replacing Vvt by Vct and γv by γc. For the following
calculations we have chosen the particle-rotor model [24] to
describe the collective excitation of the target nucleus. In
this model we deform a central potential V (0)(r) through the
following transformation:

V (�r,ξ̂ ) = V (0)[r − δ2Y20(ξ̂ )], (17)

and we then perform an expansion in multipoles:

V (�r,ξ̂ ) =
√

4π
∑
Qq

V Q(r)DQ
q0(α′,β ′,γ ′)YQq(r̂), (18)

where

V Q(r) = Q̂

2

∫ 1

−1
V (0)[r − δ2Y20(ξ̂ )]PQ(u)du, u = r̂ · ξ̂ .

(19)

ξ̂ can be interpreted as the orientation of the axis of the rotor,
and α′, β ′, γ ′ are the Euler angles that change from the intrinsic
frame of the rotor to the laboratory system and D is the Wigner
rotation matrix.

In this model the reduced matrix element has a simple form:

〈Jt ,n‖TQ(ξ̂ )‖J ′
t ,n

′〉 = 〈Jt ,K‖DQ∗‖J ′
t ,K〉

= Ĵt
′〈J ′

t KQ0|JtK〉. (20)

It should be noted that, in general, reduced matrix elements
for Coulomb and nuclear parts may differ, so it is necessary to
compute the contribution of both potentials separately. How-
ever, in the particle-rotor model the reduced matrix elements
are the same, while the Coulomb potential multipoles are
expressed based on the reduced multipole electric operators:

V Q(r) =
√

4π

Q̂2

Zte

rQ+1
M(EQ). (21)

III. CALCULATIONS

In this section we present some calculations, focusing on
the angular differential cross section for target excitation and
its interplay with projectile breakup.

A. 58Ni(d,d)58Ni∗

As a test of the formalism, we have tried to reproduce
the results in Ref. [20] for the reaction 58Ni(d,d)58Ni∗ at a
deuteron energy of Ed = 80 MeV. We have followed the same
procedure outlined in Ref. [20], using the same potentials and
discretization procedure. The target is considered only in its
ground (0+) and first-excited (2+) states.

The results are shown in Fig. 1 for the elastic
58Ni(d,d)58Ni(g.s.) (top) and inelastic scattering 58Ni(d,d ′)
58Ni(2+) (bottom), along with those from Ref. [20] (red
squares). For comparison, we include also the experimental
data from Ref. [25] (circles). Since the calculations of Ref. [20]
included only the l = 0 continuum of the deuteron, we include
also our calculation restricted to l = 0 continuum (black
dashed line). It is seen that the agreement between both
calculations is very good, taking this as a validation of the
formalism and its implementation.

In Ref. [20], the lack of l = 2 breakup was alluded to as a
possible reason for the disagreement between the elastic data
and their calculation. We have checked this assumption by
including l = 2 breakup, keeping the same Vpn potential as
for the l = 0 wave. The result (solid lines in Fig. 1) shows that
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FIG. 1. (a) Elastic and (b) 58Ni(2+) excitation angular differential
cross sections for the 58Ni(d,d)58Ni reaction at a deuteron energy of
Ed = 80 MeV. In dashed black a calculation including only l = 0
breakup, while in solid green the calculation includes both l = 0 and
l = 2 breakup. Experimental data are taken from Ref. [25]. As can
be seen, the agreement with the data is improved in the elastic case
when including l = 2 while for the 58Ni(2+) excitation there is only
a slight improvement in the agreement. The red squares correspond
to the calculation from Ref. [20], which includes only l = 0 breakup.
As can be seen in the figure, the agreement with our l = 0 calculation
is excellent.

the agreement is indeed improved for the elastic scattering,
while the inelastic cross section is only slightly modified.

We have also studied the relative importance of breakup
and target excitation on the elastic cross sections, as well as
the influence of breakup on the inelastic cross sections. This
is illustrated in Fig. 2. In the top panel, we show the elastic-
scattering differential cross section calculated with the full
CDCC calculation, i.e., including deuteron breakup and target
excitation (solid line), and the calculations omitting either
target deformation (dot-dashed) or deuteron breakup (dashed
line) and that omitting both breakup and target excitation
(dotted line). In the bottom panel, we compare the full CDCC
calculation with the calculation omitting the breakup channels.
We find that, in accord with Ref. [20], inclusion of breakup
and target excitation results in a significant improvement of
the agreement with the elastic-scattering data, although for
the inelastic scattering cross section 58Ni(2+), the agreement
is only slightly improved. Since this calculation has been
performed as a test of the formalism, we have not pursued
further accordance with experimental data.

B. 24Mg(d,d)24Mg∗

In this section we study the reaction 24Mg(d,d)24Mg∗

leading to the ground and first-excited states of 24Mg. This
reaction was measured at different energies in the range of tens
of MeV [18], from which we focus on the reaction at a deuteron
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+
)

FIG. 2. Same as Fig. 1. The black solid line includes breakup and
target excitation consistently. The red solid line only includes target
excitation, while the blue dash-dotted line includes only breakup.
The green dotted line excludes both target excitation and breakup. It
can be seen that the best agreement with the data is obtained when
including both breakup and inelastic excitation consistently.

energy of 70 MeV. For the deformation parameter of 24Mg we
have chosen a value β = 0.5, in accordance with Ref. [26].
We have performed calculations using Köning–Delaroche
[27] and CH89 [28] parametrizations for p,n-24Mg and the
potential from Ref. [20] for the p-n interaction. The results
of our calculations, as well as those obtained from Faddeev
calculations [26] employing the CH89 parametrization and the
p-n CD Bonn potential [29] are presented in Fig. 3. Although
the calculations differ slightly, all seem to agree equally well
with experimental data. All calculations underestimate the
inelastic cross section at the minimum at 20 degrees, which
may point to some kind of inadequacy in the nucleon-nucleus
interactions used. However, the good agreement between
Faddeev-AGS calculations and those presented here is taken
as proof of the robustness of the CDCC results. It seems as
though a smaller deformation parameter would give a better fit
to the experimental data, as indicated in Ref. [26]. However,
in this same paper different deformation parameters were
found to give best fits to data at different deuteron energies.
Therefore, in this paper we will not try to extract a value for
the deformation parameter of 24Mg beyond confirming the
conclusions in Ref. [26].

In Ref. [26] the inclusion of higher excited states of 24Mg
was suggested but was not calculated due to the computational
cost of the Faddeev calculation. Since the method used here
is less demanding computationally than that used in Ref. [26],
we have performed calculations including the 2+ and 4+ states
of 24Mg, coupled through quadrupolar and hexadecapolar
deformation β4 = −0.017 [30]. The results are shown in Fig. 4.
The effect of the 4+ state is found to be rather small, being
unnoticeable in the elastic cross section and leading to a small
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FIG. 3. Elastic (upper) and 24Mg(2+) excitation (lower) differ-
ential angular cross sections for 24Mg(d,d ′)24Mg∗ at a deuteron
energy of 70 MeV. CDCC calculations are presented using Köning–
Delaroche and CH89 parametrizations. Faddeev calculations are
taken from Ref. [26].

reduction of the cross section at the peak of the inelastic cross
section.

C. 144Sm(6Li ,6Li)144Sm∗

In this section we study the inelastic scattering of 6Li from
144Sm which has been recently measured at energies around
the Coulomb barrier [19]. This reaction has been previously
studied [19] by decoupling target excitation and breakup of
the projectile. First, CDCC was used to calculate breakup and
a folding potential was obtained from this calculation. This
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Exp data 
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FIG. 4. Elastic (upper) and 24Mg(2+) excitation (lower) differ-
ential angular cross sections for 24Mg(d,d ′)24Mg∗ at a deuteron
energy of 70 MeV computed including (violet lines) and excluding
(green lines) the 4+ state of 24Mg, using CH89 (solid lines) and
Köning–Delaroche (dashed lines) parametrizations.

potential was then deformed to account for target excitation.
Due to this decoupling, target excitation and breakup of the
projectile are not treated consistently. Since 6Li is relatively
weakly bound, its breakup is an important process that can
couple to the excitation of the collective degrees of freedom
of 144Sm, so a consistent treatment of both effects might be of
importance to describe this reaction. The extension of CDCC
described in Sec. II allows us to treat both processes on equal
footing. Therefore, we find its application to this reaction to
be suitable and relevant.

We focus on the elastic and inelastic [144Sm(6Li ,
6Li)144Sm∗] angular differential cross section as our observ-
ables of interest. Experimental data exist for four different
incoming 6Li energies: 23, 28, 30, and 35 MeV. This allows
for a certain systematic study of the results obtained.

For the following calculations we have considered 6Li to
be a binary system composed of an inert deuteron and an inert
α particle, so that their excitations and possible breakup are
neglected. For 144Sm only the first 2+ and 3− states have been
considered, with excitation energies of 1.66 and 1.81 MeV,
respectively. The deformation parameters β2 = 0.087 and
β3 = 0.130 [19] have been used to deform the d/α-144Sm
potentials. The reduced Coulomb matrix elements have been
computed from the B(Eλ) probabilities [see, e.g., Eq. (4.4.3)
from Ref. [31] ]:

B(Eλ,Ii → If ) = 1

2Ii + 1
|〈If ‖M(Eλ)‖Ii〉|2, (22)

using the B(Eλ,Ii → If ) values from Refs. [32,33].
The continuum of 6Li has been discretized by using a

transformed harmonic-oscillator basis [34] extending up to
8 MeV and considering only the s and d waves. For the α-d
interaction we have used the potential of Ref. [35], which
includes the deuteron spin and gives a proper description of
both the ground state and the 3+ resonance of 6Li. Due to the
experimental impossibility of distinguishing between the 2+
and 3− states of 144Sm, the inelastic cross sections presented
are the sum of the contributions for both states.

For the d-144Sm and α-144Sm potentials different
parametrizations have been used. In Fig. 5 we present
calculations employing two different sets of potentials.

The red dashed line (Set 1) potential has been constructed
using the São Paulo parametrization [36], both for the α-144Sm
and d-144Sm interactions. Since the energies considered are not
too different, the dependence of the potential on the incident
energy has been neglected. The imaginary part of the potential
was rescaled by a factor Niα for the α-144Sm potential and by
a factor Nid for the d-144Sm potential, in order to reproduce
the elastic-scattering data. A fairly negligible dependence on
Niα was found, therefore a value of Niα = 1 was chosen. For
the d-144Sm potential, a factor of Nid = 0.2 was found to give
a reasonable agreement for all energies considered.

The solid blue line (Set 2) corresponds to a calculation
in which the α-144Sm potential is based once again on the
São Paulo parametrization. The imaginary potential has been
rescaled by using a factor of Niα = 0.78 this time. Meanwhile,
for the d-144Sm potential, we have chosen Perey–Perey global
potential [37], whose imaginary part has been rescaled by using
a factor of Nid = 0.7. This reduction of the imaginary potential
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FIG. 5. Elastic (left) and 144Sm excitation (right) differential an-
gular cross sections for 144Sm(6Li ,6Li)144Sm∗ for incoming energies
of 23, 28, 30, and 35 MeV. The red dashed and solid blue lines
correspond to different α-144Sm and d-144Sm potentials (see text).

for the deuteron inside 6Li has been discussed previously
[38–41]. We find this selection of potentials to give a good
fit to the data at all considered incident energies.

In general we find the inelastic cross section to be quite
insensitive to the selection of potentials, while Set 1 seems
to give a better agreement with the elastic data around the
Coulomb-nuclear interference peak.

We find that the inclusion of target excitation in the calcu-
lations gives a small contribution to the elastic cross section.
This can be seen in Fig. 6, where the solid red line corresponds
to calculations using potentials from Set 1, described above,
including deformation of the target. Meanwhile, the blue
dashed line represents calculations using the same potentials
setting the deformation parameter to 0. As can be seen, both
calculations give very similar results.

To study the effect of breakup in both elastic and inelastic
cross sections we have performed a calculation excluding all
breakup states from the coupled-channel calculation, for which
we have chosen the potentials from Set 2. The results are
shown in Fig. 7, the solid blue line corresponding to the CDCC
calculation including breakup and the green dash-dotted line to
that excluding it. As can be seen in the figure, without breakup,
the elastic differential cross section is underestimated at all
the energies at larger angles, probably due to the exclusion
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FIG. 6. Elastic angular differential cross section for different
incident energies for the reaction 144Sm(6Li ,6Li)144Sm. The red solid
line corresponds to calculations using potentials from Set 1 (see
text) including deformation of the target, while the blue dashed line
corresponds to calculations using the same potentials without target
deformation.

of the resonance at Edα = 0.7 MeV. As for the inelastic
cross section, it is found that the effect of breakup is only
moderate, smoothing the oscillation of the cross section, but
not modifying its magnitude much. It can be seen that the effect
of the breakup states becomes more important with increasing
incident energy but even for the highest energy the agreement
with the data of both calculations is similar.

Since in this particular case the effect of projectile breakup
in target excitation is small, it is plausible to anticipate
that this effect can be accounted for by using an optical
model description of the elastic channel. To assess this, we
have performed a coupled-channel calculation in which the
incident channel is described by means of an optical potential
and so breakup effects are only accounted for effectively.
We have used the Cook potential [42], which we have
deformed employing the deformation parameters indicated
above, assuming a rotor model for 144Sm. The results are shown
in Fig. 7 in order to compare it with the full CDCC calculation
and the calculation without breakup. It is rather remarkable
the good agreement that is obtained for the inelastic cross
section between the full CDCC calculation and the optical
model one: the curves overlap except for a small increase at
intermediate angles for the optical model result. Let us remark
that CDCC and optical model calculations use potentials from
completely different systematics, the only point in common
being the deformation parameters and the rotational model
used for the deformation. In the elastic cross section we can
see that the optical model calculation seems to underestimate
the data at the large-angle tail, probably due to an inadequate
treatment of the 6Li 3+ resonance. This result conclusively
indicates that, for this reaction, the main effect of breakup
states on the 144Sm excitation cross section is to remove flux
from the incoming channel in a way that can be adequately
described with an optical potential.
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FIG. 7. Elastic (left) and 144Sm excitation (right) differential cross
sections for 144Sm(6Li ,6Li)144Sm∗ at different incident energies.
Coupled-channel calculations are presented using potentials from
Set 2 (see text) including (solid blue line) and excluding (dash-dotted
green line) breakup states from the calculation. The dashed brown
line corresponds to optical model calculations using the Cook
potential [42].

With the aim of obtaining a deeper understanding of
the similitude of the calculated inelastic cross sections for
both potential sets for the CDCC calculation and for the
optical model potential we have plotted in Fig. 8 the radial
form factors F

2,0,2
elas, inel(R) corresponding to the 6Li(g.s.) +

144Sm(0+) → 6Li(g.s.) + 144Sm(2+) target excitation for the
CDCC calculations as well as for the deformed Cook potential.
The shaded region corresponds to the range of distances of
closest approach, assuming a classical Coulomb trajectory,
for scattering angles between 50 and 150 degrees (which
corresponds to the angular range spanned by the data) at
an incident energy of 30 MeV. It is seen that, within this
radial range, the coupling potential is dominated by the its
real part, which turns out to be very similar in the three cases.
Much larger differences are observed in the nuclear interior
(see inset) but, due to the combined Coulomb and centrifugal
barriers, the direct reaction channels will not be sensitive to
these short distances. This may explain why different potential
sets (even the considered deformed optical model potential)
give rise to similar inelastic cross sections. From the calculated
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FIG. 8. Coupling potential F 2,0,2
elas,inel for the 6Li(g.s.) +

144Sm(0+) → 6Li(g.s.) + 144Sm(2+) inelastic transition, computed
from CDCC calculation with Sets 1 and 2 and with the deformed
6Li +144Sm potential, using Cook’s parametrization. An incident
energy of 30 MeV has been considered. The shaded area corresponds
to the distances of closest approach corresponding to Coulomb
trajectories leading to scattering angles from 50◦ to 150◦, the range
spanned by the considered experimental data [19].

differential cross sections (Fig. 7), one can see that the largest
differences appear at backward angles, which correspond to the
smallest projectile-target separations and hence to an enhanced
sensitivity to the nuclear interior.

D. 9Be(6Li ,6Li)9Be∗

In this last section, we have performed calculations for the
reaction 9Be(6Li ,6Li)9Be at an incident energy of 20 MeV. We
present calculations for the cross sections of elastic scattering;
excitation to the 5/2− resonant state of 9Be at Ex = 2.43 MeV,
and excitation to the resonant state of 6Li with Ex = 2.19 MeV
and Jπ = 3+, for which experimental data exist [43].

Notice that, in this case, excitation to the 5/2− state of
9Be does actually correspond to breakup, but in order to
accommodate this reaction into our three-body reaction model,
we treat this state as a collective excitation, assuming a rotor
model for 9Be and a deformation length of δ2 = 2.5 fm,
following Ref. [43]. 6Li is treated as a binary system composed
of a deuteron and an α particle as in the previous section.

The α-d interaction is the same as in the previous section.
As for the α-9Be interaction, the potential from Ref. [44] has
been chosen. Due to the difficulty of including the spin-orbit of
the fragment-target interaction in the CDCC calculations, the
α-9Be spin-orbit term has been applied to the whole 6Li -9Be
system, following the prescription of Ref. [45].

Finally, the d-9Be potential has been obtained by folding the
ground state of the deuteron with p-9Be and n-9Be interactions.
For the p-9Be interaction the potential of Ref. [46] has been
used. Although this potential was derived for neutrons, we
found a small dependence of the observables on it. Therefore,
this prescription has been chosen for convenience. For the
n-9Be potential, two prescriptions have been used. In Fig. 9,
the magenta dashed line corresponds to Vn9Be from Ref. [46],
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FIG. 9. Cross sections for (a) elastic scattering and (b) excitation
of 9Be (Ex = 2.43 MeV, J π = 5/2−) and of (c) 6Li (resonant state at
Ex = 2.19 MeV, J π = 3+). Two sets of potentials are presented (see
text).

while the green solid line corresponds to the parametrization
from Ref. [47], which gives a more precise description
of the n-9Be system at low energies. It is seen that both
potentials give similar cross sections up to 50◦–60◦, but differ
afterwards finding that the potential from Ref. [47] gives a
better agreement with the experimental data.

We find a reasonable agreement between the calculations
and the experimental data for the excitation of 6Li while the
calculation for excitation of 9Be presents a structure which is
not seen in the data, although the magnitude of the cross section
is properly reproduced. It is also found that our calculations
underestimate the elastic-scattering data for larger angles.

It must be noted that this is a very challenging reaction
since both projectile and target nuclei are weakly bound
and display a three-body structure (α + p + n, for 6Li and
α + α + n for 9Be) so a proper treatment of this reaction
would require, at least, a six-body reaction model. Clearly, this
is beyond the capabilities of our reaction model. Moreover,
the excited state of 9Be included in our calculations (5/2−)
is actually unbound so its approximation by a discrete
collective (rotational) state is only a simple way of modeling
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FIG. 10. Cross sections for (a) elastic scattering and (b) inelastic
scattering of 9Be (Ex = 2.43 MeV,J π = 5/2−) and of (c) 6Li
(resonant state at Ex = 2.19 MeV, J π = 3+). Calculations have been
performed using the potential from [47] for Vn−9Be. The rest of the
potentials are those indicated in the text. The dark-green solid line
corresponds to the full calculation, while the red dot-dashed line
excludes states in which 9Be is in its excited state simultaneously
with 6Li being in a breakup state. The blue dashed line excludes all
states with 9Be in its excited state while the green dotted line excludes
all breakup states of 6Li.

this complicated reaction in terms of a three-body reaction
problem. Furthermore, as shown in Ref. [43], compound
nucleus and heavy-cluster transfer might play a significant role
in the studied observables. All these factors make deviations
from the data not unexpected. Despite these limitations,
we consider this to be a meaningful example, due to the
existence of experimental data for the excitation of both
projectile (6Li) and target (9Be) nuclei, so these two excitation
mechanisms can be studied simultaneously in the present
framework, of course, within our assumed three-body reaction
model.

To study the effect of breakup, target excitation and their
interplay we have performed calculations excluding different
channels. The results are shown in Fig. 10. In it the dark-green
solid line corresponds to the full calculation, while for the red
dot-dashed line the states in which 9Be is in its excited state
and 6Li is in a continuum state at the same time have been
excluded. For the dashed blue line, the excitation of 9Be has
been omitted while for the dotted green line no breakup states
of 6Li have been included.
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It is remarkable that the effect of the states where both 9Be
and 6Li are excited (which we may call mutual excitation) is
quite important for all cross sections presented, as can be seen
on the red dot-dashed line, which gives an increase in all cross
sections, particularly in the cross section corresponding to the
excitation of 9Be. While the effect of the mutual-excitation
states would be expected to be small, it is however found to
be quite relevant to the cross section, smaller than the effect of
the direct breakup of 6Li (as can be seen comparing the green
dotted and red dot-dashed lines) but quite more relevant than
the excitation of 9Be without simultaneous breakup of 6Li, as
is highlighted by the similarity between the red dot-dashed and
blue dashed lines.

IV. SUMMARY AND CONCLUSIONS

The extension of the CDCC method to include excitation of
collective degrees of freedom of the target has been revisited
without any approximation apart from those inherent to the
CDCC method. The formalism has been implemented in a
computer code and applied to a number of reactions, induced
by deuterons and 6Li.

For the reaction d + 24Mg our results reproduce very well
those obtained with the more sophisticated Faddeev-AGS
method. For 6Li +144Sm the calculations reproduce very nicely
the inelastic cross sections at four different energies, although
the reproduction of the elastic-scattering data required a
readjustment of the deuteron-target potential, in accordance
to previous findings. Furthermore, the 6Li breakup was found
to play only a minor role on the inelastic cross sections and
these effects seem to be equally well accounted for using a
optical-model description of the elastic channel. Finally, for
the reaction 6Li +9Be the effects of the interplay of target
excitation and projectile breakup seem to be more important
than in the previous reactions, probably due to the lighter
masses and the lower beam energy, which leads to a longer
interaction time, although the agreement with experimental
data is far from perfect.

The method developed here has potential applications in
several problems of timely interest. For example, it could be
used to study the simultaneous influence of projectile breakup
and collective excitations of the target on fusion and transfer
cross sections in reactions induced by weakly bound projectiles
on deformed targets.
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APPENDIX: Q = 0 REDUCTION

In this Appendix, we calculate the expressions correspond-
ing to Q = 0 from the formulas presented in Sec. II and prove
that they reduce to the standard CDCC expressions without
target excitation as can be found for example in Ref. [23]. It
must be noted that when Q = 0 there is no target excitation
but the projectile can still break in this formalism.

We start by noting that Eq. (16) and (15) are reduced to

V 0K
vt (R,r) = 1

2

∫ 1

−1
Vvt (rv)PK (u)du, (A1)

R
0,0,K
α,α′ (R) =

∫
ϕ∗

Jp,α(r)V 0K
vt (R,r)ϕJ ′

p,α′ (r)dr, (A2)

using the notation described in Sec. II and the fact that λ � Q.
Next we perform the reduction of Eq. (13) using the

properties of 3j and 6j symbols:(
0 A B
0 0 0

)
= (−1)A

δAB

Â
, (A3)

{
A B C
D E 0

}
= (−1)A+B+C δAEδBD

ÂB̂
, (A4)

and the reduction of Eq. (20)

〈Jt ,n‖T0(ξ̂ )‖J ′
t ,n

′〉 = Ĵt
′〈J ′

t K00|JtK〉 = Ĵt
′
δJ ′

t Jt
, (A5)

which also indicates that for every model used to characterize
the target we must require 〈Jt ,n‖T0(ξ̂ )‖J ′

t ,n
′〉 = Ĵt

′
δJ ′

t Jt
. The

reduction yields

FK
ββ ′(R) = (−1)J

′
p+K

√
4πδ
,
′,K ĴpĴ ′

pl̂l̂′ĵ ĵ ′K̂2Ĵt
′

×
∑
α,α′

(−1)j
′+j+l+l′+s+I

(
l′ l K
0 0 0

)

×
{
j ′ j K
l l′ s

}{
J ′

p Jp K

j j ′ I

}
R

0,0,K
α,α′ (R)δI,I ′ .

(A6)

Now for the reduction of Eq.(16) we need the reduction of 9j
symbols:⎧⎨
⎩

A B C
D E 0
F G H

⎫⎬
⎭ = (−1)G+A+C+D δDEδCH

D̂Ĉ

{
A B C
G F D

}
,

(A7)

leading to

U
JT

β,β ′ (R) =
∑

K,K,0

δJJ ′δJt J
′
t
δ
,
′,K (−1)Jp+J+L′+LL̂L̂′

× 1√
4π

{
L Jp J
J ′

p L′ K

}(
L L′ K
0 0 0

)
FK

ββ ′(R).

(A8)

Both of these expressions can be shown to be equivalent
to those found in Ref. [23], although the comparison is
not straightforward and requires some angular-momentum
algebra.
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