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Improved empirical parameterization for projectile fragmentation cross sections
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A new empirical parametrization is developed for calculating the fragment cross sections in projectile
fragmentation reactions at high energies (>100 MeV/nucleon). The new parametrization, FRACS, consists
of two main parts, i.e., the mass yield and the isobaric distribution, on the basis of previous parametrizations. The
formalism for the mass yield is improved to describe the target and the projectile energy dependences observed
in measured fragmentation cross sections. The parametrization of the isobaric distribution is also modified to
reproduce recent experimental data. Furthermore, an additional term is proposed and first implemented in the
FRACS parametrization to account for the evident odd-even staggering effect observed in many experimental
cross sections. Comparisons with extensive cross sections measured in various fragmentation reactions reveal
that FRACS is in much better agreement with experimental data and can reproduce measured cross sections in
most cases within a factor of 1.84, which is a much smaller rms deviation as compared to that of the recent
parametrization EPAX3.
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I. INTRODUCTION

Since the pioneering experiments at the Lawrence Berkeley
Laboratory [1–3], projectile fragmentation has been widely
used to produce and study radioactive beams of exotic nuclei
far from stability at present nuclear facilities around the world
[4]. For example, a large number of fragmentation reactions
at high energies (>100 MeV/nucleon) have been measured
at the Fragment Separator (FRS) at GSI [5–15], the A1900
separator at MSU [16–18], and the RIBLL-CSR facility at
IMP [19,20] by using a time-of-flight detector [21]. Projectile
fragmentation is also one of the most important techniques
for future experiments at next generation radioactive beam
facilities, e.g., FAIR at GSI [22], FRIB at MSU [23], and
HIAF at IMP [24]. Furthermore, fragmentation reactions play
an important role in modeling of cosmic-ray propagation in
the galaxy and cancer therapy using heavy ions [25,26].

For designing nuclear physics experiments as well as
applications in astrophysics and medical therapy, an accurate
prediction of fragmentation cross sections is essential. Because
the statistical model calculations can be rather time consuming,
a fast and accurate empirical parametrization of fragmentation
cross sections is very useful for the above applications. Based
on previous works by Rudstam [27] and Silberberg and Tsao
[28–30], Sümmerer et al. proposed a universal empirical
parametrization of fragmentation cross sections called EPAX
[31]. This original EPAX parametrization was mainly fitted
to the measured proton-induced spallation cross sections,
due to the lack of experimental data from heavy-ion-induced
fragmentation reactions at that time. It was revised in 2000 [32]
and 2012 [33] when more heavy-ion-induced fragmentation
data became available.

*meibo@impcas.ac.cn

It seems that the latest version of the EPAX parametrization,
EPAX3 [33], is in much better agreement with experimental
data, especially for very neutron-rich fragments. However,
very large discrepancies remain for some neutron-rich frag-
ments. For instance, cross sections of the neutron-rich Tl, Hg,
and Au isotopes, produced by 208Pb fragmentation on a natCu
target [7] as well as a 9Be target [14], were severely under-
estimated by EPAX3 [33]. In addition, large discrepancies
were observed for the I, Pd, and Rh isotopes, produced by
136Xe fragmentation on a 9Be target [11]; see Ref. [33]. These
discrepancies occur because their isotopic distributions were
not properly described by EPAX3. Therefore, the accuracy of
the EPAX3 parametrization should be improved, in particular
for fragments far from stability, where very large discrepancies
have been observed.

In the EPAX parametrization, the so-called “limiting
fragmentation” was assumed to be valid; see Refs. [31–33]
for details. According to this assumption, the cross sections
of fragments become independent of the bombarding energy
and only depend on the target through a geometrical scaling
factor in the high-energy limit of fragmentation reactions,
which forms the basis for EPAX. However, recent experimental
data measured at energies around 100 MeV/nucleon show
a strong target dependence [34,35], especially for nuclei far
from stability. In addition, an energy dependence has also
been suggested for fragmentation reactions at energies below
200 MeV/nucleon [36], based on recent experimental data.
The breakdown of the limiting fragmentation assumption
demonstrates that further improvements of the parametrization
are required to accurately predict the fragment cross sections,
where the observed target dependence, except in the geomet-
rical factor, as well as the energy dependence should be taken
into account.

Experimental fragment cross sections (yields) exhibit a
pronounced odd-even staggering (OES), which means an
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enhanced production of even-Z nuclides compared with
the neighboring odd-Z nuclides. This OES effect has been
experimentally observed in many different fragmentation
reactions with various projectile-target combinations (see,
e.g., Refs. [5,19,20,37–46]). Studies in Refs. [39,41,47]
indicate that this OES is related to pairing correlations in
nuclear binding (separation) energies. Recent experimental
investigations reveal that this OES is mainly due to the OES
in particle-emission threshold energies (PETE), where the
strong impact of both nuclear pairing and shell structure exists
[19,20]. However, this evident OES effect in fragment cross
sections is not considered in the EPAX parametrization. As a
result, EPAX may underpredict the cross sections of even-Z
fragments and overestimate those of odd-Z ones.

To accurately predict the fragment cross sections and
remove the large discrepancies between the EPAX predictions
and measured cross sections, a new empirical parametrization,
called FRACS, is proposed on the basis of EPAX. This new
parametrization mainly consists of two parts, namely, the
mass distribution and the isobaric distribution, very similar
to the EPAX parametrization. In FRACS, an improved mass
distribution, where the target dependence as well as the energy
dependence are taken into account, is developed by fits to a
large set of experimental data from a large variety of fragmen-
tation reactions with different projectile-target combinations at
various energies above about 100 MeV/nucleon. Furthermore,
the isobaric distribution from EPAX is modified to achieve a
much better agreement with the measured data. Last, but not
least, a new OES correction term is added in the FRACS
parametrization to account for the OES effect observed in
many measured cross sections.

In the following, the basic equation of FRACS will be
introduced first and then different terms in this equation,
including the mass yield, the isobaric distribution, additional
corrections for very proton- and neutron-rich fragments,
and the OES term will be described separately. After this,
predictions by FRACS will be compared with experimental
data used in the fitting procedure. Next, predictions by FRACS
will also be compared with other experimental data to check
the validity of FRACS as well as its parameters. Finally, the
overall quality of the new parametrization will be studied.

II. FRAGMENTATION CROSS SECTION FORMULA

A. Basis of parametrization

The analytical formulas for residue cross sections in both
spallation and fragmentation reactions were first proposed by
Rudstam [27] and later improved by Silberberg and Tsao
[28–30] as well as Sümmerer et al. [31]. According to
their parametrizations, the basic equation for calculating the
production cross section of a final fragment with mass number
A and nuclear charge Z is

σ (A,Z) = Y (A)Y (Zprob − Z). (1)

The mass yield Y (A) is the sum of all isobaric cross sections
with fragment mass A. The isobaric distribution Y (Zprob − Z)
represents the distribution of elemental cross sections with a
given mass A and its maximum value is reached at the most
probable charge, Zprob. By using Eq. (1), Sümmerer and Blank

developed a modified EPAX parametrization for fragmentation
reactions [32], based on heavy-ion-induced reaction data, and
it was improved by Sümmerer in a recent work [33].

For heavy-ion-induced fragmentation reactions at high en-
ergies, Y (A) can be approximated by an exponential function
of mass differences between the projectile and fragments,
(Ap − A). In EPAX, the slope of this exponential depends
only on the projectile mass but is independent of the target and
the bombarding energy [31–33], following the hypothesis of
limiting fragmentation. However, this is mainly based on the
model and experimental results for proton-induced spallation
reactions; see Ref. [31]. Since the slope factor has a significant
impact on the prediction of mass yields and thus on the
predicted fragment cross sections, the possible dependence
on the target and bombarding energy is investigated in this
work. Based on recent experimental fragmentation data, a new
parametrization function is developed for the slope factor in
mass yields. After this, parametrizations for both Y (A) and
Y (Zprob − Z) are improved in order to accurately predict the
fragmentation cross sections. At last, a new OES term �OES is
proposed and the smooth analytical formula [Eq. (1)] should
be corrected by this OES term. The corrected cross section is

σ (A,Z) = Y (A)Y (Zprob − Z)�OES(A,Z). (2)

The new parametrization FRACS is based on Eq. (2). In
the following, details of different terms used in the FRACS
parametrization will be introduced separately.

B. FRACS parametrization

1. Mass yield

According to many previous empirical parametrizations
(see, e.g., Refs. [27–33]), the mass yield Y (A) decreases
exponentially with increasing (Ap − A), which is also in very
good agreement with fragment cross sections measured at high
energies. By applying the multiple scattering theory, a simple
analytical expression for Y (A) was derived by Abul-Magd,
Friedman, and Hüfner [48]:

Y (A) = σRP exp[−P (Ap − A)], (3)

where P is the slope of this exponential and σR is the
geometrical scaling factor. This equation, which is very similar
to mass yield formulas used by Rudstam [27] and by Silberberg
and Tsao [28–30], has been adopted in EPAX [31–33] and is
also applied in this work.

Recently, many comprehensive data sets of cross sections
have been measured for fragmentation reactions with various
projectile-target combinations at different energies (see, e.g.,
Refs. [12,16]). Experimental mass yields can be derived from
these complete cross sections. To reproduce these mass yields
measured in various reaction systems, a new parametrization
of the slope P is developed:

P = p1/Ap + p2/
(
A

1/3
t A1/2

p

) + p3/(AtEp)

+p4At log10(Ep/100) + p5, (4)

where Ap and At are the projectile and target mass numbers,
respectively, and Ep is the projectile energy in MeV/nucleon.
In this expression, the slope P is not only a function of the
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FIG. 1. Mass yields for fragments produced in projectile frag-
mentation of 64,58Ni and 48,40Ca on 9Be (open squares) and 181Ta
(filled circles) targets at 140 MeV/nucleon [16]. Experimental data
are compared with predictions by FRACS (full and dash-dotted lines
for Ta and Be targets, respectively) as well as EPAX3 (dashed and
dotted lines for Ta and Be targets, respectively). For clarity, all Be
target data have been scaled by a factor of 0.5. The relative uncertainty
of most experimental data is around 10%.

projectile mass Ap but also a function of the target mass At

and the projectile energy Ep. This new parametrization for P
is in very good agreement with experimental data measured in
different fragmentation reactions (see below).

Considering the peripheral nature of fragmentation reac-
tions, the geometrical scaling factor in EPAX mainly depends
on the sum of the projectile and target radii (A1/3

p + A
1/3
t )

[31–33]. After the inclusion of an energy dependence and a
neutron excess dependence, the new scaling factor used in
FRACS is parametrized as

σR = s1
[
A1/3

p + A
1/3
t + s2(Ap − 2Zp)Zt/(ApAt )

+ s3ApAt log10(Ep/100) + s4
]

barn, (5)

where Zp and Zt are the projectile and target atomic numbers,
respectively, and Ep is the projectile energy in MeV/nucleon.

For fragments far away from the projectile, predictions
by Eqs. (3)–(5) are in very good agreement with measured
mass yields; see Fig. 1. However, a correction is required to
reproduce the rapid increase of the mass yields for fragments
very close to the projectile. Therefore, the following correction
has been introduced for fragments with A/Ap > 0.95:

Y ′(A) = Y (A)[1 + y1Ap(x − y2)2], (6)

where x = A/Ap.
Figure 1 illustrates the comparison of measured mass yields

for fragmentation of 64,58Ni and 48,40Ca projectiles on 9Be and
181Ta targets at 140 MeV/nucleon [16] with predictions by
FRACS [see Eqs. (3)–(6)] and EPAX3. One can clearly see
that FRACS can reproduce the slope of mass yields for both
heavy Ta and light Be targets, and mass yields predicted by
FRACS are in very good agreement with these measured data.

EPAX3 also agrees well with the Be target data, despite a
small discrepancy for fragments near the projectile. However,
EPAX3 cannot reproduce the slope P for almost all Ta target
data and thus there are very large discrepancies between
the EPAX3 predictions and the Ta target experimental data.
Obviously, FRACS is in much better agreement with measured
mass yields than EPAX3, especially for the heavy Ta target
data.

It should be mentioned that it is hard to describe the mass
yields over a large range of A with a simple exponential
function of (Ap − A) for fragmentation reactions at lower
energies (<100 MeV/nucleon); see, e.g., Refs. [36,49]. Thus,
a large deviation may occur when the above equations are ap-
plied for fragmentation reactions at energies much lower than
100 MeV/nucleon. Similar to EPAX3, this parametrization is
restricted to low-fissility systems, where the projectile mass
number should be less than about 210.

2. Isobaric distribution

The isobaric (charge) distribution shows Gaussian-like
shapes, except for fragments close to the projectile, which are
governed by the statistical evaporation from excited prefrag-
ments. In this work, the isobaric distribution is based on the
EPAX3 parametrization, while some important modifications
are introduced to obtain a much better agreement with exten-
sive experimental data. The charge distribution of fragments
with a given mass A around the most probable charge Zprob is
parametrized according to the following formula [27–33]:

Y (Zprob − Z) = n exp(−R|Zprob − Z|U ). (7)

The normalization factor n = √
R/π is applied to normalize

the integral of the charge distribution to unity. As shown in
Eq. (7), Y (Zprob − Z) is dominated by three parameters: the
width R, the most probable charge Zprob, and the exponent U .
Because the charge distribution is asymmetric on the neutron-
and proton-rich sides, the parameter U has two different
values, Un and Up, on the neutron- and proton-rich sides, re-
spectively. In order to reproduce measured fragmentation cross
sections, improved parametrizations have been developed for
the above parameters, which will be discussed separately in
the following.

a. Most probable charge Zprob. According to the
parametrization used in EPAX3 [33], the most probable charge
Zprob can be expressed as

Zprob = Zβ + � + �m, (8)

where the β-stable charge Zβ is approximated by a function
of the mass number A

Zβ = A/(1.98 + 0.0155A2/3). (9)

For projectiles near β stability, the sum (Zβ + �) defines
the so-called evaporation corridor, where the fragments end
up after evaporations from excited compound nuclei. This
evaporation corridor is similar to the evaporation attractor line
proposed in Ref. [50]. The last term �m accounts for the
memory effect, which has two different values �

p
m and �n

m for
projectiles on the proton- and neutron-rich sides, respectively.
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In EPAX3, � is a linear function of the fragment mass
for heavy fragments [33]. Compared to EPAX3, higher-order
terms are added in the FRACS parametrization of � for heavy
fragments with mass A � 72, and thus

for A � d6, � = d1 + d2A + d3A
2 + d4A

3,

for A < d6, � = d5A
2.

(10)

According to experimental data, Zprob becomes close to Zp for
fragments close to the projectile and a correction is needed for
�. Similar to EPAX3, � has to be corrected according to

�′ = �[1 + d7(x − d8)2], (11)

for fragments with A/Ap > d8.
Finally, additional corrections �

p
m and �n

m are required for
the proton-rich and neutron-rich projectiles, respectively. The
same functions have been used as in EPAX3 [33]:

�p
m = (Zp − Zβp) exp(dp1 + dp2x), (12)

for proton-rich projectiles with (Zp − Zβp) > 0, while

�n
m = (Zp − Zβp)(dn1x

2 + dn2x
4), (13)

for neutron-rich projectiles with (Zp − Zβp) � 0. The β-stable
charge for the projectile Zβp can be calculated by Eq. (9).

b. Width parameter R. In EPAX3 [33], the width parameter
R has been approximated by a simple exponential function of
the fragment mass number A only. To improve the description
of recent experimental data, the exponential function is
modified in this work:

R = R0 exp[r1A + r2A
2 + (r3 + Zp − Zβp)(r4 + r5x)].

(14)

Thus, the exponential term in Eq. (14) also depends on the
distance of products from the projectile (x = A/Ap) as well
as the proton or neutron excess of the projectile (Zp − Zβp).

According to EPAX3 [33], charge distributions are a bit
wider for fragments from neutron-rich projectiles, and thus R0

has two different values Rn
0 and R

p
0 for neutron- and proton-

rich projectiles, respectively. The same expressions proposed
in EPAX3 are adopted in FRACS:

Rn
0 = r0 exp[r6(Zp − Zβp)], (15)

for neutron-rich projectiles, and

R
p
0 = r0 exp[r7(Zp − Zβp)], (16)

for proton-rich projectiles.
Finally, an additional correction is introduced for fragments

close to the projectile considering their much narrower charge
distributions. Compared to EPAX3, a modified correction
function is obtained in FRACS by fitting to recent experimental
data:

R′ = R exp{[r8 + r9(Zp − Zβp)]
√

Ap(x − r10)3.2}, (17)

which also depends on the proton or neutron excess of the
projectile.

c. Exponent parameters Un and Up. Two exponent param-
eters Un and Up, which control the falling shapes of charge
distributions for fragments on neutron- and proton-rich sides,
respectively, are taken as constants in EPAX3. In order to

achieve much better predictions for recent experimental data,
modified parametrizations are proposed for Un and Up,

Un = un1 + un2(A/Ap) + un3Ap, (18)

Up = up1 + up2 ln(R), (19)

respectively, where Un depends on the fragment and projectile
masses, and Up depends on the width parameter R.

3. Corrections for very proton- and neutron-rich fragments

In EPAX3 [33], the quasi-Gaussian shape of the charge dis-
tribution turns into an exponential decay beyond a certain tran-
sition point Zexp for proton-rich fragments. The same correc-
tion is adopted in FRACS and the corrected parametrization is

σ ′(A,Z) = σ (A,Zexp)10[l1+l2(A/2)0.3](Zexp−Z), (20)

for fragments with Z > Zexp, where the transition point to the
exponential slope is calculated by

Zexp(A) = Zprob + [l1 + l2(A/2)0.3] ln(10)/(2R). (21)

For neutron-rich fragments from neutron-rich projectiles,
a so-called “brute-force factor” is required as proposed in
EPAX3 [33]. This downscale factor is proposed as follows:

Fn
bf = 10[−bn1|Zp−Zβp |(Zβ−Z+Zp−Zβp+bn2)3]. (22)

This factor is applied for neutron-rich fragments where (Zβ −
Z) > (Zp − Zβp + bn2).

The numerical values of various constants used in the above
equations, which are determined by fits to extensive cross
sections measured in various fragmentation reactions with
different projectile-target combinations, are listed in Table I.

4. Nuclear structure factor: Odd-even staggering

Although the above equations can describe well the
general smooth tendency of fragmentation cross sections, it
is important to consider the odd-even staggering in order
to accurately predict these cross sections. Many data sets
measured in various fragmentation reactions indicate that
fragment cross sections or yields present a strong OES,
especially for light fragments (Z < 40) close to the drip lines
(see, e.g., Refs. [5,19,20,37–46] and references therein). The
origin of this OES effect has also been explored in many studies
(see, e.g., Refs. [19,20,39,41,42,45,51,52]). According to these
studies, the OES seems to be associated with the de-excitation
of the prefragments in the late evaporation process, when the
fragments become cooling down in order to exhibit the nuclear
structure effect, and the angular momentum correlation during
the deexcitation process may also contribute to this OES effect.
In particular, recent experimental studies in Refs. [19,20]
reveal that this OES effect in fragment cross sections (yields)
is dominated by the OES in the particle-emission threshold
energies (PETE), where all particle decays cease and the
final fragments are formed in the evaporation process. These
observations are in good agreement with theoretical models
of Campi and Hüfner [53] and Hüfner et al. [54]. The PETE
value (Spete) is determined from the smallest value of either
the proton separation energy (Sp) or the neutron separation
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TABLE I. Constants used in the new parametrization FRACS.

Parameter Constant Value

Mass yield slope P p1 2.0
p2 0.60
p3 15.0
p4 5.0 × 10−5

p5 −0.01
Scaling factor σR s1 0.272

s2 −8.0
s3 4.00 × 10−5

s4 −1.60
Mass yield correction y1 10.0

y2 0.95
Zprob shift � d1 −1.40

d2 0.03447
d3 3.5 × 10−5

d4 −1.5 × 10−7

d5 2.1353 × 10−4

d6 72
d7 −24
d8 0.8

p-rich memory effect �p
m dp1 −10.25

dp2 10.25
n-rich memory effect �n

m dn1 0.4
dn2 0.6

Width R r0 2.78
r1 −0.015
r2 3.2 × 10−5

r3 −1.5
r4 −0.12
r5 0.2041
r6 0.0412
r7 0.124
r8 45.5
r9 −11
r10 0.855

n-rich slope Un un1 1.26
un2 0.6
un3 −6.0 × 10−4

p-rich slope Up up1 2.1
up2 −0.16

n-rich brute-force factor bn1 2.3 × 10−3

bn2 2.4
p-rich transition point l1 1.2

l2 0.647

energy (Sn) of one particular fragment, which contains nuclear
structure properties, e.g., nucleon-nucleon pairing and shell
effects [19,20]. The emission of α particles is not considered
in the determination of the PETE value for the light fragments,
where a strong OES in fragment cross sections has been
observed. This is supported by the good agreement with
experimental data (see below). According to the most recent
investigations in Ref. [20], the magnitude of this OES in
fragment cross sections is very close to that in PETE when
the Coulomb barrier is added to Sp. Similar conclusions are
obtained for spallation reactions in Ref. [55]. Based on the
above experimental and theoretical studies, the magnitude of

OES in fragment cross sections (DCS) can be approximated by
that in the PETE values (DPETE), namely,

DCS(A,Z) ≈ DPETE(A,Z). (23)

DPETE(A,Z) for one particular fragment with an isospin value
Tz = (N − Z)/2 can be calculated from PETE values of four
neighboring fragments along a constant Tz chain, using the
following third-order difference formula [19,20]:

DPETE(Z) = 1
8 (−1)Z+1{ln Spete(Z + 3) − ln Spete(Z)

− 3[ln Spete(Z + 2) − ln Spete(Z + 1)]}.
(24)

By using this formula, one can also calculate DPETE(A,Z)
from PETE values of four neighboring fragments with a
constant A value. In general, DCS(A,Z) can be approximated
by DPETE(A,Z) values calculated by both methods, while the
variation of Spete is much slower for fragments along a constant
Tz chain and this chain is far longer than the isobaric (constant
A) chain. Thus, it is more suitable to derive DPETE(A,Z) along
a constant Tz chain, which is also in very good agreement with
DCS(A,Z) measured in fragment cross sections (see below).

The magnitude of OES in fragment cross sections can also
be calculated by Eq. (24), where the PETE values should be re-
placed by cross sections (yields) of four neighboring fragments
along a constant Tz chain (see, e.g., Refs. [19,20,56,57]). The
derived magnitude value DCS means that the natural logarithms
of cross sections of even-Z fragments are larger than the
smooth part by an amount DCS and those of odd-Z fragments
are less than the smooth part by DCS [56,57]. Supposing that
σsmooth(A,Z) is the smooth part of the cross section without
OES, one can get the following equation:

ln σ (A,Z) = ln σsmooth(A,Z) + (−1)ZDCS(A,Z), (25)

and thus the cross section corrected for the OES effect is
written as

σ (A,Z) = σsmooth(A,Z) exp[(−1)ZDCS(A,Z)], (26)

where DCS(A,Z) is the magnitude of OES for the cross section
of this particular fragment with mass number A and atomic
number Z. It is obvious that the OES term �OES in Eq. (2) is

�OES(A,Z) = exp[(−1)ZDCS(A,Z)]. (27)

In this work, DCS(A,Z) is approximated by DPETE(A,Z)
[see Eq. (23)], which is supported by good agreement with ex-
perimental data. Using Eq. (24), one can calculate DPETE(A,Z)
for fragments along a constant Tz chain. As described above,
Spete(A,Z) is the smallest value of either (Sp + Vc) or Sn of
one particular fragment, when the Coulomb barrier Vc is taken
into account. Separation energies (Sp and Sn) are obtained from
the latest Atomic Mass Evaluation AME’12 [58]. In the cases
where separation energies are unavailable in the AME’12, they
are determined via the finite-range droplet model (FRDM)
[59]. The Coulomb barrier Vc can be calculated by using a
simple theoretical model [20,60,61]:

Vc(A,Z) = 1.44(Z − 1)

1.22[(A − 1)1/3 + 1] + 6
MeV, (28)
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where A and Z are the mass and atomic numbers of this
particular fragment, respectively.

Due to the increasing contribution of the smooth Coulomb
barrier and the competition between particle evaporation and
γ -ray emission, fragment cross sections are almost smooth
and thus DCS(A,Z) = 0 is assumed for heavy fragments with
A > 150. It should be emphasized that there are not adjustable
parameters in this analytical parametrization of the OES in
fragment cross sections, except for the theoretical formula of
the Coulomb barrier from Refs. [20,60,61].

Both the smooth distribution and the evident OES effect are
now included in the new parametrization FRACS, while the
latter is not considered in the previous EPAX parametrizations
[31–33]. In the following both FRACS and EPAX3 will
be compared with extensive experimental data measured
in different fragmentation reactions with a large variety of
projectile and target combinations in order to check the
predictive power of two parametrizations.

III. COMPARISONS WITH EXPERIMENTAL
DATA AND EPAX3

Over the past decades, many comprehensive data sets of
fragmentation cross sections have been measured in various
reactions with different projectile-target combinations mainly
at GSI and MSU. For instance, very complete cross sections
of fragments from the fragmentation of 64,58Ni and 48,40Ca
projectiles on the light 9Be and the heavy 181Ta targets at
140 MeV/nucleon have been accurately measured at MSU
[16]. Additionally, measurements of very comprehensive cross
sections for fragments from the fragmentation of 124,136Xe
on a 208Pb target at 1 GeV/nucleon have been performed
at GSI [12]. These comprehensive experimental data with
small uncertainties, where both the mass yields and isobaric
distributions are available over a wide mass range, are very
useful for the determination of FRACS parameters in the
fitting procedure. The FRACS parameters listed in Table I
have been obtained by comparisons with these comprehensive
experimental data.

However, in most cases, the experimental data are incom-
plete and only very limited mass yields as well as isobaric dis-
tributions have been measured. These incomplete experimental
data measured in a large variety of fragmentation reactions can
be applied to validate the FRACS parametrization as well as
the determined parameters of FRACS.

The extensive comparisons between predictions by FRACS
as well as EPAX3 and experimental data measured in
various reaction systems will be discussed in the following
subsections. The overall quality of FRACS and EPAX3
parametrizations will also be investigated by using different
methods.

A. Comparisons with experimental data used in the fitting
procedure and EPAX3

The complete fragment cross sections measured from the
fragmentation of 64,58Ni and 48,40Ca projectiles on both 9Be
and 181Ta targets at 140 MeV/nucleon [16] have been used
to determine the FRACS parameters. As an example, Fig. 2

FIG. 2. Sample of experimental isotopic distributions of frag-
ments produced in projectile fragmentation of 58Ni on 181Ta targets
at 140 MeV/nucleon [16]. Experimental data (open squares) are
compared with predictions by FRACS (full lines) and EPAX3 (dashed
lines). The relative uncertainty of most experimental cross section is
less than 10%.

illustrates a sample of measured data from the proton-rich
projectile 58Ni fragmentation on the 181Ta target and the
predictions by the FRACS and EPAX3 parametrizations. The
predictions by the FRACS parametrization are in very good
agreement with these measured cross sections, while EPAX3
overestimates cross sections of proton-rich fragments close to
the projectile (Z ∼ 27) and underpredicts cross sections of
light neutron-rich fragments with Z = 12 and 11.

In Fig. 3, the fragmentation cross sections for frag-
ments from the neutron-rich projectile 64Ni on the 181Ta
target measured by Mocko et al. [16] are compared with
the predictions by FRACS as well as EPAX3. Predic-
tions by the FRACS parametrization are in much better
agreement with the experimental cross sections. However,
the EPAX3 parametrization overestimates cross sections of
heavier fragments (i.e., Z = 27 and 26) near the peak
positions and underpredicts those of light fragments with
Z from 16 to 12, in particular for very neutron-rich
ones.

For the heavy proton-rich projectile, one can compare the
experimental cross sections of fragments produced in 124Xe
+ 208Pb at 1 GeV/nucleon [12] with those predicted by the
FRACS and EPAX3 parametrizations, as shown in Fig. 4.
EPAX3 overestimates cross sections of very neutron-rich
fragments with Z from 49 to 46 and underpredicts those
of light neutron-rich fragments with Z from 30 to 27.
Although FRACS slightly underpredicts cross sections of
some heavy fragments near the peak positions, predictions
by FRACS are in good agreement with the experimental
data.

For the heavy neutron-rich projectile, Fig. 5 presents
the comparison between the fragmentation cross sections
measured for 136Xe + 208Pb at 1 GeV/nucleon [12] and those
predicted by FRACS as well as EPAX3. Cross sections
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FIG. 3. Sample of experimental isotopic distributions of frag-
ments produced in projectile fragmentation of 64Ni on 181Ta targets
at 140 MeV/nucleon [16]. Experimental data (open squares) are
compared with predictions by FRACS (full lines) and EPAX3 (dashed
lines). The relative uncertainty of experimental cross section is
around 10%.

predicted by FRACS are in better agreement with experimental
data, while EPAX3 underpredicts cross sections of the proton-
rich fragments close to the projectile, especially for the very
proton-rich ones, as well as those of the light neutron-rich
fragments with Z ∼ 30.

Experimental fragmentation cross sections show an evident
OES effect, which becomes very clear for fragments along
a constant Tz chain, as shown in Fig. 6. These cross sections
along a constant Tz chain measured in the fragmentation of

FIG. 4. Sample of experimental isotopic distributions of frag-
ments produced in projectile fragmentation of 124Xe on 208Pb targets at
1 GeV/nucleon [12]. Experimental data (open squares) are compared
with predictions by FRACS (full lines) and EPAX3 (dashed lines).
The relative uncertainty of experimental data is about 10%.

FIG. 5. Sample of experimental isotopic distributions of frag-
ments produced in projectile fragmentation of 136Xe on 208Pb targets at
1 GeV/nucleon [12]. Experimental data (open squares) are compared
with predictions by FRACS (full lines) and EPAX3 (dashed lines).
The relative uncertainty of most measured cross section is about 10%.

58Ni on 181Ta targets at 140 MeV/nucleon (filled squares)
[16] and 9Be targets at 650 MeV/nucleon (open squares)
[5] are compared with predictions by FRACS and EPAX3
in Fig. 6. It is obvious that the FRACS predictions agree

FIG. 6. Experimental cross sections of fragments along a constant
Tz chain from Tz = −1/2 to Tz = +1, produced in the projectile
fragmentation of 58Ni on 181Ta targets at 140 MeV/nucleon [16] (filled
squares joined by full lines) and 9Be targets at 650 MeV/nucleon [5]
(open squares joined by full lines). Experimental data are compared
with predictions by FRACS (filled and open circles joined by full lines
at 140 and 650 MeV/nucleon, respectively) and EPAX3 (full and
dash-dotted green lines at 140 and 650 MeV/nucleon, respectively).
For clarity, the data at 140 MeV/nucleon have been scaled by a factor
of 10. The relative uncertainty of measured data at 140 MeV/nucleon
is about 10%, while it is around 20-30% for most experimental data
at 650 MeV/nucleon.
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FIG. 7. Measured isotopic distributions of fragments produced in
projectile fragmentation of 40Ar on a 9Be target at 1 GeV/nucleon
[8]. Experimental data (open squares) are compared with predictions
by FRACS (full lines) and EPAX3 (dashed lines). The relative
uncertainty of measured cross section is about 30%.

very well with the experimental data at two energies and can
reproduce the OES observed in fragmentation cross sections.
However, this evident OES effect is not taken into account
in EPAX3 and there are very large discrepancies between
the EPAX3 predictions and the measured cross sections; see
Fig. 6. According to these comparisons, the OES effect is very
evident in the fragmentation cross sections and fragmentation
models should take this OES effect into account in order to
accurately predict fragmentation cross sections.

B. Comparisons with other experimental data and EPAX3

In order to check the validity of the FRACS parametriza-
tion as well as its parameters, one can also compare the
FRACS predictions with other experimental data, where only
limited mass yields and incomplete isobaric distributions
have been measured. Additionally, these experimental data
are compared with predictions by the recent parametrization
EPAX3 [33].

For fragments produced in the fragmentation of the
light neutron-rich projectile 40Ar on the 9Be target at
1 GeV/nucleon, Fig. 7 shows the comparison between the
experimental cross sections [8] and those predicted by FRACS
as well as EPAX3. The experimental cross sections, in
particular for very neutron-rich fragments, are significantly
underpredicted by EPAX3 by up to two orders of magnitude.
Compared to EPAX3, the FRACS predictions are in better
agreement with the measured cross sections, despite smaller
deviations for some neutron-rich fragments.

Figure 8 presents the experimental cross sections measured
from the fragmentation of 112Sn on two different targets,
namely, 112Sn [13] and 9Be [9], in comparison with predictions
by FRACS as well as EPAX3. The comparison indicates that
predictions by both FRACS and EPAX3 are in very good
agreement with measured cross sections from the fragmenta-
tion of 112Sn on the 9Be target. Predictions by FRACS also
agree excellently with the data measured with the 112Sn target,

FIG. 8. Experimental isotopic distributions of fragments pro-
duced in projectile fragmentation of 112Sn on 112Sn [13] (open circles)
and 9Be [9] (open squares) targets at 1 GeV/nucleon. Experimental
data are compared with predictions by FRACS (full and dash-dotted
lines for Be and Sn targets, respectively) and EPAX3 (dashed and
dotted lines for Be and Sn targets, respectively). For clarity, the data
from reactions on the 112Sn target have been scaled by a factor of
0.01. The relative uncertainty of 112Sn target experimental data is
about 20%, while it is around 40% for Be target experimental data.

while EPAX3 overestimates these experimental data for the
most fragments close to the projectile and underpredicts these
data for light fragments, especially for the very neutron-rich
ones.

As an example for neutron-rich fragments from the
medium-mass neutron-rich projectile, Fig. 9 compares the
measured fragmentation cross sections from 136Xe + 9Be at

FIG. 9. Measured isotopic distributions of fragments produced in
projectile fragmentation of 136Xe on a 9Be target at 1 GeV/nucleon
[11]. Experimental data (open squares) are compared with predictions
by FRACS (full lines) and EPAX3 (dashed lines). The relative
uncertainty of measured data is around 10%.
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FIG. 10. Experimental isotopic distributions of fragments pro-
duced in projectile fragmentation of 208Pb on a 9Be target at
1 GeV/nucleon [14]. Experimental data (open squares) are compared
with predictions by FRACS (full lines) and EPAX3 (dashed lines).
The relative uncertainty of measured cross section is about 20%.

1 GeV/nucleon [11] with those predicted by FRACS and
EPAX3. Cross sections predicted by FRACS are in very
good agreement with experimental data, while EPAX3 cannot
reproduce the isotopic distributions for fragments with Z = 54
and 53. In addition, EPAX3 underpredicts almost all measured
cross sections of isotopes with Z = 45 and 46, as pointed out
in Ref. [33].

One can test the predictive power of FRACS as well as
EPAX3 for fragments from heavier projectiles by comparing
the predictions by them with measured cross sections of
neutron-rich fragments from 208Pb + 9Be at 1 GeV/nucleon
[14] (see Fig. 10). It is obvious that FRACS can reproduce
the change of the shape of the isotopic distribution from
close to the projectile to lighter elements and thus cross
sections predicted by FRACS agree well with experimental
data. However, EPAX3 fails to reproduce the flat isotopic
distribution for Z = 81 and significantly underpredicts the
cross sections of very neutron-rich fragments with Z from
81 to 78.

The above comparisons between predictions by FRACS
as well as EPAX3 and measured data for fragments from
various projectile and target combinations, especially for
neutron-rich fragments from light, medium-mass, and heavy
projectiles, support that FRACS is in much better agreement
with experimental data than EPAX3. Additionally, FRACS can
reproduce well the shape of the isotopic distribution, while
there is a large discrepancy between the isotopic distribution
predicted by EPAX3 and the measured one for fragments close
to the medium-mass projectile 136Xe and the heavy projectile
208Pb, as shown in Figs. 9 and 10, respectively. After the
above important improvements in FRACS, a remarkably better
agreement is reached, while small discrepancies remain for
some cross sections predicted by FRACS [see, e.g., panel (b)
of Fig. 1, panel (a) of Fig. 5, panel (c) of Fig. 7, and panels (c)
and (d) of Fig. 10], which will be improved in future works.

C. Overall quality of FRACS and EPAX3

The validity of the empirical parametrizations compared
to the experiential data can be visualized by the logarithm of
the ratios between the theoretical cross sections predicted by
FRACS as well as EPAX3 and the experimental data. Figure 11
illustrates typical examples of the logarithms of these ratios for
fragments produced in different fragmentation reactions with a
large variety of projectile and target combinations. Obviously,
the logarithmic values of the ratios between FRACS and
experimental data (red stars) are centered around zero and
are much less dispersed than that from EPAX3 (blue circles).
For FRACS, more than 90% of these log10(σth/σexp) values
are distributed between −0.5 and 0.5. But, for EPAX3, in
many cases, these logarithmic values are far larger than 0.5
or smaller than −0.5; see, e.g., data points (blue circles) for
fragments produced in 40Ar + 9Be [panel (a)], 124Xe + 208Pb
[panel (h)], and 136Xe + 208Pb [panel (j)]. It can be seen that
predictions by FRACS are in much better agreement with the
experimental data measured in various reaction systems as
compared to EPAX3.

To further probe the validity range and the precision of
FRACS and EPAX3, the predictions by two parametrizations
are compared to more experimental data (about 3700 cross sec-
tions measured in various fragmentation reactions [5,7–16]) in
Fig. 12, which shows the ratios of theoretical predictions by
FRACS as well as EPAX3 to measured cross sections. For
FRACS, 95% of the ratio values (σFRACS/σexp) are distributed
from about 0.28 to 3.5; see squares between two dashed green
lines in Fig. 12, corresponding to the range of 2σ . However, for
EPAX3, this 2σ range is between roughly 0.17 and 5.8, which
is much wider than that of FRACS. As shown in Fig. 12,
the ratio value for EPAX3 varies from about 0.01 to 100
and is below 1 for most heavy fragments around A = 200.
The above comparisons demonstrate that experimental data
are much better reproduced by FRACS as compared to
EPAX3.

The overall quality of the empirical parametrizations can
also be quantitatively evaluated by the rms deviation factor
defined via the following equation [62,63]:

frms = exp

[
1

N

N∑
i=1

(
ln

σ i
th

σ i
exp

)2
]1/2

, (29)

where N is the number of measured cross sections (about
3700). According to Eq. (29), the fragmentation cross sections
are predicted by FRACS within a factor of 1.84 (frms =
1.84), which is much smaller than the value of 2.35 for
EPAX3. Compared to the recent parametrization EPAX3,
the new parametrization FRACS therefore gives much better
predictions for fragmentation cross sections.

According to the above studies using different methods,
it is obvious that FRACS can provide a more reliable
prediction for fragmentation cross sections and agrees well
with experimental data in most cases within a factor of 1.84.
The much better agreement between FRACS and measured
cross sections suggests that FRACS is particularly suitable for
a fast, accurate, and reliable estimate of fragmentation cross
sections.
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FIG. 11. Logarithm of ratios between predictions of FRACS (open stars) as well as EPAX3 (open circles) and experimental cross sections
measured in different reaction systems [7,8,10–14,16].

IV. SUMMARY

A new empirical parametrization, called FRACS, is pro-
posed for accurately predicting fragment cross sections in
various fragmentation reactions at energies higher than about
100 MeV/nucleon. The smooth formula of this parametriza-
tion consists of the mass yield and the isobaric distribution,
based on the previous parametrization EPAX. Suitable mod-
ifications are introduced for both the mass yield and the
isobaric distribution to reproduce recent experimental data
measured in fragmentation reactions with different projectile-
target combinations at various energies. Both the target and
the projectile energy dependences are taken into account in the

FIG. 12. Ratio of predicted cross sections by FRACS (open
squares) and EPAX3 (open circles) to extensive experimental data
[5,7–16]. 95% data points are distributed between two dashed green
lines in each figure, corresponding to the range of 2σ .

FRACS parametrization. In addition, an odd-even staggering
term, which was not considered in EPAX, is proposed and now
included in FRACS.

Parameters used in FRACS have been optimized by
comparing with comprehensive experimental data measured
in different fragmentation reactions with a large variety of pro-
jectile and target combinations. Furthermore, the predictions
by FRACS are also compared with many other experimental
data, which are not used in the fitting procedure, in order to
check the validity of the FRACS parametrization as well as
its parameters. Quantitative investigations by using different
methods demonstrate that FRACS can provide a more reliable
prediction for fragmentation cross sections and agrees well
with experimental data in most cases within a factor of 1.84,
which is a much better agreement compared to the recent
EPAX3 parametrization. The much better predictive power
of FRACS makes it a more reliable model for designing
nuclear physics experiments and applications in astrophysics
and medical therapy.
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