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Tetrahedral shapes of neutron-rich Zr isotopes from a multidimensionally constrained
relativistic Hartree-Bogoliubov model
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We develop a multidimensionally constrained relativistic Hartree-Bogoliubov (MDC-RHB) model in which
the pairing correlations are taken into account by making the Bogoliubov transformation. In this model, the
nuclear shape is assumed to be invariant under the reversion of x and y axes; i.e., the intrinsic symmetry group
is V4 and all shape degrees of freedom βλμ with even μ are included self-consistently. The RHB equation is
solved in an axially deformed harmonic oscillator basis. A separable pairing force of finite range is adopted in
the MDC-RHB model. The potential energy curves of neutron-rich even-even Zr isotopes are calculated with
relativistic functionals DD-PC1 and PC-PK1 and possible tetrahedral shapes in the ground and isomeric states
are investigated. The ground state shape of 110Zr is predicted to be tetrahedral with both functionals and so is
that of 112Zr with the functional DD-PC1. The tetrahedral ground states are caused by large energy gaps around
Z = 40 and N = 70 when β32 deformation is included. Although the inclusion of the β30 deformation can also
reduce the energy around β20 = 0 and lead to minima with pear-like shapes for nuclei around 110Zr, these minima
are unstable due to their shallowness.
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I. INTRODUCTION

The intrinsic shape of most known nuclei deviates from a
sphere [1,2]. The deformation of a nucleus can be described
by the parametrization of the nuclear surface with a multipole
expansion,

R(θ,ϕ) = R0

⎡
⎣1 + β00 +

∞∑
λ=1

λ∑
μ=−λ

β∗
λμYλμ(θ,ϕ)

⎤
⎦, (1)

where βλμ’s are deformation parameters. Various nuclear
deformations characterized by βλμ with different {λ,μ} are
connected with many nuclear phenomena which have been
predicted and some of them have also been observed.

In recent decades, the triaxiality and reflection asymmetry
in nuclear shapes have become more and more attractive
because several interesting theoretical predictions related to
these shapes have been confirmed experimentally. The static
triaxial shapes may result in the wobbling motion [2] or
chiral doublet bands [3] in atomic nuclei; both phenomena
were observed in 2001 [4,5]. In 2006, Meng et al. predicted
that multiple chiral doublet (MχD) bands may exist in one
nucleus with different triaxial configurations [6]. In recent
years, MχD bands were indeed found in several nuclei
[7–11]. The triaxiality may also play a role in the low-spin
signature inversion [12–17]. Moreover, the development of
triaxial shapes could lead to the termination of rotational
bands in nuclei with A � 110; see Ref. [18] for a review. The
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pear-like nuclear shape, characterized by β30, was predicted
to be very pronounced in many nuclei [19–21]. Low-lying
negative-parity levels which are connected with the ground
state band via strong E1 transitions in actinides and some
rare-earth nuclei are related to reflection asymmetric shapes
with nonzero β30 [22–31]. The direct evidence for a static
octupole deformation has been shown experimentally in 224Ra
[32] and in 144Ba [33].

What new features can we expect if the nonaxial and reflec-
tion asymmetric deformations are put together or combined? It
has been revealed in Ref. [34] that both the triaxial and octupole
shapes become important around the second saddle point
in the potential energy surface (PES) of actinide nuclei and
they lower the second fission barrier considerably. Recently,
Liu et al. observed for the first time octupole correlations
between MχD bands in 78Br and proposed that chirality-
parity quartet bands may appear in a nucleus with both a
static triaxial deformation (β22) and an octupole deformation
(β30) [11].

The nonaxiality and reflection asymmetry are combined
intrinsically in deformations characterized by βλμ with odd λ
and nonzero μ. Among such deformations, the β32 deformation
is of particular interest and has been investigated extensively
[35–44]. A nucleus with a pure β32 deformation, i.e., βλμ = 0
if λ �= 3 and μ �= 2, has a tetrahedral shape with the symmetry
group T D

d . The study of single-particle structure of a nucleus
with tetrahedral symmetry predicted large energy gaps at
Z(N ) = 16, 20, 32, 40, 56–58, 70, and 90–94 and N = 112
and 136/142 [37,40,45–48]. These shell gaps are comparable
to or even stronger than those at spherical shapes. Thus, a
nucleus with proton and/or neutron numbers equal to these
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values may have a static tetrahedral shape or strong tetrahedral
correlations.

Various nuclei such as 80,108,110Zr, 160Yb, 156Gd, and
242Fm were predicted to have ground or isomeric states with
tetrahedral shapes from the macroscopic-microscopic (MM)
model [40,41,45,49,50] and the Skyrme Hartree-Fock (SHF)
model, the SHF plus BCS model, or the Skyrme Hartree-
Fock-Bogoliubov (SHFB) model [38,39,41–43,45,49,51]. The
possible existence of tetrahedral symmetry in light nuclei such
as 16O [52] as well as superheavy nuclei [53,54] was also
proposed. Furthermore, the rotational properties of tetrahedral
nuclei have been studied theoretically [55–57], which would
certainly be helpful for experimentalists to identify tetrahedral
nuclei.

Several experiments were devoted to the study of tetrahedral
shapes in 160Yb [58], 154,156Gd [58–60], 230,232U [61], and
108Zr [62]. For 160Yb and 154,156Gd, although the observed odd
and even-spin members of the lowest energy negative-parity
bands are similar to the proposed tetrahedral band of 156Gd, the
deduced nonzero quadrupole moments contradict the existence
of tetrahedral shapes in these nuclei. The possibility of a
tetrahedral shape for the negative-parity bands in 230,232U was
excluded in Ref. [61] by the observed similarity in the energies
and electric dipole moments of those bands in the N = 138
and N = 140 isotones and the measured values for quadrupole
moment Q2 in 226Ra. An isomeric state observed in 108Zr has
been assigned a tetrahedral shape [62]. However, this isomeric
state can also been explained by assuming an axial shape with
the angular momentum projected shell model [63,64].

Besides the tetrahedral shape which corresponds to a
pure β32 deformation, the study of nuclear shapes with a
nonzero β32 superposed on a sizable β20 has become a hot
topic too. In recent years, nuclei with Z � 100 have been
studied extensively because such studies can not only reveal
the structure for these nuclei but also give useful structure
information for superheavy nuclei [65–78]. One example of
such studies is the observation of very low-lying 2− bands in
several even-Z N = 150 isotones [79]. This low-lying feature
was argued by Chen et al. to be a fingerprint of sizable β32

in these well deformed nuclei [80]. A self-consistent and
microscopic study of Y32 effects in these N = 150 isotones
was carried out in Ref. [81], and it was found that, for ground
states of 248Cf and 250Fm, β32 > 0.03 and the energy gain due
to the β32 distortion is more than 300 keV.

In this work we will study the potential energy surface
and tetrahedral shape in neutron rich even-even Zr isotopes
by using the covariant density function theory (CDFT). The
nuclear CDFT is one of the state-of-the-art approaches for the
study of ground states as well as excited states in nuclei ranging
from light to superheavy regions [82–92]. Recently, the global
performance of various relativistic functionals on the ground
state properties and beyond-mean-field correlations of nuclei
across the nuclear chart has also been examined [76,93–96].

Recently, we developed multidimensionally constrained
CDFT (MDC-CDFT) by breaking the reflection and axial sym-
metries simultaneously. In the MDC-CDFT, the nuclear shape
is assumed to be invariant under the reversion of x and y axes;
i.e., the intrinsic symmetry group is V4 and all shape degrees
of freedom βλμ with even μ (β20, β22, β30, β32, β40, . . . ) are

included self-consistently. The MDC-CDFT consists of two
types of models: the multidimensionally constrained relativis-
tic mean field (MDC-RMF) model and the multidimension-
ally constrained relativistic Hartree-Bogoliubov (MDC-RHB)
model. In the MDC-RMF model, the BCS approach has been
implemented for the particle-particle (pp) channel. This model
has been used to study potential energy surfaces and fission
barriers of actinides [34,97–101], the spontaneous fission
of several fermium isotopes [102], the Y32 correlations in
N = 150 isotones [81], and shapes of hypernuclei [103,104];
see Refs. [105–107] for recent reviews. The Bogoliubov
transformation generalizes the BCS quasiparticle concept and
provides a unified description of particle-hole (ph) and pp
correlations on a mean-field level. In the MDC-RHB model,
pairing correlations are treated by making the Bogoliubov
transformation and a separable pairing force of finite range
[108–111] is adopted. Due to its finite range nature, the
dependence of the results on the pairing cutoff can be avoided.
The MDC-RHB model has been used to study the spontaneous
fission of fermium isotopes [112].

The detailed formulas for the MDC-RMF model have
been presented in Ref. [98] and some applications of this
model were reviewed in Refs. [105–107]. In this paper,
we present the formulas of the MDC-RHB model and its
application to the study of tetrahedral shapes of neutron-rich
Zr isotopes. The paper is organized as follows. The formalism
of the MDC-RHB model is given in Sec. II. In Sec. III we
present the numerical details and the results on neutron-rich
even-even Zr isotopes. A summary is given in Sec. IV. Some
detailed formulas used in the MDC-RHB model are given in
Appendices A and B.

II. FORMALISM OF THE MDC-RHB MODEL

In the CDFT, a nucleus is treated as a system of nucleons
interacting through exchanges of mesons and photons [82–92].
The effects of mesons are described either by mean fields or
by point-like interactions between the nucleons [113,114]. The
nonlinear coupling terms [115–117] or the density dependence
of the coupling constants [118,119] were introduced to give
correct saturation properties of nuclear matter. Accordingly,
there are four types of covariant density functionals: the meson
exchange or point-coupling nucleon interactions combined
with the nonlinear or density dependent couplings. All these
four types of functionals have been implemented in the
MDC-RHB model. In this section, we mainly present the
formalism of the RHB model with density dependent point
couplings.

The starting point of the RHB model with density dependent
point couplings is the following Lagrangian:

L = ψ̄(iγμ∂μ − M)ψ

− 1

2
αS(ρ)ρ2

S − 1

2
αV (ρ)j 2

V − 1

2
αT V (ρ) �j 2

T V

− 1

2
δS(∂νρS)(∂νρS)

− e
1 − τ3

2
Aμj

μ
V − 1

4
FμνFμν, (2)
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where M is the nucleon mass, αS(ρ), αV (ρ), and αT V (ρ) are
density-dependent couplings for different channels, δS is the
coupling constant of the derivative term, and e is the electric
charge. ρS , jV , and �jT V are the isoscalar density, isoscalar
current, and isovector current, respectively.

With the Green’s function technique, one can derive the
Dirac-Hartree-Bogoliubov equation [84,120],∫

d3r ′
(

h − λ �
−�∗ −h + λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (3)

where Ek is the quasiparticle energy, λ is the chemical
potential, and ĥ is the single-particle Hamiltonian,

ĥ = α · [ p − V (r)] + β[M + S(r)] + V0(r) + �R(r), (4)

with the scalar potential, vector potential, and rearrangement
terms,

S = αS(ρ)ρS + δS�ρS,

V μ = αV (ρ)jμ
V + αT V (ρ)jμ

T V · �τ + e
1 − τ3

2
Aμ,

�R = 1

2

∂αS

∂ρ
ρ2

S + 1

2

∂αV

∂ρ
j 2
V + 1

2

∂αT V

∂ρ
�j 2
T V .

(5)

As usual we assume that the states are invariant under
the time-reversal operation, which means that, in the above
equations, all the currents or time-odd components vanish.
In this case the single-particle Hamiltonian (4) has the time-
reversal symmetry. For convenience two vector densities are
defined as the time-like components of the 4-currents jV and
jT V ,

ρV (r) = j 0
v (r), ρT V (r) = j 0

T V (r), (6)

which are the only surviving components. The densities are
related to Uk’s and Vk’s through

ρS(r) =
∑
k>0

V
†
k (r)γ0Vk(r),

ρV (r) =
∑
k>0

V
†
k (r)Vk(r),

ρT V (r) =
∑
k>0

V
†
k (r)τ3Vk(r).

(7)

In the above summations, the no-sea approximation is applied.
The pairing potential reads

�p1p2 (r1σ1,r2σ2)

=
∫

d3r ′
1d

3r ′
2

p′
1p

′
2∑

σ ′
1σ

′
2

V
pp
p1p2,p

′
1p

′
2
(r1σ1,r2σ2,r ′

1σ
′
1,r

′
2σ

′
2)

× κp′
1p

′
2
(r ′

1σ
′
1,r

′
2σ

′
2), (8)

here p = f,g is used to represent the large and small
components of the Dirac spinor. V pp is the effective pairing
interaction and κ(r1σ1,r2σ2) is the pairing tensor,

καα′ (r1σ1,r2σ2) =
∑
k>0

V ∗
αk(r1σ1)Uα′k(r2σ2). (9)

As is usually done in the RHB theory, only the large
components of the spinors are used to build the pairing
potential [121]. In practical calculations this means

�ff (r1σ1,r2σ2)

=
∫

d3r ′
1d

3r ′
2

∑
σ ′

1σ
′
2

V
pp
ff,ff (r1σ1,r2σ2,r ′

1σ
′
1,r

′
2σ

′
2)

× κff (r ′
1σ

′
1,r

′
2σ

′
2). (10)

The other components �fg , �gf , and �gg are omitted.
In the pp channel, we use a separable pairing force of finite

range [108–111],

V (r1σ1,r2σ2,r ′
1σ

′
1,r

′
2σ

′
2)

= −Gδ(R − R′)P (r)P (r ′)
1

2
(1 − Pσ ), (11)

where G is the pairing strength and R = (r1 + r2)/2 and
r = r1 − r2 are the center-of-mass and relative coordinates,
respectively. P (r) denotes the Gaussian function,

P (r) = (4πa2)−3/2e−r2/4a2
, (12)

where a is the effective range of the pairing force. The
two parameters G = G0 = 728 MeV fm3 and a = 0.644
fm [109,110] have been adjusted to reproduce the density
dependence of the pairing gap of symmetric nuclear matter
at the Fermi surface calculated with the Gogny force D1S.
In the present work, the pairing strength G is fine-tuned to
reproduce the pairing gaps of Zr isotopes as discussed in
Sec. III A.

The RHB equation (3) is solved by expanding the large
and small components of the spinors Uk(rσ ) and Vk(rσ ) in an
axially deformed harmonic oscillator (ADHO) basis [122],

Uk(rσ ) =
(∑

α f kα
U �α(rσ )∑

α gkα
U �α(rσ )

)
,

Vk(rσ ) =
(∑

α f kα
V �α(rσ )∑

α gkα
V �α(rσ )

)
,

(13)

with

�α(rσ ) = Cαφnz
(z)φml

nr
(ρ)

1√
2π

eimlϕχms
(σ ), (14)

which are eigensolutions of the Schrödinger equation with an
ADHO potential,[

− �
2

2M
∇2 + VB(ρ,z)

]
�α(rσ ) = Eα�α(rσ ), (15)

with

VB(ρ,z) = 1
2M

(
ω2

ρρ
2 + ω2

zz
2
)
. (16)

In Eq. (14), Cα is a constant introduced for convenience,
α = {nz,nr ,ml,ms} is the collection of quantum numbers,
and ωz and ωρ are the oscillator frequencies along and
perpendicular to the symmetry (z) axis, respectively. The
deformation of the basis βB is defined through relations
ωz = ω0 exp ( − √

5/4πβB) and ωρ = ω0 exp (
√

5/16πβB),
where ω0 = (ωzω

2
ρ)1/3 is the frequency of the corresponding
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spherical oscillator. These bases are also eigenfunctions of the
z component of the angular momentum jz with eigenvalues
Kα = ml + ms . For such a basis state �α(rσ ) we can define a
time-reversal state by �ᾱ(rσ ) = T �α(rσ ), where T = iσyK
is the time-reversal operator and K is the complex conjugation.
It is easy to see that �ᾱ(rσ ) is also an eigensolution of Eq. (15)
with the same energy Eα , while the direction of the angular
momentum is reversed, Kᾱ = −Kα . {�α,�ᾱ|Kα > 0} forms a
complete and discrete basis set in the space of two-component
spinors.

In practical calculations, the ADHO basis is truncated as
[98,123],

[nz/Qz + (2nρ + |m|)/Qρ] � Nf , (17)

for the large component of the Dirac spinor. Nf is a certain inte-
ger constant and Qz = max(1,bz/b0) and Qρ = max(1,bρ/b0)
are constants calculated from the oscillator lengths b0 =
1/

√
Mω0, bz = 1/

√
Mωz, and bρ = 1/

√
Mωρ . For the small

component, the truncation is made up to Ng = Nf + 1 major
shells in order to avoid spurious states [122]. The convergence
of the results on Nf is discussed in Sec. III A.

The V4 symmetry is imposed in the MDC-CDFT [107];
i.e., the nuclear potentials and densities are invariant under the
following operations

Ŝxφ(x,y,z) = φ(−x,y,z),

Ŝyφ(x,y,z) = φ(x, − y,z),

Ŝφ(x,y,z) = φ(−x, − y,z),

(18)

where φ(x,y,z) represents nuclear potentials and densities.
Thus, both axial symmetry and reflection symmetry are
broken. Due to the V4 symmetry, one can introduce a
simplex operator Ŝ = ie−iπjz to block-diagonalize the RHB
matrix. For a fermionic system, Ŝ is a Hermitian operator
and satisfies Ŝ2 = 1. The basis states are also eigenstates
of Ŝ with Ŝ�α = (−1)Kα− 1

2 �α , which means that �α with
Kα = 1

2 ,− 3
2 , 5

2 ,− 7
2 , · · · span a subspace with S = +1, while

their time-reversal states span the one with S = −1. Due to the
time-reversal symmetry, the RHB matrix is block-diagonalized
into two smaller ones denoted by the quantum number S = ±1,
respectively. Furthermore, for a system with the time-reversal
symmetry, it is only necessary to diagonalize the matrix with
S = +1 and the other half is obtained by making the time
reversal operation on Dirac spinors.

In the S = +1 subspace, solving the RHB equation (3) is
equivalent to diagonalizing the matrix

(A − λ B
B† −A∗ + λ

)(Uk

Vk

)
= Ek

(Uk

Vk

)
, (19)

where Uk = (Uk,α) and Vk = (Vk,ᾱ) are column matrices, and

Aαα′ = 〈α|h|α′〉, Bαᾱ′ = 〈α|�|ᾱ′〉, (20)

are matrix elements of the single particle Hamiltonian and the
pairing field, where α and α′ run over all the quantum numbers
{nz,nr ,ml,ms,p} satisfying the truncation condition (17).

We expand the potentials V (r) and S(r) and the densities
in Eq. (7) in terms of the Fourier series,

f (ρ,ϕ,z) =
∞∑

μ=−∞
fμ(ρ,z)

1√
2π

exp(iμϕ). (21)

By applying the symmetry conditions (18), it is easy to see
that fμ = f ∗

μ = fμ̄ and Vn = 0 for odd n. Thus the expansion
in Eq. (21) can be simplified as

f (ρ,ϕ,z) = f0(ρ,z)
1√
2π

+
∞∑

n=1

fn(ρ,z)
1√
π

cos(2nϕ),

(22)
where

f0(ρ,z) = 1√
2π

∫ 2π

0
dϕ f (ρ,ϕ,z),

fn(ρ,z) = 1√
π

∫ 2π

0
dϕ f (ρ,ϕ,z) cos(2nϕ),

(23)

are real functions of ρ and z. The calculation of matrix
elements Aαα′ and densities are similar to that of the MDC-
RMF model; the details can be found in Appendices of
Ref. [98].

Due to the finite range nature of the paring force given
in Eq. (11), it is not easy to calculate the matrix element
V

pp
12,1′2′ , where the numbers 1, 2, 1′, and 2′ denote the ADHO

basis wave functions. In Ref. [110], the authors have shown
that the antisymmetrized matrix element V̄

pp
12,1′2′ = V

pp
12,1′2′ −

V
pp

12,2′1′ can be written as a sum of separable terms in both
axially deformed and anisotropic HO bases. For this purpose
the first step is to represent the product of two single-particle
HO wave functions as a sum of HO wave functions in their
center-of-mass frame,

|nr1m1〉|nr2m2〉 =
∑

NpMp

∑
npmp

M
nr1 m1nr2 m2

NpMpnpmp
|NpMp〉|npmp〉,

|nz1〉|nz2〉 =
∑
Nznz

M
nz1 nz2
Nznz

|Nz〉|nz〉, (24)

where M
nz1 nz2
Nznz

and M
nr1 m1nr2 m2

NpMpnpmp
are the Talmi-Moshinski

brackets which are given in Appendix B. The matrix element
in the center-of-mass frame reads

V12,1′2′ = −2
√

2G
∑

NzNpMp

(
W

NzNpMp

12

)∗
W

NzNpMp

1′2′ , (25)

where

W
NzNpMp

12 = δK1+K2,Mp
δπ1π2,(−1)Nz+|Mp |τ1

1√
2
C1C2

×
(∑

nz

M
nz1 nz2
Nznz

Vnz

)

×
⎛
⎝∑

np

M
nr1 m1nr2 m2

NpMpnp0 Unp

⎞
⎠, (26)
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and

Vnz
= 1

(4πa2)1/2

∫ ∞

−∞
dz e

− z2

2a2 φnz
(z),

Unp
=

√
2π

4πa2

∫ ∞

0
dρ ρe

− ρ2

2a2 R0
np

(ρ).

(27)

More details are given in Appendix A. The pairing field and
pairing energy can also be written in the separable form as

�12 =
∑
1′2′

V12,1′2′κ1′2′

= −2
√

2G
∑
Nz

∑
NpMp

(
W

NzNpMp

12

)∗
P NzNpMp , (28)

Epair = 1

2

∑
12,1′2′

V12,1′2′κ∗
12κ1′2′

= −
√

2G
∑
Nz

∑
NpMp

|P NzNpMp |2, (29)

where

P NzNpMp =
∑

12

W
NzNpMp

12 κ12. (30)

Since Ŝ = ie−iπjz is conserved, we can check that the matrix
element of the pairing tensor has the structure κ12 = δS1,S̄2

κ12.

Combined with the δK1+K2,Mp
in W

NzNpMp

12 , one gets

P NzNpMp =
∑

12

δS1,S̄2
δK1+K2,Mp

W
NzNpMp

12 κ12

= δMp,2nP
NzNpMp , n ∈ Z, (31)

i.e., only P NzNpMp with even Mp survive and thus we can skip
safely those with odd Mp in the sum in Eq. (28). The sum in Eq.
(25) runs over the ADHO quantum numbers Nz, Np, and Mp

in the center-of-mass frame with Nz + 2Np + |Mp| � 2Nf .
The total energy of the nucleus reads

Etotal =
∫

d3r
{ ∑

k

v2
kψ

†
k (α · p + βMB)ψk

+1

2
αSρ

2
S + 1

2
αV ρ2

V + 1

2
αT Sρ

2
T S + 1

2
αT V ρ2

T V

+1

3
βSρ

3
S + 1

4
γSρ

4
S + 1

4
γV ρ4

V

+1

2
δSρS�ρS + 1

2
δV ρV �ρV

+1

2
δT SρT S�ρT S + 1

2
δT V ρT V �ρT V + 1

2
eρCA

}
+Epair + Ec.m., (32)

where the center-of-mass correction Ec.m. is calculated, de-
pending on the relativistic functional, either phenomenologi-
cally as

Ec.m. = − 3
4 × 41A1/3 MeV, (33)

or from the quasiparticle vacuum

Ec.m. = − 〈P 2〉
2MA

, (34)

where P is the total linear momentum and A is the nuclear
mass number.

The intrinsic multipole moments are calculated as

Qτ
λμ =

∫
d3r ρτ

V (r)rλYλμ(�), (35)

where Yλμ(�) is the spherical harmonics and τ refers to
the proton, neutron, or the whole nucleus. The deformation
parameter βλμ is obtained from the corresponding multipole
moment by

βτ
λμ = 4π

3NτRλ
Qτ

λμ, (36)

where R = 1.2 × A1/3 fm and Nτ is the number of proton,
neutron, or nucleons.

III. RESULTS AND DISCUSSIONS

In this section, we study neutron rich even-even Zr
isotopes with 100 � A � 114 by using the MDC-RHB model.
These nuclei are among those with N � 70 and A � 110
which show interesting nuclear structure properties, such as
drastic changes in shapes with A and shape coexistences
[40,42,49,49,51,63,64,94,124–141]. The structures of nuclei
around N = 70 are also of particular interest for nuclear
astrophysics because neutron-rich nuclei with A � 110 are
around the r-process path, which is determined by the
equilibrium between neutron capture and photodisintegration
[142–152].

Zr isotopes have been studied extensively with the
CDFT under the assumption of reflection symmetry
[94,125,127,133,135,136,139]. In these studies, the coexis-
tence of prolate and oblate minima in potential energy curves
of even-even Zr isotopes were discussed. By including the
β30 deformation, a pear-like ground state of 112Zr is predicted
with the functional DD-PC1 [21]. From the experimental point
of view, the analysis of rotational bands, β-decay half-lives,
and lifetimes of the first 2+ states reveals that some of these
nuclei are well deformed [62,152–164] and there exist shape
coexistences in 100–104Zr [153–155,165].

Next we give some numerical details and illustrative
calculations of the MDC-RHB model. Then we present and
discuss the results for neutron-rich even-even Zr isotopes
calculated with functionals DD-PC1 [111] and PC-PK1 [166].

A. Numerical details

In the MDC-RHB model, the potentials and densities are
calculated in a spatial lattice in which mesh points in the
ρ and z directions are designed in a way that the Gaussian
quadrature can be performed and those for the azimuthal angle
ϕ are equally distributed. Since we keep the mirror reflection
symmetry with respect to the x = 0 or y = 0 planes, only
mesh points with positive x and y are considered. For axially
deformed nuclei the azimuthal degree of freedom vanishes, and
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TABLE I. Pairing gaps (in MeV) calculated from functionals
DD-PC1 [111] and PC-PK1 [166] for 102,104Zr. The experimental
values are obtained from odd-even mass differences and the mass
values are taken from Ref. [167].

102Zr 104Zr

�n �p �n �p

Experiment 1.10 1.55 1.08 1.55
DD-PC1 1.08 1.51 0.99 1.50
PC-PK1 1.17 1.60 1.11 1.60

for reflection symmetric nuclei mesh points with z < 0 can also
be omitted. The values of the localized fields and potentials
in the full lattice space can be simply obtained by symmetry
transformations such as rotations or the spatial reflection.

To reproduce the available empirical pairing gaps of
102,104Zr (see Table I), the strength of the pairing force
given in Eq. (11) is readjusted a little for protons compared
to those originally proposed in Refs. [109,110]: Gn = G0,
Gp = 1.12G0 with G0 = 738 MeV fm3.

The calculated physical observables should converge as the
truncation Nf → ∞. In Fig. 1, we show the one-dimensional
(1D) potential energy curve of 110Zr around the ground state
with axial symmetry and reflection symmetry, axial symme-
try and reflection asymmetry, and nonaxial and reflection
asymmetry imposed, respectively. The effective interaction
DD-PC1 [111] is used. Calculations with different truncations
(Nf = 12, 14, and 16) are depicted by dotted, dashed, and
solid curves, respectively. As shown in the upper panel of
Fig. 1, the predicted ground state shape of 110Zr is oblate
with β20 ≈ −0.2 when both axial and reflection symmetries
are imposed. There is another minimum around β20 = 0. The
energy of this minimum is reduced by about 1 MeV when the
axial octupole deformation (β30) is included, while the energy
gain is about 2 MeV when the nonaxial octupole deformation
(β32) is included. As a result, the ground state changes to
β20 ≈ 0. To see more clearly the truncation errors, we have
amplified the figure near β20 = 0. We can see that for 110Zr,
the energy changes about 400 keV when Nf increases from
12 to 14; further increasing Nf from 14 to 16, the energy
changes only about 100 keV. Furthermore, from Fig. 1, one
can find that the inaccuracy caused by the finite basis size is
almost independent of the imposed symmetry (in this case,
independent of whether the axial or nonaxial deformations,
reflection symmetric or reflection asymmetric deformations
are included). This means a good convergence and Nf = 14
is sufficient in this mass region.

For axially symmetric nuclei where potentials and densities
f (ρ,ϕ,z) ≡ f (ρ,z) are independent of the azimuthal angle ϕ,
the Fourier coefficient fn(ρ,z) = 0 when n � 1. For nonaxial
nuclei, fn(ρ,z) �= 0 when n � 1. Therefore, n characterizes
the nonaxiality of potentials and densities. In practical calcu-
lations, the Fourier series in Eq. (22) has to be truncated,
i.e., n � nmax. To study the dependence of the calculated
results on nmax, we show the binding energy and nonaxial
β32 deformation parameter of 110Zr calculated with different
nmax in Fig. 2. As shown in Fig. 2(b), if all fn’s with n � 1 are

FIG. 1. The potential energy curve of 110Zr from MDC-RHB
calculations with different symmetries imposed (a) and with different
truncations of the ADHO basis [(b), (c), and (d)]. The calculations
are preformed with axial symmetry and reflection symmetry (AS
& RS), axial symmetry and reflection asymmetry (AS & RA), and
triaxial symmetry and reflection asymmetry (TA & RA) imposed,
respectively. In (b), (c), and (d), the results calculated with Nf =
12, 14, and 16 are depicted by dotted, dashed, and solid curves,
respectively. The corresponding amplified figures (e), (f), and (g)
show the detailed structure of the PES’s near β20 = 0; the width of
each subfigure is 0.06 and the height is 1 MeV.

omitted (nmax = 0), the nucleus remains axial and β32 = 0. The
convergence of the binding energy and β32 with nmax increasing
is very fast. The results obtained with nmax = 2 are very precise
already; the energy gain when nmax increases from 2 to 3 is only
around 30 keV. In practical calculations, nmax is determined
automatically by the relation 2nmax = Kmax − Kmin, where
Kmax (Kmin) is the largest (smallest) K in the truncated ADHO
basis. This is sufficiently large for all of results discussed here.

B. Neutron-rich even-even Zr isotopes

We calculate one-dimensional (1D) potential energy curves
(E ∼ β20) for even-even Zr nuclei with 100 � A � 114. The
functionals DD-PC1 [111] and PC-PK1 [166] are used. To
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FIG. 2. The binding energy (a) and β32 deformation (b) of 110Zr
from MDC-RHB calculations with different truncations made in the
Fourier expansion of densities and potentials. The calculations are
performed with Nf = 14. The functional DD-PC1 is used in the
MDC-RHB calculations.

investigate different roles played by the nonaxiality and re-
flection asymmetry, calculations are preformed with different
symmetries imposed: (i) axial and reflection symmetry, (ii)
axial symmetry and reflection asymmetry, and (iii) nonaxial
and reflection asymmetry, and the results are denoted by
dotted, dash-dotted, and solid lines, respectively.

First we focus on 1D potential energy curves obtained
with DD-PC1, which are shown in Fig. 3. If nuclear shapes
are restricted to be axial and reflection symmetric (red
dotted line), a prolate ground state with β20 ≈ 0.4 coexisting
with an oblate minimum with β20 ≈ −0.2 is obtained for
100Zr. This is consistent with the experimental observations
[153,154,157,158]. For 102–114Zr, the ground state shapes are
predicted to be oblate with β20 ≈ −0.2. As neutron number
increases, the energy of the minimum with β20 > 0 increases.
A minimum with β20 ≈ 0 is developed starting from 106Zr.
This minimum becomes lower in energy and the pocket
becomes deeper with the neutron number increasing.

If nuclei are allowed to be reflection asymmetric but axial
symmetric, one obtains 1D potential energy curves, denoted
by blue dash-dotted lines in Fig. 3. The β30 deformation is
involved around β20 = 0 for all of the nuclei investigated here.

FIG. 3. Potential energy curves (E ∼ β20) for Zr isotopes. The energy is normalized with respect to the energy minimum with β20 < 0 for
each nucleus. The dotted line denotes results with axial symmetry (AS) and reflection symmetry (RS) imposed, the dash-dotted line denotes
results restricted to AS and reflection asymmetry (RA), while the solid line represents results with both AS and RS broken, i.e., with triaxial
(TA) deformation and RA. The functional DD-PC1 is used in MDC-RHB calculations.
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TABLE II. The quadrupole deformation β20, axial octupole de-
formation β30, nonaxial octupole deformation β32, and hexadecapole
deformation β40 together with binding energies Ecal for the ground
states of Zr isotopes obtained in MDC-RHB calculations with the
functional DD-PC1. Eexp denotes experimental binding energies
taken from Ref. [167]. βexp represents experimental quadrupole
deformations taken from Ref. [168]. The data with “*” stand for
estimated values [167]. All energies are in MeV.

Nucleus β20 β30 β32 β40 Ecal βexp Eexp

100Zr 0.44 0.00 0.00 0.22 −851.90 0.36 −852.22
102Zr −0.24 0.00 0.00 0.04 −863.10 0.43 −863.57
104Zr −0.24 0.00 0.00 0.02 −874.01 0.47 −873.85
106Zr −0.24 0.00 0.00 0.01 −884.18 −883.19∗
108Zr −0.24 0.00 0.00 0.00 −893.16 −891.76∗
110Zr 0.00 0.00 0.18 −0.04 −902.46 −899.47∗
112Zr 0.00 0.00 0.13 −0.02 −908.79 −906.53∗
114Zr −0.04 0.13 0.00 0.02 −915.50

As a result, a minimum develops for 104Zr around β20 = 0. The
energy of the minimum with β20 ≈ 0 for 106–114Zr is lowered
substantially by the β30 distortion. Due to this lowering effect,
the energy of the minimum with pear-like shape (β20 ≈ 0,
β30 �= 0) is lower than the minimum with oblate or prolate
shape for 110Zr, 112Zr, and 114Zr. This lowering effect is
also found in Skyrme HFB+BCS calculations [51]. The β30

deformation is not important either around the oblate minimum
(β20 ≈ −0.2) or around the prolate minimum (β20 ≈ 0.4).
Note that these results are different from those presented in
Ref. [21] where the octupole deformation is found only in
the ground state of 112Zr with the functional DD-PC1. Such
differences are mainly caused by different pairing strengths
used in these two works. We have checked that if we use the
pairing strengths given in Ref. [21], i.e., Gn = Gp = 1.12G0

with G0 = 738 MeV fm3, we can get the same results as
Ref. [21].

When the β32 deformation is allowed in the calculations,
both axial and reflection symmetries are broken. As seen in
Fig. 3, the β32 deformation changes very much the energy
around β20 = 0 (the black solid line). Similar to the cases
discussed in the previous paragraph about the inclusion of β30,
a minimum also develops for 104Zr around β20 = 0. However,
the β32 distortion effect is more pronounced than that of the
β30 deformation for most of these nuclei. The energy of the
minimum with β20 ≈ 0 for 106–112Zr is lowered substantially. A
tetrahedral ground state is predicted for 110,112Zr. For 114Zr, the
predicted pear-like shape is lower in energy than the tetrahedral
shape. From Fig. 3, we know that the β32 distortion effect is
the most pronounced for 110Zr, where the inclusion of the
β32 deformation lowers the energy of the minimum around
β20 = 0 by about 2 MeV. Similar to the situation of β30, the β32

deformation is important neither around the oblate minimum
(β20 ≈ −0.2) nor around the prolate minimum (β20 ≈ 0.4).
The obtained ground state deformation parameters as well
as the binding energies with DD-PC1 for 110–114Zr are listed
in Table II. The corresponding available experimental values
are also included for comparison. The predicted energies of

TABLE III. The binding energy (relative to the ground state) for
various energy minima (when they exist) in Zr isotopes obtained in
the MDC-RHB calculations with the functional DD-PC1. All energies
are in MeV.

Nucleus 100Zr 102Zr 104Zr 106Zr 108Zr 110Zr 112Zr 114Zr

Oblate 0.21 0.00 0.00 0.00 0.00 1.58 0.44 0.19
Pear-like 2.72 2.22 1.12 1.25 0.08 0.00
Tetrahedral 2.53 1.85 0.49 0.00 0.00 0.20
Prolate 0.00 0.10 0.63 0.89 0.53 2.55 2.02 4.02

various minima (with respect to the corresponding ground
state energy) are presented in Table III.

From Fig. 3 and Table II, one finds that the ground
states of 100–108Zr are well deformed with large quadrupole
deformation. For 108Zr, a tetrahedral isomeric state is also
predicted. The ground states of 110,112Zr are predicted to
have tetrahedral shape and the most pronounced effect from
the β32 distortion is in 110Zr with the functional DD-PC1.
The formation of the tetrahedral ground state around 110Zr
can be traced back to the large energy gaps at Z = 40 and
N = 70 in the single-particle levels when β32 deformation
is included. In Fig. 4, we show the single-particle levels
of 110Zr near the Fermi surface as functions of β32 with
β20 fixed at zero. Due to the tetrahedral symmetry, the
single-particle levels split into multiplets with degeneracies
equal to the irreducible representations of the T D

d group. For
example, the spherical levels with j = 1/2 and j = 3/2 are
twofold and fourfold degenerate and they can be reduced to
the two-dimensional (2D) irreducible representation E′

1 and
four-dimensional (4D) irreducible representation G′ of the
T D

d group, respectively. Such degeneracies are kept as β32

increases. The spherical levels with j = 5/2 can be reduced
to the 2D irreducible representation E′

2 and 4D irreducible
representation G′ of the T D

d group. These levels split into
two levels with degeneracies 2 and 4, respectively, as β32

increases. The reduction of spherical levels (up to j = 11/2)
to the irreducible representation of the T D

d group are listed in
Table IV. For protons, as shown in Fig. 4(a), the magic gap
Z � 20 is enhanced while the gap at Z � 28 is suppressed as
β32 increases. At Z � 40 a large energy gap shows up with
β32 increasing. From Fig. 4(b) we can see that large energy
gaps appears at N � 40 and 70 while the spherical magic gap
around N = 50 is suppressed as β32 increases. Due to large
energy gaps at Z � 40 and N � 70, a strong β32 effect is
expected for 110Zr and nearby nuclei.

In Fig. 5 we show the proton and neutron pairing energies of
110Zr calculated with the functional DD-PC1. The changes of
the pairing energy as a function of β20 are due to the variations
of single-particle level density near the Fermi surface when
β20 changes: lower level density near the Fermi surface usually
leads to weaker pairing effects. When β30 and β32 deformations
are not included, the weakest pairing effects are found around
the prolate minimum (note that the three curves overlap around
this minimum). However, the inclusion of β30 or β32 reduces
the proton and neutron pairing effects around β20 = 0 a lot.
Especially for the case of β32, both proton and neutron paring
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FIG. 4. The single-particle levels near the Fermi surface for
protons (a) and neutrons (b) of 110Zr as functions of β32 with β20

fixed at zero. The functional DD-PC1 is used in the MDC-RHB
calculations.

energies almost vanish around β20 = 0, due to the large energy
gap developed at Z � 40 and N � 70.

From the above discussions, we know that the inclusion
of β30 and β32 deformations can reduce the energies around

TABLE IV. The reductions of the spherical levels (up to j =
11/2) to the irreducible representations of the T D

d group. The two
2D irreducible representations of the T D

d group are denoted by E′
1

and E′
2, the 4D irreducible representation of the T D

d group is denoted
by G′.

j Irreducible representations of T D
d group

1/2 E′
1

3/2 G′

5/2 E′
2 + G′

7/2 E′
1 + E′

2 + G′

9/2 E′
1 + 2G′

11/2 E′
1 + E′

2 + 2G′

β20 = 0 for most of the neutron-rich Zr isotopes investigated
here. As a result, with the functional DD-PC1, tetrahedral
ground states and pear-like isomeric states are predicted for
110,112Zr and a pear-like ground state and a tetrahedral isomeric
state are predicted for 114Zr. To further investigate the proper-
ties and the relation between these two minima, we calculate
the potential energy surfaces (PES) of 106–114Zr in the (β30,β32)
plane with β20 fixed at zero and show them in Fig. 6. It is clearly

FIG. 5. The proton and neutron pairing energies of 110Zr as
functions of β20. The dotted line denotes the results with the
axial symmetry (AS) and reflection symmetry (RS) imposed, the
dash-dotted line denotes the results restricted to the AS and reflection
asymmetry (RA), while the solid line represents the results with both
triaxial (TA) and RA shapes allowed. The functional DD-PC1 is used
in the MDC-RHB calculations.
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FIG. 6. The potential energy surfaces of 106–114Zr in the (β30,β32)
plane with β20 fixed at zero. The contour interval is 0.1 MeV. The
functional DD-PC1 is used in the MDC-RHB calculations.

seen that the pockets around tetrahedral minima are deeper
than those around pear-like minima for 106–112Zr. For example,
the minimum with β30 ≈ 0.15 of 110Zr is 1.25 MeV higher
than the tetrahedral minimum with β32 ≈ 0.15. From Fig. 6,
one finds that the barriers separating the pear-like and the tetra-
hedral minima are very low. For 106Zr, the barrier is almost in-
visible. For 108Zr and 112Zr, the barrier heights are less than 0.2
MeV. For 110Zr, the barrier is higher, but still less than 0.3 MeV.
In this sense, the pear-like isomeric states are rather unstable
and may hardly be observed for the nuclei discussed here.

We also preformed similar calculations with the functional
PC-PK1. By examining the obtained 1D potential energy
curves and 2D potential energy surfaces, it is found that
with this functional and the same pairing strength as used
in calculations with the functional DD-PC1 (i.e., Gn = G0,
Gp = 1.12G0 with G0 = 728 MeV fm3), the tetrahedral and
octupole deformations have less influence on Zr isotopes
than they do with DD-PC1. In this sense, the tetrahedral and
octupole deformation effects are functional dependent. With
these two shape degrees of freedom considered, the potential
energy surfaces become softer around the local minima with
β20 ≈ 0. The most pronounced effects from the tetrahedral
or octupole distortions happen in 110Zr for which a spherical
shape is already obtained under the assumption of axial and
reflection symmetries. In the AS & RA calculations, the ground

state minimum for 110Zr is lowered by about 0.1 MeV and in
the TA & RA calculations, the minimum corresponding to
the tetrahedral shape is lower by about 0.1 MeV than that
corresponds to an octupole shape.

Experimentally, low-lying spectra for even-A Zr isotopes
have been established, from which it has been concluded that
100,102,104,106,108Zr are well deformed. However, there has been
no such experimental information for 110Zr. In some theoretical
investigations (see, e.g., Ref. [138]) it is predicted that 110Zr
is also well deformed. In our calculations, 110Zr is predicted
to be tetrahedral because of the strong effects of shell closures
around Z � 40 and N � 70.

IV. SUMMARY

We have developed a multidimensionally constrained rela-
tivistic Hartree-Bogoliubov (MDC-RHB) model in which the
pairing correlations are taken into account with the Bogoliubov
transformation. In this model, the nuclear shape is assumed
to be invariant under the reversion of x and y axes, thus,
all shape degrees of freedom βλμ with even μ are included
self-consistently. A separable pairing force of finite range is
adopted in this model. We solve the RHB equation in an axially
deformed harmonic oscillator (ADHO) basis. The convergence
of the calculated results against the basis truncation is studied
and it is shown that a reasonably large ADHO basis is able to
provide a desired accuracy.

We have calculated the potential energy curves (E ∼ β20)
of neutron-rich even-even Zr isotopes with the MDC-RHB
model. It is found that the β32 deformation plays a very
important role in the isomeric or ground states of these nuclei,
especially for nuclei around N = 70. The ground state shape of
110Zr is predicted to be tetrahedral with both functionals DD-
PC1 and PC-PK1. 112Zr is also predicted to have a tetrahedral
ground state with the functional DD-PC1. We investigated the
evolution of single-particle levels in 110Zr as a function of the
β32 deformation. It is found that there are large energy gaps at
Z � 40 and N � 70 which are responsible for the strong β32

distortion effect. The inclusion of β30 deformation can also
reduce the energy around β20 = 0 and lead to minima with
pear-like shapes for nuclei around 110Zr, but these minima
are rather shallow. By examining two-dimensional potential
energy surfaces in the (β30,β32) plane with β20 fixed at zero, we
found that the barrier separating the two minima with nonzero
β32 or nonzero β30 is quite low.
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APPENDIX A: CALCULATION OF THE PAIRING FIELDS

The separable pairing force of finite range in the coordinate space reads

V (r1σ1,r2σ2,r ′
1σ

′
1,r

′
2σ

′
2) = −Gδ(R − R′)P (r)P (r ′) 1

2 (1 − Pσ ), (A1)

where R = (r1 + r2)/2 and r = r1 − r2 are the center-of-mass and relative coordinates, respectively. The corresponding matrix
element in the axially deformed harmonic oscillator (ADHO) basis is

V12,1′2′ =
∑
σ1σ2

∑
σ ′

1σ
′
2

∫
d3r1d

3r2d
3r ′

1d
3r ′

2�
∗
1(r1σ1)�∗

2(r2σ2)V (r1σ1,r2σ2,r ′
1σ

′
1,r

′
2σ

′
2)�1′(r ′

1σ
′
1)�2′(r ′

2σ
′
2). (A2)

Referring to the structure of the basis wave functions Eq. (24), V12,1′2′ can be written as a product of integrals and sums,

V12,1′2′ = (C1C2)∗(C1′C2′)V σ
12,1′2′V

z
12,1′2′V

ρ
12,1′2′ , (A3)

with

V σ
12,1′2′ =

∑
σ1σ2
σ ′

1σ
′
2

χs1 (σ1)χs2 (σ2)
1

2
(1 − Pσ )χs ′

1
(σ ′

1)χs ′
2
(σ ′

2) = 1

2

(
2s1δσ1,σ̄2

)(
2s ′

1δσ ′
1,σ̄

′
2

)
, (A4)

V z
12,1′2′ =

∫
dz1dz2dz′

1dz′
2φnz1

(z1)φnz2
(z2)[δ(Z − Z′)Pz(z)Pz(z

′)]φn′
z1

(z′
1)φn′

z2
(z′

2)

=
√

2
∑
Nz

(∑
n

M
nz1 nz2
Nzn

An

)(∑
n

M
n′

z1
n′

z2
Nzn

An

)
, (A5)

V
ρ

12,1′2′ =
∫

d2ρ1d
2ρ2d

2ρ ′
1d

2ρ ′
2R

ml1
nρ1

(ρ1)R
ml2
nρ2

(ρ2)
1

2π
e−i(ml1 ϕ1+ml2 ϕ2)

× [δ(ρ − ρ ′)Pρ(ρ)Pρ(ρ ′)]R
m′

l1
n′

ρ1
(ρ1)R

m′
l2

n′
ρ2

(ρ2)
1

2π
e
i(m′

l1
ϕ1+m′

l2
ϕ2)

=
√

2
∑
NρMρ

(∑
n

M
nρ1 ml1 nρ2 ml2
NρMρn0 Bn

)(∑
n

M
n′

ρ1
m′

l1
n′

ρ2
m′

l2
NρMρn0 Bn

)
, (A6)

where

An =
∫ ∞

−∞
φn(z)Pz(

√
2z)dz, Bn =

√
2π

∫ ∞

0
Pρ(

√
2ρ)R0

n(ρ)ρ dρ, (A7)

are constants. All these terms are in separable forms; so is the matrix element

V12,1′2′ =
∑

NzNρMρ

(
W

NzNρMρ

12

)∗
W

NzNρMρ

1′2′ , (A8)

where

W
NzNρMρ

12 = (C1C2)
(
2s1δσ1,σ̄2

)(∑
n

M
nz1 nz2
Nzn

An

)(∑
n

M
nρ1 ml1 nρ2 ml2
NρMρn0 Bn

)
. (A9)

The Talmi-Moshinski brackets are given in the next appendix.

APPENDIX B: THE TALMI-MOSHINSKI BRACKETS

As usual the Talmi-Moshinski brackets are calculated by the generating function method. Here we only show the final results
and the details can be found in Ref. [169].

The one-dimensional Talmi-Moshinski bracket reads

M
nz1 nz2
Nznz

=
∫ ∞

−∞
dz1dz2φnz1

(z1)φnz2
(z2)φNz

(z+)φnz
(z−) = 1√

2Nz+nz

√
nz1 !nz2 !

Nz!nz!
δnz1 +nz2 ,Nz+nz

nz∑
s=0

(−1)s
(

Nz

nz1 − nz + s

)(
nz

s

)
,

(B1)

where z+ = 1√
2
(z1 + z2) and z− = 1√

2
(z1 − z2).
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The two-dimensional Talmi-Moshinski bracket is

M
n1m1n2m2
NMnm =

∫ ∞

0
ρ1dρ1

∫ 2π

0
dϕ1

∫ ∞

0
ρ2dρ2

∫ 2π

0
dϕ2R

m1
n1

(ρ1)e−im1ϕ1Rm2
n2

(ρ2)e−im2ϕ2RM
N (ρ+)eiMϕ+Rm

n (ρ−)eimϕ−

= δM+m,m1+m2δ2n1+|m1|+2n2+|m2|,2N+|M|+2n+|m|
(−1)n1+n2+N+n

√
22n1+|m1|+2n2+|m2|

√
N !(N + |M|)!n!(n + |m|)!

n1!(n1 + |m1|)!n2!(n2 + |m2|)!

×
n1n2∑

p1,q1,r1,s1
p2,q2,r2,s2

|m1||m2|∑
t1t2

(−1)r2+s2+|m2|−t2δ
p1r1s1t1
p2r2s2t2

(|m1|
t1

)(|m2|
t2

)(
n1

p1 q1 r1 s1

)(
n2

p2 q2 r2 s2

)
, (B2)

where the variables (ρ±,ϕ±) are defined as

ρ± cos ϕ± = 1√
2

(ρ1 cos ϕ1 ± ρ2 cos ϕ2),

ρ± sin ϕ± = 1√
2

(ρ1 sin ϕ1 ± ρ2 sin ϕ2). (B3)

The multinomial coefficients are (
q

p1 p2 p3 · · · pn

)
= δ∑

k pk,q

q!∏n
k=1 pk

, (B4)

and the Kronecker δ’s are

δ
p1r1s1t1
p2r2s2t2 =

{
δt1+t2,N−(p1+s1)−(p2+s2)+(|M|+M)/2δ0,N−(p1+r1)−(p2+r2)+ 1

2 (|M|−M), m1m2 � 0,

δt1,N−(p1+s1)−(p2+s2)+(|M|+M)/2δt2,N−(p1+r1)−(p2+r2)+(|M|−M)/2, m1m2 � 0.
(B5)
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