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Excitation energy dependence of the level density parameter close to the doubly magic 208Pb
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Neutron evaporation spectra have been measured from 4He +208Pb and 4He +209Bi reactions by using 4He-ion
beams of several bombarding energies. Excitation-energy dependence of the level density parameter has been
studied for the two systems in the excitation energy range of ∼18–50 MeV. For both the reactions an overall
reduction of the asymptotic level density parameter with increasing excitation energy (temperature) is observed.
The trend of the data was compared with the Thomas–Fermi model predictions and found to be in reasonable
agreement. The value of the shell damping parameter has been extracted from the lowest-energy data in the case
of 210,211Po and 211,212At nuclei close to the Z = 82 and N = 126 shell closure, and it was found to be consistent
with the recent measurement in the vicinity of doubly magic 208Pb nucleus.
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I. INTRODUCTION

Nuclear level density (NLD), which is the most important
input to the statistical model description of various nuclear
reactions, has been a matter of investigation over a long time.
Understanding the nature of variation of NLD on various
factors such as excitation energy, angular momentum, pairing,
shell corrections, deformation, isospin, parity, etc. is crucial
from both fundamental and application points of view. In
some of our recent studies important information on the
dependence of NLD on angular momentum [1–3] and ground-
state deformation [4] were reported. Another important factor,
by which NLD is strongly influenced, is the shell structure
of the atomic nuclei. Strong departure of the level density
parameter (LDP) from its standard low-energy value of ∼A/8
is very well known for nuclei in the vicinity of closed shells.
The shell structure in atomic nuclei is a manifestation of the
nuclear mean field which assumes that nucleons move quasi-
independently from one another inside a nucleus because of
Pauli’s principle. So the shell effects are strongly excitation-
energy dependent, expected to be damped and finally washed
out at higher excitation energies due to gradual weakening
of the nuclear mean field itself. Realistic shell effects can
be incorporated in an exact manner in the microscopic level
density calculations either by a combinatorial or by a statistical
approach. However, such rigorous microscopic calculations
are extremely involved, requiring large computation time,
which severely limits their applications to the analysis of
experimental data. Therefore in most of the statistical model
codes the level density is approximated by a simple Fermi-gas-
type (FG-type) analytic expression [5] and important factors
such as shell effects, pairing, collectivity, etc. are incorporated
in a completely phenomenological manner through a number
of adjustable parameters. The most widely used excitation-
energy-dependent parametrization of the shell effect in NLD
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is given by [6]

a = ã

[
1 − �S

U
{1 − exp(−γU )}

]
, (1)

where a is the level density parameter and ã is its asymptotic
value at the excitation energy where shell effects are depleted,
leaving a smooth dependence on the mass number A. Here
U is the thermal excitation energy which contributes to the
temperature, �S is the ground-state shell correction, and γ
is the shell damping parameter. An exact determination of
γ is important because it determines the rate at which the
shell effects are depleted with increasing excitation energy.
Theoretically, the procedure described by Eq. (1) is quite
useful because it is easy to handle (compared with the direct
enumeration of NLD using shell-model single-particle level
schemes) and almost applicable for all nuclei in the nuclear
chart.

Experimentally, the information on the variation of the shell
effect in NLD over a wide excitation range can be obtained
by measuring particle evaporation spectra from an excited
compound nucleus at sufficiently low energies where the shell
effect has significant contribution. However, populating nuclei
at such low excitation energies through the fusion reactions is
difficult due to the entrance channel Coulomb barrier. This
difficulty has been overcome to an extent in a recent study
by Rout et al., where the authors have measured neutron
evaporation spectra followed by transfer-induced fusion of
7Li on 205Tl populating particle unbound states in 208Pb
[7]. Another possible solution to the problem of producing
low excitation energy can be through the use of light-ion
beams such as protons or α particles for which the Coulomb
barriers are relatively small. The latter method is cleaner than
the earlier method in which there may be uncertainty due
to the contributions coming from different direct processes.
Additionally, in the second case (complete fusion) there is
no uncertainty in determining the excitation energy of the
compound nucleus as compared with the case of the transfer
induced fusion, where the excitation energy is determined by
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putting an energy gate (of width ∼1–2 MeV) in the measured
outgoing-particle energy spectrum. In the work of Rout et al.
[7], the shell damping parameter has been determined in the
vicinity of the doubly magic 208Pb nucleus. However, the
extracted γ value (0.060+0.01

−0.02 MeV−1) differs somewhat from
the value (0.079 ± 0.007 MeV−1) extracted earlier from the
neutron resonance data [8].

At this point it may be pointed out that, apart from
the discussed variation of the level density parameter with
excitation energy due to the shell effects (important for
T � 1 MeV); the smooth value of the LDP also shows
interesting variation with excitation energy (temperature). A
reduction in the value of the smooth level density parameter
with increasing temperature, from ∼A/8 at zero temperature
to ∼A/13 at T ∼ 5 MeV was reported in several experimental
studies, particularly in the A ≈ 160 mass region [9–13]. It has
been recognized that the observed temperature dependence of
the level density parameter can be accounted for to a good
extent by taking into account the effects of the temperature
dependence of the effective nucleon mass [14–18]. In a
simplified calculation under the Thomas–Fermi approach
(TFA) including the finite-size effects (effects due to surface
and curvature), the momentum and frequency dependence of
the effective mass, the effects of continuum and the shell
effects, the temperature variation of the level density parameter
was reported for several nuclei by Shlomo and Natowitz [17].
In a study, Fineman et al. [19] showed that the spectral shape
of light particles emitted from 193Tl and 213Fr compound
systems could be explained very well by using a modest
excitation-energy-dependent parametrization of smooth LDP,
based on the work of Shlomo and Natowitz [17]. However,
in the same work a stronger dependence of ã was required to
explain the data in case of the 224Th nucleus. A very strong
energy dependence of ã (from A/8 at low temperature to
A/12 at T ∼ 2.5 MeV) has been reported by Fabris et al.
from the measurement of α-particle emission in 19F +181Ta
fusion-evaporation reactions [20]. However, such a strong
dependence was not supported by later measurements for the
same 19F +181Ta system by Caraley et al. [21]. In the case
of lighter systems [22–24], a constant nature or rather weak
dependence of LDP on T compared with the observations in
the A ∼ 160 region or with the predictions of Shlomo and
Natowitz [17] was reported in many cases.

It is therefore evident from the above discussion that several
interesting studies have been carried out in recent years to
investigate the temperature dependence of the level density
parameter as well as the role of shell effects and its damping
on NLD. For the latter, measurements are very few and
new measurements will be useful to substantiate the earlier
results. On the other hand, results of different measurements
on the temperature dependence of the level density parameter
are so diverse that it is difficult to arrive at a definite
conclusion. Therefore, we studied the energy dependence
of the level density parameter and the damping of shell
effects with excitation energy in the A ∼ 210 region by using
light-ion-induced reactions, which has several advantages.
First, because the angular momenta populated are much less
compared with heavy-ion-induced (HI-induced) reactions, the
thermal excitation energy can be determined with much less

uncertainty. Moreover, any significant modification in the LDP
due to angular-momentum effects is less likely to occur in
this case. Second, the numbers of effective decay channels
are also less compared with the HI reactions; therefore, the
extracted level density parameters correspond more closely to
those of the nuclei of interest and are not averaged over a large
number of nuclei. Thus the present study is likely to extend
(and improve) the available information on the shell damping
and temperature dependence of the level density parameter
for systems close to the doubly magic 208Pb nucleus. With
this aim we carried out the present measurement, in which
neutron evaporation spectra have been measured from the two
different compound nuclei 212Po and 213At populated through
the reactions

4He +208Pb −→ 212Po∗ (Q = −8.95 MeV),
4He +209Bi −→ 213At∗ (Q = −9.25 MeV)

in an excitation range E∗ ∼ 18–50 MeV. The choice of
the current reactions was particularly useful to produce low
excitations as both the reactions have large negative Q values
(∼9 MeV).

II. EXPERIMENTAL DETAILS

The experiment was carried out by using the 4He-ion beams
of incident energies 28, 31, 35, 40, and 60 MeV from the K130
cyclotron at the Variable Energy Cyclotron Centre (VECC).
In the experiment, two self-supporting foils of 208Pb (enriched
to >99%, thickness ∼4 mg/cm2) and 209Bi (100% natural
abundance, thickness ∼1.5 mg/cm2) were used as targets. The
emitted neutrons were detected by using four liquid scintillator
detectors placed at the laboratory angles of 90◦, 105◦, 120◦,
and 150◦, at a distance of 1.5 m from the target. Energies
of the emitted neutrons were measured by the time-of-flight
(TOF) technique, where the starts of the TOF were taken from
a 50-element BaF2 γ -ray detector array placed very close to
the target. In converting the neutron TOF to neutron energy,
the prompt γ peak in the TOF spectrum was used as the time
reference. The neutron and γ separation were achieved by
both the TOF and pulse shape measurements. The beam dump
has been kept at a distance of ∼3 m from the target position
and shielded on all sides with layers of lead and paraffin to
minimize the contribution of background neutrons coming
from the beam dump. The scattered-neutron contribution was
estimated by blocking the neutrons from the target reaching
the detectors with the help of 30-cm-thick high-density plastic
(HDP) blocks placed in between the target and the detectors.
The excitation-energy-dependent efficiency, which is a very
crucial parameter, was measured in the in-beam condition
by using a standard 252Cf neutron source. The measured
efficiencies were also compared with a Monte Carlo-based
simulation [25] and found to be in good agreement. The data
were collected in event-by-event mode by using a VME-based
data-acquisition system.

III. RESULTS AND DISCUSSIONS

The extracted neutron kinetic-energy spectra at different
angles were converted to the center-of-mass frame; the spectral
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FIG. 1. The experimental neutron energy spectra (symbols) at
different angles in the center-mass-frame for the 4He +208Pb system
at 60 MeV incident energy. The corresponding SM predictions are
shown by dashed lines. The individual spectra have been scaled for
better visualization.

shapes were found to be almost overlapping (Fig. 1), indicating
that they have originated from an equilibrated compound
nucleus. The neutron data at the most-backward angle (150◦)
were used for further analysis. The experimental neutron
energy spectra were compared with the theoretical calculations
performed with the statistical model (SM) code CASCADE

[26]. In the CASCADE calculation, the phenomenological level
density formula predicted by the back-shifted Fermi gas model
[5] given by

ρint(E
*,J ) = (2J + 1)

12

(
�

2

2Ieff

)3/2√
a

exp(2
√

aU )

U 2
(2)

was used. Here a is the level density parameter and E* is the
excitation energy. The thermal excitation energy U is defined
as

U = E* − Erot − �P, (3)

with the rotational energy Erot and the pairing energy (�P)
given by

Erot = �
2

2Ieff
J (J + 1) (4)

and

�P = 12√
A

. (5)

Here Ieff = I0(1 + δ1J
2 + δ2J

4) is the effective moment of
inertia; I0, δ1, and δ2 are the rigid body moment of inertia
and deformability coefficients, respectively [27]. The shell
correction in a was incorporated through the expression given
in Eq. (1). The transmission coefficients were calculated
by using the optical model, where the optical model (OM)
parameters were taken from Ref. [28]. It was observed
that the variation in the transmission coefficients or in the
angular-momentum-dependent effective moment of inertia
had no significant effect on the shape of the calculated neutron
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FIG. 2. The experimental neutron spectrum (symbols) along with
the SM calculations (lines) using three γ values (see text) for the
4He +208Pb system at 28 MeV incident energy.

evaporation spectra. The shape of the spectra was mostly
determined by the value of the level density parameter a.

A. Determination of the shell damping parameter

The value of shell damping parameter was extracted from
the lowest-energy data (U ∼ 17 MeV), which has the highest
sensitivity (as compared with higher-energy data) for this
parameter. At the lowest excitation energy both the compound
nuclei 212Po and 213At decay predominately through 1n and
2n channels populating 211,210Po and 212,211At as evaporation
residues (ERs), respectively, in an energy range E∗

ER ∼ 2–12.
Over this E∗

ER range, the level density parameter is expected to
show significant variation due to the damping of the shell
effect. The ground-state shell corrections (�S), which are
determined from the difference between the experimental and
liquid drop masses, have the values ∼−11 MeV for the present
isotopes [29]. Figure 2 shows the measured neutron energy
spectrum along with the SM predictions for the 4He on 208Pb
reaction at the 28 MeV incident energy. The calculated spectra
are shown for the three γ values 0.03, 0.05, and 0.07 MeV−1.
The value of ã was taken as A/8 while extracting the value of
γ . It can be clearly seen from Fig. 2 that γ = 0.05 describes
the shape of the spectra reasonably well compared with the
other two γ values. The optimum γ values were extracted for
the two reactions by χ2 minimization and found to be 0.052 ±
0.018 MeV−1(for 4He +208Pb) and 0.054 ± 0.020 MeV−1(for
4He +209Bi). The measured values are consistent with the
theoretical estimates of Refs. [6,30] and also matches with
the measured value of Ref. [7]. Measurements at further lower
excitation energies will be useful to constrain the value of the
shell damping parameter to a narrower range. The spectral
shapes at higher energies (for Elab � 31 MeV) for the current
study are observed to have very little sensitivity on the variation
of γ , indicating the weakening of the influence of shell effects
at these energies.
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FIG. 3. Experimental neutron energy spectra (symbols) at differ-
ent excitation energies along with the statistical model fits (continuous
lines) for the 4He +208Pb system. The individual spectra have been
scaled for better visualization.

B. Temperature dependence of LDP

The excitation energy (temperature) dependence of the level
density parameter was studied by fitting the experimental
spectra at different incident energies (shown in Figs. 3 and
4) by varying the inverse level density parameter k (k = A/ã).
The temperature T can be obtained from the relation

T =
√

U

a
. (6)

However, in the measured neutron spectra there may be
contributions coming from neutrons emitted from different
stages of the decay. So, the measured spectra are fitted with
the Maxwellian function

√
Ee− E

T to estimate the average
temperatures. The extracted k values along with the corre-
sponding thermal excitation energies and temperatures are
given in Table I. It can be seen from the table that the extracted
temperatures from Eq. (6) and those from the Maxwell fitting
are close to each other. An overall increase of the inverse
level density parameter (or decrease of ã) with increasing
temperature is observed for both reactions. The temperature
dependence of k is plotted in Fig. 5 along with the theoretical
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FIG. 4. Same as Fig. 3 but for the 4He +209Bi system.

prediction of Shlomo and Natowitz [17] performed under
the Thomas–Fermi approach for a nucleus with A = 210
(continuous line in Fig. 5). It can be seen from Fig. 5 that the
average trend of the data is similar to that of the TFA prediction.
However, the experimental k values increases at a slightly
faster rate than the theoretical prediction. The experimental
trend can be very well represented by an empirical relation
(shown by the dashed line in Fig. 5),

k(U ) = k0 + κ
U

A
, (7)

as used in the past by several authors to reproduce the spectral
shapes of light charged particles emitted in different heavy-ion
reactions in a wide-excitation-energy range [19,21,31]. The
average variation of k with T , in the current study can be
explained by Eq. (7), with k0 = 7.8 and κ = 7.4. The value of
κ , which basically decides the rate of increase of k with U or
T , agrees with the mass-number-dependent parametrization of
Charity [31],

κ(A) = 0.00517e(0.0345A),

but rather large compared with that of Ref. [17] (≈4.3 for
A = 210). Although the current experiment could not go up
to very high excitation energies as compared to the earlier

TABLE I. Extracted inverse level density parameters and temperatures.

System Elab (MeV) E∗ (MeV) U (MeV) k (MeV) T (MeV) T (MeV)
from Eq. (3) from the SM fit from Eq. (6) from Maxwell fitting

4He +208Pb 28 18.5 16.6 7.8 ± 0.4 0.78 0.70 ± 0.03
4He +208Pb 31 21.5 18.8 8.0 ± 0.5 0.84 0.77 ± 0.05
4He +208Pb 35 25.4 21.9 8.5 ± 0.3 0.94 0.84 ± 0.04
4He +208Pb 40 30.3 25.8 8.5 ± 0.4 1.02 0.92 ± 0.03
4He +208Pb 60 49.9 44.0 9.5 ± 0.4 1.41 1.25 ± 0.04
4He +209Bi 28 18.2 16.3 8.3 ± 0.3 0.81 0.72 ± 0.04
4He +209Bi 31 21.2 18.6 9.0 ± 0.4 0.89 0.80 ± 0.05
4He +209Bi 35 25.0 21.5 9.4 ± 0.6 0.97 0.92 ± 0.03
4He +209Bi 40 30.0 25.5 9.5 ± 0.4 1.04 0.99 ± 0.04
4He +209Bi 60 49.6 43.7 10.0 ± 0.4 1.43 1.28 ± 0.04
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FIG. 5. Excitation-energy (temperature) dependence of the in-
verse level density parameter. The experimental data (symbols) are
compared with the prediction of Eq. (7) (dashed line) and the TFA
calculations (continuous line) of Ref. [17] (see text).

results, a clear trend could be established from the experi-
mental data because of the precise determination of the LDP.
However, more data points at higher excitation energies will
always be useful to make further comments on the rate
of increase of k with T . It may be mentioned here that
the reduction in the value of the asymptotic level density
parameter with excitation energy can mainly be accounted
for by the temperature dependence of the frequency- and
momentum-dependent effective mass [17]. The frequency
dependence of the effective mass, which reflects the effects of
correlations, considerably enhances the surface contribution
to ã at low energies, bringing it close to the observed value
(∼A/8) compared with the Fermi-gas prediction (∼A/15)
[14]. However, the effect of correlation dies out with the
increase in excitation energy and the value of ã approaches
its Fermi-gas limit [32]. The effect of correlation has another
significant effect in NLD. Apart from increasing the value of
the LDP at lower energies, the long-range correlations can also
cause an enhancement of the FG level density which is known
as the collective enhancement:

ρtot(E
∗) = Kcoll(E

∗)ρFG(E∗). (8)

Here, Kcoll is the collective enhancement factor which is a
product of rotational (Krot) and vibrational (Kvib) enhancement
factors. Normally in the statistical model calculations the

collective enhancement factor is not incorporated implicitly;
rather an effective level density parameter is used; that is,

ρtot(E
∗) = ρFG(E∗,ãeff) = Kcoll(E

∗)ρFG(E∗,ã). (9)

An increment in the value of the LDP at low energy can also
be observed as a manifestation of the excitation-energy depen-
dence of the collective enhancement factor, as recently seen in
the case of nuclei having large ground-state deformations [4].
A somewhat similar observation has also been reported in the
case of a relatively less deformed system in Ref. [33]. However,
in the current study, all the nuclei being close to the Z = 82 and
N = 126 shell closure are spherical in their ground state. Thus,
the rotational enhancement factor Krot ≈ 1 [34]. Besides, the
estimated vibrational enhancement factors are also quite small
(1–10) for the current nuclei of interest [35]. Therefore, the
contribution of the collective enhancement in the present study
can safely be neglected.

IV. SUMMARY AND CONCLUSION

The energy spectra of the neutrons emitted in the decay of
212Po* and 213At* have been measured at backward angles
at Elab = 28, 31, 35, 40, and 60 MeV and compared with the
statistical model calculations. The value of the shell damping
factor has been extracted from the lowest-energy data for
systems close to the doubly magic 208Pb. The shell effect and
its damping with increasing excitation energy was found to
be well represented by the relation given in Eq. (1) with a
damping parameter γ = 0.052 ± 0.018 MeV−1(in the case of
the 4He +208Pb reaction). The temperature dependence of the
asymptotic level density parameter has been studied and com-
pared with the Thomas–Fermi model calculations. An overall
decrease of the LDP with increasing temperature is observed,
consistent with the TFA prediction. The experimental results
can also be very well explained by an linear increase of the
inverse level density parameter with excitation energy, with
the empirical relation, k(U ) = 7.8 + 7.4(U/A).
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