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Nucleon localization and fragment formation in nuclear fission
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Background: An electron localization measure was originally introduced to characterize chemical bond structures
in molecules. Recently, a nucleon localization based on Hartree-Fock densities has been introduced to investigate
a-cluster structures in light nuclei. Compared to the local nucleonic densities, the nucleon localization function
has been shown to be an excellent indicator of shell effects and cluster correlations.

Purpose: Using the spatial nucleon localization measure, we investigate the emergence of fragments in fissioning
heavy nuclei.

Methods: To illustrate basic concepts of nucleon localization, we employ the self-consistent energy density
functional method with a quantified energy density functional optimized for fission studies.

Results: We study the particle densities and spatial nucleon localization distributions along the fission pathways
of 2*Fm, 2*Th, and >*°Pu. We demonstrate that the fission fragments are formed fairly early in the evolution,
well before scission. We illustrate the usefulness of the localization measure by showing how the hyperdeformed
state of **Th can be understood in terms of a quasimolecular state made of '*Sn and '®Zr fragments.
Conclusions: Compared to nucleonic distributions, the nucleon localization function more effectively quantifies
nucleonic clustering: its characteristic oscillating pattern, traced back to shell effects, is a clear fingerprint of
cluster/fragment configurations. This is of particular interest for studies of fragment formation and fragment

identification in fissioning nuclei.

DOLI: 10.1103/PhysRevC.94.064323

I. INTRODUCTION

The appearance of cluster states in atomic nuclei is a
ubiquitous phenomenon with many implications for both
nuclear physics and astrophysics [1-5]. While several factors
are known to contribute to clustering, a comprehensive
microscopic understanding of this phenomenon still remains
elusive. Cluster configurations can be energetically favorable
due to the large binding energy per nucleon in constituent
clusters, such as « particles. The binding-energy argument
has often been used to explain properties of «-conjugate
nuclei [6], cluster emission [7,8], and fission [9], and the
appearance of a gas of light clusters in low-density nuclear
matter [10—12] and in the interior region of heavy nuclei [13].
Another important factor is the coupling to decay channels;
this explains [14,15] the very occurrence of cluster states
at low excitation energies around cluster-decay thresholds
[16].

The microscopic description of cluster states requires
the use of an advanced many-body, open-system framework
[14,15,17] employing realistic interactions, and there has
been significant progress in this area [18-22]. For a global
characterization of cluster states in nuclei, a good starting point
is density functional theory [23] based on a realistic nuclear
energy density functional, or its self-consistent mean-field
variant with density-dependent effective interactions [24], to
which we shall refer as the energy density functional method
(EDFM) in the following. Within EDFM, cluster states have
a simple interpretation in terms of quasimolecular states.
Since the mean-field approach is rooted in the variational
principle, the binding-energy argument favors clustering in
certain configurations characterized by large shell effects of
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constituent fragments [25-32]; the characteristics of cluster
states can be indeed traced back to both the symmetries and
geometry of the nuclear mean-field [33,34].

The degree of clustering in nuclei is difficult to assess
quantitatively in EDFM as the single particle (s.p.) wave
functions are spread throughout the nuclear volume; hence,
the resulting nucleonic distributions are rather crude indicators
of cluster structures as their behavior in the nuclear interior
is fairly uniform. Therefore, in this study, we utilize a
different measure called spatial localization, which is a more
selective signature of clustering and cluster shell structure.
The localization, originally introduced for the identification of
localized electronic groups in atomic and molecular systems
[35-40], has recently been applied to characterize clusters in
light nuclei [41]. In this work, we investigate the usefulness of
the spatial localization as a tool to identify fission fragments
in heavy fissioning nuclei.

This article is organized as follows. Section II gives a
brief introduction to the EDFM and the localization measure
employed in this work. The results for fissioning nuclei 2**Fm,
232Th, and **°Pu are presented in Sec. I1I. Finally, the summary
and outlook are given in Sec. IV.

II. MODEL

A. EDFM implementation

In superfluid nuclear EDFM, the binding energy is ex-
pressed through the general density matrix [24,42]. By apply-
ing the variational principle to s.p. wave functions (Kohn-Sham
orbitals), the self-consistent Hartree-Fock-Bogoliubov (HFB)
equations are derived. Nuclear EDFM has been successfully
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used to describe properties of ground states and selected
collective states across the nuclear landscape [24,43—-45].

In this work, we use Skyrme energy density functionals
which are expressed in terms of local nucleonic densities
and currents. We employ the UNEDF1 functional optimized
for fission [46] in the presence of pairing treated by means
of the Lipkin-Nogami approximation as in Ref. [47]. The
constrained HFB equations are solved by using the symmetry-
unconstrained code HFODD [48].

B. Spatial localization

The spatial localization measure was originally introduced
in atomic and molecular physics to characterize chemical
bonds in electronic systems. It also turned out to be useful
for visualizing cluster structures in light nuclei [41]. It can be
derived by considering the conditional probability of finding a
nucleon within a distance § from a given nucleon at r with the
same spin/signature quantum number o (=1 or |) and isospin
q (=n or p). As discussed in [35,41], the expansion of this
probability with respect to § can be written as

2
Yl g
4 pyo Pyo

where 045, Tyo, J g0 and Vp,, are the particle density,
kinetic energy density, current density, and density gradient,
respectively. They can be expressed through the canonical HFB
orbits vV, (ro):

Ryo(r.8) ~ %(Tqa )52 +06%, (1)
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aeq

Tgo(r) = Y VLIV (ro)l’, (2b)
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Vo (r) =2 UIRelYi(ro)Viu(ro)]  (2d)

aeq

with v2 being the canonical occupation probability. Thus,
the expression in the parentheses of Eq. (1) can serve
as a localization measure. Unfortunately, this expression is
neither dimensionless nor normalized. A natural choice for
normalization is the Thomas-Fermi kinetic energy density

¥ = 3(6m)*? pa}’. Considering that the spatial localization
and R,, are in an inverse relationship, a dimensionless and

normalized expression for the localization measure can be

written as
1 222 29-1
Tyo Pgo — 71V 0gol” — o
ng(r)=|:1+<q e "1)} C)
Pgo Tyo

We note that the combination 7,5 046 — J 20 guarantees the
Galilean invariance of the localization measure [49]. In
this work, time reversal symmetry is conserved; hence, j,,
vanishes.

A value of C close to one indicates that the probability of
finding two nucleons with the same spin and isospin at the same
spatial location is very low. Thus the nucleon’s localization is
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large at that point. In particular, nucleons making up the o
particle are perfectly localized [41]. Another interesting case
is C = 1/2, which corresponds to a homogeneous Fermi gas
as found in nuclear matter. When applied to many-electron
systems, the quantity C is referred to as the electron localization
function, or ELF. In nuclear applications, the measure of
localization (3) shall thus be called the nucleon localization
function (NLF).

The above definition of the NLF works well in regions with
nonzero nucleonic density. When the local densities become
very small in the regions outside the range of the nuclear mean
field, numerical instabilities can appear. On the other hand,
when the particle density is close to zero, localization is no
longer a meaningful quantity. Consequently, when visualizing
localizations for finite nuclei in the two-dimensional plots
shown in this paper, we multiply the NLF by a normalized
particle density C(r) — C(r)pyo (r)/[maxpyq (r)].

III. LOCALIZATION IN FISSIONING HEAVY NUCLEI

Based on the examples shown in Ref. [41], we know that the
oscillating pattern of NLFs is an excellent tool for visualizing
cluster structures in light nuclei. In this work, we apply this tool
to monitor the development and evolution of fission fragments
in 2*Fm, 2*2Th, and %*°Pu.

We begin from the discussion of the symmetric fission of
264Fm, a subject of several recent DFT studies [50-53]. As
shown in Ref. [50], at large values of the mass quadrupole
moment O, the static fission pathway of 2**Fm is symmetric,
with a neck emerging at Q,9 & 145 b, and the scission point
reached at Q,y & 265 b, above which 2**Fm splits into two
fragments. The appearance of the static symmetric fission
pathway in 2*Fm is due to shell effects in the emerging fission
fragments associated with the doubly magic nucleus '*2Sn
[54].

Figure 1 shows neutron and proton densities and NLFs
for 2**Fm along the fission pathway. We choose three very
elongated configurations corresponding to decreasing neck
sizes. To study the gradual emergence of fission fragments,
we performed HFB calculations for the ground state densities
and NLFs of *2Sn, see Fig. 2. The nucleus '*2Sn is a doubly
magic system with a characteristic shell structure. Except for
a small depression at the center of proton density in Fig. 2(c),
the nucleonic densities are almost constant in the interior. On
the other hand, the NLFs show patterns of concentric rings
with enhanced localization, in which the neutron NLF exhibits
one additional maximum as compared to the proton NLF; this
is due to the additional closed neutron shell. As one can see,
unlike in atomic systems [35], the total number of shells cannot
be directly read from the number of peaks in the NLF, because
the radial distributions of wave functions belonging to different
nucleonic shells vary fairly smoothly and are poorly separated
in space. Nevertheless, each magic number leaves a strong and
unique imprint on the spatial localization.

By comparing the results of Figs. 1 and 2 one can clearly
see the gradual development of the '*2Sn clusters within the
fissioning 2%*Fm. It is striking to see that the ring-like pattern
of NLFs develops at an early stage of fission, at which the neck
is hardly formed. To illustrate this point more clearly, Fig. 3
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FIG. 1. Nucleonic densities (in nucleons/fm*) and spatial local-
izations for 2**Fm obtained from HFB calculations with UNEDF1
for three configurations along the symmetric fission pathway corre-
sponding to different values of the mass quadrupole moment Q,y and
decreasing neck size.
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FIG. 2. Nucleonic densities (in nucleons/fm*) and spatial local-
izations for the ground state of '*2Sn.
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FIG. 3. Neutron (left) and proton (right) NLF profiles for 2**Fm
(blue thick line) and two '*2Sn (red and green line) along the z axis
(r = 0). The three sets of panels (a)—(d), and (e), (f) correspond to
three deformed configurations of Fig. 1.

displays the NLFs for the elongated configurations of ***Fm
shown in Fig. 1 along the z axis and compares them to those
of 28n. To avoid normalization problems we present NLFs
given by Eq. (3), i.e., without applying the density form factor.
It is seen that the localizations of the emerging fragments
match those of *>Sn fairly well in the exterior region.

Let us now discuss two examples of asymmetric fission.
Figure 4 shows the potential energy curves of *>Th and
290py along the most probable fission pathway predicted,
respectively, in Refs. [55] and [56]. Both curves show
secondary minima associated with the superdeformed fission
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FIG. 4. The potential energy curves of **Th and **°Pu calculated
with UNEDF1 along the fission pathways [55,56]. The configura-
tions further discussed in Figs. 5 and 8 are marked by symbols.
Their quadrupole and octupole moments, O, (b) and Q3o (b*/?),
respectively, are indicated.
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FIG. 5. Nucleonic densities (in nucleons/fm’) and spatial local-
izations for 2**Th obtained from HFB calculations with UNEDF1for
five configurations along the fission pathway marked in Fig. 4.

isomers. For 2*Th, a pronounced softness is observed at
large quadrupole moments Q9 & 150-200 b. In this region of
collective space, a hyperdeformed third minimum is predicted
by some Skyrme functionals [55]. In the next step, we consider
five configurations along the fission pathway to perform
detailed localization analysis.

Figure 5 shows neutron and proton densities and NLFs for
232Th along the fission pathway. The first column corresponds
to the ground-state configuration where the densities do not
show obvious internal structures. However, the neutron NLF
shows three concentric ellipses and the proton NLF exhibits
two maxima and an enhancement at the surface. The second
column corresponds to the fission isomer. Here two-center
distributions begin to form in both NLFs. As discussed in [55],
the distributions shown in the third column can be associated
with a quasimolecular “third-minimum” configuration, in
which one fragment bears a strong resemblance to the doubly
magic nucleus '*>Sn. The fourth column represents the config-
uration close to the scission point, where two well-developed
fragments are present. As seen in the last column, at larger
elongations the nucleus breaks up into two fragments, one
spherical and another one strongly deformed shape.

To study the evolution of fission fragments, in addition
to 32Sn (Fig. 2) we study '7Zr, which is the second
presumed fission product of >**Th. The calculation for '®Zr
is performed at the prolate configuration with O,y = 10 b,
which corresponds to the lighter fission fragment predicted
in [55]. The results are shown in Fig. 6. Again, while the
particle densities are almost constant in the interior, the neutron
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FIG. 6. Similar to Fig. 2, but for '°Zr.

NLF shows two concentric ovals and the proton NLF exhibits
two centers in the interior and one enhanced oval at the
surface.

The characteristic patterns seen in the NLFs of fission
fragments can be spotted during the evolution of >**Th in
Fig. 5. To show it more clearly, Fig. 7 displays the NLFs of
the three most elongated configurations of >**Th along the z
axis in Fig. 5 and compares them to those of '*?Sn and '"Zr.
In Figs. 7(a) and 7(b), neutron and proton localizations at the
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FIG. 7. Neutron (left) and proton (right) NLF profiles for 2**Th
(blue thick line), '®Zr (green line), and '**Sn (red line) along the
z axis (r = 0). The first, second, and third panels correspond to
the configurations in the third, fourth, and fifth columns of Fig. 5,
respectively.
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FIG. 8. Similar to Fig. 5 but for the configurations of **°Pu
indicated in Fig. 4.

center are around 0.5, which is close to the Fermi gas limit.
This is expected for a fairly heavy nucleus. In the exterior,
the localizations of two developing fragments match those of
1007r and 1*2Sn fairly well. In panels (c) and (d), the NLFs of
232Th grow in the interior; this demonstrates that the nucleons
become localized at the neck region. Finally, in panels (e) and
(f), the fission fragments are separated and their NLFs are
consistent with the localizations of '%Zr and '*2Sn.

Finally, let us consider the important case of 2*°Pu.
Recently, a microscopic modeling of mass and charge dis-
tributions in spontaneous fission of this nucleus was carried
out in Ref. [56]. To give an insight into the evolution of 2*°Pu
along its fission pathway, in Fig. 8 we illustrate the NLFs
of 2*°Pu. The transition to the reflection-asymmetric pathway
begins at Q9 ~ 95 b. It is seen that two nascent fragments
start developing at this configuration. At larger elongations
internal parity is broken and two fragments are formed with
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distinct shell imprints in the corresponding NLFs. In the last
column, the rings of enhanced localization are almost closed,
and the fragments are nearly separated.

The examples presented above show in a rather dramatic
fashion that the NLFs can serve as excellent fingerprints of both
the formation and evolution of cluster structures in fissioning
nuclei.

IV. CONCLUSION

In this work, we presented DFT developments pertaining
to the theoretical description of fragment emergence in heavy
fissioning systems. Building upon results of previous work on
cluster formation in light nuclei [41], we demonstrated that the
nucleon spatial localization is a superb indicator of clustering
in heavy nuclei; the characteristic patterns of NLFs can serve
as fingerprints of the single-particle shell structure associated
with cluster configurations.

While the characteristic oscillating pattern of NLFs mag-
nifies the cluster structures in light nuclei [41], shell effects
in nascent fragments in fissioning nuclei also leave a strong
imprint on the localization. Our EDFM analysis of fission
evolution of 2*Fm, 2*2Th, and 2*°Pu demonstrates that the
fragments are formed fairly early in the evolution, well before
scission.

Future applications of NLFs will include studies of clus-
tering in medium-mass nuclei as well as the identification of
fission yields. Another interesting use of NLFs will be in the
description and visualization of collective rotational motion,
where spin-up and spin-down localizations are different due to
the breaking of time-reversal symmetry. Such a study will
provide insights into the angular momentum dynamics in
atomic nuclei.
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