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We considered three different nucleon-nucleon (NN) elastic differential cross sections: the Cugnon et al.
parameterized differential cross section [Nucl. Instrum. Methods Phys. Res., Sect. B 111, 215 (1996)], the
differential cross section derived from the collision term of the self-consistent relativistic Boltzmann-Uehling-
Uhlenbeck equation proposed by Mao et al. [Z. Phys. A 347, 173 (1994)], and the isotropic differential cross
section within the newly updated version of the ultrarelativistic quantum molecular dynamics (UrQMD) model.
By doing so, we investigated the influence of the differential elastic NN cross section on various observables
(e.g., nuclear stopping, both the rapidity and transverse-velocity dependence of the directed and elliptic flows) in
Au+Au collisions at beam energies 150, 250, 400, and 800 MeV/nucleon. By comparing calculations with those
three differential cross sections, we found that the nuclear stopping power and the directed and elliptic flows are
affected to some extent by the differential cross sections, and the impact of differential cross section on those
observables becomes more visible as the beam energy increases. The effect on the elliptic flow difference vn

2 -vH
2

and ratio vn
2 /vH

2 of neutrons versus hydrogen isotopes (Z = 1), which have been used as sensitive observables
for probing nuclear symmetry energy at high densities, is weak.
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I. INTRODUCTION

To understand the medium (density, isospin asymmetry,
and temperature) dependence of the properties of nucleons
and strong nucleon-nucleon interactions is currently still one
of the fundamental goals of nuclear physics. In particular, the
density dependence of the nuclear symmetry energy Esym(ρ),
which closely correlates to the isospin dependence of the
strong interactions, has attracted considerable attention in
recent decades for its great importance to understanding the
properties of nuclei far from stability as well as neutron stars
[1–5]. In recent several years, great efforts have been made
to determine parameters [e.g., the coefficient S0 = Esym(ρ0)

and the slope L = 3ρ0( ∂Esym(ρ)
∂ρ

)|ρ=ρ0 ] of the symmetry energy
at saturation density (ρ0). So far, the picture of the nuclear
symmetry energy around (below) ρ0 has become more clear
but its value at high densities still has large uncertainties (see,
e.g., Refs. [6–21]).

Heavy-ion collisions (HICs) provide a unique way to create
nuclear matter with high density and isospin asymmetry (δ =
ρn−ρp

ρn+ρp
, where ρn and ρp are the neutron and proton densities),

but the created dense matter exists only for a very short time
(typically several fm/c), and its properties cannot be measured
directly in the laboratory. Thus transport models, which are
used to describe the whole collision process and to deduce
the properties of the intermediate stage from the assumed
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initial conditions and the final-state observables measured in
the laboratory, are definitely needed. The most commonly
employed transport models when investigating HICs at low
and intermediate energies are quantum molecular dynamics
(QMD) [22] and Boltzmann- (Vlasov-)Uehling-Uhlenbeck
(BUU, VUU) [23] approaches. At present, there are more
than 20 improved versions of QMD- and BUU-type models
[24]. In both kinds of models, the mean field potential and
nucleon-nucleon collisions are two essential parts [25–27].
The mean field potential in transport models has been carefully
studied. For the collision part, the main inputs are integral
and differential cross sections; the former determines the
probability of two-body collisions while the latter determines
the scattering angle in two-body collisions. It should be
stressed that the differential cross section is only used for
the determination of the angular distribution in most versions
of transport models but not for the corresponding integral
total cross sections. In transport models, a parametrization
of experimental differential cross section is usually used for
convenience. For example, in the 1980s, the QMD model and
BUU model used a differential cross section parameterized
by Cugnon et al.[28], in which the isospin dependence has
not been considered (neutron-neutron and neutron-proton
scatterings were not distinguished). At present, more transport
models use the version parameterized by Cugnon et al. [29],
in which the isospin dependence has been considered. The
antisymmetrized molecular dynamics (AMD) model uses
another parameterized differential cross section proposed by
Ono et al. [30]. In the ultrarelativistic quantum molecular
dynamics (UrQMD) model, an analytical expression for the
differential cross section derived from the collision term of
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the self-consistent relativistic Boltzmann-Uehling-Uhlenbeck
(RBUU) equation is used [31–35].

Certainly, the in-medium NN (differential) cross section
can also be obtained by the relativistic Dirac-Brueckner
approach or the Dirac-Brueckner-Hartree-Fock approaches
[36–42]. Unfortunately different approaches do not always
give the same results. Thus, it is necessary to test these
differential cross sections within transport models. Moreover,
there are many studies on the effect of the in-medium NN
cross section on observables in HICs, but much less analysis
has been made to investigate the effect of differential cross
section. Particularly, large divergence has been shown when
studying the high-density behavior of the nuclear symmetry
energy with transport model. For example, the FOPI/LAND
data [18] on the elliptic flow ratio of neutrons with respect
to protons or light complex particles were calculated by
the UrQMD model considering different stiffnesses of the
nuclear symmetry energy, indicating a moderately soft to
linear density dependence of the symmetry energy [21]. The
results contrast with diverging results obtained from the com-
parisons of isospin-dependent Boltzmann-Uehling-Uhlenbeck
or Lanzhou quantum molecular dynamics model calculations
with the FOPI π−/π+ ratios, from which both extremely soft
and extremely stiff behaviors were extracted. It is important
to remark that meaningful constraints can be extracted from
transport calculations only if the predictions of the model are
not modified by uncontrolled model parameters. One such
parameter concerns the assumptions on the kinematics of the
two-body collisions. Indeed, the angular dependence of the
cross section can be modified by the in-medium effects, and
this modification is model dependent (e.g. Refs. [40,41,43]).
This means that it is very important to assess whether a
modification of the angular distribution has any influence upon
some isospin-sensitive observables, particularly for the elliptic
flow ratio of neutrons with respect to hydrogen isotopes, which
is supposed to be a good probe of the nuclear symmetry energy
at high densities.

In this work, within the UrQMD model, we investigate the
influence of the differential elastic NN cross section on nuclear
stopping and collective flows in HICs at intermediate energies
by considering three different differential cross sections. In
the next section these differential NN elastic cross sections
and observables are introduced. In Sec. III, effects on stopping
and collective flows of free protons from HICs at intermediate
energies are shown and discussed. Finally, a summary is given
in Sec. IV.

II. MODEL DESCRIPTIONS AND OBSERVABLES

With introducing the Skyrme potential-energy density func-
tional in the mean-field potential part and an isospin-dependent
minimum spanning tree algorithm (iso-MST) in the present
UrQMD code, the recent published experimental data can be
reproduced quite well [21,44]. In this work, the SV-mas08 and
SV-sym34 interactions [45,46] are chosen which represent
force with the incompressibility K0 = 233 MeV and K0 =
234 MeV and the slope parameter of the nuclear symmetry
energy L = 40 MeV and L = 81 MeV, respectively. The
in-medium NN cross section and Pauli blocking treatments in

the collision term are taken in the same way as in our previous
work in Ref. [44]. For more details on the updated UrQMD
model, we refer to Refs. [21,44,47–50]. The in-medium NN
elastic cross section is suppressed compared to the free ones
by considering a reduction factor in the transport model.
Many experimental data in heavy-ion collisions at low and
intermediate energies can be reproduced in this way; see, e.g.,
Ref. [4] for a review. However, the degree of suppression of
the in-medium NN elastic cross section and its dependence
on density, temperature, and momentum are still not well
established. At energies above the pion production threshold,
NN inelastic channels become more important, but the in-
medium effects are still poorly studied. In the present work,
for the NN inelastic channels, the experimental free-space
cross sections are used. The energy up to 800 MeV/nucleon
is chosen to show a larger effect of the differential elastic
NN cross section on observables. It is higher than the pion
production threshold but only observables related to nucleons
are focused on. According to the estimation given in Ref. [51],
the probability for a nucleon to undergo inelastic scattering and
to become a � is less than 10%; thus the influence of inelastic
channels on nucleonic observables that will be focused on in
this work is small. Regarding the medium modification of the
differential NN cross section, microscopic studies (see, e.g.,
Refs. [40,41]) show that the presence of the nuclear medium
tends to make the differential cross section more isotropic.
On the contrary, when the screening effect from the nuclear
medium was taken into account, the differential cross section
becomes very forward-backward peaked at high density and
energy (see, e.g., Ref. [43]). To consider the uncertainty of the
in-medium differential cross section, three commonly used
differential NN cross sections in transport models are adopted
and given as follows:

(i) The first one is the isotropic differential NN cross
section named dcs_iso. It means the cosine of the scat-
tering angle between incident direction and scattered
direction is randomly chosen between −1 and 1.

(ii) The second is the parametrization presented by
Cugnon et al.[29] named dcs_Cug. For proton-proton
or neutron-neutron elastic scattering, the differential
cross section can be calculated in the following way
[29]:

dσ
pp
el

dt
= dσnn

el

dt
∝ eBppt , (1)

where t and s are the Mandelstam variables. t = (p1 −
p3)2 = (p2 − p4)2, related to the scattering angle, and
s = (p1 + p2)2 = (p3 + p4)2 is also known as the
square of the center-of-mass energy. Here p1 and
p2 are the four-momenta of the incoming particles
and p3 and p4 are the four-momenta of the outgoing
particles in the two-body center-of-mass frame. For
neutron-proton elastic scattering, the differential cross
section can be calculated in the following way:

dσ
np
el

dt
∝ eBnpt + aeBnpu, (2)
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FIG. 1. The normalized differential cross sections vs the cosine of the center-of-mass scattering angle for neutron-proton and proton-proton
(neutron-neutron) collisions at 150, 250, 400, and 800 MeV. Results obtained by Cugnon et al. (dcs_Cug, dash-dot-dotted line and dotted line)
and Mao et al. (dcs_ana, solid line) are compared to the isotropic differential cross section (dcs_iso, dash-dotted line). The experimental data
for neutron-proton [52] and proton-proton [53] scatterings at near 400 MeV are shown.

where u is also the Mandelstam variable, u = (p1 −
p4)2 = (p2 − p3)2. Quantities Bpp, Bnp, and a in
Eqs. (1) and (2) are a function of the center-of-mass
energy and vary in different intervals of

√
s, or

equivalently of plab, given as follows:

Bpp =
{

5.5p8
lab

7.7+p8
lab

; plab < 2

5.334 + 0.67(plab − 2); plab � 2
, (3)

Bnp =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 ; plab < 0.225

16.53(plab − 0.225) ; 0.225 � plab < 0.6

−1.63plab + 7.16 ; 0.6 � plab < 1.6

Bpp ; plab � 1.6

,

(4)

a =
{

1; plab < 0.8
0.64
p2

lab
; plab � 0.8

. (5)

Here plab is the incident laboratory momentum in
GeV/c.

(iii) The third in-medium differential NN elastic cross
section is according to the analytical expressions given
by Mao et al. [34,35], named dcs_ana. It reads:

σNN→NN (s,t) = 1

(2π )2s
[D(s,t) + E(s,t) + (s,t ←→ u)].

(6)
Here D(s,t) and E(s,t) are the direct and exchange
terms; their expressions can be found in Refs. [34,35].
In the UrQMD model, Eq. (6) is used to determine
the scattering angle for all hadron-hadron collisions
under the assumption that the angular distributions for
all relevant two-body processes are similarly modified
in a manner analogous to the NN elastic collision.
It is worth stressing that the Cugnon parameterized
differential cross section is isospin dependent while

the differential cross section used in the UrQMD
model is isospin independent. The in-medium NN
cross sections in UrQMD are treated to be factorized
as the product of a medium correction factor and the
free NN cross sections for which the isospin effect
is considered. As an example, we show in Fig. 1 the
normalized differential cross sections as a function of
the cosine of the center-of-mass scattering angle for
neutron-proton and proton-proton (neutron-neutron)
collisions at 150, 250, 400, and 800 MeV. Here the
normalized differential cross section is the differential
cross section divided by the integrated cross section.
The normalized differential cross section for the
dcs_iso is equal to 0.05 because the center-of-mass
scattering angle is divided into 20 bins. Since the
differential cross section for proton-proton scattering
at energy below 400 MeV is almost isotropic while
for neutron-proton scattering is anisotropic (e.g.,
Refs. [52,53]), the experimental data for proton-
proton [53] and neutron-proton [52] scatterings at
near 400 MeV are shown to evaluate the degree
of agreement among them. It can be seen that the
agreement between experimental data and the Cugnon
parameterized values is good. We would like to note
here again that even though the Cugnon parameterized
formula can reproduced the experimental data (in
free space) well, other assumptions on the differential
cross section in the nuclear medium are still necessary
for transport model, because the medium-modified
differential cross section has not been well established.
At low energy (i.e., 150 MeV), the dcs_Cug and
dcs_ana are in accordance with the dcs_iso; however,
at high energy (i.e., 400 and 800 MeV), larger
differences among the three differential cross sections
around θc.m. = 90◦ and θc.m. = 0◦ or 180◦ can be
found.
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Nuclear stopping and the directed and elliptic flows are
the most commonly used observables in HICs at intermediate
energies. The directed and elliptic flow parameters v1 and v2

can be derived from the Fourier expansion of the azimuthal
distribution of detected particles as described in Ref. [54]. We
have

dN

utdutdydφ
= v0[1 + 2v1 cos(φ) + 2v2 cos(2φ)], (7)

in which φ is the azimuthal angle of the emitted particle
with respect to the reaction plane, ut = βtγ is the transverse
component of the four-velocity u = (γ, βγ ), and rapidity
y = 1

2 ln E+pz

E−pz
, where pz is the component of momentum

along the beam axis. The scaled units ut0 ≡ ut/u1c.m. and
y0 ≡ y/y1c.m. are used throughout as done in Ref. [54], and
the subscript 1c.m. denotes the incident projectile in the
center-of-mass system. The v1 and v2 are obtained from the
following expressions:

v1 ≡ 〈cos(φ)〉 =
〈
px

pt

〉
; v2 ≡ 〈cos(2φ)〉 =

〈
p2

x − p2
y

p2
t

〉
. (8)

Here pt=
√

p2
x+p2

y is the transverse momentum of emitted
particles. The angle brackets in Eq. (8) indicate an average
over all considered particles from all events.

A possible measurement of the degree of stopping is the
var xz, the ratio of the variances of the transverse (usually
refers to the x direction) rapidity distribution over that of the
longitudinal (the z direction) rapidity distributions, defined as
[55]

varxz =
〈
y2

x

〉
〈
y2

z

〉 . (9)

Here 〈
y2

x,z

〉 =
∑(

y2
x,zNyx,z

)
∑

Nyx,z

, (10)

where 〈y2
x 〉 and 〈y2

z 〉 are the variances of the rapidity distribu-
tions of nucleons in the x and z directions, respectively. Nyx

and Nyz
denote the numbers of nucleons in each of the yx and

yz rapidity bins.

III. RESULTS

To show the effect of the NN elastic differential cross section
on observables, 197Au +197Au collisions at beam energies 150,
250, 400, and 800 MeV/nucleon for centrality 0 < b0 < 0.55
[the reduced impact parameter b0 defined as b0 = b/bmax,
here bmax = 1.15(A1/3

P + A
1/3
T ) fm] are calculated. The three

above-mentioned differential NN elastic cross sections are
considered, while other parts of the UrQMD model are treated
in the same way.

A. Influence on nuclear stopping

First, the effects of the differential elastic NN cross section
on the degree of stopping in central Au+Au collisions are
shown in Figs. 2 and 3. At low energy, i.e., at Elab =
150 MeV/nucleon, both the longitudinal and transverse ra-
pidity distributions obtained with the three differential cross

FIG. 2. Longitudinal and transverse rapidity distributions of free
protons in central (b0 � 0.15) 197Au +197Au collisions at Elab =
150 MeV/nucleon. Calculations preformed with dcs_iso, dcs_ana,
and dcs_Cug are shown in the left (a), middle (b), and right (c) panels,
respectively. The corresponding value of var xz are also shown.

sections are nearly the same, indicating that there is almost no
difference in proton multiplicity. However, at high energy, i.e.,
at Elab = 800 MeV/nucleon, as shown in Fig. 3, the difference
in var xz can be clearly seen. This can be understood from
the fact that the angular distributions obtained from the three
differential cross sections are quite the same at low energy
and that a distinction between them appears at high energy.
A large difference in var xz is expected to appear at high
energy, but beam energies above 800 MeV/nucleon are not
considered in this work because the NN inelastic channel will
play an increasingly important role at higher energies. The
value of var xz calculated with dcs_Cug is about 8% less than

FIG. 3. Same as Fig. 2 but for Elab = 800 MeV/nucleon.
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FIG. 4. Rapidity distribution of the directed flow v1 (upper panels) and elliptic flow v2 (lower panels) of free protons from 197Au +197Au
collisions at 150, 250, 400, and 800 MeV/nucleon with centrality 0.25 < b0 < 0.45 and ut0 > 0.8.

that with dcs_iso, and the var xz calculated with dcs_ana is
between the two others. It follows from the fact that a strong
forward-backward-peaking feature in the dcs_Cug will make
nucleons pass through each other more easily and then reduce
the degree of nuclear stopping. In general, the change of
differential cross section has a small influence on the degree
of nuclear stopping and the influence increases with energy,
consistent with the behavior of the differential cross sections
changing with energy shown in Fig. 1.

B. Influence on collective flows

Second, the influence of differential NN elastic cross section
on the rapidity-dependent directed and elliptic flows of free
protons is shown in Fig. 4. The 197Au +197Au collisions at 150,
250, 400, and 800 MeV/nucleon with centrality 0.25 < b0 <
0.45 are simulated by considering the three above-mentioned
differential NN elastic cross sections. It can be seen from
Fig. 4 that the directed flow v1 and elliptic flow v2 obtained
with dcs_ana and dcs_iso approach each other quite closely
at low beam energies, while both the v1 and v2 obtained with
dcs_Cug are slightly smaller than that obtained with the other
two parametrizations. The difference between them steadily
grows as the incident energy increases [cf. Fig. 4(d) and 4(h)].
The flow signal obtained with dcs_Cug is the smallest, while
that obtained with dcs_iso is the largest in all three cases. The
strong forward-backward peaking of the angular distribution
of dcs_Cug cause nucleons to be preferentially emitted along

the initial direction (maintain the original momenta), thus
reducing the flow signal. Moreover, the isotropic differential
cross section will make nucleons undergo more rescattering,
increase the blocking of the spectator matter, and apparently
enhance the elliptic flow. We also find that the slope of directed
flow and the value of elliptic flow at midrapidity (y0 = 0)
obtained with dcs_iso are about 15% and 20% larger than that
obtained with dcs_Cug. If one compares the influence of the
differential cross section with that of the medium-modified
total nucleon-nucleon cross section on the nuclear stopping
and collective flow (e.g., Refs. [21,44,47]), it can be found
that, in general, the influence of the medium-modified total
nucleon-nucleon cross section—which has not been well
established—is larger than that of the differential cross section.

To further investigate the influence of the differential NN
elastic cross sections on the collective flow we show the
parameters v1 and v2 as functions of ut0 in Fig. 5 for beam
energies 150, 250, 400, and 800 MeV/nucleon. The rapidity
cuts are taken as 0.4 < y0 < 0.8 for v1 and |y0| < 0.4 for
v2. One sees that, as the energy increases, the difference
between the results calculated with dcs_iso, dfs_cug, and
dcs_ana increases. At 800 MeV/nucleon [i.e., Figs. 5(d) and
5(h)], the influences of the differential cross sections on v1

and v2 become significant when ut0 is larger than 1.0. It
can actually be understood as follows: Nucleons with high
transverse momentum are usually emitted early and experience
only a few scatterings, and thus the pronounced differences
among the three different differential cross sections around
θc.m. = 90◦ and θc.m. = 0◦ or 180◦ at high energy (see Fig. 1)
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FIG. 5. The directed flow v1 (upper panels) and elliptic flow v2 (lower panels) of free protons as a function of ut0. The 197Au +197Au
collisions at the beam energy 150, 250, 400, and 800 MeV/nucleon with 0.25 < b0 < 0.45 are considered. The rapidity cuts 0.4 < y0 < 0.8
and |y0| < 0.4 are chosen for v1 and v2, respectively.

affect the flow signal. Thus the v1 and v2 of the high-transverse-
momentum nucleons from high and more peripheral collisions
seem sensitive to the angular distribution of the normalized
differential cross section.

C. Influence on isospin-sensitive observables

It is therefore necessary to ascertain whether
isospin-sensitive observables (e.g., the elliptic flow ratio
vn

2/vH
2 and difference vn

2 -vH
2 of free neutrons verse hydrogen

FIG. 6. Comparison of the elliptic flow ratio vn
2 /vH

2 (left) and difference vn
2 -vH

2 (right) of free neutrons vs hydrogen isotopes (Z = 1)
produced in central (b < 7.5 fm) 197Au +197Au collisions at Elab = 400 MeV/nucleon between UrQMD model and the FOPI/LAND data
reported in Ref. [18]. The lines with symbols show calculations with SV-sym34; lines without symbols show calculations with SV-mas08. Cuts
around midrapidity |y0| � 0.5 and θlab = 37–53◦ and 61–85◦ were employed.
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isotopes) are affected by the differential NN elastic cross
section. Figure 6 shows a comparison of the elliptic flow ratio
vn

2/vH
2 and difference vn

2 -vH
2 for 197Au +197Au collision at

Elab = 400 MeV/nucleon between the results of simulations
and the FOPI/LAND data reported in Ref. [18]. SV-mas08
and SV-sym34 in combination with the three differential
NN elastic cross sections are used. Clearly, both the vn

2/vH
2

and vn
2 -vH

2 calculated with SV-mas08 and SV-sym34 are
well separated and can be divided into two distinct groups.
The influence of differential NN elastic cross section on
the vn

2/vH
2 and vn

2 -vH
2 is quite weak, especially in the low

transverse momentum region in which the experimental error
bars are relatively small. It is similar to the weak effect of
the total NN cross section on the elliptic flow ratio observed
in Refs. [18,21]. The elliptic flow of neutrons and hydrogen
isotopes vary according to the total cross section, but the ratio
between them does not change significantly.

IV. SUMMARY

In summary, by applying three frequently used differential
nucleon-nucleon elastic cross sections (i.e., the Cugnon et al.
parameterized differential cross section and the Mao et al. pro-
posed differential cross section and isotropic differential cross
section) in the UrQMD model simulations, the influence of the
differential cross section on nuclear stopping and the directed
and elliptic flows of free protons produced in 197Au +197Au
collisions at Elab = 150, 250, 400, and 800 MeV/nucleon are
studied. It is found that both the nuclear stopping power and
collective flows obtained by using the isotropic differential
NN cross section are larger than those obtained by using the
parametrization of Cugnon et al. and the analytical expression
given by Mao et al., for which a forward-backward-peaking
feature appears in the angular distribution. Moreover, the cal-
culation results also show that the effect of the differential NN
elastic cross section on observables increases with increasing
energy because of the large divergence among the differential

cross sections at high energies. At Elab = 800 MeV/nucleon,
the stopping power var xz, the slope of the directed flow
and the value of the elliptic flow at midrapidity (y0 = 0)
obtained with the isotropic differential cross sections are
about 8%, 15%, and 20% larger than that obtained with the
Cugnon parametrization, respectively. Thus, when obtaining
constraints on the equation of state or the in-medium NN
cross sections from heavy-ion reaction observables (such as
nuclear stopping power and collective flows) in combination
with transport model simulations, the uncertainty derived from
the differential cross section should be considered. For the
elliptic flow difference vn

2 -vH
2 and ratio vn

2/vH
2 of neutrons

versus hydrogen isotopes (Z = 1), which have been used as
sensitive observables for probing the nuclear symmetry energy
at high densities, our calculations show that the impact of
the differential cross section on those observables is rather
weak. This indicates that the constraint obtained on the
nuclear symmetry energy from the elliptic flow ratio is not
affected by systematic errors due to the uncertainty on the
in-medium angular distribution of the elastic nucleon-nucleon
cross section.
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