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We calculate the correlation parameter κ of symmetric nuclear matter in the Brueckner-Hartree-Fock
approximation obtained with various modern nucleon-nucleon potentials of high precision. We point out
qualitative differences between the potentials and elucidate the consequences for momentum distributions, defect
functions, and convergence of the hole-line expansion. The important role of the tensor force is emphasized.
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I. INTRODUCTION

The Brueckner-Hartree-Fock (BHF) approach [1], or more
generally the underlying Brueckner-Bethe-Goldstone (BBG)
formalism, is a well-proven method for the calculation of
various properties of nuclear matter, even up to supranuclear
densities relevant for astrophysical applications [2]. The only
required input is a nonrelativistic nucleon-nucleon (NN )
potential fitted to scattering data. With the time, more and more
precise meson-exchange NN potentials have become available
[3–8] and this trend continues with the recent development
of potentials in the framework of chiral perturbation theory
[9,10].

An important parameter in the BBG formalism is the “cor-
relation strength” κ , sometimes called “depletion parameter”
or “wound integral.” It characterizes the strength of NN
correlations generated by the NN interaction, and plays a
significant role in understanding the structure of finite nuclei
and neutron star physics. Recent experimental measurements
provided evidence for the existence of short-range correlations
in balanced and imbalanced Fermi systems [11]. Theoretically,
this effect is expected to be derived from the nuclear “hard
core” and the tensor part in the NN potentials [12–15].

The correlation strength parameter κ is related to several
physical quantities such as the momentum distribution, the
spectral function, or the defect function, and is believed to
be an indicator for the convergence of the so-called BBG
hole-line expansion [1,16]. Previously, a close connection
between the correlation parameter and the saturation properties
of nuclear matter in the BHF approximation has been pointed
out [17], and the purpose of our current work is to present
updated results for momentum distributions, defect functions,
and correlation parameter for modern NN potentials that fit
the NN phase shifts with high precision. In particular, we
consider the Paris [3], Nijmegen 93 [6], Argonne V18 [7],
Bonn B [5], and CDBonn [8] potentials, as well as the recent
N3LO chiral potentials [9] with two values of the chiral cutoff
� = 450, 500 MeV. We will analyze the important qualitative
differences between these potentials.

We work here entirely in the lowest-order BHF approxima-
tion, since in fact the corrections to those results are thought

to be controlled by the correlation parameter. We also restrict
this study to symmetric nuclear matter.

II. FORMALISM AND RESULTS

We recall that the nucleon momentum distribution in BHF
approximation can be obtained as [18–22]

n(k < kF ) = 1 + ∂M1(k,ω)

∂ω

∣∣∣∣
ω=ek

, (1)

n(k > kF ) = −∂M2(k,ω)

∂ω

∣∣∣∣
ω=ek

, (2)

where

M1(1,ω) =
∑
2<kF

〈12|G(ω + e2)|12〉A, (3)

M2(1,ω) = 1

2

∑
3,4<kF

2>kF

∣∣〈12|G(e3 + e4)|34〉A
∣∣2

ω + e2 − e3 − e4 − iδ

× (2π )3δ3(k1 + k2 − k3 − k4) (4)

are the direct and rearrangement contributions to the single-
particle (s.p.) mass operator or self-energy, and

ek = k2

2m
+ Re M1(k,ek) (5)

is the on-shell s.p. energy in the continuous-choice BHF
approximation. We have introduced multi-indices for the
nucleon degrees of freedom 1 ≡ (s,t,k)1 etc., such that the
total density of symmetric nuclear matter is

ρ =
∑
1<kF

= 4
∫ kF

0

d3k
(2π )3

= 2k3
F

3π2
. (6)

One can then define the depletion parameter

κ ≡
∑

k

n(k > kF )
/∑

k<kF

, (7)

which measures the “correlatedness” of the interacting system
in the sense of finding a nucleon scattered out of the
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FIG. 1. Top panel: Momentum distributions n(k) at different
densities (ρ0 = 0.17 fm−3) for different potentials. Bottom panel:
The weighted deviations from the bare Fermi distribution n0(k) =
θ (kF − k).

unperturbed ground state of a free Fermi gas with momentum
distribution n0(k) = θ (kF − k).

As a first illustration, we plot in Fig. 1 the momentum
distributions obtained with different NN potentials at three
different densities ρ = 0.085,0.17,0.34 fm−3, and in the upper
panel of Fig. 2 the corresponding depletion parameter κ

FIG. 2. Top panel: Average depletion of the momentum distribu-
tion, Eq. (7), as a function of density for different potentials. Bottom
panel: Saturation curves of symmetric nuclear matter in the BHF
approximation for different potentials.

as a function of density. One notes immediately substantial
quantitative differences between the different potentials, in
particular at high density, ρ � ρ0 = 0.17 fm−3, where the
depletion for the r-space potentials Paris, V18, Nij93 remains
fairly high, whereas the k-space and in particular the chiral
potentials feature much lower values. In the latter case, there
is a strong dependence on the chiral cutoff. The conclusion is
that the depletion at high density is determined by the repulsive
core of the NN interaction, which is very strong in the r-space
potentials and very weak in the chiral potentials with small
cutoff.

Also the saturation curves of nuclear matter, shown in the
lower panel of Fig. 2, depend decisively on the strength of
the nuclear core. One observes in fact a very clear correlation
between the density dependence of κ and B/A. In both cases,
the density dependence is related to the one of the G matrix in
the Bethe-Goldstone equation,

G = V − V
Q

E − W
G, (8)

caused by the Pauli operator Q (Pauli quenching of the
effective interaction) and by the starting energy W (dispersive
quenching) [12,23]. “Hard” potentials with a strong tensor
force feature larger contributions of second and higher order
in V on the right-hand side of Eq. (8), and thus the G matrix
becomes less attractive at high density due to the quenching
effects.

We note in particular that the “weakest,” chiral potentials
saturate only at very large density and too much binding
energy, or not at all. At the same time, however, the correlation
parameter becomes very small, such that any corrections to the
saturation curve in the hole-line expansion are also expected
to be small. Therefore, as is well known [24], the only way
to achieve realistic saturation properties with the “weak”
potentials is the inclusion of very strong three-nucleon (or
higher-order) forces.

In order to analyze in more detail the density dependence
of κ , we now establish a link to the NN defect functions in
the different partial waves. Defining

F (1,2,3,4) ≡ 1

2

∣∣∣∣ 〈12|G(e3 + e4)|34〉A
e1 + e2 − e3 − e4

∣∣∣∣
2

(9)

and ∑
3,4<kF
1,2>kF

=
∑
1,2

Q12

∑
3,4

R34, (10)

where Q12 and R34 are the appropriate Pauli and anti-Pauli
operators, respectively, one can write Eq. (7) as

κ =
∑
1,2

Q12

∑
3,4

R34 (2π )3δ3( p′ − p)F (1,2,3,4)
/∑

4<kF

,

(11)

where we define the total and relative momenta

p′ = k1 + k2, q ′ = (k1 − k2)/2, (12a)

p = k3 + k4, q = (k3 − k4)/2. (12b)
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Performing now suitable phase space averages for the
nucleons in the Fermi sea, 3,4 → 3̄,4̄, we obtain

κ ≈
[∑

3,4

R34

] ∑
1,2

Q12(2π )3δ3( p′ − p̄)F (1,2,3̄,4̄)
/∑

4<kF

(13)

= ρ
∑
1,2

Q12(2π )3δ3( p′ − p̄)F (1,2,3̄,4̄), (14)

and employing∫
d3k1

∫
d3k2 =

∫
d3 p′

∫
d3q ′ (15)

together with an expansion of the G matrix in terms of partial
waves α ≡ (T SJLL′), the final result is [17]

κ ≈
∑

α

(2T + 1)(2J + 1)

8
ρ

∫
d3q ′

(2π )3
Q(p̄,q ′)

∣∣∣∣Gα(p̄,q̄,q ′)
E(p̄,q̄,q ′)

∣∣∣∣
2

,

(16)

where

Gα(p̄,q̄,q ′) = 4π

∫
dr r2jα(q ′r)Vα(r)uα(r), (17)

E(p̄,q̄,q ′) = E12(p̄,q ′) − E34(p̄,q̄) > 0, (18)

Q(p̄,q ′) = max
[

0, min

[
p̄2/4 + q ′2 − k2

F

p̄q ′ ,1

]]
(19)

are the G-matrix partial-wave elements and the angle-averaged
energy denominator and Pauli operator [25], evaluated for
averaged initial total and relative momenta in the Fermi sea,

p̄2 = 6

5
k2
F , q̄2 = 3

10
k2
F . (20)

Assuming finally Q2 ≈ Q for the angle-averaged Pauli-
operator Eq. (19), one can establish the relation to the defect
functions in momentum space,

ηα(p̄,q̄,q ′) ≡ Q(p̄,q ′)Gα(p̄,q̄,q ′)
E(p̄,q̄,q ′)

(21)

and after a Fourier transform to coordinate space,

ηα(p̄,q̄,r) = 1

2π2

∫
dq q2jα(qr)ηα(p̄,q̄,q), (22)

one obtains

κ ≈
∑

α

(2T + 1)(2J + 1)

8
ρ

∫
d3r |ηα(p̄,q̄,r)|2. (23)

This equation relates the correlation parameter κ defined as the
average depletion of the momentum distribution to the defect
functions η (or correlated wave functions u) in coordinate

space,

ηLL′(r) ≡ jL(q̄r)δLL′ − uLL′(r)

=
∫

d3r ′d3q ′

(2π )3

∑
L′′

× jL′(q ′r)jL′(q ′r ′)Q(q ′)VL′L′′(r ′)uLL′′(r ′)
E(q ′)

, (24)

where ηLL′ , uLL′ , Q, E depend implicitly on p̄,q̄.
Formally Eq. (23) can be written as [16,26]

κ = ρ

∫
d3r

〈|η(r)|2〉
S,T

= N
Vcore

V
=

( c

d

)3
(25)

and expresses the correlation parameter as the ratio of the
core (or “wound”) volume to the volume per particle, or
equivalently, the cubed ratio of core diameter c to average
nucleon distance d. Since the core volume or diameter defined
in this way from the density-dependent defect functions are
not constant, but in general shrink with increasing density,
the result is a nonlinear density dependence of the correlation
parameter κ , as shown in Fig. 2 (top), that we will analyze in
more detail in the following.

Equation (25) has the following interpretation as foundation
of the hole-line expansion: For a system with interaction range
c and average particle distance d > c, the probability of finding
a cluster of n interacting (correlated) particles is (c/d)3n =
κn � 1. This suggests grouping the energy diagrams accord-
ing to the number of interacting particles; first two-body
correlations or clusters, then three-body correlations, etc. The
number of interacting particles is equivalent to the number of
hole lines, so this leads to the hole-line expansion,

B/A = (T + E2 + E3 + · · · )/A, (26)

which amounts to an expansion in density governed by the
dimensionless parameter κ = ρVcore. However, this assertion
obviously hinges on the condition that the dominant compo-
nent of the interaction is the short-range core part, and therefore
in practice the convergence of the hole-line expansion should
be verified for any potential by explicit computation [27],
which is an arduous task.

Due to the numerous approximations and averages in order
to reduce the number of integrations from 4 × 3 in Eq. (11) to
1 in Eq. (23), the latter equation is not exact, but we will use it
now to study explicitly the different partial-wave contributions
to the right-hand side.

As an illustration [28] we show in Fig. 3 the r-space defect
functions in the 1S0 and 3SD1 partial waves, η1S0 (r) and η3SD1 (r),
at various densities and for different potentials. One observes
clearly the different characteristics of the potentials mentioned
before: The r-space potentials are very “hard,” with a large
“defect” at small distance, while the chiral potentials are very
“soft.” Apart from the extremely soft N3LO450 potential, the
density dependence (quenching) regards mainly the medium-
and long-range (r � 1 fm) behavior, thus the hard core persists
up to large density and the density dependence is much stronger
for the long-range 3SD1 wave. This wave is directly generated
by the tensor force, and in this coupled channel the defect
function coincides with the correlated wave function that is
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FIG. 3. 1S0 (upper panels) and 3SD1 (lower panels) defect func-
tions at different densities (ρ0 = 0.17 fm−3) for different potentials.
The vertical dashed lines indicate the interparticle distance d ≡ ρ−1/3.

responsible for the deuteron bound state at very low density.
The vertical dashed lines in the figure indicate a typical
interparticle distance d ≡ ρ−1/3, and one can clearly see that
the hole-line expansion condition c < d is well fulfilled for
the short-range 1S0, but not for the 3SD1 wave, in particular for
the chiral potentials.

Also in this regard, our last point of interest concerns the
relative contributions of the different partial waves to the total
value of the correlation parameter, and this is addressed in
Fig. 4, where we plot separately the contributions of the s
waves 1S0, 3SS1, 3SD1, and the sum of the p waves 1P1 and
3P0,1,2. Higher partial waves practically play no role over the
whole density range considered. We compare a typical “hard”
potential, V18, (upper panel) with an intermediate one, CD-
Bonn, (central panel), and a very soft one, N3LO450, (lower
panel). An essential feature of any realistic NN potential is
the necessity of a strong tensor force, and consequently the
coupled 3SD1 partial wave provides the largest contribution to
many physical observables. This is also the case here, and in the
partial wave summation of Eq. (23) the largest contributor is
|ηSS |2 + |ηSD|2,(T = 0,S = 1), namely the deuteron channel
[15].

In the case of the V18 potential (top panel), the 3SD1

channel provides by far the most important contribution to
κ around normal nuclear density, but its value decreases
with increasing density, according to the density-dependent
suppression observed in Fig. 3. This might be attributed to
the in-medium screening of the deuteron bound state in dense
nuclear matter [29]. On the other hand, the remaining partial-
wave contributions increase nearly linear with increasing
density, which means that the excluded “hard-core” volume
Vcore remains nearly independent of density, see Fig. 3 (top),
and the linear increase of κα is caused by the factor ρ in
Eqs. (23) and (25).

The behavior of the extremely “soft” N3LO450 potential
(bottom panel) is completely different due to the absence of a

FIG. 4. Partial-wave contributions to the correlation parameter
for the V18 (upper panel), CDBonn (central panel), and N3LO450
(lower panel) potentials.

hard core: The correlation volume in Fig. 3 strongly decreases
with density, and so do all partial-wave contributions to κ .
The CDBonn potential (central panel) features intermediate
characteristics: the p-wave contributions still increase with
density, but the 3SS1 does not.

Thus the competition between the long-range 3SD1

deuteron partial wave and the other more short-range channels
determines the overall density dependence of the correlation
strength κ for the different potentials. For soft potentials all
correlation volumes and even the parameters κα disappear
fast with increasing density, whereas for hard potentials the
correlation strength might increase again with density due
to the dominance of the persistent p-wave contributions at
high density. For very hard potentials with constant Vcore =
4πr3/3; r ≈ d/2 ≈ 0.4 fm in Eq. (25), one obtains κ ≈
0.3 fm3 × ρ, which is approximately fulfilled for κ − κ3SD1

at large density in Fig. 4 (top).
The total values of κ reported in Fig. 4 are somewhat smaller

than those in Fig. 2. This is mainly due to the fact that for the
angle-averaged Pauli operator Q2 < Q, and not Q2 = Q as
for the exact Pauli operator, which was assumed when going
from Eq. (16) to Eq. (23). The agreement could be improved
by using

√
Q instead of Q in Eq. (21). However, the qualitative

conclusions are not affected by this approximation.

III. CONCLUSIONS

We have examined the correlation strength of various
modern NN potentials and pointed out the connection to
momentum distributions and defect functions. We found qual-
itatively different behaviors for “hard” and “soft” potentials
related to the competition between short-range and long-range
components, and in particular very low κ values for chiral

024322-4



CORRELATION STRENGTH WITH MODERN NUCLEON- . . . PHYSICAL REVIEW C 94, 024322 (2016)

potentials with small cutoff. This implies that in this case the
hole-line expansion is well converged already at BHF level,
and that very strong nuclear three-body forces are required in
order to achieve satisfactory saturation properties of nuclear
matter. On the other hand, for these very soft potentials, the
condition of a dominant short-range component of the inter-
action that is the foundation of the hole-line expansion, might
be violated. Therefore, an important task for the future is to
quantitatively confirm this conjecture by computing explicitly
the three-hole-line contributions to the binding energy for these
potentials.
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