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Characteristics of collectivity along the yrast line in even-even tungsten isotopes
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The collective nature of high-spin yrast states in even-even 160−190W isotopes was systematically investigated
by means of pairing self-consistent Woods-Saxon-Strutinsky calculations using the total Routhian surface
approach in (β2,γ,β4) deformation space. The calculated ground-state deformations are consistent with previous
calculations and available experimental data. The deformation energy curves are presented to show the shape and
softness evolutions, in particular in the triaxial direction. The backbending or upbending behavior in moment of
inertia is attributed to band crossing. It is found that the neutron rotation alignment is preferred for most of the
W isotopes (e.g., in 164−180W), while in other nuclei the competition between the neutron and proton alignments
may occur, even the proton alignment is favored in the very neutron-deficient nucleus 160W. In addition, the
evolution and transition between vibrational and rotational collective modes along the yrast line are investigated
on the basis of the new centipedelike E-GOS (E-Gamma Over Spin) curves introduced by us, which to some
extent explains the existing differences (e.g., in the moment of inertia) between theory and experiment.
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I. INTRODUCTION

The spontaneous symmetry breaking mechanism implies
that the nuclear mean-field approximation allows one to
represent nuclei as deformed bodies in an intrinsic reference
frame [1]. Deformed nuclei characterized by a nonspherical
spatial distribution of nuclear density are known to exhibit
the collective rotational motion, which will involve coherent
contributions from many nucleons. That is, a deformed nucleus
may rotate as a whole around an axis different from the
nuclear symmetry axis (e.g., a collective rotation of a prolate
nucleus around an axis perpendicular to the nuclear symmetry
axis). Such phenomenon of nuclear rotation was discovered
in the early 1950s following pioneering suggestions by Bohr
and Mottelson [2]. As is known, the relation between the
excitation energy E and spin I is usually smooth and obeys the
I (I + 1) rule approximately. For a given angular momentum
I , the lowest energy state E(I ) is called the yrast state
and the sequence of all yrast states with increasing I is
called the yrast line where the excited states are usually
favorable to be populated, especially via the heavy-ion fusion-
evaporation reaction. Some interesting phenomena such as the
band crossing (backbending effect), yrast traps, and phase and
shape transitions were found along the yrast line because the
collective and noncollective modes of excitation may compete
and/or combine in different ways [3,4].

In the mass region of 150 � A � 190 (partly overlapping
with the rare-earth region), nuclei exhibit a typical collective
rotation with crossing bands. In the tungsten isotopic chain,
thirty-five members from 158W84 to 192W118 (including five
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stable, seven neutron-rich, and 23 neutron-deficient isotopes
and between N = 82 and 126 closed shell) have been discov-
ered so far by using different reaction types such as heavy-ion
fusion evaporation, light-particle reactions, neutron-capture
reactions and projectile fragmentation [5]. However, according
to, e.g., an extended Skyrme-Hartree-Fock-Bogoliubov mass
model (HFB-14) [6] which is simultaneously fitted to masses
and fission barriers, these tungsten isotopes ranging from
A = 154 − 250 (97 nuclei) should be particle stable, showing
there may be 62 nuclei to be discovered. It is also pointed
out that eight additional nuclei beyond the proton drip line
could live long enough to be measured [7]. Therefore, with
the development of the radioactive beam facility, heavy-ion
accelerator, and highly effective detector systems, there must
be increasing interest in the structure evolution properties of
these nuclei far from stability. For instance, very recently,
a rotational-like ground-state band structure in the highly
neuron-deficient nucleus 162W was identified using the recoil-
decay tagging method [8].

Theoretically, models for nuclear structure have been
developed since the early days of nuclear physics about 80
years ago. They usually can be grouped into ab initio meth-
ods, self-consistent mean-field and shell model theories and
macroscopic-microscopic methods [9]. It was found that the
macroscopic-microscopic method has very high descriptive
power. The root-mean-square deviation with respect to the
2353 known masses falls to 298 keV nowadays by using such
method [10]. At present, even-even isotopes 160−190W have
more than three yrast excited states (158,192W only have one
excited states), providing us a good opportunity to system-
atically investigate their high-spin properties. Therefore, we
have performed the total Routhian surface (TRS) calculations,
which is based on the macroscopic-microscopic model and
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cranking approximation [3], for even-even isotopes 160−190W,
focusing on the band crossings, phase/shape transitions,
nuclear softnesses and the reliability when extrapolating the
model into the drip-line region. Note that such a cranking
approximation introduced by Inglis [11,12] is one of the most
common tools used for a microscopic description of nuclear
rotations mainly because of its simplicity and semiclassical
nature. It allows for a simultaneous description of collective
and noncollective aspects of nuclear motion at high spins
because their energy scales (frequencies) are of the same
order of magnitude in nuclei. Therefore, the essential degree
of freedom describing nuclear structure in the vicinity of the
yrast line can be accounted for by the cranking model. We also
performed the similar studies in Ba [13] and Os [14] isotopes
recently, but only paying attention to the ground states.

The paper is organized as follows. We will outline the
unified procedure of the TRS method and simultaneously
provide the necessary references in Sec. II. The results and
discussions are presented in Sec. III. Finally, we give a
summary in Sec. IV.

II. THE MODEL

The pairing-deformation self-consistent TRS based on the
macroscopic-microscopic model and cranked shell model
(CSM) usually accounts well for the overall systematics of
high-spin phenomena in rapidly rotating medium and heavy
mass nuclei. Strictly speaking, the TRS calculations including
pairing correlations were first introduced by Nazarewicz et al.
[15] to describe the evolution of octupole deformation with
rotational frequency in the Th-U region and further extended
and used later for other mass regions by some authors (see,
e.g., Refs. [16–18]). Nowadays, as one of the most powerful
theoretical tools in the high-spin physics in nuclear structure,
such an approach has several standard components, each one
individually familiar from the literature. In the following, we
will outline the unified procedure and simultaneously provide
the necessary references.

First, by the Strutinsky method [19] generalized to the case
of rotation [20–23], the total Routhian Eω(Z,N,β̂) of a nucleus
(Z, N ) at frequency ω and deformation β̂ (here one symbol
stands for several shape degrees of freedom, e.g., β2, γ , and
β4) can be obtained as [24],

Eω(Z,N,β̂) = Eω
macr(Z,N,β̂) + δEω

shell(Z,N,β̂)

+δEω
pair(Z,N,β̂), (1)

where the first term on the right-hand side denotes the macro-
scopic (liquid drop) energy with the rigid-body moment of
inertia calculated classically at a given deformation, assuming
a uniform density distribution; δEω

shell and δEω
pair, respectively,

represent the single-particle shell correction and the pairing
correction under rotation. After rearranging the right-hand side
of Eq. (1) the total Routhian can be written as

Eω(Z,N,β̂) = Eω=0(Z,N,β̂)

+[〈Ĥ ω(Z,N,β̂)〉 − 〈Ĥ ω=0(Z,N,β̂)〉]
− 1

2ω2[Jmacr(A,β̂) − JStru(Z,N,β̂)]. (2)

The notations of the quantities in Eq. (2) are standard
[16,24]. Eω=0(Z,N,β̂) is the total energy at ω = 0 (ground
state) which consists of a macroscopic liquid-drop (LD)
part ELD(Z,N,β̂) (neglecting the superscript ω = 0), a
shell correction δEshell(Z,N,β̂) and a pairing correction
δEpair(Z,N,β̂). The second term in the square brackets
represents the energy change of the cranked HFB Hamiltonian
Ĥ ω(Z,N,β̂) from rotation [16,24]. In the above equation, it
is assumed that the average pairing energy of the liquid-drop
term and the Strutinsky-smeared pairing energy cancel each
other [24]. Therefore, one can further write Eq. (2) as [cf.
Ref. [25] and references therein],

Eω(Z,N,β̂) = ELD(Z,N,β̂) + δEshell(Z,N,β̂)

+δEpair(Z,N,β̂) + [〈Ĥ ω(Z,N,β̂)〉
−〈Ĥ ω=0(Z,N,β̂)〉]. (3)

So far, several phenomenological LD models with slightly
different properties have been developed to be used for
calculating the smoothly varying part, in which the dominating
terms are mainly associated with the volume energy, the
surface energy, and the Coulomb energy. In the present work,
the macroscopic energy is obtained from the standard LD
model with the parameters used by Myers and Swiatecki
[26]. Because our attention is just on the energy surface, the
nuclear potential energy relative to that of a spherical LD is
adopted in the calculations [26,27]. Though such sharp-surface
LD model does not consider the surface diffuseness, the
surface curvature effect, and the finite range of the nuclear
interaction, it provides a somewhat good description of nuclear
ground-state properties and collective excitations. In Eq. (3),
the shell correction δEshell(Z,N,β̂) and the pairing correction
δEpair(Z,N,β̂) are calculated using the Strutinsky method
[19] and Lipkin-Nogami (LN) method [28], respectively. The
Strutinsky smoothing is performed with a sixth-order Laguerre
polynomial and a smoothing range γ = 1.20�ω0, where
�ω0 = 41/A1/3 MeV. The LN method avoids the spurious
pairing phase transition encountered in the simpler BCS calcu-
lation. Moreover, not only monopole but also doubly stretched
quadrupole pairings are considered. The monopole pairing
strength G is determined by the average gap method [29]
and the quadrupole pairing strengths are obtained by restoring
the Galilean invariance broken by the seniority pairing force
[30]. The quadrupole pairing can affect rotational bandhead
energies, moments of inertia, band-crossing frequencies, and
signature inversion in odd-odd nuclei [31–34]. As shown
in Eq. (3), the total energy will depend implicitly on the
single-particle levels via the last three terms.

The single-particle levels are calculated by solving nu-
merically the Schrödinger equation with the Woods-Saxon
Hamiltonian [35],

HWS = T + Vcent(�r; β̂) + Vso(�r, �p,�s; β̂)

+ 1
2 (1 + τ3)VCoul(�r,β̂), (4)

where the Coulomb potential VCoul(�r,β̂) defined as a classical
electrostatic potential of a uniformly charged drop is added for
protons. The central part of the WS potential which controls
mainly the number of levels in the potential well is calculated
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as

Vcent(�r,β̂) = V0[1 ± κ(N − Z)/(N + Z)]

1 + exp[dist�(�r,β̂)/a]
, (5)

where the plus and minus signs hold for protons and neutrons,
respectively, and the a is the diffuseness of the nuclear
surface. The term dis�(�r,β̂) denotes the distance of a point
�r from the nuclear surface � parametrized in terms of the
multipole expansion of spherical harmonics Yλμ(θ,φ) (which
are convenient to describe the geometrical symmetry), namely,

� : R(θ,φ) = r0A
1/3c(β̂)

⎡
⎣1 +

∑
λ

+λ∑
μ=−λ

αλμY ∗
λμ(θ,φ)

⎤
⎦, (6)

where the function c(β̂) ensures the conservation of the nuclear
volume with a change in the nuclear shape and β̂ denotes the
set of all the deformation parameters. In general, a limiting
value of λ < A1/3 can be obtained by a crude estimate [36]. In
the present shape parametrization, we consider quadrupole and
hexadecapole degrees of freedom, including nonaxial defor-
mations [that is, β̂ ≡ (α20,α2±2,α40,α4±2,α4±4)]. Of course,
the quantity R(θ,φ) means the distance of any point on the
nuclear surface from the origin of the coordinate system.
Obviously, such parametrization will preserve three symmetry
planes because only the even λ and even μ components are
taken into account. After requesting the hexadecpole degrees
of freedom to be functions of the scalars in the quadrupole
tensor α2μ, one can reduce the number of independent
coefficients to three, namely, β2, γ , and β4, where

α20 = β2 cos γ

α22 = α2−2 = − 1√
2
β2 sin γ

α40 = −1

6
β4(5 cos2 γ + 1) (7)

α42 = α4−2 = − 1

12

√
30β4 sin 2γ

α44 = α4−4 = − 1

12

√
70β4 sin2 γ.

Note that the (β2,γ,β4) parametrization has all the symmetry
properties of Bohr’s (β2,γ ) parametrization [2,37]. The spin-
orbit potential which can strongly affect the level order is
defined by

Vso(�r, �p,�s; β̂)

= −λ

[
�

2mc

]2{
∇ V0[1 ± κ(N − Z)/(N + Z)]

1 + exp[dist�so
(�r,β̂)/aso]

}
× �p · �s,

(8)

where λ denotes the strength parameter of the effective
spin-orbit force acting on the individual nucleons. The new
surface �so is different from the one in Eq. (5) because of the
different radius parameter. In this work, we use the universal
Woods-Saxon parameter set (including the 12 constants
determined the potential parametrization) of Ref. [27], which
is Z and N independent and can give a good description of the

single-particle states, at least in the medium and heavy mass
regions [38]. These WS parameters, taken from Ref. [27], are

(a) Radius parameters: r0(p) = 1.275 fm, r0(n) = 1.347
fm, r0−so(p) = 1.320 fm, r0−so(n) = 1.310 fm.

(b) Central potential depth parameters: V0 = 49.6 MeV,
κ = 0.86.

(c) Spin-orbit potential strength constants: λ(p) = 36.0,
λ(n) = 35.0.

(d) Diffuseness parameters: a0(p) = a0(n) = a0−so(p) =
a0−so(n) = 0.70 fm.

During the diagonalization process of the WS Hamiltonian,
the eigenfunctions of the axially deformed harmonic oscillator
in the cylindrical coordinate system with the principal quantum
number N ≤ 12 and 14 have been used as a basis for protons
and neutrons, respectively. The results with such a basis cutoff
are sufficiently stable with respect to a possible enlargement of
the basis. In the presence of pairing, the LN technique [16,28]
is used, which aims to minimize the expectation value of the
operator,

H = HWS + Hpair − λ1N − λ2N
2, (9)

where Hpair indicates the pairing interactions including the
monopole and quadrupole pairing forces [29,30,34]. In the
pairing windows, dozens of single-particle levels, the respec-
tive states (e.g., half of the particle number Z or N ) just below
and above the Fermi energy, are included empirically for both
protons and neutrons. The LN pairing energy can be given by
[28,39]

ELN=
∑

k

2vk
2ek−
2

G
−G

∑
k

vk
4+G

N

2
− 4λ2

∑
k

uk
2vk

2,

(10)

where vk
2, ek , 
, and λ2 represent the occupation probabilities,

single-particle energies, pairing gap, and number-fluctuation
constant, respectively.

In the present TRS calculations, we consider the one-
dimensional cranking approximation in addition to the residual
pairing interactions, which indicates that the nuclear system is
constrained to rotate around a fixed axis (e.g., the x axis with
the largest moment of inertia) at a given frequency ω. The
cranking Hamiltonian has the form,

Hω = HWS + Hpair − ωjx. (11)

The resulting cranking LN equation takes the form of the well-
known Hartree-Fock-Bogolyubov-like (HFB) equation which
can be solved by using the HFB cranking (HFBC) method [40]
(also see, e.g., Ref [3], for a detailed description). The HFB-
like equations have the following form (see, e.g., Ref. [16] and
references therein for more details):∑

β>0

{[(eα − λ)δαβ − ω(jx)αβ − Gρ∗
ᾱβ̄

+ 4λ2ραβ]

×Uβk − 
δαβVβ̄k} = EkUαk,∑
β>0

{[(eα − λ)δαβ − ω(jx)αβ − Gραβ + 4λ2ρ
∗
ᾱβ̄

]

×Vβ̄k + 
∗δαβUβk} = EkVᾱk, (12)
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where 
 = G
∑

α>0 καᾱ , λ = λ1 + 2λ2(N + 1), and Ek =
εk − λ2. Further, εk is the quasiparticle energy and α (ᾱ) denote
the states of signature r = −i (r = +i), respectively. The
matrices ρ and κ correspond to the density matrix and pairing
tensor. While solving the HFBC equations, pairing is treated
self-consistently at each frequency ω and each grid point
in the selected deformation space (pairing self-consistency).
Certainly, symmetries of the rotating potential are used to
simplify the cranking equations. For instance, in the present
reflection-symmetric case, both signature r , and intrinsic parity
π are good quantum numbers. Until now, one can obtain the
energy relative to the nonrotating (ω = 0) state, as seen in the
last term of Eq. (3). After the numerically calculated Routhians
at fixed ω are interpolated using a cubic spline function
between the lattice points, the equilibrium deformation can be
determined by minimizing the calculated TRS (deformation
self-consistency). In addition, the HFBC method also allows
one to calculate approximately the total angular momentum
as functions of the rotational frequency ω, from which some
quantities such as the kinematic and dynamical moments of
inertia, the aligned angular momenta including the proton
and neutron components, etc., can also be derived. The total
collective angular momentum is calculated as follows [16]:

Ix =
∑

α,β>0

〈β|jx |α〉ραβ +
∑

α,β>0

〈β̄|jx |ᾱ〉ρᾱβ̄ , (13)

where ρ is the density matrix based on the representation of
signature basis denoted by α, β (ᾱ, β̄ are for the opposite
signatures).

III. RESULTS AND DISCUSSION

In nuclear structure research, some phenomenological or
empirical laws are usually used to evaluate the nuclear
properties. Several phenomenological quantities and their
evolutions as increasing neutron number are presented in Fig. 1
for W isotopes. The systematics of the energy ratio, R4/2 =
E4+

1
/E2+

1
, which is arguably the best indicator of changes in

low-lying nuclear structure, can provide a test of the axial
assumption. The energy ratio R4/2 is 3.3 for a well-deformed
axially symmetric rotor, 2.5 for γ -unstable vibrator, and 2.0 for
spherical vibrator, which, respectively, correspond to SU (3),
O(6), and U (5) dynamic symmetries in the algebraic view
of the interacting boson model (IBM) [43,44]. Further, the
R4/2 value is about 2.9 for the X(5) symmetry (the critical
point of spherical to deformed transition path) and 2.2 for the
E(5) symmetry (the critical point of spherical to γ -unstable
vibrator path) [45]. From Fig. 1(a), one can see that near the
N = 104 midshell the R4/2 ratios reach the maximum value
∼3.3, indicating the maximum collectivity (although it seems
that the maximum R4/2 value does not appear at the N = 104
nucleus which may be γ soft relatively). The R4/2 ratio has
a decreasing trend as the neutron number moves away from
the N = 104 midshell. All the R4/2 values are more than the
critical value 1.82 in the Mallmann plot showing undoubtedly
the onset of collective characteristics [43]. Moreover, nine
members from N=98–114 have the R4/2 ratios beyond the
shape or phase transition point to quadrupole deformed nuclei,
3.0. This is favorable to present cranking investigation.

FIG. 1. The available phenomenological quantities R4/2 ratio (a),
P factor (b), and ES/E(2+

1 ), ES = E(2+
2 ) − E(4+

1 ) (c) for even-even
W isotopes as a function of the neutron number N . The dashed
lines represent some corresponding critical points. See text for more
details. The data are taken from Refs. [8,41,42].

Nuclear deformation may be explained as being from a
competition between the pairing interaction of like nucleons
and the neutron-proton interaction which is responsible for
strong mixing of shell model configurations. The P factor
[46–50] is another more sensitive phenomenological discovery
related to nuclear collectivity and deformation, which is
defined by

P ≡ NpNn

Np + Nn

, (14)

where Np and Nn are the numbers of valence protons and
neutrons, respectively; the product NpNn indicates the number
of p − n interactions and the summation Np + Nn denotes
the number of pairing interactions. Obviously, this parameter
can be viewed as the average number of interactions of each
valence nucleon with those of the other type. It was pointed
out by Casten et al. [47] that the transition to deformation
generally occurs when P ≈ 4–5, that is, each valence nucleon
interacts with about 4–5 nucleons of the other type. Of course,
it should be related to the relative integrated strengths of
the p − n and like-nucleon-pairing interactions. As shown in
Fig. 1(b), all the P values are more than 4 except those of
160−164W, showing the onset of deformation in most of the
nuclei. However, one can notice that the shape transition point
(R4/2 = 3.0) corresponds to the critical point P ≈ 5 rather
than 4. Therefore, the p − n and pairing interaction in this
isotopic chain is worth investigating although it is beyond the
scope of this work.
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TABLE I. The calculated results (TRS) for ground-state equilibrium deformation parameters β2 and β4 for even-even 160−190W, together
with the FY+FRDM (FF) [39], HFBCS [58], and ETFSI [59] calculations and partial experimental values (Expt.) [57] for comparison.

Nuclei β2 β4

TRSa FF HFBCS ETFSI Expt.b TRS FF HFBCS ETFSI

160W 0.122 0.089 0.00 0.14 — 0.013 0.003 0.00 0.00
162W 0.148 0.134 0.14 0.17 — 0.011 0.015 −0.01 0.00
164W 0.164 0.161 0.18 0.19 — 0.001 0.010 −0.01 0.00
166W 0.176 0.181 0.18 0.21 — −0.010 −0.004 −0.01 0.00
168W 0.191 0.208 0.21 0.22 0.232 −0.016 0.000 −0.01 0.00
170W 0.207 0.226 0.25 0.27 0.240 −0.012 −0.006 −0.01 0.00
172W 0.230 0.254 0.23 0.29 0.284 −0.011 −0.001 −0.02 0.01
174W 0.239 0.256 0.30 0.31 0.252 −0.018 −0.014 −0.02 0.00
176W 0.243 0.266 0.30 0.31 — −0.031 −0.032 −0.03 −0.02
178W 0.241 0.267 0.33 0.31 — −0.043 −0.048 −0.04 −0.02
180W 0.238 0.258 0.26 0.27 0.255 −0.054 −0.067 −0.05 −0.05
182W 0.234 0.259 0.24 0.27 0.251 −0.065 −0.084 −0.05 −0.05
184W 0.227 0.240 0.24 0.25 0.236 −0.076 −0.095 −0.05 −0.07
186W 0.217 0.230 0.21 0.25 0.228 −0.084 −0.107 −0.04 −0.06
188W 0.200 0.212 −0.21 0.20 — −0.082 −0.110 −0.05 −0.08
190W 0.176 0.173 −0.20 0.19 — −0.077 −0.097 −0.04 −0.06

aThe calculated ground-state |γ | values of 160−190W are always less than 2◦.
bThe uncertainties are less than 0.01 except for 172W (0.014); see Ref. [57] for details.

The possible deviation from axial symmetry of the ellip-
soidal nuclear shape, represented by the γ degree of free-
dom, will sensitively affect the so-called quasi-γ bandheads,
namely, the second lowest 2+ states of even-even nuclei
in this mass region. The quantity ES/E(2+

1 ) introduced by
Watanabe et al. [51] usually can serve as a global signature
of the structural evolution involving axial asymmetry, where
ES denotes the energy difference between the 2+

2 and 4+
1

states. As is known, the simplest symmetry limit model
describing triaxiality of nuclei is the rigid triaxial rotor
model of Davydov–Filippov [52] with the fixed deformation
parameters β2 and γ . In the case of the rigid-triaxial rotor with
25◦ � γ � 30◦, the 2+

2 state will go under the 4+
1 level and

reach the bottom at the extreme of triaxiality with γ = 30◦ [At
this time, the quantity ES/E(2+

1 ) will reach the smallest value
−0.67). The other symmetry limit model describing triaxiality
is the Wilets-Jean model [53] of γ -unstable deformation, i.e.,
γ -independent collective potential. In the γ -independent limit
(a flat potential at the γ direction) of the Wilets-Jean model,
the value of ES/E(2+

1 ) is zero because the 2+
2 and 4+

1 states
are completely degenerate. The negative values of ES/E(2+

1 )
between these two extremes 0 and −0.67 indicate likely γ -soft
potentials with shallow minima at the average γ value close
to 30◦. The nucleus with a positive value of ES/E(2+

1 ) will
possess an axially symmetric shape. Indeed, the experimental
energies of the Kπ = 2+ quasi-γ bands have been system-
atically identified in the tungsten, osmium, platinum, and
mercury isotopes; cf. Refs. [42,54–56] and references therein.
In Fig. 1(c), we show the available ES/E(2+

1 ) ratios for the
tungsten isotopes. It is found that all the values are larger than
zero except for that of 190W (≈−0.38). In addition, one can see
that the N = 108 nucleus 182W owns the maximum ES/E(2+

1 )
value, indicating a possible maximum stiffness in the triaxial

direction. Moreover, the ES/E(2+
1 ) ratio has a decreasing trend

when N moves away from 108. These properties are basically
in agreement with the following calculations.

Table I shows the calculated ground-state deformations
β2 and β4, which are confronted with experiments and/or
other accepted theories. Note that the experimental β2 are
deduced from the intrinsic quadrupole moment related to
the reduced electric quadrupole transition probability B(E2)
[57]. Several other results are, respectively, based on the
fold-Yukawa (FY) single-particle potential and the finite-range
droplet model (FRDM) [39], the Hartree-Fock-BCS (HFBCS)
[58], and the extended Thomas-Fermi plus Strutinsky integral
(ETFSI) methods [59], which can be used to evaluate our
TRS calculations. As is seen in this table, the predicted
ground-state β2, β4 deformations are basically in agreement
with the experimentally measured results although there is
still a systematic underestimation for β2. This is in agreement
with the analysis by Dudek et al. [60] where a corrected
formula is suggested to modify the shape inconsistency. All
the theoretical results cannot completely agree with the data,
but their trends are similar. As expected, the β2 deformation
reaches a maximum near N = 104 midshell nucleus 178W
(halfway between the N = 82 and N = 126 major shell
closures) and decreases as the neutron number N moves away
from the neutron midshell number. Interestingly, it is found that
in our results the nucleus is normal deformed (β2 � 0.2) when
its R4/2 ratio is above the shape transition point (R4/2 = 0.3).
For 188,190W, our calculated β2 values are in agreement with
those of FY+FRDM and ETFSI calculations, denoting prolate
ground states, but in conflict with that of HFBCS calculation
where their β2 values are negative (corresponding to oblate
shape). In addition, the β4 deformations given by different
theories show a consistent trend and sign for most of the nuclei,
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FIG. 2. Deformation Routhian curves against β2 for even-even
160−190W nuclei at several selected rotational frequencies ω = 0.00,
0.15, 0.30, and 0.45 MeV/�. At each β2 point, the energy was
minimized with respect to γ and β4.

in particular between present and FY+FRDM results, although
their magnitudes are somewhat different.

As can be seen in Table I, the different theoretical results
of the equilibrium deformations, which are determined by
minimizing the calculated energy surface, may be somewhat
different, especially for soft nuclei. Figures 2 and 3 show the
corresponding total Routhian curves along the minimum valley
of the TRS in both β2 and γ directions, which are relatively
model independent. The curves at four typical rotational
frequencies are used to investigate the shape and softness
evolutions under rotation. Because Bohr shape deformation
parameters [37] are adopted in the actual calculations, the
β2 value is always positive and the prolate, oblate, and
triaxial shapes can be denoted by the γ parameter. In rotating
nuclei, we use the Lund convention [23] of γ values ranging
from −120◦ to 60◦. Such γ range can be divided into three
sectors, −120◦ < γ < −60◦, −60◦ < γ < 0◦, and 0◦ < γ <
60◦, which represent the same triaxial shapes at ground state
but, respectively, represent rotation about the long, intermedi-
ate, and short axes at nonzero cranking frequency. The four
limiting values (−120◦, −60◦, 0◦, and 60◦) correspond to
the possible rotations of axially symmetric shapes (−120◦
and 0◦ for prolate and ±60◦ for oblate shapes) with various
orientations of the nuclear axes with respect to the rotation
axis (γ = −120◦ and 60◦ mean the nucleus rotates around
its symmetry axis, noncollective rotation, and γ = −60◦ and
0◦ mean the nucleus rotates around an axis perpendicular to
the symmetry axis, collective rotation). As shown in Figs. 2
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FIG. 3. Similar to Fig. 2 but against γ deformation.

and 3, one can visually see the Coriolis effect as well as
the evolution of nuclear shape and softness. For instance,
the lighter nuclei 160,162W are weakly deformed and have
larger softness, especially in the γ direction. This is consistent
with the recent work [8]. It is also found that the shape
is very soft in the direction of increasing β2 in 172−176W,
especially in 174W, indicating the possible occurrences of
superdeformed structures, in good agreement with the results
given by Dong et al. [61]. For the stable 180−186W and the
neutron-rich 188,190W nuclei, the competition of the prolate and
oblate collective excitations and noncollective single-particle
excitations (broken-pair high-K excitations) may appear at
high angular frequency because the Fermi surfaces for both
protons and neutrons lie in the upper shell of high-j orbits,
although their ground states all have prolate shapes. Such
competitions are consistent with some previous calculations
[62–65]. Moreover, the similar competitions are also found in
other isotopes such as No [66] and Rf [67] isotopes.

The calculated and experimental kinematic moments of
inertia and the calculated aligned angular momentum are
shown in Figs. 4 and 5, respectively. Note that the kinematic
moments of inertia are, respectively, calculated by J (1) =
Ix/ω and J (1) = �

2(2I − 1)/Eγ (I → I − 2) theoretically and
experimentally. It seems that our calculations can reproduce
the experimental backbending (or upbending) phenomena,
although the backbending frequencies are underestimated after
166W; in particular the backbending in moments of inertia
was not observed experimentally at present spins in 184−190W.
As shown in Fig. 5, the proton and neutron aligned angular
momenta can be used to evaluate the rotation alignments of
proton and/or neutron pairs. The present results show that the
neutron rotation alignment is favored in 164−180W, while in
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FIG. 4. The experimental (filled circle symbols) and calculated
(open square symbols) kinematic moments of inertia J (1) for even-
even nuclei 160−190W as a function of the rotational frequency �ω.
The experimental data are taken from Ref. [41].

FIG. 5. The calculated aligned angular momenta Ix (squares),
including the proton Ixp (circles) and neutron Ixn (triangles) compo-
nents, for even-even nuclei 160−190W as a function of the rotational
frequency �ω.

other nuclei the competition between the neutron and proton
alignments may occur; even the proton alignment is favored
in the very neutron-deficient nucleus 160W. Of course, one
can see that the magnitude of the neutron pair is larger than
that of the proton pair in nuclei with alignment competitions
except for 162W. In this W isotopic chain, the high-j orbits
associated with the rotation alignment mainly involve the
proton 1h11/2 and neutron 2f7/2, 1h9/2, and 1i13/2 (the related
discussions can be easily found elsewhere). It was pointed out
by Xu et al. [18] that the adjustment of the pairing strength
can improve the description in moments of inertia in this
region. Indeed, our previous work showed both proton and
neutron pairing correlations may be underestimated based on
the present theory in this region [14]. Such an underestimation
of the pairing correlation will be responsible for the reduction
of the theoretical backbending frequency to a large extent.
The degrees of the proton and neutron underestimations are
usually different (cf. Ref. [14]), which indicates whether
the proton and neutron rotation alignments still occur at the
same frequency will need to be reconsidered then in those
nuclei with competing proton and neutron alignments. This
can be determined by the increased magnitude in moment
of inertia, which should be larger when proton and neutron
simultaneously align than that of only one alignment of them.
However, as can be seen in Figs. 4 and 5, the increased
magnitude in moment of inertia in 182−190W (proton and
neutron alignments compete in them) cannot be experimentally
extracted because of the scarce data. Fortunately, it seems that
such a magnitude can be obtained crudely in 162W. Actually,
the increased magnitude in moment of inertia is less than that
of the calculated result, indicating the possible occurrence
of the rotation alignment of only one pair of nucleons. Of
course, two neutron pairs may align at similar rotational
frequencies. For instance, the two-quasineutron alignments
emanating from the mixed 1f7/2 and 1h9/2 subshells can
compete with the pure 1i13/2 two-quasineutron alignment in the
very neutron-deficient W isotopes; see Ref. [8] and reference
therein.

In addition, it is well known that the moment of inertia
is sensitive to the pairing correlations. As shown in Fig. 6,
we crudely investigate the effect of the pairing (including
monopole and quadrupole pairing) correlations on the moment
of inertia by taking three selected nuclei 164,172,180W as
examples. Note that the monopole pairing strength G0 is
crudely adjusted for protons and neutrons according to the
empirical values of this mass region suggested by Xu et al.
[18] (see Ref. [18] for more details about the pairing strength
adjustment). From the comparison of Figs. 6(a) and 6(b), one
can see that the increase of the monopole pairing strength to
some extent decreases the moment of inertia and delays the
backbending (or upbending) frequency, as expected, because
of the increasing superfluidity and broken-pair difficulty,
respectively. However, relative to the calculated results without
the quadrupole pairing (QQ pairing) interaction, the existence
of the QQ pairing force seems to increase the moment of inertia
at the low-spin region but decrease the moment of inertia at
high spins except for 172W. From Fig. 6(b), it seems that the
second band crossing in 172W is attributed to the inclusion
of the QQ pairing interaction. More detailed discussions of
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FIG. 6. Similar to Fig. 4, but for three selected nuclei 164,172,180W.
The open symbols (squares and triangles) denote the TRS results
(with and without QQ-pairing interaction, respectively). The left (a)
and right (b) panels show the calculated results with the pairing
strengths obtained by the average gap method (G0) and those
adjusted, on average, for mean-field and blocking effects (G = FG0),
respectively. For reasons of simplicity, we use the constant factors
Fν = 1.08 (neutrons) and Fπ = 1.05 (protons) for the local mass
region of the studied nuclei [18].

the influence of the QQ pairing on nuclei can see, e.g.,
Refs. [31–34].

It can be noticed that there is a somewhat large difference in
moment of inertia between theory and experiment even though
the pairing strength is adjusted according to the experimental
odd-even difference (e.g., see Fig. 6 and Ref. [18]). One has
to think about other mechanisms by which atomic nuclei
generate angular momentum, such as vibration and single-
particle excitations. However, the present TRS approach, as
a powerful tool in the analysis of yrast states, does not
include the vibration mechanism which usually appears in
excited state sequences. Indeed, the low-lying β and γ bands
built on the so-called β vibrations with Kπ = 0+, and on
the γ vibrations with Kπ = 2+, respectively, have been
systematically observed in this mass region, e.g., in the W
[42], Os [54], and Pt [56] isotopes. A simple empirical method,
called E-GOS (E-Gamma Over Spin) curves [namely, the ratio
R(I ) = Eγ (I→I−2)

I
versus I ], was proposed by Regan et al.

[68] for discerning the shape and phase evolution between
vibrational and rotational structure in nuclei as a function
of spin (moreover, the transitions not only from vibrational
to rotational but also from rotational to vibrational motions
have been found in different mass regions [68,69]). It is easy
to understand that the γ -ray decay energies Eγ (I → I − 2)
can be given by �ω, E(2+)

4 (I + 2), and �
2

2J
(4I − 2), as given

FIG. 7. (a) The typical E-GOS curves for a perfect harmonic
vibrator, γ -soft, and axially symmetric rotors with first 2+ excitations
of 500, 300, and 100 keV, respectively [68]. (b) Similar to (a), four sets
of such E-GOS curves at the selected spins I = 4,10,16, and 22�,
together with the experimental data (filled circles) for 180W. Note
that at each selected spin point, the red, green, and blue lines denote
the E-GOS curves with vibrational, γ -soft, and rotational modes,
respectively.

in Ref. [68], for a perfect harmonic vibrator, a γ -soft rotor,
and an axially symmetric rotor, respectively. Correspondingly,
the function relationships between R(I ) and I will be �ω

I
,

E(2+)
4 (1 + 2

I
), and �

2

2J
(4 − 2

I
). That is to say, the E-GOS curves

can be plotted once the corresponding factors �ω, E(2+)
4 ,

and �
2

2J
are determined, e.g., from the energy of the first 2+

state. As shown by Regan et al. [68], the typical E-GOS
plots are presented for the perfect harmonic vibrator, γ -soft
rotor, and axially symmetric rotor with first 2+ excitations
of 500, 300, and 100 keV, respectively, in Fig. 7(a). In fact,
one can deduce a set of �ω, E(2+)

4 and �
2

2J
factors from each

Eγ (I → I − 2) value by supposing it originates from the
deexcitation of a pure vibrator, an idealized γ -soft rotor and
an axially symmetric rotor, respectively. Therefore, based on
each Eγ (I → I − 2), we can plot three E-GOS curves passing
through the corresponding R(I ) point. Moreover, if one of the
assumptions is reasonable the adjacent point (except for the
band crossing point) will generally fall on the corresponding
curve. According to the existing data, Fig. 7(b) shows such
E-GOS curves at several selected spins (including the low,
medial, and high spins) for 180W. It seems that the motion mode
changes from rotation to γ -soft to vibration to rotation along
the yrast line if the three idealized assumptions mentioned
above are accepted.

In Fig. 8 we show such E-GOS curves at each spin point
based on the available yrast data for even-even 160−190W. It
should be noted that just for a clear display we keep the
three corresponding curves from one R(I ) point to their next
adjacent point R(I + 2). Thus, it seems that such a curve
has many “legs” and let us call it as a centipedelike E-GOS
temporarily. To a large extent, the structure evolution along the
yrast line in even-even 160−190W can be evaluated from these
centipedelike E-GOS curves, as shown in Fig. 8. One can see
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FIG. 8. Similar to the 180W case of Fig. 7, but the centipedelike
E-GOS curves along the yrast sequences for even-even 160−190W
isotopes.

that the vibrational (or γ -soft) behaviors almost appear in all
nuclei, even some of them (e.g, 162,190W) have no rotational
motions at present spins according to the centipedelike E-GOS
picture. The absence of the vibration mechanism in the present
TRS calculations may to some extent be responsible for the
existing difference in moments of inertia between theory and
experiment. In the lighter 160−168W nuclei, the nuclei may
evolve from vibration (or γ -soft) to rotation while the phase
transition from rotation to vibration (or γ -soft) occurs in the
heavier nuclei 182−188W. Noted that the interesting transitions
from rotation to vibration (or γ -soft) to rotation are found
in 170−180W. Though the present TRS calculation does not
consider the vibrational effect, some useful laws still can be
found in the deformation energy curves, as shown in Figs. 2
and 3. Indeed, as expected, the minimum of the corresponding
energy curve generally becomes soft when the transition from
rotation to vibration occurs while it becomes stiff when the

transition from vibration to rotation occurs. In addition, one
can notice that the γ -soft and rotational E-GOS curves seem
to coincide with each other at high spins. However, they can
be qualitatively distinguished, in principle, because of the
different signs of their curve slopes (negative and positive for
the γ -soft and rotational cases, respectively). Of course, more
precisely, the coupling of different motion modes should be
considered, in particular, when the assumption of the purely
single motion mode fails.

IV. SUMMARY

In summary, we have systematically investigated the collec-
tive nature along the yrast line for even-even 160−190W isotopes
based on the pairing-deformation self-consistent TRS method
in the (β2,γ,β4) deformation space. The calculated equilibrium
deformations at ground states are compared with previous
theoretical results and available experimental data, indicating
a good agreement. The shape and softness evolutions under
rotation are presented by using the deformation Routhian
curves at different rotational frequencies. In addition, it is
found that although the backbending phenomena in moments
of inertia can be basically reproduced, the existing difference
between experiment and theory is not eliminable, even if the
pairing strength is adjusted accordingly. The properties of
band crossings are analyzed briefly based on the calculated
aligned angular momenta. The centipedelike E-GOS curves
are introduced which show the shape and/or phase transition
between vibration and rotation and provide an explanation
for such discrepancy in moment of inertia to some extent,
indicating the vibrational mechanism should be considered
generally. This systematic investigation should be useful to
understand and predict the yrast properties with rotation, in
particular for the proton drip-line and neutron-rich nuclei
where data are scarce.
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