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Elastic pion-nucleon scattering in chiral perturbation theory: A fresh look
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Elastic pion-nucleon scattering is analyzed in the framework of chiral perturbation theory up to fourth order
within the heavy-baryon expansion and a covariant approach based on an extended on-mass-shell renormalization
scheme. We discuss in detail the renormalization of the various low-energy constants and provide explicit
expressions for the relevant β functions and the finite subtractions of the power-counting breaking terms within
the covariant formulation. To estimate the theoretical uncertainty from the truncation of the chiral expansion, we
employ an approach which has been successfully applied in the most recent analysis of the nuclear forces. This
allows us to reliably extract the relevant low-energy constants from the available scattering data at low energy. The
obtained results provide clear evidence that the breakdown scale of the chiral expansion for this reaction is related
to the � resonance. The explicit inclusion of the leading contributions of the � isobar is demonstrated to substan-
tially increase the range of applicability of the effective field theory. The resulting predictions for the phase shifts
are in an excellent agreement with the predictions from the recent Roy–Steiner-equation analysis of pion-nucleon
scattering.
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I. INTRODUCTION

Chiral perturbation theory (χPT) provides a systematically
improvable theoretical framework to analyze low-energy
hadronic reactions. It relies on the chiral symmetry of QCD and
its breaking patterns; in particular the spontaneous chiral sym-
metry breaking with the appearance of a triplet of Goldstone
bosons: the pions. χPT corresponds to an expansion of the
scattering amplitude around the chiral and zero-energy limits.
Here, we consider the two-flavor chiral limit with vanishing
up and down quark masses and the strange quark mass fixed at
its physical value. Characteristic for any effective field theory
(EFT), effects of higher energy physics are accounted for via
low-energy constants (LECs) accompanying the interaction
terms in the effective Lagrangian.

Pioneered in the meson sector [1–3] and extended to the
single-baryon [4–7] as well as to few-baryon sectors [8–11],
numerous applications and extensions of χPT have been
performed over the last decades. Historically, most of the
studies in the baryon sector have been carried out by using
the so-called heavy-baryon (HB) approach [12,13]. In this
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formulation, the effective chiral Lagrangian is expanded in
inverse powers of the nucleon mass treated on the same
footing as the breakdown scale of the chiral expansion �b,
also referred to as the chiral symmetry breaking scale �χ .
With only negative powers of the nucleon mass appearing in
the HB Lagrangian, this formulation offers the simplest way
to maintain the power counting for dimensionally regularized
loop integrals which enter the scattering amplitude. On the
other hand, the strict HB approach does not correctly reproduce
certain analytic properties of the scattering amplitude [14–16].
The use of manifestly covariant versions of χPT does lead
to a correct representation of the analytic properties of the
scattering amplitude but requires special care in order to
maintain the chiral power counting for loop contributions due
to the appearance of positive powers of the nucleon mass
mN . In the so-called infrared renormalization (IR) scheme
proposed by Becher and Leutwyler [16] (see also Ref. [17] for
a related earlier work), only the infrared-singular (in the limit
of vanishing pion masses) pieces of the loop integrals are kept,
which are responsible for noninteger powers of the soft scales
in the scattering amplitude. On the other hand, the IR scheme of
Refs. [16,18] induces unphysical singularities in the amplitude
at high momenta. Alternatively, one may employ the so-called
extended on-mass-shell (EOMS) scheme [19,20] which makes
use of the freedom in the choice of renormalization conditions
to maintain the chiral power counting. For a detailed discussion
and comparison of the various formulations of χPT, the reader
is referred to Ref. [7].
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In this paper we analyze in detail the reaction πN → πN

at low energies within the HBχPT and EOMS formulations
at the full one-loop order. Pion-nucleon scattering certainly
belongs to the most extensively studied processes in χPT;
see Refs. [13,21–30] for analyses of the elastic channel and
Refs. [31–38] for studies of the single-pion production πN →
ππN . It also has attracted renewed interest in recent years
in light of its importance for understanding the long-range
behavior of the nuclear forces [39–42]. In particular, the
state-of-the-art nucleon-nucleon potentials of Ref. [43] include
the two-pion exchange contribution derived from the fourth-
order approximation of the pion-nucleon scattering amplitude
[39]. It was demonstrated in Ref. [43] that nucleon-nucleon
scattering data show clear evidence of the resulting two-pion
exchange potential, see also Refs. [44,45] for similar findings
at lower chiral orders. Given the ongoing efforts towards
pushing the precision frontier in nuclear chiral EFT [46],
a reliable determination of pion-nucleon LECs entering the
two-pion exchange contributions to the two- and three-nucleon
forces with quantified uncertainties becomes an important task.
This is a nontrivial issue given that most of the χPT studies
of pion-nucleon scattering in χPT rely on the Karlsruhe–
Helsinki (KH) [47] and the George Washington University
SAID (GWU-SAID) [48] partial-wave analysis (PWA), which
do not provide systematic uncertainties for the extracted phase
shifts. An important step towards resolving this issue was made
recently in Refs. [49,50], where pion-nucleon scattering was
analyzed in the framework of Roy–Steiner equations (RS) and
detailed error estimates of all input quantities, the solution
procedure and truncations were performed (see Ref. [51]
for a review). The resulting phase shifts with quantified
uncertainties provide a solid basis for a reliable determination
of the LECs. In this paper, however, we follow a different
path and analyze directly the available pion-nucleon scattering
data at low energies (see also Ref. [40] for a related study).
To quantify the theoretical uncertainty from the truncation of
the chiral expansion, we employ the approach suggested in
Ref. [52] which has also been employed in recent few-nucleon
studies [43,53]. The resulting phase shifts are compared with
those of Ref. [49] obtained from the Roy–Steiner analysis.
We also discuss the role of the �(1232) resonance in this
reaction.

Our paper is organized as follows: In Sec. II, the necessary
definitions for a study of πN → πN in the HB and covariant
approach are given. The renormalization procedures in both
chiral approaches are discussed in Sec. III, whereas the details
of the fitting procedure can be found in Sec. IV. Our predictions
for observables not used in the fitting procedure are collected
in Sec. V which also provides a discussion of the results
obtained. Next, the explicit inclusion of the lowest-order
�(1232) contributions is presented in Sec. VI. Finally, the
main results of our study are summarized in Sec. VII. The
appendix contains explicit expressions for the renormalized
LECs.

II. BASIC DEFINITIONS

In this section, we provide some basic definitions necessary
for the description of the reaction πN → πN . The reader
familiar with this is invited to skip this section. Throughout
this work, the kinematical variables are defined as follows:

πa(q)N (p = mNv + k) → πb(q ′)N ′(p′ = mNv + k′), (1)

where N denotes a nucleon and πa a pion with the isospin
quantum number a. Note that the decomposition of the nucleon
four-momenta in terms of the four-velocity vμ and the residual
small momentum kμ is only relevant for the heavy-baryon
approach. To relate the T matrix to phase shifts, we follow
the procedure of Ref. [54] (Ref. [22]) for the covariant (HB)
approach, as described below.

A. Covariant chiral perturbation theory

In the covariant approach, the T matrix can be decomposed
in the following way

T ba = χ
†
N ′ (δabT + + iεbacτcT

−)χN, (2)

where

T ± = ū(s ′)(A± + /qB±)u(s) (3)

and the amplitudes A± and B± depend on the Mandelstam
variables

s = (p + q)2,

t = (q − q ′)2,

u = (p′ − q)2,

s + t + u = 2m2
N + 2M2

π . (4)

The partial-wave amplitudes can be expressed in terms of A±

and B± as follows:

f I
l±(s) = 1

16π
√

s

{
(E + mN )

[
AI

l (s) + (
√

s − mN )BI
l (s)

]
+ (E − mN )

[−AI
l±(s) + (

√
s + mN )BI

l±(s)
]}

, (5)

where for X ∈ {A,B}

XI
l (s) =

∫ +1

−1
dzXI (s,t)Pl(z), (6)

with t = −2q2(1 − z), E = (m2
N + q2)1/2 and the relations to

the isospin basis read

XI=1/2 = X+ + 2X−, XI=3/2 = X+ − X−. (7)

The phase shifts are obtained by using the unitarization
prescription

δI
l±(s) = arctan

(|q|Ref I
l±(s)

)
. (8)
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B. Heavy-baryon chiral perturbation theory

In the HB approach, the decomposition reads

T ba = χ
†
N ′ (δabT + + iεbacτcT

−)χN, (9)

where

T ± = ū(s ′)
v (g± + 2iS · q × q ′h±)u(s)

v . (10)

The amplitudes g± and h± depend on the four momenta k, k′,
q, q ′ and are related to the partial-wave amplitudes via

f I
l±(s) = E + mN

16π
√

s

∫ +1

−1
dz{gIPl(z)

+ q2hI [Pl±(z) − zPl(z)]}. (11)

The relation to the isospin basis is the same as in Eq. (7) with
X ∈ {g,h}.

C. Observables

The observables of interest are differential cross sections
dσ/d� and polarizations P for the three channels π+p →
π+p, π−p → π−p, and π−p → π0n. At low energy and/or
forward angles, these observables are strongly affected by
electromagnetic interactions which are taken into account
following the procedure described in Ref. [55]. This paper
also provides all the necessary formula to relate the strong
phase shifts in Eq. (8) to the observables we are interested
in. We emphasize that the time-honored treatment of the
electromagnetic effects in that paper should be considered
approximate because it does not systematically include all such
effects. Nevertheless, given the accuracy of our calculation, we
believe that this treatment should be sufficient. This requires
more detailed studies in the future.

III. POWER COUNTING AND RENORMALIZATION

In χPT, the invariant amplitudes are calculated in the chiral
expansion with the expansion parameter

Q =
{

q

�b

,
Mπ

�b

}
, (12)

where Mπ is the pion mass, q denotes generic three-momenta
(four-momenta) of external nucleons (pions) and �b is the
breakdown scale of the chiral expansion whose value will be
specified below. Since the nucleon mass mN does not vanish in
the chiral limit, the power counting employed in the Goldstone
boson sector breaks down for dimensionally regularized loop
integrals in the presence of baryons. The traditional way of
curing this problem is the HB approach [12,13], where the
nucleon mass is treated as an additional large scale, mN ∼ �b,
and a 1/mN expansion is performed at the level of the effective
Lagrangian. For certain observables such as some of the

nucleon form factors, the HB expansion exhibits a very limited
range of convergence [15,16].1 It is, therefore, advantageous
to employ the Lorentz covariant formulations of baryon χPT
by using either the IR [16] or the EOMS scheme [19,20]
to maintain the power counting. In this work, we employ
the HB and covariant EOMS approaches. In both schemes,
the effective Lagrangian needed to describe pion-nucleon
dynamics at one-loop level consists of the following pieces
(see Ref. [24] for a full list of terms):

Leff = L(2)
ππ + L(4)

ππ + L(1)
πN + L(2)

πN + L(3)
πN + L(4)

πN , (13)

where the superscripts refer to the chiral dimension. Further-
more, for the HB approach, we also show results corresponding
to the power counting assignment mN ∼ �2

b/Mπ , which is
commonly used in the studies of the nuclear forces [10] and
will be referred to as HB-NN . The above assignment results
in the relativistic corrections being pushed to higher orders in
the EFT expansion as compared to the standard HB approach
used in the single-baryon sector, which will be referred to as
HB-πN .

Before discussing the renormalization of the πN → πN

amplitudes, we need to express the bare quantities in the
leading-order Lagrangian in terms of physical ones. The
expressions for mN and the nucleon axial-vector coupling
gA for both chiral approaches are given in Appendix A.
Throughout this work, we express all results in terms of the
effective axial-vector coupling constant gA which takes into
account the Goldberger–Treiman discrepancy and is related to
the physical axial-vector coupling gA,ph via

gA = gA,ph − 2M2
πd18 + O(Q5). (14)

The value of gA is fixed by the Goldberger–Treiman relation

gA = gπNNFπ

mN

. (15)

For the pion-nucleon coupling constant gπNN , we adopt
the value from Ref. [56], g2

πNN/4π = 13.7(2) leading to
gA = 1.289(1). Note that we do not study the effects of the
uncertainty of gA in this work and only employ the mean value.
In addition to removing the redundant (for the considered
reaction) LEC d18, using gA ensures a correct reproduction of
the analytic structure of the πN → πN scattering amplitude.

The relevant tree-level diagrams for πN → πN to order
Q4 are visualized in Fig. 1 while the leading-order loop
diagrams are shown in Fig. 2. The next-to-leading order loop
diagrams are not shown explicitly but can be easily generated
by replacing one of the lowest-order πN vertices with an even
number of pions in the shown loop diagrams by a subleading
vertex from L(2)

πN , as visualized in Fig. 3. Notice that there are
no πN vertices with an odd number of pions in L(2)

πN .

1It should, however, be noted that these deformations of the analytic
structure of the underlying amplitudes can be overcome easily by
including the first 1/mN correction into the heavy fermion propagator,
i/(v · k) → i/[v · k + k2/(2mN )].
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FIG. 1. Tree graphs for the reaction πN → πN . The black, gray,
and white blobs denote an insertion of the ci , di , and ei vertices,
respectively. Dashed and solid lines refer to pions and nucleons,
respectively. Crossed diagrams are not shown.

The leading-order tree-level diagrams are constructed
solely from the lowest-order vertices and thus depend only on
the well-known LECs Fπ and gA. The higher-order tree-level
graphs involve insertions of vertices with the LECs ci from
L(2)

πN , di from L(3)
πN , ei from L(4)

πN , and the purely mesonic LECs
li from L(4)

ππ . Some of the LECs ei enter the πN scattering
amplitude only within linear combinations with the LECs ci . In
order to get rid of the redundant LECs, we make the following
redefinitions on the level of the renormalized LECs discussed
below [25]:

c̄1 → c̄1 + 2M2
π

[
ē22 − 4ē38 + c̄1βl3 l̄3/

(
32π2F 2

π

)]
,

c̄2 → c̄2 − 8M2
π (ē20 + ē35),

c̄3 → c̄3 − 4M2
π (2ē19 − ē22 − ē36),

c̄4 → c̄4 − 4M2
π (2ē21 − ē37). (16)

This is a general phenomenon in χPT; namely, that, work-
ing at sufficiently high orders, one encounters quark-mass
renormalizations of certain lower order LECs that cannot be
resolved for the physical values of the quark masses. Finally,
the πN -scattering amplitudes depend on the LECs c1,2,3,4,
d1+2,3,5,14−15, and e14,15,16,17,18. This number is consistent
with the most general polynomial representation of the πN
scattering amplitude to fourth order; see e.g., Ref. [57].

The renormalization of the LECs in the HB formalism
can be performed order by order in a complete analogy
with the mesonic sector, where one has (using dimensional
regularization)

li = βli

32π2
l̄i + βli

[
λ̄ + 1

32π2
ln

(
M2

π

μ2

)]
(17)

FIG. 2. One-loop graphs for the reaction πN → πN . For nota-
tion see Fig. 1.

→ +

FIG. 3. Transition from leading to next-to-leading order loop
graphs. For notation see Fig. 1.

with

λ̄ = μd−4

16π2

[
1

d − 4
+ 1

2
(γE − 1 − ln 4π )

]
. (18)

The ultraviolet-divergent (UV-divergent) pieces in the HB
scattering amplitude up to order Q4 are canceled by the counter
terms upon expressing the bare LECs di and ei in terms of the
renormalized ones d̄i and ēi via

di = d̄i + βdi

F 2
π

[
λ̄ + 1

32π2
ln

(
M2

π

μ2

)]
,

ei = ēi + βei

F 2
π

[
λ̄ + 1

32π2
ln

(
M2

π

μ2

)]
. (19)

where the relevant β functions are listed in Appendix B. For
the LECs di , the β functions are identical to those of Ref. [58]
(see also Ref. [22]). For the LECs ei , we have verified that the
obtained β functions are identical to those listed in Ref. [16]
after changing their operator basis to ours. Note that ci = c̄i in
the HB framework.

In the covariant approach, the renormalization of the LECs
is more complicated. After performing dimensional regular-
ization with the MS scheme, loop diagrams still contribute
at every chiral order, which violates the power counting. The
main idea to resolve this issue is based on the observation that
a loop function can be split into an IR regular and IR singular
parts. All power counting breaking terms (PCBTs) stemming
from loop graphs are included in the IR regular part, which is
analytic in the quark mass and momenta in d dimension and
thus can be absorbed into LECs of the most general Lagrangian
[19,20]. For our purpose we need to consider the IR regular
parts from the loop graphs of order Q3 and Q4 in the naive
counting which, after renormalization of the leading-order
couplings mN and gA, start to appear at order Q2. Therefore,
we perform an additional finite renormalization of the LECs
as follows:

ci = c̄i + δc
(3)
i + δc

(4)
i ,

di = d̄i + δd
(3)
i + δd

(4)
i ,

ei = ēi + δe
(4)
i ,

(20)

where for x ∈ {c,d,e}

δx
(n)
i = δx̄

(n)
i,f

F 2
π

+ β
(n)
xi ,B

F 2
π

[
λ̄ + 1

32π2
ln

(
m2

N

μ2

)]

+ β
(n)
xi ,M

F 2
π

[
λ̄ + 1

32π2
ln

(
M2

π

μ2

)]
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= δx̄
(n)
i,f

F 2
π

+ β(n)
xi

F 2
π

[
λ̄ + 1

32π2
ln

(
m2

N

μ2

)]

+ βxi

32F 2
ππ2

ln

(
M2

π

m2
N

)
. (21)

Here, δx̄
(n)
i,f denotes the negative of the finite IR regular parts

from loops of naive order n, while β
(n)
xi ,B

and β
(n)
xi ,M

are the
β functions which are needed to cancel the baryonic and
mesonic tadpoles, respectively. In order to make the notation
more compact, we made the replacements β(n)

xi
= β

(n)
xi ,B

+ β
(n)
xi ,M

and βxi
= β

(n)
xi ,M

, with βxi
from Eq. (19) in the last line of

the above equation. Note that, in Eq. (20), we absorb all IR
regular pieces up to the order we are working at. This procedure
does, strictly speaking, differ from the EOMS approach where
only PCBTs are absorbed into the LECs. In EOMS at order
Q3 (Q4), one would only absorb the IR regular pieces up to
the order Q2 (Q3); instead we absorb them up to the order
Q3 (Q4). In addition, we also perform shifts of the LECs
proportional to ln(M2

π/m2
N ), which is not done in EOMS. This

modified version of the EOMS is employed in this work to
guarantee the equivalence between the results in the HB and
covariant approaches up to the order at which we are working,
with the difference being of higher orders only. Thus, an
expansion of our renormalized covariant amplitudes at orders
Q3 and Q4 in inverse powers of the nucleon mass mN would
give our renormalized HB amplitudes up to order Q3 and
Q4, respectively. Note that our renormalized amplitudes are
equivalent to πN → πN amplitudes renormalized in EOMS.
There is no loss of information, just a reshifting of terms from
the loop contributions to the LECs. Also note that higher-order
contributions in the covariant framework are renormalized in
the minimal subtraction scheme by setting λ̄ = 0 and μ = mN .

We determined the finite and UV-divergent pieces in the
following way: First, we have changed the basis for the
scattering amplitude such that every spin structure fulfills
the power counting by itself, leading to [26]

T ± = ū(s ′)
(

D± − 1

4mN

[/q ′,/q]B±
)

u(s). (22)

where D = A + νB with ν = (s − u)/(4mN ). Next, D and B
are expanded in small parameters

Mπ ∼ O(Q1), s − m2
N ∼ O(Q1),

u − m2
N ∼ O(Q1), t ∼ O(Q2). (23)

Note that while the linear combination s + u − 2m2
N counts

according to the above estimations as order Q1, it actually
starts contributing only at order Q2 due to the cancellation of
the order Q1 terms; see e.g., Eq. (4). Therefore, for practical
reasons, it is advantageous to express D and B either in (s,t)
or (u,t). Also note that mN in Eq. (23) denotes the physical

nucleon mass, whereas the expansion in the EOMS scheme is,
strictly speaking, around the nucleon mass in the chiral limit
m̊N . The difference is of the order of mN − m̊N ∼ M(Q2) and
is thus affecting the shifts at chiral order Q4. However, due to
our choice to work with the shifted LECs ci , see Eq. (16), this
amounts merely to a reshuffling of the terms between the ci

and ei and does not affect the final results.
The pertinent β functions can be calculated by substituting

every loop function by its UV-divergent part and expanding the
result in small parameters. The determination of the finite IR
regular pieces is more demanding. It requires the substitution
of the loop functions by their IR regular parts. This has been
achieved by interchanging the loop integration with a Taylor
series in powers of the small parameters [59].

Several checks on the πN → πN amplitudes have been
performed. The renormalization of mN , ZN , and gA was
checked by setting the internal nucleon line in the covariant
(heavy-baryon) πN amplitudes on shell. An expansion around
s = m2

N or u = m2
N corresponding to vanishing pion energy

in the center-of-mass system (CMS), ω = 0, showed that
only the leading -order diagrams exhibit poles and thus
give the right analytic structure of the amplitudes. Using the
redefined LECs from Appendix B, the πN → πN amplitudes
fulfill power counting and are UV-finite up to order Q3 and
Q4, respectively. Another consistency check was done by
using the same renormalization shifts in the amplitudes of
the reaction πN → ππN , whose analysis will be presented
elsewhere, and verifying the power counting and UV-finiteness
by redefining only the new LECs appearing in πN → ππN .
In Appendix B we list all LECs appearing in both reactions.
The pion field was defined in the most general form given
by unitarity

U=1 + i
τ · π

Fπ

− π2

2F 2
π

− iα
π2τ · π

F 3
π

+ (8α − 1)

8F 4
π

π4 + · · · ,

(24)

and it was checked that the final renormalized amplitudes are
independent of the parameter α. We checked our amplitudes
by comparing them with the results of Ref. [30]. Notice
that the expressions published in that reference contain some
typos. We, however, were able to reproduce their results by
comparing the explicit expressions in a Mathematica notebook
with those provided by one of the authors of Ref. [30]. To avoid
the same problems with typing rather lengthy expressions, we
prefer to provide the amplitudes in a Mathematica notebook
upon request.

Finally, we emphasize that we take the isospin limit in
all our amplitudes, i.e., we take mp = mn = mN and Mπ± =
Mπ0 = Mπ . The electromagnetic corrections of Ref. [55]
employed in our analysis do, of course, take into account some
of the isospin-breaking effects. However, it is also clear that
this procedure does not include all possible isospin-violating
effects. For a fully consistent calculation including all such
effects for the πN scattering lengths (see, e.g., Ref. [60]).
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IV. FITTING PROCEDURE

The amplitudes for the reaction πN → πN depend on
several LECs as explained in Sec. III. Throughout this
work, we use the following values for the various LECs
and masses entering the leading order effective Lagrangian:
Mπ = 139.57 MeV, Fπ = 92.2 MeV, mN = 938.27 MeV [61].
All LECs should be understood as renormalized quantities as
discussed in the previous section. For convenience, we will
suppress in the following the bars on the renormalized LECs
c̄i , d̄i and ēi , which values are always given in units of GeV−1,
GeV−2 and GeV−3, respectively.

All fits described below are performed to πN → πN

scattering data dσ/d�, P in all three channels simultaneously.
In this least squares fit we minimize the quantity

χ2 =
∑

i

(
O

expt
i − NiO

(n)
i

δOi

)2

with

δOi =
√(

δO
expt
i

)2 + (
δO

(n)
i

)2
, (25)

where the experimental data O
expt
i , experimental errors δO

expt
i

and normalization factors Ni are taken from the GWU-SAID

data base [62] and O
(n)
i denotes the observable calculated in

χPT up to order n. The theoretical error takes into account
the uncertainty from the truncation of the chiral expansion at a
given order and is estimated in the way proposed in Ref. [52];
namely,

δO
(n)
i = max

(∣∣O (LO)
i

∣∣Qn−LO+1,
{∣∣O(k)

i − O
(j )
i

∣∣Qn−j
})

,

with j < k � n, (26)

and Q = ωCMS/�b, where ωCMS denotes the energy of the
incoming pion in the CMS frame. Furthermore, LO refers
to the chiral order, at which the observable Oi receives
its first nonvanishing contribution. In the Goldstone boson
and single-baryon sectors, the breakdown scale of the chiral
expansion is often assumed to be of the order of �b ∼ �χ ∼
Mρ ∼ 4πFπ ∼ 1 GeV. On the other hand, a somewhat more
conservative estimation of �b ∼ 600 MeV was obtained and
employed in a recent study of nucleon-nucleon scattering in
Ref. [52]. It was also verified in an analysis of Ref. [63]
utilizing the Bayesian approach. Here and in what follows,
we adopt the more conservative estimate of �b ∼ 600 MeV
which seems to be justified given the implicit inclusion of the
Roper resonance in our calculations. In addition to Eq. (26),
the theoretical error is required to be at least of the size of
actual higher-order contribution,

δO
(n)
i � max

({∣∣O(k)
i − O

(j )
i

∣∣}), with n � j < k. (27)

Both Eqs. (26) and (27) are implemented in the fits by
using an iterative procedure.2 Note that we also make use of
the quantity

χ̄2 =
∑

i

(
O

expt
i − NiO

(n)
i

δO
expt
i

)2

, (28)

which should not be confused with χ2 in Eq. (25).
To give a meaningful uncertainty quantification for other

observables we define the correlation and covariance matrices
as follows:

Cov(aiaj ) = H−1
ij , with Hij = 1

2

∂2χ2

∂ai∂aj

∣∣∣∣
a=a∗

,

Corr(aiaj ) = Cov(aiaj )/
√

Cov(aiai)Cov(ajaj ),

(29)

where a is a general set of LECs and a∗ is the set which
minimizes χ2.

V. FIT RESULTS, PREDICTIONS, AND DISCUSSION

We performed fits to all available data for all scat-
tering angles and an incoming pion kinetic energy
Tπ < {50, 75, 100, 125, 150} MeV, which corresponds to
{1035, 1368, 1704, 1854, 2176} data points, respectively. In
the upper panel of Fig. 4, we show a representative fit to
dσ/d� for the channel π+p → π+p at Tπ = 43.3 MeV. A
precise definition of the uncertainty bands will be given below.
The fitted LECs as functions of the maximal fitting energy
Tπ are shown in Figs. 5 and 6 while the reduced χ2 (χ̄2)
with (without) theoretical errors as a function of Tπ is plotted
in Fig. 7. As can be seen in the figures, most of the fitted
LECs exhibit a plateau-like behavior for the maximal fitting
energy in the range between 75 and 125 MeV yielding, at the
same time, a reasonable reduced χ2 close to unity. On the
other hand, the χ2/dof (where “dof” stands for “degrees of
freedom”) starts increasing when experimental data at higher
energies are included in contradiction with an expected flat
behavior. This feature is also reflected in the deviation of
the LECs viewed as functions of Tπ from a plateau-like
behavior when higher-energy data are included in the fit,
as visualized in Figs. 5 and 6. The observed instability of
the fits at higher energies provide a clear indication that the
actual theoretical uncertainty is larger than that estimated as
described in the previous section. As will be shown below, the
slow convergence pattern of the chiral expansion is caused by
the �(1232) resonance which is not explicitly included in the
considered formulations of χPT.

The extracted values of the LECs at orders Q2, Q3, Q4

are listed in Table I for all considered approaches along with
the corresponding values of the reduced χ2 and χ̄2. For
the sake of compactness, we restrict ourselves here and in

2As a starting point in this iterative procedure, we performed fits
without theoretical errors.
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FIG. 4. π+p → π+p differential cross section at Tπ =
43.3 MeV as a representative example of the quality of our fits (carried
out to all available data for Tπ < 100 MeV). In the upper panel, the
orange, pink, and red (dotted, dashed, and solid) bands refer to Q2,
Q3, and Q4 results, respectively, in the covariant approach including
theoretical uncertainties. In the lower panel, the orange, pink, and
red (dotted, dashed, and solid) bands refer to Q2 + δ1, Q3 + δ1,
and Q4 + δ1 results in the covariant approach including theoretical
uncertainties, respectively. Experimental data of Ref. [70] are taken
from the GWU-SAID data base [62].

what follows to the fits with Tπ < 100 MeV which can be
regarded as representative examples. As expected, the value
of χ̄2/dof decreases with an increasing chiral order showing
the improved description of the data. In contrast, the values of
χ2/dof show the opposite behavior, which can be traced back
to very large theoretical uncertainties at lower orders. Notice
further that all considered approaches lead to a similar quality
of the fits. The extracted values of the LECs do not show a
strong dependence on the counting scheme except for some
of the ei at order Q4 and are generally in a reasonably good
agreement with the values reported in the literature. Specifi-
cally, except for the value of c2, the LECs ci and di extracted at
order Q4 in the HB-NN approach are compatible with those
determined in Ref. [39] from the KH and GW-SAID PWA if the
spread between the results based on the two different PWAs
is interpreted as the uncertainty. The large differences in the
values of the LECs c2 and e16 are naturally explained by the

FIG. 5. Change of LECs at Q3 over maximum fit energy Tπ .

FIG. 6. Change of LECs at Q4 over maximum fit energy Tπ .
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FIG. 7. Reduced χ 2 (with theoretical error) and χ̄ 2 (without theoretical error) for fits up to various maximum energy Tπ ; see Eqs. (25) and
(28). The blue, red, and green bars denote the results for the HB-NN , HB-πN , and covariant counting, respectively.

very strong correlation between these LECs; see Table III. On
the other hand, it is comforting to see that the LECs e14 and
e17 which enter the order-Q5 contribution to the three-nucleon
force [39] are rather stable. Similar conclusions apply to a
comparison with the recent determination of the LECs from
the subthreshold coefficients obtained in the RS analysis [50],
although the differences between the LECs generally appear
to be somewhat larger. In any case, the sizable (large) shifts

in the LECs ci (di) extracted at different orders in the chiral
expansion indicate that the uncertainties in their values are
presently dominated by the truncation of the chiral expansion.

The correlation and covariance matrices for the fits
discussed above are given in Tables II and III. Note the
correlations at order Q4 between c1 and c2 and the additional
correlations in the HB countings between c2 and e16 and
between c4 and d1+2.
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TABLE I. LECs determined from fits at order Q2, Q3, Q4 with
Tπ < 100 MeV.

Q2 HB-NN HB-πN Cov.

c1 −1.69(4) −1.60(5) −2.19(5)
c2 3.18(8) 3.63(9) 2.52(7)
c3 −6.08(5) −6.24(5) −6.25(6)
c4 4.61(2) 5.22(3) 4.32(2)
χ 2

πN /dof 0.72 0.69 0.67

χ̄ 2
πN /dof 116 98 413

Q3 HB-NN HB-πN Cov.
c1 −1.24(2) −1.64(2) −1.55(2)
c2 4.89(5) 3.51(3) 3.60(4)
c3 −7.25(2) −6.63(2) −6.54(2)
c4 4.74(4) 4.01(4) 3.86(3)
d1 + d2 3.39(4) 4.37(4) 4.09(4)
d3 −3.47(7) −3.34(7) −2.50(4)
d5 0.00(4) −0.56(4) −0.86(4)
d14 − d15 −7.39(13) −7.49(13) −6.05(10)
χ 2

πN /dof 1.04 1.03 0.97

χ̄ 2
πN /dof 14.6 13.0 13.5

Q4 HB-NN HB-πN Cov.
c1 −1.31(8) −1.15(8) −0.82(7)
c2 1.88(23) 2.39(22) 3.56(16)
c3 −4.43(9) −4.44(9) −4.59(9)
c4 3.24(17) 3.45(17) 3.44(13)
d1 + d2 5.95(9) 5.60(9) 5.43(5)
d3 −5.64(6) −3.84(4) −4.58(8)
d5 −0.11(4) −0.89(4) −0.40(4)
d14 − d15 −11.61(9) −9.45(8) −9.94(7)
e14 0.86(29) 1.28(32) −0.63(24)
e15 −11.36(81) −13.26(79) −7.33(45)
e16 10.73(95) 8.29(95) 1.86(37)
e17 −0.66(46) −0.73(47) −0.90(32)
e18 4.47(87) 4.17(90) 3.17(45)
χ 2

πN /dof 1.90 1.83 1.94

χ̄ 2
πN /dof 4.5 4.1 4.9

We are now in the position to discuss predictions of other
observables not used in the fits. Here and in what follows,
we use the values of the LECs collected in Table I. All
predictions are supplemented with an estimated uncertainty
which includes both the statistical and theoretical errors.
Here and in what follows, the error associated with the
uncertainty in the values of the LECs determined by the fitting
procedure specified in the previous section will be referred to
as statistical. It is calculated via

(
δOstat

i

)2 = JT H−1 J, with Jj = ∂Oi

∂aj

∣∣∣∣
a=a∗

, (30)

whereas the theoretical uncertainty from the truncation of the
chiral expansion is estimated by using Eqs. (26) and (27) with
the central values of the LECs determined in a corresponding
fit.

TABLE II. The upper and lower triangle correspond to the
correlation and the covariance matrices, respectively, for the fits at
Q3. The correlation and covariance values are given in units of 10−2

and 10−4, respectively. “Cov.” stands for “covariant”.

HBNN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 6 91 −39 23 −15 1 6 4
c2 10 21 −73 28 7 −6 −3 0
c3 −2 −7 4 −17 −43 17 15 7
c4 2 5 −1 16 −22 15 −4 50
d1 + d2 −2 1 −4 −4 18 −57 −4 −17
d3 0 −2 2 4 −16 44 −78 2
d5 1 −1 1 −1 −1 −21 17 17
d14 − d15 1 0 2 25 −9 1 9 163

HBπN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 4 86 −1 22 −15 6 2 14
c2 6 11 −52 29 16 −9 −3 4
c3 0 −3 3 −9 −58 31 6 17
c4 2 3 −1 12 2 14 −15 52

d1 + d2 −1 2 −4 0 15 −50 −6 1
d3 1 −2 4 3 −13 46 −82 1
d5 0 0 0 −2 −1 −24 19 7
d14 − d15 4 2 4 24 0 1 4 168

Cov. c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 6 83 20 27 7 14 −16 21
c2 7 12 −38 31 10 1 −12 0

c3 1 −3 5 −2 −2 22 −7 38
c4 2 4 0 12 10 9 −14 46
d1 + d2 1 1 0 1 17 −7 −56 19
d3 1 0 2 1 −1 19 −77 −9
d5 −2 −2 −1 −2 −10 −14 18 3
d14 − d15 5 0 9 16 8 −4 1 102

The predicted phase shifts in the S, P , D, and F partial
waves with pion energies up to 100 MeV at orders Q2, Q3,
and Q4 are shown in Figs. 8–13 for all three considered
formulations of χPT in comparison with the phase shifts from
the RS results of Ref. [49] for S and P waves and with the
GWU-SAID solution [48,64] for D and F waves. Given that,
for predictions, we use the same definition of the theoretical
error as employed in the fits, the statistical and theoretical
uncertainties for a predicted quantity are not really independent
from each other and it is not clear to us how to combine them
in a meaningful way. For this reason, we show separately
in the following both kinds of uncertainties. The extracted
phase shifts in the S and P waves shown in Figs. 8 and 9
agree with the RS results for energies up to Tπ < 70 MeV.
For energies above 70 MeV, the difference between the Q3

and Q4 predictions increases, which results in rather large
theoretical uncertainties. This applies especially to the P11

partial wave, which is not surprising given the smallness of the
corresponding phase shift. On the other hand, the statistical
uncertainties appear to be negligibly small for the S and P
waves. One also observes that all considered formulations
lead to nearly identical results for these phase shifts, which
is consistent with the similar values of χ̄2

πN/dof; see Table I.
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TABLE III. The upper and lower triangle correspond to the correlation and the covariance matrices, respectively, for the fits at Q4. The
correlation and covariance values are given in units of 10−2 and 10−4, respectively.

HB-NN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 61 90 12 39 35 −20 −28 −26 −30 38 −78 9 −35
c2 162 531 −31 38 41 −23 −35 −43 −24 58 −94 10 −35
c3 8 −64 82 3 −14 7 16 39 −1 −56 46 −5 1
c4 52 147 5 288 94 −61 −65 −55 −29 29 −38 15 −86
d1 + d2 25 87 −12 148 85 −68 −66 −56 −26 36 −43 11 −80
d3 −9 −31 4 −62 −38 36 −9 42 23 −24 25 −30 63
d5 −9 −34 6 −46 −26 −2 18 37 15 −27 36 13 45
d14 − d15 −19 −93 34 −89 −49 24 15 90 25 −48 50 −42 66
e14 −67 −163 −3 −144 −70 39 18 69 835 −78 48 −20 31
e15 240 1077 −412 395 268 −116 −93 −367 −1832 6534 −81 21 −32
e16 −579 −2064 400 −613 −381 142 145 454 1309 −6269 9065 −16 38
e17 33 107 −19 121 47 −82 25 −183 −268 774 −689 2140 −62
e18 −236 −696 5 −1271 −639 326 164 539 767 −2220 3096 −2502 7518
HB-πN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 60 93 8 39 37 −20 −33 −19 −15 32 −80 12 −36
c2 159 494 −29 39 43 −22 −40 −34 −8 47 −93 13 −37
c3 5 −58 80 2 −16 6 19 39 −8 −51 46 −4 1
c4 53 149 3 300 94 −62 −72 −51 −18 23 −38 19 −87
d1 + d2 25 85 −13 144 78 −62 −80 −49 −9 26 −43 11 −79
d3 −6 −20 2 −45 −23 17 4 42 20 −23 25 −33 65
d5 −11 −38 7 −53 −30 1 18 35 −1 −20 38 8 53
d14 − d15 −11 −58 26 −68 −33 13 11 58 25 −47 46 −45 63
e14 −37 −59 −23 −101 −25 26 −2 61 1007 −78 35 −20 21
e15 196 825 −359 318 182 −74 −66 −281 −1957 6273 −75 22 −27
e16 −583 −1959 388 −618 −358 96 155 328 1040 −5623 8954 −19 38
e17 42 133 −18 153 47 −65 16 −161 −301 833 −830 2191 −64
e18 −250 −732 11 −1356 −629 240 202 433 611 −1949 3261 −2681 8066
Cov. c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 49 92 48 35 −11 80 −78 3 −37 1 −63 11 −36
c2 104 266 9 38 5 62 −70 −19 −18 15 −82 11 −40
c3 30 14 82 10 −34 62 −40 45 −45 −37 24 0 −9
c4 32 81 12 173 70 −6 −41 −43 −25 18 −39 −14 −80
d1 + d2 −3 4 −15 43 22 −51 −14 −47 −1 31 −24 −1 −61
d3 43 78 43 −6 −18 59 −77 31 −29 −19 −30 1 5
d5 −23 −49 −15 −23 −3 −25 18 2 32 −3 50 1 35
d14 − d15 2 −21 28 −39 −15 16 1 48 −3 −33 38 −21 52
e14 −61 −71 −98 −79 −2 −53 32 −5 565 −65 41 −14 27
e15 4 108 −151 105 64 −64 −6 −101 −695 2006 −66 17 −22
e16 −162 −491 80 −187 −42 −84 78 97 359 −1094 1353 −17 43
e17 24 58 0 −57 −1 3 1 −45 −103 235 −196 1010 −46
e18 −114 −290 −35 −472 −128 15 65 159 284 −442 703 −659 1996

The situation is rather different for the D waves which are
shown in Figs. 10 and 11 in comparison with the results of the
GWU-SAID partial-wave analysis. Note that the GWU-SAID

PWA does not provide an uncertainty for their phase shifts
so that a comparison with our predictions should be taken
with care. Similarly to the S and P waves, one observes large
shifts between the order-Q3 and -Q4 predictions, which result
in a very large theoretical uncertainty at order Q3. Statistical

errors appear to be completely negligible at this order. At order
Q3, our predictions are consistent with the GWU-SAID PWA
(within the very large theoretical uncertainties). However, at
the highest considered order Q4, our results do show significant
disagreements with the GWU-SAID PWA, especially in the D35

partial wave for the HB-NN counting and D33 and D15 partial
waves for the covariant approach; see Fig. 11. We, however,
emphasize that the statistical uncertainty is not negligible
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FIG. 8. Predictions for S and P waves up to Tπ = 100 MeV.
Columns from left to right corresponds to the predictions in the
HB-NN , HB-πN , and covariant counting, respectively. The orange,
pink, and red (dotted, dashed, and solid) bands refer to Q2, Q3, and
Q4 results, respectively, including statistical uncertainties.

anymore at this order. It stems mainly from correlations (see
Table III) as well as from the relatively large uncertainty in
the determined values of the LECs ei . Our predictions for F
waves are visualized in Figs. 12 and 13 and show a better
agreement with the GWU-SAID PWA, except for the HB-NN
scheme.

FIG. 9. Predictions for S and P waves up to Tπ = 100 MeV.
Columns from left to right corresponds to the predictions in the
HB-NN , HB-πN , and covariant counting, respectively. The orange,
pink, and red (dotted, dashed, and solid) bands refer to Q2, Q3, and
Q4 results, respectively, including theoretical uncertainties.

We also show in Table IV the predictions for the threshold
and subthreshold parameters in comparison with the values
from the RS analysis [50]; see also Refs. [56,65]. For the
subthreshold and threshold region we used Q = Mπ/�b as
expansion parameter in the theoretical error in Eq. (26).
We calculated the subthreshold parameters and scattering
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FIG. 10. Predictions including statistical uncertainties for D

waves up to Tπ = 100 MeV. For remaining notation see Fig. 8.

FIG. 11. Predictions including theoretical uncertainties for D

waves up to Tπ = 100 MeV. For remaining notation see Fig. 9.

FIG. 12. Predictions including statistical uncertainties for F

waves up to Tπ = 100 MeV. For remaining notation see Fig. 8.

FIG. 13. Predictions including theoretical uncertainties for F

waves up to Tπ = 100 MeV. For remaining notation see Fig. 9.
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TABLE IV. Subthreshold and threshold parameters predicted at order Q3 and Q4, respectively, in comparison with RS values. The statistical
and theoretical uncertainties are given in the first and second parentheses, respectively.

Q3 HB-NN HB-πN Cov. RS

d+
00[M−1

π ] −2.34(4)(1.97) −1.44(3)(95) −1.72(3)(50) −1.36(3)

d+
10[M−3

π ] 2.20(3)(3.06) 1.32(2)(1.98) 1.83(2)(1.08) 1.16(2)

d+
01[M−3

π ] 1.75(1)(96) 1.55(1)(85) 1.68(1)(71) 1.16(2)

d+
20[M−5

π ] 0.22(0)(1.07) 0.22(0)(1.07) 0.06(0)(48) 0.196(3)

d+
11[M−5

π ] 0.07(0)(57) 0.07(0)(73) 0.02(0)(41) 0.185(3)

d+
02[M−5

π ] 0.035(0)(8) 0.035(0)(18) 0.017(0)(21) 0.0336(6)

b+
00[M−3

π ] −10.1(2)(4.9) −10.2(2)(8.8) −8.0(1)(1.9) −3.45(7)

d−
00[M−2

π ] 1.78(2)(63) 1.76(2)(1.04) 1.53(1)(14) 1.41(1)

d−
10[M−4

π ] −0.70(1)(99) −0.67(1)(1.44) −0.40(1)(20) −0.159(4)

d−
01[M−4

π ] −0.35(0)(14) −0.44(0)(38) −0.35(0)(10) −0.141(5)

b−
00[M−2

π ] 15.3(2)(8.9) 12.2(2)(5.5) 13.8(1)(5.8) 10.49(11)

b−
10[M−4

π ] 0.97(0)(4.79) 0.97(0)(5.32) 0.34(0)(3.79) 1.00(3)

b−
01[M−4

π ] 0.19(0)(19) 0.19(0)(28) 0.06(0)(32) 0.21(2)

a−
0+[M−1

π 10−3] 80.7(4)(2.1) 81.2(4)(1.0) 81.4(4)(2.0) 85.4(9)

a+
0+[M−1

π 10−3] 4.6(6)(3.8) 6.4(6)(3.5) 7.1(7)(7.1) −0.9(1.4)

Q4 HB-NN HB-πN Cov. RS

d+
00[M−1

π ] −0.37(12)(46) −0.48(12)(22) −1.22(9)(12) −1.36(3)

d+
10[M−3

π ] −0.86(20)(71) −0.67(20)(46) 0.75(11)(25) 1.16(2)

d+
01[M−3

π ] 0.79(4)(22) 0.70(4)(20) 0.97(3)(16) 1.16(2)

d+
20[M−5

π ] 1.29(9)(25) 1.30(9)(25) 0.54(4)(11) 0.196(3)

d+
11[M−5

π ] 0.64(4)(13) 0.80(4)(17) 0.43(2)(9) 0.185(3)

d+
02[M−5

π ] 0.033(7)(2) 0.052(8)(4) −0.004(6)(5) 0.0336(6)

b+
00[M−3

π ] −5.2(2)(1.1) −1.44(21)(2.04) −6.05(10)(45) −3.45(7)

d−
00[M−2

π ] 1.15(2)(15) 0.71(2)(24) 1.40(1)(3) 1.41(1)

d−
10[M−4

π ] 0.30(3)(23) 0.77(3)(34) −0.21(1)(5) −0.159(4)

d−
01[M−4

π ] −0.210(4)(33) −0.060(4)(89) −0.247(3)(23) −0.141(5)

b−
00[M−2

π ] 6.4(7)(2.1) 6.7(8)(1.3) 8.0(5)(1.3) 10.49(11)

b−
10[M−4

π ] 5.8(5)(1.1) 6.3(5)(1.2) 4.13(27)(88) 1.00(3)

b−
01[M−4

π ] 0.38(16)(4) 0.47(16)(6) 0.38(11)(7) 0.21(2)

a−
0+[M−1

π 10−3] 82.8(3)(5) 82.2(3)(2) 83.3(3)(5) 85.4(9)

a+
0+[M−1

π 10−3] 3.1(9)(1.0) 2.9(9)(8) −0.01(88)(1.66) −0.9(1.4)

lengths in all three counting schemes. We reproduced the
analytic expressions in Ref. [26] for the HB formulation. The
covariant expressions are lengthy and can be provided upon
request. While the predictions at Q2 and Q3 are mostly in
agreement with the empirical values within uncertainties, the
results at order Q4 do exhibit significant discrepancies in many
cases. Furthermore, the Q4 results often show no improvement
compared with the Q3 ones.

The above findings within the HB-NN , HB-πN and the
covariant approaches appear to be not quite satisfactory in the
following respects:

(i) The resulting χ2/dof is found to increase if scattering
data at energies above Tπ ∼ 100 MeV are included
in the fits in contradiction with the expected nearly
constant behavior.

(ii) There are deviations from a plateau behavior for the
extracted LECs as a function of the maximal fitting
energy which indicates that the fits become unstable
if the energy is increased.

(iii) One observes large disagreements between the pre-
dicted D-wave phase shifts and the results of the
GWU-SAID PWA at order Q4.

(iv) Large deviations are observed for some of the pre-
dicted subthreshold coefficients at order Q4.

These inconsistencies indicate that the actual breakdown
scale of the chiral expansion in our calculations is smaller
than the assumed �χ 	 600 MeV and, as a result, that the
theoretical uncertainty has been underestimated. Given that
the results are similar for all considered approaches, there is
no indication that the slow convergence of the chiral expansion
is to be attributed to the treatment of relativistic corrections.
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Clearly, the most natural explanation of the observed pattern is
provided by the �(1232) resonance, which has a low excitation
energy with m� − mN 	 2Mπ and couples strongly to the πN
system [66]. To validate this hypothesis, we redo our analysis
in the next section with the leading-order contributions of the
� resonance being included explicitly.

VI. THE EXPLICIT INCLUSION OF THE LOWEST-ORDER
�(1232) CONTRIBUTIONS

To quantify the importance of the �(1232) resonance for
the description of πN scattering at low energy, we include
the leading-order � pole diagrams (δ1) shown in Fig. 14 and
repeat the fitting procedure described above. Note that the
standard treatment of the � in the HB framework breaks
down in the vicinity of the � pole. Therefore, we use the
δ1 amplitudes calculated in the covariant framework based on
the Lagrangian in Ref. [38] for all three counting schemes.
It has to be emphasized that the inclusion of the � in such
a way is a phenomenological procedure which is not based

TABLE V. LECs determined from fits at order Q2 + δ1, Q3 + δ1,
Q4 + δ1 with Tπ < 100 MeV.

Q2 + δ1 HB-NN HB-πN Cov.

c1 −1.02(3) −0.84(4) −0.88(3)
c2 0.26(6) 0.85(6) 0.64(4)
c3 −0.98(3) −1.13(3) −1.00(3)
c4 0.48(4) 1.09(3) 1.00(3)
χ 2

πN /dof 0.51 0.50 0.53

χ̄ 2
πN /dof 11 3.5 3.3

Q3 + δ1 HB-NN HB-πN Cov.
c1 −1.35(2) −1.45(1) −1.13(1)
c2 1.27(3) 0.89(2) 1.24(2)
c3 −2.71(1) −2.52(1) −2.29(1)
c4 2.06(2) 1.77(2) 1.73(2)
d1 + d2 −0.47(3) −0.08(3) 0.24(2)
d3 −0.72(6) −0.59(5) −0.68(3)
d5 0.71(4) 0.43(3) 0.29(3)
d14 − d15 −0.16(6) −0.40(6) −0.37(4)
χ 2

πN /dof 0.98 1.09 1.08

χ̄ 2
πN /dof 2.2 2.2 2.2

Q4 + δ1 HB-NN HB-πN Cov
c1 −1.34(6) −1.19(6) −1.15(5)
c2 0.94(17) 1.34(15) 1.57(10)
c3 −2.35(5) −2.33(5) −2.54(5)
c4 2.39(13) 2.45(12) 2.61(10)
d1 + d2 1.24(7) 1.41(6) 1.29(3)
d3 −1.79(5) −1.16(3) −1.83(5)
d5 0.38(3) −0.07(3) 0.37(3)
d14 − d15 −1.92(7) −1.67(5) −2.22(5)
e14 1.20(20) 1.00(18) 0.49(13)
e15 −2.74(54) −2.72(51) −1.07(29)
e16 1.30(62) −0.91(63) −1.54(22)
e17 −0.83(30) −0.49(29) −0.94(19)
e18 −1.64(61) −1.50(58) −1.22(29)
χ 2

πN /dof 1.64 1.72 1.71

χ̄ 2
πN /dof 2.0 2.0 2.0

FIG. 14. Leading-order � pole diagram. The double solid line
refers to �. For notation see Fig. 1.

on a consistent power counting such as those formulated in
Refs. [67,68]. A consistent inclusion of the � including loop
contributions is deferred to a future presentation. We use the
same unitarization as in the previously discussed delta-less
case [see Eq. (8)] and do not include explicitly the width
of the � in our amplitudes. The only two new parameters
which appear in the δ1 amplitudes are the mass of the �,
which is fixed to its Breit–Wigner value m� = 1.232 GeV,
and the pion-nucleon-� coupling constant, which is fixed to
its large NC value gπN� = [3/(2

√
2)]gA,ph = 1.35, where we

have used gA,ph = 1.27. Notice that this value of gπN� is close
to that extracted from the � width at leading order in the EFT
expansion (see, e.g., Ref. [69]).

As in the case without �, a representative fit to dσ/d�
for the channel π+p → π+p at Tπ = 43.3 MeV is shown
in Fig. 4. In Fig. 7, we show the reduced χ2 and χ̄2 as

TABLE VI. The upper and lower triangle correspond to the
correlation and the covariance matrices, respectively, for the fits at
Q3 + δ1. The correlation and covariance values are given in units of
10−2 and 10−4, respectively.

HB-NN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 3 88 −26 34 17 −36 34 −1
c2 5 11 −68 42 32 −46 34 −8
c3 −1 −3 2 −23 −38 36 −19 11
c4 1 3 −1 5 13 −25 17 −39
d1 + d2 1 3 −2 1 9 −64 16 −8
d3 −4 −9 3 −3 −12 39 −85 25
d5 2 4 −1 1 2 −19 13 −19
d14 − d15 0 −2 1 −5 −2 10 −4 40
HB-πN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 2 81 12 23 5 −19 19 18
c2 2 4 −46 30 24 −31 21 11
c3 0 −1 1 −5 −32 26 −9 9
c4 0 1 0 2 13 −2 −5 −18
d1 + d2 0 1 −1 1 7 −49 −1 11
d3 −1 −3 2 0 −7 26 −85 5
d5 1 1 0 0 0 −15 11 −7
d14 − d15 1 1 1 −2 2 2 −1 31
Cov. c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15

c1 2 80 17 18 −1 −15 16 30
c2 2 4 −43 26 13 −24 14 19
c3 0 −1 2 −6 −22 21 −4 18
c4 0 1 0 2 11 4 −10 −14
d1 + d2 0 1 −1 0 5 −21 −38 16
d3 −1 −2 1 0 −1 10 −81 1
d5 1 1 0 0 −2 −7 8 −5
d14 − d15 2 2 1 −1 2 0 −1 19
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TABLE VII. The upper and lower triangle correspond to the correlation and the covariance matrices, respectively, for the fits at Q4 + δ1.
The correlation and covariance values are given in units of 10−2 and 10−4, respectively.

HB-NN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 38 94 23 44 39 −17 −31 −20 −7 20 −78 11 −40
c2 97 279 −11 42 42 −20 −33 −33 −9 38 −92 13 −41
c3 8 −10 30 10 −4 10 −4 32 18 −59 35 −5 −6
c4 35 91 7 166 95 −53 −61 −57 −25 26 −43 14 −88
d1 + d2 17 48 −1 84 47 −66 −55 −58 −28 33 −45 12 −83
d3 −5 −17 3 −36 −24 27 −26 54 21 −23 23 −37 60
d5 −6 −18 −1 −26 −13 −4 11 18 15 −19 34 22 39

d14 − d15 −9 −40 13 −52 −28 20 4 51 24 −41 43 −50 69
e14 −8 −30 20 −63 −38 21 10 34 382 −86 41 −9 22
e15 66 341 −175 178 122 −65 −34 −156 −902 2911 −71 14 −25

e16 −300 −948 118 −339 −191 73 70 189 498 −2350 3815 −17 42
e17 21 67 −8 54 26 −58 23 −108 −52 224 −310 920 −59
e18 −154 −417 −19 −695 −350 192 80 303 260 −836 1588 −1095 3772
HB − πN c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 37 95 14 43 41 −19 −35 −16 −8 25 −81 10 −40
c2 89 236 −17 41 43 −22 −35 −29 −10 42 −93 12 −39
c3 5 −14 28 12 −1 8 −3 34 16 −60 39 −6 −7

c4 33 79 8 156 95 −53 −71 −54 −24 23 −40 12 −88
d1 + d2 15 40 0 72 37 −58 −74 −51 −27 31 −44 8 −83
d3 −4 −11 1 −22 −11 11 −11 48 17 −20 23 −35 61
d5 −7 −17 −1 −27 −14 −1 10 26 21 −24 37 17 50
d14 − d15 −5 −23 9 −35 −16 8 4 28 21 −37 38 −49 67
e14 −9 −28 16 −55 −30 10 12 21 331 −84 39 −3 19

e15 78 324 −160 147 95 −33 −37 −100 −779 2587 −71 9 −22
e16 −312 −899 130 −317 −170 48 71 127 450 −2290 3970 −14 39
e17 17 54 −9 43 14 −32 15 −73 −16 135 −253 814 −57
e18 −142 −354 −20 −642 −293 115 91 206 202 −643 1439 −949 3421
Cov. c1 c2 c3 c4 d1 + d2 d3 d5 d14 − d15 e14 e15 e16 e17 e18

c1 27 94 55 41 1 72 −71 3 −14 −19 −65 5 −41

c2 47 95 24 41 8 59 −64 −14 −5 −8 −79 9 −44
c3 14 11 24 25 −8 58 −51 34 −22 −43 10 −9 −19
c4 20 39 12 93 74 −5 −41 −50 −28 9 −42 −22 −84
d1 + d2 0 2 −1 21 9 −43 −19 −49 −22 24 −23 −5 −68
d3 18 27 13 −2 −6 23 −79 38 −2 −31 −29 −7 9
d5 −11 −19 −7 −12 −2 −11 9 −6 18 13 45 12 31

d14 − d15 1 −7 8 −24 −7 9 −1 25 7 −27 33 −23 59
e14 −10 −6 −14 −36 −9 −1 7 5 181 −78 46 11 17
e15 −28 −23 −60 26 20 −43 11 −38 −301 820 −52 −2 −4

e16 −72 −167 11 −86 −14 −30 29 35 133 −323 465 −7 42
e17 5 16 −8 −39 −3 −6 7 −21 27 −11 −30 344 −33
e18 −61 −123 −27 −234 −59 13 27 86 67 −36 263 −178 840

functions of the maximal energy used in the fits. As expected
and differently to the delta-less calculations, one observes in
the all three counting schemes a fairly flat behavior of χ2/dof
as a function of Tπ , indicating that our estimation of the
theoretical uncertainty is reasonable. Actually, χ2/dof even
tends to decrease with energy which may be viewed as an
indication that the actual breakdown scale �b of the resulting
approach is somewhat higher than 600 MeV. Comparing the

values of χ2/dof in the delta-less and delta-full formulations,
one furthermore realizes a significant improvement in the
quality of the fits upon the explicit inclusion of the � isobar.
A different treatment of the relativistic corrections does not
have a significant impact on the quality of the fit except for the
HB-NN results at order Q2 + δ1 which are considerably less
accurate than those of the HB-πN and covariant approaches
at the same orders.
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TABLE VIII. Subthreshold and threshold parameters predicted at order Q3 + δ1 and Q4 + δ1 in comparison with RS values. The statistical
and theoretical uncertainties are given in the first and second bracket, respectively.

Q3 + δ1 HB-NN HB-πN Cov. RS

d+
00[M−1

π ] −1.09(3)(34) −0.85(2)(14) −1.33(2)(18) −1.36(3)

d+
10[M−3

π ] 0.72(2)(48) 0.48(1)(21) 1.15(1)(31) 1.16(2)

d+
01[M−3

π ] 1.23(0)(23) 1.17(0)(21) 1.25(0)(15) 1.16(2)

d+
20[M−5

π ] 0.40(0)(13) 0.40(0)(16) 0.24(0)(14) 0.196(3)

d+
11[M−5

π ] 0.24(0)(14) 0.24(0)(21) 0.19(0)(10) 0.185(3)

d+
02[M−5

π ] 0.021(0)(19) 0.021(0)(25) 0.005(0)(19) 0.0336(6)

b+
00[M−3

π ] −6.0(1)(4.1) −6.3(1)(5.5) −5.8(1)(2.0) −3.45(7)

d−
00[M−2

π ] 1.63(1)(58) 1.60(1)(77) 1.54(1)(20) 1.41(1)

d−
10[M−4

π ] −0.42(1)(70) −0.39(1)(94) −0.29(1)(20) −0.159(4)

d−
01[M−4

π ] −0.22(0)(8) −0.26(0)(21) −0.22(0)(5) −0.141(5)

b−
00[M−2

π ] 9.90(9)(60) 8.67(7)(77) 10.81(7)(63) 10.49(11)

b−
10[M−4

π ] 1.91(0)(44) 1.91(0)(97) 1.28(0)(68) 1.00(3)

b−
01[M−4

π ] 0.07(0)(25) 0.07(0)(21) −0.07(0)(36) 0.21(2)

a+
0+[M−1

π 10−3] 86.0(3)(1.0) 86.5(3)(2.6) 86.2(3)(1.0) 85.4(9)

a−
0+[M−1

π 10−3] 4.0(5)(3.2) 4.1(5)(3.0) 2.0(5)(3.4) −0.9(1.4)

Q4 + δ1 HB-NN HB-πN Cov. RS

d+
00[M−1

π ] −0.75(8)(8) −0.88(9)(3) −1.15(6)(4) −1.36(3)

d+
10[M−3

π ] 0.23(14)(11) 0.43(14)(5) 0.84(7)(7) 1.16(2)

d+
01[M−3

π ] 1.00(3)(5) 0.96(3)(5) 1.10(2)(3) 1.16(2)

d+
20[M−5

π ] 0.53(6)(3) 0.56(6)(4) 0.37(2)(3) 0.196(3)

d+
11[M−5

π ] 0.37(3)(3) 0.44(3)(5) 0.29(1)(2) 0.185(3)

d+
02[M−5

π ] 0.040(5)(4) 0.046(5)(6) 0.025(3)(4) 0.0336(6)

b+
00[M−3

π ] −1.95(13)(94) −0.74(14)(1.29) −3.75(6)(47) −3.45(7)

d−
00[M−2

π ] 1.04(2)(14) 0.83(2)(18) 1.33(1)(5) 1.41(1)

d−
10[M−4

π ] 0.29(3)(16) 0.54(2)(22) −0.09(1)(5) −0.159(4)

d−
01[M−4

π ] −0.148(3)(18) −0.054(2)(47) −0.178(2)(12) −0.141(5)

b−
00[M−2

π ] 9.30(54)(14) 9.27(52)(18) 10.82(38)(15) 10.49(11)

b−
10[M−4

π ] 2.13(35)(10) 2.88(33)(23) 1.95(17)(16) 1.00(3)

b−
01[M−4

π ] 0.32(10)(6) 0.27(10)(5) 0.29(6)(8) 0.21(2)

a+
0+[M−1

π 10−3] 85.9(2)(3) 85.3(2)(6) 86.8(2)(3) 85.4(9)

a−
0+[M−1

π 10−3] 3.0(8)(7) 2.7(8)(7) 2.0(7)(8) −0.9(1.4)

It is also comforting to see that the extracted LECs are now
indeed rather stable with respect to increasing the energy range
used in the fits contrary to the observed pattern in the delta-less
case. The resulting values of the LECs at different chiral orders
in the delta-full approach are collected in Table V for all three
counting schemes, while the corresponding correlation and
covariance matrices are listed in Tables VI–VIII. Here, we
refrain from comparing the values of the LECs to the delta-less
analyses available in the literature, although such a comparison
could, in principle, be done by explicitly taking into account
the contributions of the � in the framework of resonance
saturation. Remarkably, all extracted LECs including ei from
the order-Q4 pion-nucleon Lagrangian come out of a natural
size for all considered counting schemes, which is clearly
not the case in the delta-less approach. Furthermore, the

differences between the values of the LECs extracted based
on the different treatments of the relativistic corrections are
much smaller compared with the delta-less calculations. Also,
the shifts in the LECs ci and di when increasing the chiral
order are now strongly reduced. All these findings provide
strong evidence that convergence of the EFT expansion for πN
scattering is considerably improved upon the explicit treatment
of the � resonance.

Our predictions for the S-, P -, D-, and F -wave phase shifts
are summarized in Figs. 15–22. A comparison of the size of
the uncertainty bands for S, P , and most of the D waves with
the ones of the delta-less approaches confirms the improved
convergence of the delta-full theory. For the S and P waves,
one observes excellent agreement between the predicted phase
shifts and those of Ref. [49] determined from the RS analysis.
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FIG. 15. Change of LECs at Q3 + δ1 over maximum fit energy Tπ .

FIG. 16. Change of LECs at Q4 + δ1 over maximum fit energy Tπ .

FIG. 17. Predictions for S and P waves up to Tπ = 100 MeV.
Columns from left to right correspond to the predictions in the HB-
NN , HB-πN , and covariant counting, respectively. The orange, pink,
and red (dotted, dashed, and solid) bands refer to Q2 + δ1, Q3 + δ1,
and Q4 + δ1 results, respectively, including statistical uncertainties.

Furthermore, our predictions for the D-wave phase shifts
agree rather well (within uncertainties) with the ones of the
GWU-SAID PWA. For the F waves, the treatment of the 1/mN

corrections seems to play a more important role. In particular,
for the F35, F17, and F37 waves, one observes significant
differences between the HB-NN results at order Q4 + δ1

and the ones based on the HB-πN and covariant approaches,
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FIG. 18. Predictions for S and P waves up to Tπ = 100 MeV.
Columns from left to right correspond to the predictions in the
HB-NN , HB-πN , and covariant counting, respectively. The dotted,
dashed, and solid bands refer to Q2 + δ1, Q3 + δ1, and Q4 + δ1

results, respectively, including theoretical uncertainties.

which appear to agree rather well with the GWU-SAID PWA.
The employed approach to uncertainty quantification clearly
underestimates the error for the F waves in the HB-NN
approach. On the other hand, it is comforting to see that a
more complete treatment of the relativistic corrections leads

FIG. 19. Predictions including statistical uncertainties for D

waves up to Tπ = 100 MeV. For remaining notation see Fig. 17.

to a better agreement with the GWU-SAID PWA. It is, however,
difficult to make conclusive statements due to the absence of
uncertainties in the GWU-SAID PWA.

For the subthreshold coefficients and the scattering length,
the explicit inclusion of the � resonance does, with very
few exceptions, noticeably improve both the order-Q3 and
order-Q4 results for all counting schemes. Furthermore, our
predictions within the covariant approach show clearly a better
agreement with the values found in the RS analysis compared
with the predictions within the HB formulations. This holds
true for both orders Q3 + δ1 and Q4 + δ1. We also observe that
our theoretical uncertainty for the subthreshold coefficients is
underestimated at order Q4 + δ1. It remains to be seen whether
a more complete inclusion of the � resonance will allow
for a better description of these quantities. It would also be
interesting to study in detail the convergence of the 1/mN

expansion for the subthreshold coefficients and to estimate
the impact of other sources of uncertainties, such as, e.g.,
that in the value of the pion-nucleon coupling constant and/or
isospin-breaking effects which are not included in our analysis.
Work along these lines is in progress.
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FIG. 20. Predictions including theoretical uncertainties for D

waves up to Tπ = 100 MeV. For remaining notation see Fig. 18.

VII. SUMMARY AND OUTLOOK

The pertinent results of our paper can be summarized as
follows:

(i) We calculated the pion-nucleon scattering amplitude
in the covariant formulation of χPT up to the order
Q4 within the modified EOMS scheme. We discuss
in detail the renormalization and finite shifts of the
various parameters in the effective Lagrangian.

(ii) We implemented the novel approach to estimate the
theoretical uncertainty from the truncation of the chiral
expansion formulated in Ref. [52] and performed fits
to the available low-energy πN scattering data by
using the HB-NN , HB-πN , and the covariant versions
of χPT. The extracted values of the various LECs
are found to be in a reasonably good agreement with
those reported in the literature. All three approaches
lead to the description of the experimental data of a
similar quality which, however, exhibit a fairly small
breakdown scale of the chiral expansion.

(iii) By explicitly including the lowest-order contributions
of the � isobar, we unambiguously demonstrate that
the slow convergence of the chiral expansion for πN

FIG. 21. Predictions including statistical uncertainties for F

waves up to Tπ = 100 MeV. For remaining notation see Fig. 17.

scattering is related to the implicit treatment of the
� resonance in the considered formulations of χPT.
After including the lowest-order contributions of the
� in the scattering amplitude, the breakdown scale of
the resulting EFT is found to be consistent with and
probably even slightly larger than �b ∼ 600 MeV.
All LECs determined from the corresponding fits to
the experimental data are found to be of a natural
size at all orders and for all three counting schemes.
Furthermore, the extracted values of the LECs appear
to be remarkably stable against increasing the maximal
fitting energy, changing the order of the calculation
and employing different counting rules for the 1/mN

corrections. The predicted phase shifts in the S and
P waves at order Q4 + δ1 are in excellent agreement
with those extracted in Ref. [49] within the RS analysis
of πN scattering; the predictions for the D and F
waves are found to agree reasonably well with the
GWU-SAID PWA. We also compare our predictions for
the subthreshold coefficients and the scattering lengths
with their empirical values.

The results of our study provide an important step towards
performing a combined analysis of the πN → πN and πN →
ππN reactions, which is expected to result in an even more
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FIG. 22. Predictions including theoretical uncertainties for F

waves up to Tπ = 100 MeV. For remaining notation see Fig. 18.

reliable determination of the various LECs. Given that one
has to use experimental data for the second reaction (see
Ref. [38] for a recent study along this line), it would be
inappropriate to employ empirical phase-shift analyses for
the first one. The results of our work thus pave the way
for a unified treatment of both reactions with regard to the
available experimental information. Moreover, the inclusion
of the theoretical uncertainty when performing the fits as
implemented in our work is shown to stabilize the results
against the variation of the maximal fitting energy (provided
the effects of the � isobar are explicitly taken into account)
which is a necessary prerequisite for carrying out a combined
analysis of the πN → πN and πN → ππN processes. Apart
from extending the calculations presented here to the single
pion production reaction, it would also be interesting to directly
confront the χPT results for the phase shifts with their recent
determination in the framework of the Roy–Steiner equation
[49] and to perform a more complete and consistent treatment
of the delta contributions. Work along these lines is in progress.
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APPENDIX A: RENORMALIZATION RULES

In this Appendix, the formulas related to the renormalization of the amplitudes are given. The notation for the integrals is the
following

A0
(
m2

0

) = 1

i

∫
ddl

(2π )d
1

l2 − m2
0

,

B0
(
p2,m2

0,m
2
1

) = 1

i

∫
ddl

(2π )d
1(

l2 − m2
0

)[
(l + p)2 − m2

1

] ,

J0(ω) = 1

i

∫
ddl

(2π )d
1(

l2 − M2
π

)
(ω + v · l)

,

C0
(
p2

1, (p1 − p2)2, p2
2,m

2
0,m

2
1,m

2
2

) = 1

i

∫
ddl

(2π )d
1(

l2 − m2
0

)[
(l + p1)2 − m2

1

][
(l + p2)2 − m2

2

] , (A1)

where the +iε prescription was suppressed.

014620-20



ELASTIC PION-NUCLEON SCATTERING IN CHIRAL . . . PHYSICAL REVIEW C 94, 014620 (2016)

FIG. 23. Diagrams contributing to the nucleon self-energy. For
notation see Fig. 1.

1. Mesonic sector

The renormalization rules for the pion mass, Z factor, and
decay constant read

M2 = M2
π + δM (4),

δM (4) = −2l3M
4
π

F 2
π

+ M2
πA0

(
M2

π

)
2F 2

π

,

Zπ = 1 + δZ(4)
π ,

δZ(4)
π = −2l4M

2
π

F 2
π

− (−1 + 10α)A0
(
M2

π

)
F 2

π

,

F = Fπ + δF (4)
π ,

δF (4)
π = − l4M

2
π

Fπ

− A0
(
M2

π

)
Fπ

. (A2)

2. Baryonic sector

In the baryonic sector one has to differentiate between
the covariant and heavy-baryon approaches. The self-energy
diagrams necessary for mass renormalization are shown in
Fig. 23. The axial coupling constant was renormalized at the

FIG. 24. Diagrams contributing to the axial-vector coupling of
the nucleon. For notation see Fig. 1.

pion-nucleon vertex and the contributing diagrams are shown
in Fig. 24.

a. Covariant chiral perturbation theory

In covariant χPT, the renormalization rule for the nucleon
mass reads

m = mN + δm(2) + δm(3) + δm(4),

δm(2) = 4c1M
2
π ,

δm(3) = −3g2
AmNA0

(
m2

N

)
2F 2

π

− 3g2
AM2

πmNB0
(
m2

N,M2
π ,m2

N

)
2F 2

π

,

δm(4) = M4
π

(
2e115 + 2e116 + 16e38 − 8c1l3

F 2
π

− 3c2

128F 2
ππ2

)

+ [32c1 − 3(c2 + 4c3)]M2
πA0

(
M2

π

)
4F 2

π

, (A3)

whereas the expression for the Z factor is given by

ZN = 1 + δZ
(3)
N + δZ

(4)
N ,

δZ
(3)
N = 3g2

AM2
πm2

N

16F 2
π

(
M2

π − 4m2
N

)
π2

+ 3g2
A

(
5M2

π − 12m2
N

)
A0

(
M2

π

)
4F 2

π

(
M2

π − 4m2
N

) − 3g2
AM2

πA0
(
m2

N

)
F 2

π

(
M2

π − 4m2
N

) − 3g2
AM2

π

(
M2

π − 3m2
N

)
B0

(
m2

N,M2
π ,m2

N

)
F 2

π

(
M2

π − 4m2
N

) ,

δZ
(4)
N = 3c2M

4
π

64F 2
πmNπ2

+ 3c2M
2
πA0

(
M2

π

)
2F 2

πmN

. (A4)

The effective axial coupling constant is renormalized via

g = gA + δg(3) + δg(4),

δg(3) = −M2
π

[
3g3

Am2
N + 32F 2

π (2d16 − d18)
(
M2

π − 4m2
N

)
π2

]
16F 2

π

(
M2

π − 4m2
N

)
π2

− gA

[(
1 + 4g2

A

)
M2

π − 2
(
2 + 5g2

A

)
m2

N

]
A0

(
M2

π

)
F 2

π

(
M2

π − 4m2
N

)
+ gA

[(
2 + 3g2

A

)
M2

π − 8m2
N

]
A0

(
m2

N

)
F 2

π

(
M2

π − 4m2
N

) − g3
Am2

NB0
(
M2

π ,m2
N,m2

N

)
F 2

π

+ gAM2
π

[(
2 + 3g2

A

)
M2

π − (
8 + 9g2

A

)
m2

N

]
B0

(
m2

N,M2
π ,m2

N

)
F 2

π

(
M2

π − 4m2
N

) − g3
AM2

πm2
NC0

(
m2

N,M2
π ,m2

N,M2
π ,m2

N,m2
N

)
F 2

π

,
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δg(4) = −gAc3
(−3M4

π + 10M2
πm2

N + 8m4
N

)
144F 2

πmNπ2
− gAc4

(−3M4
π + 10M2

πm2
N + 8m4

N

)
144F 2

πmNπ2

− gAc2
(−33M6

π + 224M4
πm2

N + 64M2
πm4

N + 36m6
N

)
2304F 2

πm3
Nπ2

+
[

2gAc3
(
M4

π − M2
πm2

N

)
3F 2

πm3
N

+ 2gAc4
(
M4

π − M2
πm2

N

)
3F 2

πm3
N

− gAc2
(−8M6

π + 5M4
πm2

N + 48M2
πm4

N

)
24F 2

πm5
N

]
A0

(
M2

π

)

+
[

4gAc1M
2
π

F 2
πmN

− 2gAc4
(
M4

π − 10m4
N

)
3F 2

πm3
N

− 2gAc3
(
M4

π + 2m4
N

)
3F 2

πm3
N

− gAc2
(
2M6

π − 3M4
πm2

N + M2
πm4

N + 3m6
N

)
6F 2

πm5
N

]
A0

(
m2

N

)

+
[

2gAc4
(−M6

π + 2M4
πm2

N + 8M2
πm4

N

)
3F 2

πm3
N

− gAc2
(
2M8

π − 7M6
πm2

N + 8M4
πm4

N

)
6F 2

πm5
N

+4gAc1M
4
π

F 2
πmN

− 2gAc3
(
M6

π − 2M4
πm2

N + 4M2
πm4

N

)
3F 2

πm3
N

]
B0

(
m2

N,M2
π ,m2

N

)
.

b. Heavy-baryon chiral perturbation theory

The HB expression for the nucleon mass reads

m = mN + δm(2) + δm(3) + δm(4),

δm(2) = 4c1M
2
π ,

δm(3) = − 3g2
AM2

πJ0(0)

4F 2
π

,

δm(4) = M4
π

(
2e115 + 2e116 + 16e38 − 8c1l3

F 2
π

− 3c2

128F 2
ππ2

+ 3g2
A

64F 2
πmNπ2

)
− M2

π

(−32c1 + 3(c2 + 4c3)

4F 2
π

+ 3g2
A

4F 2
πmN

)
A0

(
M2

π

)
,

(A5)
whereas the Z factor is given by

ZN = 1 + δZ
(3)
N + δZ

(4)
N , δZ

(3)
N = − 3g2

AM2
π

32F 2
ππ2

+ 9g2
AA0

(
M2

π

)
4F 2

π

, δZ
(4)
N = −9g2

AM2
πJ0(0)

8F 2
πmN

. (A6)

The effective axial coupling constant in the HB approach is given by

g = gA + δg(3) + δg(4),

δg(3) = M2
π

(
−4d16 + 2d18 + g3

A

16F 2
ππ2

)
−

(
gA + 2g3

A

)
A0

(
M2

π

)
F 2

π

, (A7)

δg(4) = M2
π

(
−4gA(c3 − 2c4)

3F 2
π

+ gA + g3
A

F 2
πmN

)
J0(0).

APPENDIX B: RENORMALIZATION OF LOW-ENERGY CONSTANTS

1. Mesonic sector

The β functions in the mesonic sector read

βl1 = 1
3 , βl2 = 2

3 , βl3 = − 1
2 , βl4 = 2. (B1)

2. Baryonic sector

In the baryonic sector we have to differentiate between the EOMS and HB renormalization rules.
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a. Covariant chiral perturbation theory

In EOMS scheme, the β functions of the ci read at order Q3

β(3)
c1

= −3g2
AmN

4
, β(3)

c2
= (−1 + g2

A

)2
mN, β(3)

c3
= 1

2

(
1 − 6g2

A + g4
A

)
mN, β(3)

c4
= 1

2

(−1 − 2g2
A + 3g4

A

)
mN, (B2)

while the contributions at order Q4 have the form

β(4)
c1

= 9g2
Ac1m

2
N, β(4)

c2
= 1

3

[−4c4 + g2
A(3c2 + 8c3 + 4c4)

]
m2

N,

β(4)
c3

= 1
6

[
g2

A(21c2 + 54c3 − 52c4) + 20c4
]
m2

N, β(4)
c4

= 1
6

[
3c2 + 8c3 − 20c4 − g2

A(15c2 + 24c3 + 2c4)
]
m2

N . (B3)

The corresponding finite shifts are given by

δc̄
(3)
1,f = 3g2

AmN

128π2
, δc̄

(3)
2,f = −

(
2 + g4

A

)
mN

32π2
, δc̄

(3)
3,f = 9g4

AmN

64π2
, δc̄

(3)
4,f = −g2

A

(
5 + g2

A

)
mN

64π2
, (B4)

at order Q3 and

δc̄
(4)
1,f = 3g2

Ac1m
2
N

16π2
, δc̄

(4)
2,f =

[−2c4 + g2
A(9c2 + 16c3 + 14c4)

]
m2

N

144π2
,

δc̄
(4)
3,f =

[
g2

A(−9c2 + 216c3 − 272c4) + 16c4
]
m2

N

1152π2
, (B5)

δc̄
(4)
4,f =

{
9
(−1 + g2

A

)
c2 − 8

[
4c3 + (

2 + 11g2
A

)
c4

]}
m2

N

1152π2
,

at order Q4, respectively. Similarly, for the LECs di , we obtain

β
(3)
d1

+ β
(3)
d2

= 1
24

(
1 − 4g2

A + 3g4
A

)
, β

(3)
d3

= 0, β
(3)
d4

= 1
8gA

(−1 + g2
A

)2
, β

(3)
d5

= 1
24

(
1 − g2

A

)
,

β
(3)
d10

= 1
4gA

(−1 + g4
A

)
, β

(3)
d11

= − 1
4gA

(
3 − 4g2

A + g4
A

)
, β

(3)
d12

= 1
2gA

(−1 + g2
A

)2
, (B6)

β
(3)
d13

= − 1
2gA

(−1 + g2
A

)2
, β

(3)
d14

− β
(3)
d15

= 1
2

(−1 + g2
A

)2
, β

(3)
d16

= 1
2gA

(−1 + g2
A

)
, β

(3)
d18

= 0,

and

β
(4)
d1

+ β
(4)
d2

=
[(

7 + 11g2
A

)
c2 − 16

(−1 + g2
A

)
c3 + 2

(−5 + g2
A

)
c4

]
mN

12
,

β
(4)
d3

= −5
(−1 + g2

A

)
c2mN

3
,

β
(4)
d4

= gA

[(
9 − 15g2

A

)
c2 + 4(3c3 + 5c4) − 4g2

A(3c3 + 14c4)
]
mN

24
,

β
(4)
d5

=
[
24

(−3 + 2g2
A

)
c1 − 3c2 + 8c3 + 4c4 + 2g2

A(−2c3 + c4)
]
mN

24
,

β
(4)
d10

= −gA

[(−71 + 63g2
A

)
c2 + 64

(−3 + g2
A

)
c3 + 24

(
3 + g2

A

)
c4

]
mN

24
,

β
(4)
d11

= gA

[(−33 + 13g2
A

)
c2 − 96c3 + 8

(−17 + 11g2
A

)
c4

]
mN

24
, (B7)

β
(4)
d12

= gA

[
c2 − 13g2

Ac2 − 16
(−3 + g2

A

)
c3 + 112

(−1 + g2
A

)
c4

]
mN

24
,

β
(4)
d13

= gA

{(
11 − 15g2

A

)
c2 + 16

[(−3 + g2
A

)
c3 − 7

(−1 + g2
A

)
c4

]}
mN

24
,

β
(4)
d14

− β
(4)
d15

=
[
g2

A(−13c2 + 8c3 − 12c4) + 12c4
]
mN

6
,

β
(4)
d16

= gA

[−24
(−2 + g2

A

)
c1 + c2 + 6(c3 − 3c4)

]
mN

6
,

β
(4)
d18

= gA[24c1 + c2 − 4(c3 + c4)]mN

6
,
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while the finite shifts have the form

δd̄
(3)
1,f + δd̄

(3)
2,f = −12 + 39g2

A + 11g4
A

768π2
, δd̄

(3)
3,f = 3 + 3g2

A + g4
A

96π2
,

δd̄
(3)
4,f = gA

(
7 + 2g2

A + g4
A

)
256π2

, δd̄
(3)
5,f = g2

A

(
9 + g2

A

)
512π2

,

δd̄
(3)
10,f = gA

(
18 + 81g2

A + 31g4
A

)
384π2

, δd̄
(3)
11,f = −g3

A

(
33 + 19g2

A

)
384π2

, (B8)

δd̄
(3)
12,f = −gA

(
36 + 46g2

A + 29g4
A

)
192π2

, δd̄
(3)
13,f = gA

(
12 + 22g2

A + 13g4
A

)
192π2

,

δd̄
(3)
14,f − δd̄

(3)
15,f = g4

A

192π2
, δd̄

(3)
16,f = gA + g3

A

32π2
, δd̄

(3)
18,f = g3

A

192π2
,

and

δd̄
(4)
1,f + δd̄

(4)
2,f = −

[(
4 + 8g2

A

)
c2 + (

10 − 22g2
A

)
c3 + (

5 + 38g2
A

)
c4

]
mN

576π2
,

δd̄
(4)
3,f =

[(−34 + 4g2
A

)
c2 + 3

(−10c3 + c4 + 5g2
Ac4

)]
mN

288π2
,

δd̄
(4)
4,f = gA

{
6c3 + 184c4 + g2

A[−9(c2 + 2c3) + 2c4]
}
mN

1152π2
,

δd̄
(4)
5,f =

[
72

(
2 + g2

A

)
c1 − 2

(
1 + 19g2

A

)
c3 + (−1 + 10g2

A

)
c4

]
mN

1152π2
,

δd̄
(4)
10,f = −gA

[(
41 + 195g2

A

)
c2 + 704g2

A(c3 − 3c4) + 48(10c3 − 3c4)
]
mN

4608π2
,

δd̄
(4)
11,f = gA

[
87c2 + 5g2

Ac2 + 1056c3 − 16
(
5 + 64g2

A

)
c4

]
mN

4608π2
, (B9)

δd̄
(4)
12,f = −gA

[(−329 + 341g2
A

)
c2 + 32

(−33 + 4g2
A

)
c3 + 64

(
5 + 7g2

A

)
c4

]
mN

4608π2
,

δd̄
(4)
13,f = gA

[(−485 + 33g2
A

)
c2 + 32(−33c3 + 4c4) + 64g2

A(5c3 + 7c4)
]
mN

4608π2
,

δd̄
(4)
14,f − δd̄

(4)
15,f =

[
24c4 + g2

A(67c2 − 56c3 + 96c4)
]
mN

1152π2
,

δd̄
(4)
16,f = −gA

[
72

(−1 + g2
A

)
c1 + c2 + 18(c3 − c4)

]
mN

288π2
,

δd̄
(4)
18,f = gA(c2 − c3 − c4)mN

144π2
.

Finally, we also list the β functions and the finite shifts for the LECs ei :

β(4)
e10

= 1

192
gA

{(
101 − 41g2

A

)
c2 + 16

[(−3 + g2
A

)
c3 − 7

(−1 + g2
A

)
c4

]} − gA

(−1 + g2
A

)2

16mN

,

β(4)
e11

= − 1

24
gA

[(−35 + 39g2
A

)
c2 + 22

(−1 + g2
A

)
c3 + (−29 + 83g2

A

)
c4

] + gA

(
19 − 40g2

A + 21g4
A

)
96mN

,

β(4)
e12

= 1

24
gA

[(−25 + 29g2
A

)
c2 + 22

(−1 + g2
A

)
c3 + (−29 + 83g2

A

)
c4

] − gA

(
19 − 40g2

A + 21g4
A

)
96mN

,

β(4)
e13

= 1

12
gA

(−1 + g2
A

)
c2,

β(4)
e14

= 1

96

{−(
8 + 25g2

A

)
c2 + 4

[
2
(−6 + g2

A

)
c3 + 5

(−1 + g2
A

)
c4

]} +
(−1 + g2

A

)2

32mN

,
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β(4)
e15

= g2
Ac2

6
,

β(4)
e16

= 0,

β(4)
e17

= 1

48

[(−1 + 15g2
A

)
c2 + 2

(
1 − 7g2

A

)
c4

] + 1 − 4g2
A + 3g4

A

96mN

,

β(4)
e18

= 1

4

(
c2 − g2

Ac2
)
,

2β(4)
e19

− β(4)
e22

− β(4)
e36

= 2c1 + 1

24

(−5 + 36g2
A

)
c2 + 3c3

4
+ 5g2

Ac3

12
+ c4 − g2

Ac4 −
(−1 + g2

A

)2

8mN

,

β(4)
e20

+ β(4)
e35

= − 1

12

(−6 + g2
A

)
c2,

2β(4)
e21

− β(4)
e37

= 1

24

[−24c1 + c2 − 4g2
Ac2 + 4

(
4c3 − 3g2

Ac3 + 7g2
Ac4

)] + 1 − g2
A

24mN

,

β(4)
e22

− 4β(4)
e38

= 1

48

[−72
(
2 + g2

A

)
c1 + 12c2 − 39g2

Ac2 + 36c3 + 8g2
Ac3 − 4c4 + 4g2

Ac4
] +

(−1 + g2
A

)2

16mN

,

β(4)
e34

= 1

48
gA

[−48c1 + (−25 + 49g2
A

)
c2 + 4

(−7c3 + 9g2
Ac3 − 17c4 + 43g2

Ac4
)]− gA

(
7 − 16g2

A + 9g4
A

)
48mN

, (B10)

and the finite pieces

δē
(4)
10,f = −gA

{(
503 + 493g2

A

)
c2 − 32

[(
9 + 2g2

A

)
c3 − 8

(
13 + 6g2

A

)
c4

]}
36864π2

− gA

(
30 + 38g2

A + 17g4
A

)
1536mNπ2

,

δē
(4)
11,f = −gA

[(
69 + 70g2

A

)
c2 − 4

(−5 + 8g2
A

)
c3 + (−244 + 233g2

A

)
c4

]
2304π2

+ gA

(
46 − 47g2

A + 87g4
A

)
3072mNπ2

,

δē
(4)
12,f = gA

[(
29 + 50g2

A

)
c2 + 8

(
1 + g2

A

)
c3 + (

38 + 375g2
A

)
c4

]
2304π2

+ gA

(
162 + 435g2

A + 13g4
A

)
3072mNπ2

,

δē
(4)
13,f = gA

[(
40 − 7g2

A

)
c2 + (

65 + 2g2
A

)
c3 − 19

(
c4 + 4g2

Ac4
)]

576π2
− gA

(
48 + 139g2

A + 35g4
A

)
768mNπ2

,

δē
(4)
14,f = −40c4 + g2

A(−53c2 + 184c3 + 160c4)

18432π2
− 6 − 12g2

A + 11g4
A

1536mNπ2
,

δē
(4)
15,f = 12c4 + g2

A[7c2 − 2(4c3 + c4)]

576π2
+ 21 + 22g2

A + 7g4
A

768mNπ2
,

δē
(4)
16,f = 3c4 + g2

A(−3c2 − 2c3 + c4)

288π2
− 6 + 12g2

A + 5g4
A

256mNπ2
,

δē
(4)
17,f =

(
4 + 6g2

A

)
c2 + 6

(
1 + g2

A

)
c3 + (

3 + 20g2
A

)
c4

2304π2
+ g2

A

(
11 + 13g2

A

)
3072mNπ2

,

δē
(4)
18,f = −6

(
1 + g2

A

)
c2 + (−6 + 4g2

A

)
c3 + (

15 + 19g2
A

)
c4

1152π2
− 3 + 12g2

A + 8g4
A

768mNπ2
,

2δē
(4)
19,f − δē

(4)
22,f − δē

(4)
36,f = −72c4 + g2

A(144c1 − 69c2 + 28c3 + 96c4)

4608π2
+ 3 − 7g2

A + 27g4
A

768mNπ2
,

δē
(4)
20,f + δē

(4)
35,f = g2

A(72c1 − 5c2 + 72c3 − 24c4) − 48c4

2304π2
+ −12 + 40g2

A + 19g4
A

1536mNπ2
,

2δē
(4)
21,f − δē

(4)
37,f = −4c2 − 34c3 + 19c4 + g2

A(72c1 + 12c2 − 6c3 + 35c4)

1152π2
+ 6 + 25g2

A + 3g4
A

1536mNπ2
,
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δē
(4)
22,f − 4δē

(4)
38,f = −8c4 + g2

A(720c1 + 153c2 − 136c3 + 16c4)

9216π2
− 2 + 12g2

A + 3g4
A

512mNπ2
,

δē
(4)
34,f = gA

[
576c1 + 3

(
4 + 11g2

A

)
c2 − 110c3 + 42g2

Ac3 − 101c4 + 137g2
Ac4

]
2304π2

− gA

(
17 − 11g2

A + 42g4
A

)
1536mNπ2

.

(B11)

b. Heavy-baryon chiral perturbation theory

In the HB formulation, the employed β functions at order Q2 are βci
= 0 and at order Q3 read

βd1 = − g4
A

6 , βd2 = 1
12

(−1 − 5g2
A

)
,

βd3 = 1
6

(
3 + g4

A

)
, βd4 = 0,

βd5 = 1
24

(
1 + 5g2

A

)
, βd10 = 1

2

(
gA + 5g3

A + 4g5
A

)
,

βd11 = 1
6

(
3gA − 9g3

A − 4g5
A

)
, βd12 = −gA

(
2 + g2

A + 2g4
A

)
,

βd13 = g3
A + 2g5

A

3 , βd14 = g4
A

3 ,

βd15 = 0, βd16 = gA

2 + g3
A,

βd18 = 0.

(B12)

For the β functions at order Q4 the following results are obtained:

βe10 = −1

6
gA

(
3 + 8g2

A

)
c4 − gA

(
3 + 19g2

A + 13g4
A

)
24mN

,

βe11 = −gAc4

3
+ gA

(−7 + 35g2
A + 12g4

A

)
48mN

,

βe12 = 4

3
gA

(
1 + g2

A

)
c4 + gA

(
61 + 57g2

A + 26g4
A

)
48mN

,

βe13 = −2

3

(
gA + 2g3

A

)
c4 − gA

(
73 + 54g2

A + 21g4
A

)
24mN

,

βe14 = 1

12
(−c2 − 6c3) − g2

A

(
3 + g2

A

)
12mN

,

βe15 = 9 + 2g2
A + 11g4

A

24mN

,

βe16 = −3 − 2g2
A − 2g4

A

4mN

,

βe17 = − c4

12
+ −1 + 7g2

A + 4g4
A

48mN

,

βe18 = −2g2
Ac4

3
− g2

A

(
3 + 4g2

A

)
12mN

,

2βe19 − βe22 − βe36 = 2c1 − 5c2

24
+ 3c3

4
+ −1 + g2

A − 6g4
A

8mN

,

βe20 + βe35 = c2

2
+ 6 + 16g2

A + 15g4
A

24mN

,

2βe21 − βe37 = 1

3

(
2 + 9g2

A

)
c4 + 2 + 16g2

A + 9g4
A

12mN

,

βe22 − 4βe38 = 1

4
(−12c1 + c2 + 3c3),

βe34 = 2gAc4

3
+ gA − 7g3

A − 6g5
A

24mN
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