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Low-lying states of ruthenium isotopes within the nucleon pair approximation
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Low-lying states of even-even and odd-mass ruthenium isotopes with mass numbers from 95 to 102, including
level schemes, electric quadrupole and magnetic dipole moments, and E2 transition rates, are studied within the
framework of the nucleon pair approximation (NPA) of the shell model, by using the phenomenological pairing
plus quadrupole interactions. Good agreement is obtained between the calculated results and experimental data.
The interesting behaviors of g(J +

1 ) factors versus nuclear spin J (and mass number A) in even-even 96–102Ru
nuclei are analyzed. The dominant configurations of yrast low-lying states in odd-mass 95–101Ru isotopes are
discussed in the collective nucleon-pair subspace. The calculated electric quadrupole moments and magnetic
moments of low-lying states, many of which have not yet been measured for these nuclei, are useful for future
studies.
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I. INTRODUCTION

In recent years many experimental and theoretical efforts
have been made in studies of structural and decay properties
of nuclei with proton numbers from 28 to 50 [1]. In this
region, neutron-rich ruthenium isotopes have attracted much
attention for their interesting features in the collectivity
evolution [2–21].

Experimental energies of the first 2+ states in even-even
96–114Ru show a decrease with neutron number up to N = 64,
and become nearly constant around the mid-shell [2]. Spectro-
scopic studies suggested that the low-lying spectra of 96–104Ru
and 106–114Ru are vibrational and quasirotational, respectively,
and a shape transition was conjectured to arise around 104Ru
based on the systematics of experimental B(E2 : 2+

1 → 0+
1 )

values [3]. The low-lying states of even-even Ru isotopes
with N > 70 exhibit features associated with triaxial γ -soft
deformation in 116,118Ru, and approach spherical structure
with increasing neutron number toward the N = 82 shell
closure [4].

The odd-mass ruthenium isotopes around A = 100 are
complex and are characterized by both rotational and vibra-
tional types of nuclear excitations [5,6]. Transfer reactions [7]
show that the 5/2+

1 and 7/2+
1 states in 97–105Ru have a

quasiparticle character, while the very-low-lying 3/2+
1 states in

these nuclei are supposed to be the lowest state of a coexisting
configuration.

Magnetic moments of low-lying states are sensitive to
nuclear wave functions, thus providing us with an effective
probe to study the nuclear structure [22,23]. The measured
g factors of the first 2+ states [denoted by g(2+

1 )] in
even-even 96–104Ru isotopes show a gradual decrease with

*Corresponding author: huijiang@shmtu.edu.cn

neutron number [8–13], with values close to the predicted
ones of collective model, i.e., g = Z/A [24]. For the nuclei
106–112Ru, the experimental g(2+

1 ) factors show a minimum
at N � 64, the depth of which is difficult to evaluate due
to large errors [8,9,17]. The measurements and theoretical
explanations of g factors with nuclear spin J > 2 in this region
are challenging for experiments. So far the g(4+

1 ) value in this
region is experimentally known for 96Ru [14], 100Pd [25], and
106Pd [26]. The trend of experimental g factors in these nuclei
shows an increase with increasing J , namely g(4+

1 ) > g(2+
1 ).

A number of theoretical studies of g(2+
1 ) factors have been

carried out in the lighter nuclei of Ru isotopes, e.g., the inter-
acting boson model (IBA-2) calculations for 96–114Ru [8,17],
the projected shell model (PSM) calculations for 100–112Ru [3],
the tidal-wave model (TWM) calculations for 96–112Ru [9], and
the shell model (SM) calculations for 96Ru [14–16]. However,
few theoretical studies predicted g(4+

1 ) factors of even-even
nuclei in this region. Furthermore, among these works, the
TWM calculations [9] predicted g(4+

1 ) < g(2+
1 ) for 100–110Ru;

the SM studies [14,15] predict g(4+
1 ) < g(2+

1 ) for 96Ru. These
predictions are not consistent with experimental data.

The purpose of this work is to apply the nucleon pair
approximation (NPA) [27] of the shell model to study low-
lying structures in even-even 96–102Ru and odd-mass 95–101Ru
isotopes, especially magnetic moments (or g factors) of
low-lying states. The NPA has been proved to be successful
in studying the low-lying states of even-even, odd-A, and
odd-odd nuclei in the A ∼ 80 [28], 100 [29], 130 [30],
and 210 [31] regions. In this model, the dimension of the
collective nucleon-pair subspace is small, thus providing a
simple and illuminating picture of the structure of the nuclei
under investigation. For a recent review, see Ref. [32]. We will
show below that in our calculations g(2+

1 ) < g(4+
1 ) < g(6+

1 )
in even-even 96–102Ru. This behavior is originated from the
contributions of proton-hole configurations.
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II. THEORETICAL FRAMEWORK

In the NPA, a collective pair with angular momentum r and
projection M is defined as [27]

A
(r)†
Mσ =

∑
jσ j ′

σ

y(jσ j ′
σ r)

(
C

†
jσ

× C
†
j ′
σ

)(r)
M

,

where C
†
jσ

is the single-particle creation operator in the j orbit,
and σ = π and ν is the index of proton and neutron degrees of
freedom, respectively. r = 0,2 corresponds to S and D pairs.
The numbers y(jσ j ′

σ r) are the so-called structure coefficients
of the nucleon pair with spin r .

The NPA Hamiltonian is chosen to have the form

H =
∑
jσ

εjσ
C

†
jσ

Cjσ

+
∑

σ

(
G0σP (0)†

σ · P (0)
σ + G2σP (2)†

σ · P (2)
σ

)

+
∑

σ

κσQσ · Qσ + κπνQπ · Qν,

where εjσ
is the single-particle energy, G0σ , G2σ , κσ and

κπν are the two-body interaction strengths corresponding
to monopole, quadrupole pairing and quadrupole-quadrupole
interactions between all valence nucleons. The pairing and
quadrupole operators are defined as follows.

P (0)†
σ =

∑
jσ

√
2jσ + 1

2
(C†

jσ
× C

†
jσ

)(0)
0 ,

P (2)†
σ =

∑
jσ j ′

σ

q(jσ j ′
σ )

(
C

†
jσ

× C
†
j ′
σ

)(2)
M

,

Qσ =
∑
jσ j ′

σ

q(jσ j ′
σ )

(
C

†
jσ

× C̃j ′
σ

)(2)
M

,

where

q(jj ′) = �jj ′(−)l+l′+1(−)j− 1
2 ĵ ĵ ′

√
20π

C20
j 1

2 ,j ′− 1
2
〈nl|r2|nl′〉,

with �jj ′ = 1
2 [1 + (−)l+l′+2] and C20

j 1
2 ,j ′− 1

2
is the Clebsch-

Gordan coefficient.
The single-particle energies and two-body interaction

parameters in our calculations are shown in Table I. Here

TABLE I. Single-particle energies εjσ (in MeV) and two-body
interaction parameters G0σ , G2σ , κσ , and κπν for proton holes and
neutrons. The unit of G0σ is MeV; the units of G2σ , κσ , and κπν

are MeV/r4
0 ; r2

0 = 1.012A1/3 fm2. σ = π,ν stands for proton and
neutron, respectively.

j p1/2 p3/2 f5/2 g9/2

εjπ 0.931 0.702 1.963 0.000

j s1/2 d3/2 d5/2 g7/2 h11/2

εjν 1.550 1.660 0.000 0.172 3.550

G0ν G2ν κν G0π G2π κπ κπν

−0.18 −0.0315 −0.0225 −0.20 −0.040 −0.0225 +0.09
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FIG. 1. Systematics of the yrast low-lying energy levels for
neutron number N = 50 isotones with odd proton number Z from 39
to 49. The experimental data (represented by solid symbols) are from
Ref. [33]. Extrapolation (dashed lines) to proton-hole single-particle
energies is obtained by using linear polynomial fitting of experimental
data for each set of levels with Z from 41 to 45.

the nucleus 100Sn is taken as the inert core. The neutron
single-particle energies g7/2 and d5/2 are taken from the
experimental excitation energies of 101Sn [33]. There are
no experimental data for the remaining orbits, and we take
those neutron single-particle energies from a previous shell
model calculation [34]. The proton-hole single-particle energy
g9/2 is also extracted from the corresponding experimental
excitation energies of 99In [33]. Other proton-hole single-
particle energies in this table are obtained by extrapolated from
the corresponding experimental excited energies of odd-mass
N = 50 isotones with Z from 41 to 45 as shown in Fig. 1. The
obtained single-particle energy p1/2 = 0.931 MeV is close
to the one (0.909 MeV) adopted in a previous shell model
calculation [25]. The obtained proton-hole p3/2 orbit is located
lower than the p1/2 orbit. Numerical experiments show that the
calculated results discussed in this paper are not sensitive to
the single-particle energies of the proton-hole p3/2 and f5/2

orbits. This is reasonable because proton-hole configurations
of these nuclei are essentially given by the g9/2 orbit (see
Fig. 5 for details). Further measurements on the levels of 99In
and 97Ag would be very useful for evaluating the proton-hole
single-particle energies in this mass region.

There are totally seven parameters for the two-body
interactions: G0π , G0ν , G2π , G2ν , κπ , κν , and κπν . The
two strengths G0π and G0ν of the monopole interactions in
Table I are the same as those of our previous calculations
in the A ∼ 100 region [29]. The remaining five parameters
are obtained by fitting to the experimental excited energies
and electromagnetic properties of low-lying states. For the
odd-mass nuclei, we assume the same parameters as for their
even-even cores.

The E2 transition operator is defined by T (E2) = eπQπ +
eνQν, where eπ and eν are the effective charges of valence
proton-holes and neutrons, respectively. The B(E2) value in
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FIG. 2. Partial low-lying states in even-even 96–102Ru isotopes. Experimental data are taken from Ref. [33].

units of W.u. is given by

B(E2; Ji → Jf ) = 2Jf + 1

2Ji + 1
× (eπχπ + eνχν)2r4

0

5.94 × 10−6 × A4/3
,

with reduced matrix element χσ = 〈βf ,Jf ||Qσ ||βi,Ji〉 (σ =
π,ν) and r2

0 = 1.012A1/3 fm2. |βi,Ji〉 is the eigenfunction of Ji

state. Our neutron effective charge is taken to be eν = 1.28e,
the same as for tin isotopes [29]. The proton-hole effective
charge eπ = −1.98e is obtained by fitting to the experimental
data. The electric quadrupole moment (in units of eb) is

Q(Ji) =
√

16π

5
C

JiJi

JiJi ,20(eπχπ + eνχν)r2
0 .

The magnetic dipole moment is defined by

μ(Ji) = C
JiJi

JiJi ,10(Tπ + Tν)μN,

with reduced matrix element Tσ = 〈βi,Ji ||glσLσ +
gsσ Sσ ||βi,Ji〉 (σ = π,ν). Here, μN is the nuclear magneton.
Lσ and Sσ are the orbital and spin angular momenta, and
glσ and gsσ are the orbital and spin gyromagnetic ratios,
respectively. The g factor is defined by μ(Ji )/μN

Ji
. In the

above convention of unit, the g factors, Lσ , Sσ , and Ji

are dimensionless. The effective spin gyromagnetic ratios
are taken to be gsπ = 3.18 and gsν = −2.18, which are
from previous shell model calculations for the same nuclear
region [14,16,35]. Namely, the quenching factor of 0.57
for spin gyromagnetic ratios is used. Three sets of orbital
gyromagnetic ratios are used in this paper. In the first set we
use the bare ones glπ = 1 and glν = 0. In the second set,
we take glπ = 0.94 and glν = 0.07, which are the optimized
parameters determined by χ2 fitting of experimental μ
values for both even-even and odd-mass nuclei. In the last
set, we use the conventional effective values glπ = 1.1 and
glν = −0.1 [23]. For convenience we denote them by NPA-1,
NPA-2, and NPA-3, respectively.

Our model space is constructed by SD pairs of valence
neutron and proton-holes with respect to the nucleus 100Sn,
by considering the vibrational structure of the nuclei studied
here. We have also made comparisons of excited energies,
g factors, and B(E2) strengths calculated under different

configuration subspaces. It is shown that the calculation in
expanded nucleon-pair subspace with the inclusion of higher-
spin pairs does not improve our calculated results essentially.
The structure coefficients of even-even nuclei are obtained
based on a variational procedure as in Ref. [31]. The structure
coefficients of odd-mass nuclei are taken to be the same as
those of their even-even cores.

III. CALCULATIONS AND DISCUSSIONS

In this section, we present calculated low-lying energy
levels, E2 transition strengths, electric quadrupole moments
Q, and magnetic dipole moments μ (or g factors) in Figs. 2
and 3 and Tables II and III, for even-even 96–102Ru and
odd-mass 95–101Ru isotopes, respectively, with a comparison
of corresponding experimental data. A reasonably good
agreement is obtained for yrast states. This shows that the
NPA provides an appropriate theoretical framework to describe
low-lying states of these nuclei.

Let us first come to even-even cases. The energy ratio of
the first 4+ state with respect to the first 2+ state, namely
R4/2 = E(4+

1 )/E(2+
1 ), is a well known observable of the extent

of quadrupole deformation [4]. It is known that R4/2 = 2.0 for
a harmonic vibrator U(5), R4/2 = 2.5 for γ -unstable O(6), and
R4/2 = 3.33 for an axially symmetric rotor SU(3). In Fig. 2,
the experimental R4/2 is equal to 1.82, 2.14, 2.27, and 2.33
for 96,98,100,102Ru, respectively. This indicates that even-even
96–102Ru isotopes are around U (5) character, exhibiting a
gradually increasing deformation away from the spherical
structure as neutron number moves away from the N = 50
closed shell.

The structures of non-yrast states in these even-even nuclei
are more complicated than those of yrast states. One sees
in Fig. 2 that the agreement for these low-lying non-yrast
states is reasonable except for the 0+

2 level in 98–102Ru nuclei,
where the calculated 0+

2 levels are systematically higher than
experimental values. We have tried to describe this state
by expanding our configurations in the shells of Table I,
i.e., further considering other possible pairs. Unfortunately,
the improvement along this line is not encouraging. This
systematic deviation is warranted for future studies.
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FIG. 3. Same as Fig. 2 except for odd-mass 95–101Ru isotopes.

Now let us focus on our predicted electromagnetic reduced
transition properties of yrast states in these nuclei. One sees
in Table II that |Q(2+

1 )|, B(E2 : 2+
1 → 0+

1 ), and B(E2 :
4+

1 → 2+
1 ) values are predicted to increase with N in our

calculations. The experimental Q(2+
1 ) values in 98–102Ru are

strongly affected by the sign of the second order interference
term arising from the direct excitation of the first 2+

1 level
and the excitation through a higher lying intermediate 2+

state [37]. The corresponding experimental values in Table II
are −0.20(9), −0.54(7), and −0.64(5) for positive sign [and
−0.01(9), −0.33(7), and −0.33(4) for negative sign] for the
interference terms in 98,100,102Ru, respectively. One sees in this
table that our results agree with the measured value based on
the positive sign for 98Ru, while for 100,102Ru our calculations
favor the negative sign. Further experimental measurements
are therefore necessary for these states.

TABLE II. B(E2) values (in units of W.u.), electric quadrupole moments Q (in units of eb), and g factors for even-even 96–102Ru with
the comparison between experimental data and the results in this work. Experimental B(E2) and Q values are taken from Ref. [33] and [36],
respectively. For measured Q(2+

1 ) values in 98–102Ru, the left (right) values are based on the positive (negative) sign of the interference
term, respectively [37]. For B(E2 : 4+

1 → 2+
1 ) in 98Ru, we also list other measured values from a Ref. [38,39], b Ref. [40], and c Ref. [41].

Experimental g factors in this table are from d Ref. [9] and e Ref. [14]. There are also some other experimental g(2+
1 ) factors in the last few

years and we list them as follows: g(2+
1 ) = 0.47(3) [10] and 0.46(2) [14] for 96Ru; 0.47(3) [10] and 0.4(3) [11] for 98Ru; 0.44(3) [10] and

0.48(6) [12] for 100Ru; and 0.43(3) [10] and 0.36(3) [13] for 102Ru. For the orbital gyromagnetic ratios, we adopt the values glπ = 1 and glν = 0
in NPA-1, glπ = 0.94 and glν = 0.07 in NPA-2, and glπ = 1.1 and glν = −0.1 in NPA-3.

Nuclei State B(E2 : J π
i → J π

f ) Q(J π
i ) g(J π

i )

J π
i J π

f Expt. NPA Expt. NPA Expt. NPA-1 NPA-2 NPA-3

96Ru 2+
1 0+

1 18.4(4) 21.61 −0.13(9) −0.15 0.445(28)d 0.41 0.44 0.38
4+

1 2+
1 20.7(15) 22.06 −0.13 0.58(8)e 0.98 0.95 1.03

6+
1 4+

1 14(5) 18.01 −0.51 1.11 1.06 1.18
2+

2 2+
1 18.4(24) 7.44 +0.11 0.86 0.84 0.89

2+
2 0+

1 2.39
98Ru 2+

1 0+
1 32(5) 30.86 −0.20(9) or −0.01(9) −0.25 0.408(32)d 0.41 0.44 0.38

4+
1 2+

1 12(3)/40(5)a 40.64 −0.34 0.59 0.60 0.58
50(18)b/57.6(40)c

6+
1 4+

1 12.9(15) 28.47 −0.57 0.97 0.94 1.02
2+

2 2+
1 45(16) 27.47 +0.16 0.58 0.59 0.57

2+
2 0+

1 1.0(4) 1.48
100Ru 2+

1 0+
1 35.6(4) 36.88 −0.54(7) or −0.33(7) −0.31 0.429(23)d 0.43 0.46 0.39

4+
1 2+

1 51(4) 52.27 −0.48 0.53 0.55 0.51
6+

1 4+
1 <1.7 × 102 46.75 −0.64 0.80 0.79 0.82

2+
2 2+

1 30.9(4) 38.21 +0.18 0.49 0.51 0.46
2+

2 0+
1 1.9(+4

−5) 1.62
102Ru 2+

1 0+
1 44.6(7) 40.33 −0.64(5) or −0.33(4) −0.30 0.453(23)d 0.46 0.48 0.42

4+
1 2+

1 66(11) 58.21 −0.52 0.55 0.57 0.53
6+

1 4+
1 68(25) 56.39 −0.71 0.75 0.74 0.77

2+
2 2+

1 (32)(5) 46.14 +0.16 0.46 0.49 0.43
2+

2 0+
1 1.14(15) 1.62
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TABLE III. B(E2) values (in units of W.u.), electric quadrupole moments Q (in units of eb) and magnetic moments μ (in units of μN ) for
odd-mass 95–101Ru isotopes. Experimental data are from Refs. [33,36].

Nuclei State B(E2 : J π
i → J π

f ) Q(J π
i ) μ(J π

i )

J π
i J π

f Expt. NPA Expt. NPA Expt. NPA-1 NPA-2 NPA-3

95Ru 5/2+
1 − 0.36 ( − )0.861(7) − 0.97 − 0.83 − 1.16

3/2+
1 5/2+

1 8.31 − 0.15 +0.12 +0.26 − 0.07
7/2+

1 5/2+
1 1.13 − 0.42 +0.93 +1.20 +0.55

17/2+
1 13/2+

1 6.4(6) 9.32 − 0.60 +6.98(14) +6.26 +6.06 +6.59
11/2+

2 7/2+
1 0.0122(5) 0.05 − 0.09 +3.77 +3.66 +3.95

97Ru 5/2+
1 − 0.08 ( − )0.787(8) − 0.85 − 0.71 − 1.03

3/2+
1 5/2+

1 30(12) 27.78 +0.17 − 0.48 − 0.40 − 0.59
7/2+

1 5/2+
1 0.012(4) 0.85 − 0.34 +0.95 +1.22 +0.58

11/2+
1 7/2+

1 9(6) 23.18 − 0.47 +1.75 +2.08 +1.32
15/2+

1 11/2+
1 14.9(17) 22.74 − 0.38 +5.06 +5.18 +4.93

99Ru 5/2+
1 +0.079(4) +0.19 − 0.641(5) − 0.76 − 0.62 − 0.94

3/2+
1 5/2+

1 50.1(10) 33.05 +0.231(12) +0.21 − 0.292(3) − 0.40 − 0.32 − 0.52
7/2+

1 5/2+
1 1.26 − 0.18 +0.96 +1.23 +0.60

5/2+
2 5/2+

1 11(5) 5.82 +0.06 +0.45 +0.63 +0.21
7/2+

2 5/2+
1 23(18) 32.34 − 0.03 +0.20 +0.34 +0.01

101Ru 5/2+
1 +0.44(2) +0.37 − 0.719(6) − 0.76 − 0.63 − 0.95

3/2+
1 5/2+

1 19.9(24) 32.55 +0.14 − 0.210(5) − 0.43 − 0.34 − 0.54
7/2+

1 5/2+
1 1.4(+15

−4 ) 0.40 +0.01 +0.95 +1.22 +0.58
7/2+

1 3/2+
1 13(4) 3.26

7/2+
2 5/2+

1 1.3 × 102(3) 42.37 +0.06 +0.16 +0.31 − 0.02

98Ru is an intriguing nucleus [38–43]. On the one hand,
it is a light ruthenium isotope close to the N = 50 shell
closure with R4/2 = 2.14 and B(E2 : 2+

1 → 0+
1 ) = 32(5)

W.u. [33]. On the other hand, there are noticeable differences
in magnitudes for B(E2 : 4+

1 → 2+
1 ) strengths obtained in

different experiments. A recoil-distance lifetime measure-
ment in 1999 [43] yielded the most precise value with
B(E2 : 4+

1 → 2+
1 ) = 12(3) W.u. and B4/2 = B(E2 : 4+

1 →
2+

1 )/B(E2 : 2+
1 → 0+

1 ) = 0.38(11), indicating a breakdown
of vibrational symmetry occurring at 98Ru. Other lifetime
measurements yielded a weak-collective or vibrational value,
with B(E2 : 4+

1 → 2+
1 ) = 40(5) W.u. and B4/2 = 1.41(27)

in 1980 [39], B(E2 : 4+
1 → 2+

1 ) = 50(18) W.u. and B4/2 =
1.7(6) in 2006 [40], and B(E2 : 4+

1 → 2+
1 ) = 57.6(40) W.u.

and B4/2 = 1.86(16) in 2012 [41].
A number of theoretical calculations have been carried

out to analyze B(E2) strengths in 98Ru. The IBA-1 calcu-
lations [41,42] suggested a weakly collective vibrational char-
acter up to the two-phonon triplet with B4/2 = 1.5; however,
these calculations predicted B(E2 : 6+

1 → 4+
1 ) strength to be

46 W.u., which is not in agreement with experimental data. The
SM calculation [43] predicted weak E2 transitions between 2+

1
and 0+

1 , 4+
1 and 2+

1 , and 6+
1 and 4+

1 ; their calculated B(E2 :
2+

1 → 0+
1 ) = 15.37 W.u. is about half the experimental value.

One sees in Table II that the present calculation agrees
reasonably well with the corresponding experimental data. Our
calculated B(E2 : 4+

1 → 2+
1 ) = 40.64 W.u. and B4/2 = 1.32,

suggesting the weakly collective vibrational character for the
yrast states up to spin 4.

Now we come to g factors in Table II. The measured
g(J > 2) factors are quite scarce in this mass region. Available
experimental g(4+

1 ) factors in 96Ru [14], 100Pd [25], and

106Pd [26] suggest that g(4+
1 ) > g(2+

1 ). One sees in Table II
that our results in 96–102Ru show an increasing trend with J ,
namely, g(6+

1 ) > g(4+
1 ) > g(2+

1 ). To understand the general
trend of g factors, we analyze the contributions from their
proton/neutron spin and orbital angular momentum compo-
nents as a function of A and J presented in Figs. 4(a) and 4(a′)
and in Figs. 4(b) and 4(b′), respectively, for two sets of orbital
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FIG. 4. The proton/neutron spin part and orbital part contribu-
tions in the g factors. Panels (a) and (b) show our calculated g(2+

1 )
factors versus A and g(J +

1 ) factors versus J of 96Ru in the NPA-1,
respectively. Panels (a′) and (b′) show the same as panels (a) and (b)
but for the NPA-2.
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FIG. 5. The expectation value of occupation number njπ in the
proton p1/2, p3/2, f5/2, and g9/2 orbits. Panel (a): versus mass number
A for the first excited state with spin 2. Panel (b): versus spin J in
96Ru.

gyromagnetic ratios. One sees that the overall trend of g(2+
1 )

factors as a function of A in Fig. 4(a), as well as g(J+
1 ) factors

as a function of J in Fig. 4(b), is mainly determined by the
proton part contributions. The neutron part contribution is
negligible, because their values are close to zero.

In Fig. 5, we present the expectation value of occupation
number njπ in the proton p1/2, p3/2, f5/2, and g9/2 orbits,
respectively. For Ru isotopes, the proton-hole number is six
in our calculation. One sees in Fig. 5 that most proton holes
occupy the g9/2 orbit, with expectation values of ng9/2π between
4.8 and 5.5. It is also seen that the ng9/2π values decrease slightly
with A for 2+

1 state, while they show an increase with J in 96Ru.
The empirical single-particle πg9/2 factor is known to be large
and positive (its Schmidt value is +1.510) [25]. Therefore the
dominant proton character in Fig. 4 is suggested to be related
to the proton holes in the πg9/2 orbit.

Our predicted g(4+
1 ) factor in 96Ru is larger than the

experimental value, which seems to be robust for different
configuration spaces. In the NPA-1, we adopt the bare orbital
gyromagnetic ratios, namely, glπ = 1 and glν = 0. If we
adopted glπ = 0.47 and glν = 0.16, we would obtain good
consistence with experimental value for this state; however,
such parameters would lead to very large deviation from
experimental magnetic moment of the 17/2+

1 state in 95Ru.
Therefore, further measurements on the g(4+

1 ) factor would be
very useful to clarify the physics of 4+

1 state in 96Ru.
Finally we look at our results of odd-mass nuclei shown in

Fig. 3 and Table III. Here, we list the magnetic moments μ
instead of g factors in Table III.

The structures of odd-mass nuclei are much more compli-
cated than their even-even neighbors. One sees in Fig. 3 that
most low-lying states are reasonably well reproduced in our
systematic calculations. Our calculated ground states of these
nuclei have Jπ = 5/2+, which is consistent with experiments.
One also sees deviations for the 7/2+

1 and 11/2+
1 states. We

note that such deviations are easily fixed by including the

monopole interaction between valence nucleons, meanwhile
the wave functions are essentially the same [44].

It is also interesting to note that three sets of orbital
gyromagnetic ratios (NPA-1, NPA-2, and NPA-3) yield similar
calculated g factors of even-even nuclei. On the other hand,
if we adopt the conventional effective values (glπ = 1.1 and
glν = −0.1), as in NPA-3, calculated μ values of odd mass
nuclei would deviate from the experimental data for a number
of states. For example, μ(5/2+

1 ) of 95Ru are predicted to be
−0.83μN in NPA-2 and −1.16μN in NPA-3. Therefore the
parametrization of the g factors in this nuclear region is worthy
of further discussion in the future.

To understand structures of yrast low-lying states in these
nuclei, we analyze them within our collective nucleon-pair
subspace. The dominant NPA configurations correspond-
ing to the 5/2+

1 and 7/2+
1 states are |(d5/2)νSNν

ν S3
π 〉 and

|(g7/2)νSNν
ν S3

π 〉, respectively. This indicates that these two lev-
els have an important quasiparticle character in Ru isotopes [7].
Therefore their μ values, determined by the unpaired neutron,
are nearly invariant in Table III. The 3/2+

1 states of these odd-A
Ru isotopes are more complicated than 5/2+

1 and 7/2+
1 states.

In Fig. 3, experiments suggest that it locates at about 1 MeV
and 0.1–0.2 MeV above the ground state in 95Ru and 97–101Ru,
respectively. This suggests that the structure of 3/2+

1 state in
95Ru is different from that in 97–101Ru. This is indeed the case
in our calculations. One sees in Fig. 3 and Table III that our
results reasonably reproduced this structural change both in the
energy spectrum and μ values. Their dominant NPA configura-
tions are found to be a|(d3/2)νSNν

ν S3
π 〉 + b|(d5/2)νSNν

ν DπS2
π 〉 +

c|(g7/2)νSNν
ν DπS2

π 〉 in 95Ru and |(d5/2)νDνS
Nν−1
ν S3

π 〉 in
97–101Ru. Our results agree with the conjecture in Ref. [7] that
the very-low-lying 3/2+

1 states in 97–101Ru have a small overlap
with the neighboring 0+ ground states plus one quasiparticle.

IV. SUMMARY

In this paper we have studied low-lying states of even-
even 96–102Ru and odd-mass 95–101Ru, with focus on energy
levels, electric quadrupole and magnetic dipole moments,
and E2 transition rates between low-lying states, within the
nucleon pair approximation (NPA) of the shell model. We take
the phenomenological pairing plus quadrupole interactions
between valence nucleons. The overall agreement between the
calculated results and experimental data is good. This indicates
that the NPA provides us with an appropriate theoretical
framework to study low-lying states of these nuclei, which
certainly will be useful when more data are available.

We investigate energy ratio R4/2 and B(E2) ratio B4/2

in even-even 96–102Ru isotopes. Our results present the U (5)
characters of low-lying states in these nuclei. Our calculated
B(E2 : 4+

1 → 2+
1 ) and B4/2 agree with the weakly collective

vibrational character for the yrast states up to spin 4 in 98Ru.
We study the g(2+

1 ), g(4+
1 ), and g(6+

1 ) factors in these
even-even nuclei. Our predicted g(J+

1 ) factors increase with
nuclear spin, namely, g(2+

1 ) < g(4+
1 ) < g(6+

1 ). We analyze the
contribution from the proton/neutron spin part and orbital part
contributions in the g factors. The overall trend of g(2+

1 ) factors
as a function of mass number, as well as the g(J+

1 ) factors as
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a function of nuclear spin in 96Ru, are suggested to be given
essentially by proton-holes in the πg9/2 orbit.

We analyze structures of yrast low-lying states in odd-mass
95–101Ru within our collective nucleon-pair subspace. The
5/2+

1 (and 7/2+
1 ) states are well represented by the coupling

between S pairs and an unpaired neutron in the νd5/2 (and
νg7/2) orbit. We suggest a structural change of 3/2+

1 state in
these odd-mass nuclei as mass number moves from 95 to 97.
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