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Consistency of photon strength function models with data from the **Mo(d, py y) reaction
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Recently published study on the y-ray energy dependence of photon strength functions (PSFs) from the
population of *>Mo low-lying levels in the **Mo(d, py y)* Mo reaction set out to answer some important questions
related to the PSFs below the neutron separation energy in the Mo region. In this paper we discuss in detail actual
relations of the quantities measured in this reaction to the PSFs and check the consistency of several available
PSF models with experimental data. A broad variety of models was found to be consistent with experimental data
at low E,. Although the photon strength very likely increases with decreasing energy at E, < 3 MeV, the data
are unable to clearly differentiate whether the decrease follows the shape proposed from Oslo-type experiments
or predictions of the generalized Lorentzian E£1 model. The PSF shape at energies of 5-7 MeV is steeper than

predicted by any standard model.

DOLI: 10.1103/PhysRevC.93.054311

I. INTRODUCTION

Nuclear properties of medium-weight and heavy nuclei at
excitation energies well above the pairing gap are believed to
be best described with the statistical model of the nucleus.
Within this model the ability of nuclei to emit or absorb
photons with energy E, can be described by the nuclear
level density (NLD) and the photon strength functions (PSFs)
Jixr)(E,) for different types X (electric X = E or magnetic
X = M) and multipolarities L. Full understanding of these
quantities is important, especially for the description of fuel
cycles [1] and astrophysical element formation [2,3].

Until recently, data on PSFs in Mo isotopes in the low-
energy region were available only from (*He, *He’y) and
(3He ,ay) Oslo-type experiments [4,5], (n,y) reaction [6-8],
and (y,y’) experiments [9-11]. However, these data, as a
whole, are inconsistent. A strong low-energy enhancement
of the PSF (at E,, < 3 MeV) was reported in charged-particle-
induced y-ray-production experiments analyzed with the so-
called Oslo method [4]. However, results from the analysis of
coincidence y spectra from radiative neutron capture in even-
even Mo isotopes indicated that this enhancement is weak,
if at all present, and the data are consistent with predictions
from the widely used generalized Lorentzian (GLO) model
for fie1)(E,) [12]. No restrictions on PSFs can be made from
(y,y’) at these energies. At higher energies (E, 2 4 MeV),
there is a striking disagreement between PSFs from (y,y’) and
3He-induced experiments in even-even Mo isotopes [4,9]; see
also comparison in Refs. [8,13]. Sensitivity of (n,y ) data to this
E,, region is restricted but models assuming PSF shape similar
to that from *He-induced experiments seem to reproduce (1,y)
data successfully [6-8].

Experimental information on the XL composition of the
PSF is available from intensities of primary transitions from
(n,y) reactions which yield fig(E,)/fim(E,) ~4atE, ~
7 MeV in Mo nuclei [14]. However, the composition is highly
uncertain for lower E, . Theoretical predictions on the low-
energy PSF enhancement observed in Oslo-type experiments
exists for both E1 [15] and M1 [16] character in Mo nuclei.
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Analysis of coincidence spectra from (7, ) ) reactions indicated
Jeen(Ey) = fu(E,) in even-even Mo nuclei [6,7] at E,, ~
3-4 MeV.

Several years ago some of us published completely indepen-
dentresults on the E,, dependence of PSFs from the analysis of
%*Mo(d, pyy) data [17] measured with the STARS/LiberACE
detector setup [18]. The E, dependence was obtained from
inspecting the feeding of individual low-lying levels L; with
energies £ ; in %Mo via a single y ray from full sets of initial
levels, residing in narrow intervals centered around initial
excitation energies E;; see Fig. 1. The energy E; and particle
identification were deduced from proton energies measured
in AE — E telescopes. The feeding intensity Ny (E;, E, =
E; — E,) of levels L; from energies around E; via a single
transition was obtained from considering all y-y coincidence
events for which (i) a known y-ray transition deexcites a
well-resolved low-lying level L; and (ii) the energy of the
second y ray is equal to (E; — E;) with 200-keV precision
provided by the resolution of the AE — E telescopes; y
rays were measured with five high-purity germanium clover
detectors. It was assumed that the emission of y transitions
with energies E, < 400 keV from initial energies near E; is
negligible; the justifiability of this assumption was verified
with simulations within the statistical approach.

From various initial energies E;, the feeding intensities
Np,(Ei,Ey) to 13 low-lying levels with energies £y, (given
in keV together with level spins J; , and parities) 204 (3/27),
766 (7/27),786 (1/2%), 821 (3/2%),948 (9/27), 1039 (1/21),
1074 (7/21), 1370 (3/21), 1426 (3/27), 1552 (9/21), 1620
(3/2%), 1660 (3/2"), and 3043 (3/2") were extracted and
for statistical reasons collected in 1-MeV-wide bins. The
intensities Ny (E;,E,) for levels L; with the same spin Jp,
could be exploited for determining the E, dependence of the
PSF [17].

The outlined technique allows for a model-independent
determination of the E, dependence of the PSF assuming
that

N, (Ei,E))/E) < fien(Ey) + foan(Ey). (1)

©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevC.93.054311

M. KRTICKA et al.

z

T

LU IHIIHHMI
L

m

[l
n

Deposited proton energy AE

||
m
N

Deposited proton energy E

FIG. 1. Illustration of the procedure for determining intensities
N L (E;,E,)): (a) The proton energy deposited in AE — E telescopes
determines the excitation energy E; of the *Mo nucleus populated in
the **Mo(d, p) reaction. (b) Additional coincidence of two y rays—
primary y ray with E, = E; — E7; and a secondary y ray with
E,,—which is known to deexcite a low-lying level at £, is required
to validate the event.

However, the actual relation of the observables Ny . (E;, E,) to
the PSF and its X L characteristics have not been discussed in
detail in Ref. [17]. This discussion is made in Sec. II of the
present paper.

Assuming the validity of the above-mentioned simple
relation between Ny (E;, E, ) and PSF E, dependence, exper-
imental data from the **Mo(d, pyy) reaction were compared
only to the PSF deduced from the 96M0(3He ,ay) reaction [4]
in Ref. [17]. A satisfactory agreement was found at least at low
E, . Nevertheless, a detailed investigation of the consistency
between (d, py y) experimental data and other PSF models has
not been made so far. Comparisons with other PSF shapes,
which mainly come from other experimental data on Mo
nuclei, are presented in Sec. III. Main conclusions are then
summarized in Sec. IV.

II. RELATION BETWEEN EXPERIMENTAL
OBSERVABLES AND PHOTON STRENGTH FUNCTIONS

Only positive-parity levels L; were studied in %Mo. As-
suming that only E£1 and M1 transitions are of importance—
the role of higher multipolarities is expected to be negligible—
intensities N ,(E;, E,) observed in the (d, pyy) experiment
are proportional to

=)
ak](d »(Ei s ey (Ei)

Ni,(Ei,E,)
2D I (ED

k,J
Ty = —

(+) (+)
Z Ot . EDT i) (Ml)(E) ?)

k’J F(+)](E )
T =+

Here O’kj . p)(E ), ij xp)(Ed), and FT k](Ei) are the cross
section for the production of an individual level k with spin J
in the excitation energy region near E; in the (d, p) reaction,
partial radiation width for the decay of level k to a low-lying

PHYSICAL REVIEW C 93, 054311 (2016)

level L, and total radiation width of the level k, respectively.
The e symbol stands for positive (+) or negative (—) parity
of the states at E;. The sums in Eq. (2) go over all levels k
in a 1-MeV-wide region centered around excitation energy
E; with the specified parity and over all spins J, which
could feed a L; level directly via a dipole y transition. Of
course, relations of the same type are valid not only for data
from the (d, p) reaction, but for any other nuclear reaction
when substituting the (d, p) cross section with the appropriate
measure for production of levels k.

Individual values of all involved quantities fluctuate around
their expectation values. The expectation value of the average
partial radiation width of levels at E; with spin J and parity e,

(;)( x1)(Ei) can further be expressed as [19]

_(J.)(XL)(E ) = fxy(Ey)E, 310\ (ED), (3)

where p(')(E,-) is the density of nuclear levels with spin J and
parity e at E;.
Combining Egs. (2) and (3) we get

Ni,(Ei.E))/E; o« wUE) fien(Ey) + w(E) fonn(Ey),
)

where we defined w®)(E;) as

(0 ‘7(;)@1 n(ED) (0 () (®)
w(E;) = Z WFJ = ij (EDF,”,
7 U7 (EDp; (E) 7
&)
with factor F§°) describing the combined fluctuation of
involved quantities. Quantities E(;,)(d’ p)(Ei) and F(T..) 7(E;) are
the average (d, p) reaction cross section populating levels at
E; with spin J and parity e and average total radiation width
of these states. The discussion of fluctuation properties of
w®(E;), which are important for the quantitative description
of an agreement between data and PSF model predictions, will

be made in Sec. III B. Here let us concentrate on the relation
between N, (E;,E,) and expectation values w(ﬂ(E ). To

simplify the discussion, the possible J dependence of w, )(E )
is not considered explicitly, but it will only be commented on
in specific cases. Omitting this spin dependence, we can write
—(+)( E)

w
N, (Ei.E))/E, « fi(Ey) +

_w—(,)(Ei)f(Ml)(Ey), (6)

where the factor W' (E;)/w ™ (E;) depends on excitation
energy E;.

Observables Ni,(E;,E,) yield clear information on the
PSF only if w'(E;) ~ w'7)(E;); the observed E, depen-
dence of NL,(Ei,Ey)/Ei is then proportional to fiz1)(E,) +
Ja(E,). As becomes evident from the following discussion,
astrong dominance of one transition type (electric or magnetic)
does not guarantee that Ny (E;, Ey)/ E; is proportional to the
PSF for this type.

Realizing that the total radiation width F; )J(E ;) is the sum
of partial radiation widths for transitions to all levels f with

excitation energy Ey < Ej, the product FT J(E )p(')(Ei) can
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be, using Eq. (3), rewritten as

T EnpSEY = > fen(ENES
f

i F L
+ Y fon(EDES. (D

i =TL;

The quantity F(T.,)J(E,-), as well as the product on the
left-hand side of Eq. (7), are difficult to obtain from existing
experimental data at excitation energies E; of our interest.
Therefore, we have to rely on simulations of these quantities
within the statistical model. Such simulations, performed using
the DICEBOX code [20], indicate that in Mo the product
(°)J(E )p(')(Ei) from Eq. (7) can differ for levels with the
same parity but different spin, as well as for levels with the
same spin but opposite parity at a given E;.

Clear examples of a significant
F(T.’) J(E,-)py)(Ei) on parity are low-E; regions in nuclei with
levels of only one parity near the bottom of the level scheme.
This is the case in “>Mo, where, below an excitation energy
of about 2 MeV, there are only positive-parity levels. As
a result, at excitation energy E; ~ 3-5 MeV levels with
positive (negative)-parity decay dominantly via M1 (E1)
transitions. If fiz1)(E,) > fiun(E,) at E, ~ 2-5 MeV and

pSUE) ~ p(E:) at E; ~3-5 MeV, then Ty )(E)>

(T+;(E) Shell-model calculations of **Mo, presented in

Ref. [21], indicated an independence of the NLD on parity
above excitation energy of about 2.5 MeV. Assuming PSF
of pure E1 character together with parity independence of
NLD at initial energies, simulations with model combination
B, which is based on Oslo data (see below), indicate that

the ratio F J(E )p e

dependence of

(E )/ Ur  (E; )p(“(Ei) would be about
10, 4, and 2 5 for E; = 3, 4, and 5 MeV, respectively. Such
different values could easily lead to w ™ (E;) > w7 (E;); the
dominance of fy1)(E,) over fg(E,) at E, ~2-5 MeV
would lead to the opposite relation, i.e., W )(E ) > wH(E).

However, simulations with model comblnatlon A—amodel
for which we a priori know the XL composition and which
reasonably describes %.9%Mo(n, y) data [6-8] (see below)—
show that the ratio of the F(T.) J(E ) p(')(Ei) for levels with the
same spin but opposite parity is much smaller and decreases
from about 1.3 at E; ~ 3 MeV down to about 1.2 at §,,, i.e.,
neutron resonances, being higher for negative-parity levels.

Similar values of Ty (E;) for levels with both parities, at
least for E; < 5 MeV, result from comparable fiz1)(E,) and
San(E,) at E, S5 MeV. The experimental ratio of the
average total radiation widths for p-wave (negative-parity)
and s-wave (positive-parity) neutron resonances, i.e., levels
near E; &~ 7.4 MeV, is 1.46(13) [22].

Simulated differences in F(T") 7(E;) on spin J for fixed E;
and parity e are up to about 1.7 and 2 for levels differing by
one and two units of spin, respectively; the maximum value

of F(T.’)J(Ei) is reached for J = 5/2 levels. Nonetheless, the
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J dependence of F(T.,) ;(E;) is not of great importance, as the
difference is very similar for levels with both parities.
Similarly to F(T") ;(E;), experimental data on spin and parity
dependence of the cross section are not available for the E;
of interest. The average cross sections G J(d »(Ei) for the
production of levels with different parities were calculated with
the TALYS react1on code [23]. The calculations indicate that
_(j'()d (B~ ~ G 7 (d »(Ei) at all energies E; relevant for our
experiment. The calculated J dependence of 7 ; (4, p)(E;) then
scales nicely with the spin dependence of level density [21].
This latter dependence justiﬁes the fact that We discussed only
the spin dependence of T J(E ) instead of T J(E )p(.)(Ei)

in the previous paragraph, as the ratio 0(J°)(d »/ ,o(;)(El) is

expected to be virtually independent of spin J.

A combination of all ﬁndings discussed above indicates
that WH(E) /W (E;) oc Ty ) (Ei) /Ty )(E:) for E;, where
the NLD is independent of parity; the ratio is at the same

time virtually independent of J. The relation given in Eq. (1)

is then valid only if F(T+}(E ) &

seems to be closely matched to the real situation in *>Mo.
However, experimental data on I'r s, as well as results from
simulations indicate that its validity is only approximate and
that the E,, dependence of the M1 PSF might be enhanced in
the £, dependence of observables N . (E;,E,)/ Ef,

(T_)](E ;). This assumption

III. CONSISTENCY OF EXPERIMENTAL DATA
WITH PSF MODELS

The discussion in the previous section indicates that the
relation between the E, dependence of our observables
N, (EiE,)/ Ef, and the PSF might be very complicated, in
general, but it should be close to fig1)(E,) + fiun(E,) in
%Mo. We thus decided to investigate the compatibility of
several PSF models with experimental data, assuming validity
of Eq. (1). We were also able to investigate models where PSFs
do not only depend on E, but also on excitation energy.

A. Tested PSFs models

Tested PSF models describe well experimental data from
different reactions in > Mo or neighboring Mo nuclei. Specif-
ically, we used (i) a model which well described two-step and
multistep y cascade data following slow neutron capture in
the neighboring nucleus **Mo [6,7], (ii) the PSF shape repro-
ducing data from the 96M0(3He ,oz)/)95 Mo reaction [4,24], and
(iii) a model describing (y,y’) data at E, > 4 MeV [9]. A
couple of other models were also tested; see below. Strictly
speaking, only some of the tested PSF shapes are based on
theory and can be called models, while the others are based on
fits to experimental data. Nevertheless, for the sake of brevity,
all tested PSF shapes will be referred to as “models.”

1. Models reproducing (n,y) data

The PSF model reproducing (n,y) data consisted of a gen-
eralized Lorentzian (GLO) model [12] for fig1(E,,Tf)and a
combination of the Lorentzian spin-flip (SF) resonance and a
single-particle (SP) strength for fy1)(E,). The parameters
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FIG. 2. Comparison of experimental NL](E,-,EV)/E; data with
predictions of the PSF model describing (12,y) data in **Mo (model
A). Different colors of experimental data correspond to different E;,
in agreement with the model color coding; different symbols are
used for different spins of L ;. Experimental data are normalized to
corresponding modeled E; curves.

of the giant electric dipole resonance (GEDR) adopted in
our comparison were exactly those used in the analysis
of ®Mo(n,y) data [6,7]; Egepr = 16.20 MeV, I'gepr =
6.01 MeV, and ogepr = 185 mb [25]. The fGD(E,.Ty)
depends not only on E, but also on the temperature of the
final level reached through y decay Ty = \/a(E; — E, — A),
where a is a level density parameter and A is a pairing
energy; a = 9.78 MeV~! was considered in our analysis [26].
There are several different approaches to how to treat A: (i)
A = P, = 1.33MeV for Mo, where P, is the neutron pairing
energy in neutron-odd nuclei calculated from neutron sepa-
ration energies of neighbor nuclei [27]; (i) A = P; = 0.49
MeV for **Mo, where P, is the deuteron pairing energy [26];
and (iii)) A = C; + P,, where the backshift parameter C| =
—6.6A7932 [27] yields A = —0.2 MeV in **Mo. The choice
of A influences the PSF shape obtained from the GLO model.
Hereafter, the symbols A, AT, and A* will be used for the
above-described PSF model combinations with A = 0.49,
—0.2, and 1.33 MeV adopted in the fGiP(E,.Ty) model,
respectively. The PSF model combination A (A = 0.49 MeV)
is plotted in Fig. 2, together with experimental N, (E;, E, )/ E i
data. A normalization of experimental data sets for each E; and
Ji, is independent and made with respect to the corresponding
calculated E; curves.

All A-type model combinations (A, AT, A*) are decreasing
functions of E, at low energies. The slope of the decrease
depends on E;—the higher the E;, the flatter is the PSF—
and the minimum in the PSF is reached for £, = E; — A for
transitions from E; < 4.5 MeV and is shifted to lower E,, than
given by E; — A for higher E;.

2. Models reproducing Oslo data

We tested PSF shapes which reproduce
96M0(3He,ozy)95M0 data and were obtained from the
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TABLE 1. Parameters of quadratic PSF fits f(E,) [MeV~3] =
10~%(a + bE, + cE}) adopted for models of B and D type. Energies
E, are to be given in MeV. Two parameter sets for model D
correspond to E,, regions below and above 3.85 MeV.

Model a b c

B 17.46 —8.176 1.225
B* 17.11 —9.398 1.738
D (E, < 3.85MeV) 14.05 —5.923 0.921
D (E, > 3.85MeV) 74.84 —37.27 4.962

analysis of experimental data using the Oslo method [4].
The simultaneous extraction of NLD and PSF using this
method produces PSF uncertain by a factor ¢“£v. The value
of the constant c is usually determined from a fit of NLD to
the number of low-lying levels and the density of neutron
resonances [5,24]. Probably the most significant problem in
determining constant ¢ comes from uncertainties of the NLD
spin dependence; the spin dependence is usually characterized
by the spin cutoff parameter o.. This parameter is used to
obtain total NLD in the neutron resonance region as the
available measured data on neutron resonances cover only a
narrow spin window, while data from 3He-induced reactions
correspond to a broad range of spins. In principle, using
(d,pyy) data, we might try to determine the value of ¢ and
further estimate what fraction of total NLD is represented by
neutron resonances with given J” (or equivalently determine
o).

Two different normalizations for the °°Mo(*He ,ay)
data [4,24], which differ in o,, were adopted. In practice, the
experimental points, corresponding to these two normaliza-
tions, were approximated with quadratic fits. These quadratic
fits are further labeled as models B (fit to normalization from
Ref. [4]) and B* (fit to normalization from Ref. [24]), with
parameters of the fits listed in Table I. No information on
the X L PSF makeup was derived directly from *He-induced
data. Nevertheless, experimental data from angular correlation
measurement in >°Fe indicated that the PSF at low E, is
dominantly of dipole nature [28].

The absolute normalizations of B-type models cannot be
determined from experimental data. It is usually adjusted to re-
produce the total radiation width of neutron resonances, I'7 res.
In our case, we fixed the normalization to reasonably reproduce
data points for E, <5 MeV presented in Fig. 3. Resulting
B and B* models are shown therein. The normalization of
experimental data points in Fig. 3 is presented below; see
Sec. Il A 4.

3. Models reproducing (y,y’) data

Experimental data from (y,y’) are available for E, >
4 MeV in even-even Mo isotopes from measurements at
ELBE [9] and for **Mo and **Mo also from the HIyS
facility [10,11]. The E, dependence of the PSF from ELBE
measurements in this region is similar for ****Mo nuclei.
For our purpose we approximated the (y,y’) experimental
points with the same E, dependence of the PSF as in the
analysis of **Mo multistep cascade data [8] and labeled this
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FIG. 3. Comparison of experimental data with tested PSF models;
for details of the models, see the main text. Two curves in panel (a),
corresponding to transitions from S, (upper curve) and transitions to
the ground state (lower curve) are plotted for model A, which depends
on the excitation energy. Normalization of experimental data from
each E; and Ji; is made with respect to model D in both panels of
the figure. For a quantitative comparison of experimental data with
predictions, individual normalization factors must be applied for each
model and each pair of E; and Ji;. Symbols used for experimental
data are the same as those in Fig. 2.

PSF shape as model combination C. Strictly speaking, the
model combination can be tested only for E, >4 MeV.
However, we decided to extend the E, dependence of the
model combination ad hoc below E, =4 MeV, where no
data from (y,y’) are available, in line with the extension
used in Ref. [8]; we used a constant £1 PSF in combination
with the tail of the spin-flip M1 resonance. As a result, the
PSF in model C is a slowly increasing function of E, below
E, =4 MeV.

HIy S data on Mo isotopes indicate that the £, dependence
of the PSF could be similar to a Lorentzian shape [9,10].
Therefore, we decided to test also the Lorentzian E1 PSF
shape in combination with the spin-flip M1 resonance and
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labeled this model combination as C*. Model combinations of
C type are plotted in Fig. 3. The normalization to y absorption
data above S, was adopted for these models.

4. PSF dependence derived from (d,pyy) data

Dataon Ni,(E;, E,) for Ji, = 3/2 levels from different E;
display a significant overlap in y-ray energy. We used this fact
for constructing a PSF model exclusively from **Mo(d, py y)
data assuming no E; (or equivalently 7) PSF dependence, in
line with the Brink hypothesis [29]. To get the E, dependence
of the PSF, we fitted N, L; (Ei,E))/E }3, data independently from
different E; with a quadratic E, function. These fits for the
three lowest initial regions, E; = 3-5 MeV, show an almost
identical E, dependence. As a result, the E, dependence
between about 1 and 4 MeV seems to be well approximated
with a simple quadratic function.

The E, dependence of individual quadratic fits for higher
E; start to deviate from one another. Nevertheless, we can
match the fits for E; =4 MeV and E; =6 MeV at E, =
3.85 MeV, where these two fits display close values of
their derivatives, to obtain a good approximation of (d,pyy)
experimental points over the whole measured E,, interval. This
bi-quadratic E,, dependence is labeled as model D and is also
plotted in Fig. 3. The parameters of quadratic fits used in this
model are listed in Table I. At E;, < 4 MeV the PSF shape is
similar to predictions of the B and B* models which are based
on Oslo data. Similarly to B-type models, we are unable to
make statements regarding the X L makeup of model D.

Absolute normalization of the D model is not possible from
%Mo(d, pyy) data. The normalization in Fig. 3 corresponds
to reasonable matching of the model D to the total y
absorption cross section o, 7 just above S,. In reality, to get
o,r a significant correction of the (y,n) data [30] for (y,y’)
contributions has to be made at energies between S,, and about
9 MeV, as neutrons emitted from states at these energies have
to carry very high orbital momentum [21]. We tried to estimate
the contribution of o, to o,7 with the TALYS code [23]
using its default models. Deduced values of the PSF after
this correction are shown in Fig. 3 as solid diamonds. The
%Mo(d, pyy) experimental data in both panels of Fig. 3 are
then normalized with respect to the model D.

5. A constant PSF

Models of A, B, and D type show a decrease of PSF with
increasing E, at E, <4 MeV. It seems very interesting to
check whether we really need any decrease in PSF at low E,,.
To test this, we also investigated a constant PSF for low E,
and labeled it as model E.

B. Expected fluctuations of individual intensities

Factor F ﬁ') from Eq. (5) describes the influence of fluctua-
tions of individual quantities on the right-hand side of Eq. (2)
on N, L/.(Ei,Ey). Uncertainties owing to this factor should be
added to experimental errors when quantifying the agreement
between experimental data and PSF model predictions.

The statistical model assumes that individual partial radi-
ation widths fluctuate around their expectation value with a
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TABLE II. The x? values characterizing the agreement of tested models with experimental data for five (1-MeV-wide) excitation energy
regions of initial levels, labeled via midpoint energy E;, and four values of spin J; of final levels L ;. Values of N(E;) represent the expected
number of levels, predicted by the CT and the BSFG NLD models, within the 1-MeV-wide interval centered around E;, which can decay to
final levels with spin J;; via dipole transitions. Quantity X represents the expected relative rms of the fluctuation of transitions from the
1-MeV-wide region around E; to a low-lying level L ;; see Sec. III B. Values of v give the number of degrees of freedom for each data set. The

uncertainty used in the calculation of x2 values is a sum in quadrature of experimental errors and X .

E; ]L‘, N(E;) 2 (%) v X

(MeV) CT BSFG CT BSFG A A* At B B* Bt C Cc* D E
3.0 3/2 65 105 21 15 5 4745 18967 3.149 1.441 2.751 3368 10.124 25.084 2.100 8.684
4.0 3/2 200 340 11 8 6 6.111 14450 5946 5989 10340 7.390 6.501 13.993 5.536 6.078
5.0 3/2 650 950 6 5 6 10436 2722 13.614 4.187 4209 5295 4829 7.058 6.508

6.0 3/2 1700 2300 4 3 6 31.210 15.444 36.823 11.609 12.168 3.802 10.857 31.691 2.476

7.0 3/2 5300 5800 2 2 6 54331 40.857 59.568 24798 25.443 7992 33.049 55275 9.155

3.0 1/2 35 60 28 21 1 0.541 0.028  0.385 0.666 0.547 0414 0.170  0.007 0.505 0.198
4.0 1/2 110 180 15 11 1 0.001 0.392  0.008 0.000 0.180 0.061 0.048  0.253 0.012 0.026
5.0 1/2 350 530 8 6 1 4926 6.662 4927 6.118 6.964 7.101 6.528 5.735 6.875

6.0 1/2 1100 1400 4 4 1 0.333 0.786 0308 0.819 0.845 1324 0.832 0374 1.679

7.0 1/2 3500 3600 2 2 1 3.963 3.086 4.070 3.180 3.308 2.240 3.291 4299 2371

3.0 7/2 80 130 19 14 1 0.500 0.006 0.297  0.681 0.516 0.334  0.064 0.036 0.455 0.090
4.0 7/2 260 420 9 7 1 0.463 0.001 0376 0.502 0.050 0.186 0.211 0.014 0.353 0.278
5.0 7/2 850 1300 5 4 1 1.951 0.839 1.949 1.138  0.700 0.646  0.992 1.361 0.772

6.0 7/2 2700 3500 2 2 1 2.736  3.736  2.671 3.798 3.852 4.674 3.828 2.847 5.230

7.0 7/2 8700 9000 2 2 1 1.818 1.318 1.880 1.369 1.440 0.858 1.431 2.009 0.924

3.0 9/2 70 120 20 14 1 6.661 8.195 7.336  5.785 5.857 7.030 8.661 10.833 6.447 8.468
4.0 9/2 240 400 10 8 1 1.723 3.673 2.066 1.005 2.858 2.197 3.006 5311 1.644 2.672
5.0 9/2 780 1150 5 4 1 1.431 0.387 1.376  0.607 0.021 0.083 1.179  0.383 0.373

6.0 9/2 2500 3300 3 3 1 0.061 0.043 0.076 0236  0.367 0.943 0.394  0.003 1.769

7.0 9/2 8200 8500 2 2 1 1.214  0.629 1.306 0383 0.441 0.016 0.453 1.346  0.009

xf distribution with v = 1 degree of freedom, the so-called
Porter-Thomas distribution (PTD) [31].

Expected fluctuations of total radiation widths are signif-
icantly suppressed with respect to the PTD. As evident from
Eq. (7), their size depends on the number and energy of
final levels f below E;. In general, they decrease with E;
as the accessible number of final levels f increases. They
can be estimated for any combination of PSF and NLD
models from statistical model simulations. Using the DICEBOX
algorithm [20] we found that they do not significantly depend
on spin and parity of a level at given E; and they decrease with
excitation energy from about 35% at E; =3 MeV to about
10%—-15% at E; =7 MeV, slightly depending on the NLD
and PSF models.

Fluctuation properties of oy (4, »)(E;) are not well known.
Within the strict version of the statistical approach they should
be described by the PTD for each reaction channel, but actual
fluctuations of oy (4, »)(E;) might significantly differ from the
PTD. Nevertheless, naive inspection of spectroscopic factors
for levels at low excitation energies in “Mo from Ref. [32]
indicates that the distribution of o; (4, »)(E;) is not very narrow.

To test the compatibility of PSF models with experimental
data, we could adopt different assumptions on fluctuations of
OkJ,d,p)- In reality, we decided to use two assumptions: (i)
0k, p)(E;) fluctuate according to the PTD and (ii) there is
no fluctuation of oy, 4, ,)(E;) at all. The former assumption
is believed to be closer to reality, but the latter one was

chosen to show that even this unrealistic assumption, which
definitely underestimates the real fluctuations, allows for good
consistency of a broad variety of tested PSF models with
experimental data.

Expected rms values of relative fluctuations of N, L; (Ei,E,),
labeled here as X, are determined by fluctuation properties
of y transitions from individual levels at E; and the number of
these levels. Unfortunately, the number of levels at E; is not
known. We decided to estimate this number with help of NLD
models. For this purpose we adopted the back-shifted Fermi
gas (BSFG) and the constant-temperature (CT) models [26].
The BSFG model predicts a higher number of levels than the
CT model at excitation energies of interest, £; = 3—7 MeV.
The expected total numbers of levels N(E;) (of both parities)
in a 1-MeV-wide interval around E;, which can decay to levels
with spin Ji; by dipole transitions, for both these NLD models
are listed in Table II.

Assuming that (i) there is no fluctuation in ox; g, p)(E;)
and (ii) levels with all spins and both parities contribute with
the same weight w(;)(E,-) to the sum in Eq. (5), the Xp
values are listed in Table II for both NLD models; the
fluctuation of total radiation widths, mentioned earlier in this
section, was considered in calculating the ¥ values. Both of
these assumptions make the presented values of Xy at most
equal but more likely considerably smaller than the actual
fluctuations. First, as mentioned above, individual oy s 4, p)(E;)
are expected to fluctuate. Assuming the PTD for fluctuations of
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OkJ.(d, p)» the listed X then increases by a factor of about 1.7.
Second, any deviation of fig(E; — Er)/fmn(Ei — EL})
from unity discriminates contribution of levels with one parity
to Ny, (E;, E,) and effectively lowers the number of levels
N(E;) which can decay to low-lying levels with spin Ji,
via dipole transitions; the values of ¥ are proportional to
1//N(E)).

The X fluctuations were incoherently added to experimen-
tal uncertainties when testing the compatibility of PSF models
with experimental data.

C. Results

The x? values characterizing the agreement of tested PSF
models with experiment are presented in Table II for individual
initial energies E;, spins of final levels J, L;» and relative
fluctuations X corresponding to the BSFG NLD model (sixth
column of the table). The number of degrees of freedom v, also
given in Table II, corresponds to the number of available final
levels L; in %Mo with spin Ji; decreased by one as there
is an independent normalization factor between experiment
and simulations for each E; and J. ;. Data sets for different
E;, as well as Jp ; are fully independent, which allows for easy
checks of the consistency of predictions with experiment using
different combinations of these data sets.

In reality, restrictions on the PSF E, dependence can be
made almost exclusively only from J,; = 3/2 data sets. For
all other spins, J, information on intensities Ny (E;, E)) is
available only for two levels with similar excitation energy
EL.. Ratios of these intensities for levels with similar E L
should be close to unity. As a result, the %2 values obtained
for these spins should serve rather for checking the correctness
of the estimate of fluctuations of intensities, described by X
than for getting information on PSFs. No significant deviation
of x? values from the expected behavior is visible in Table II.

The x? values corresponding to Ji; = 3/2 clearly show
that with the exception of the PSF shape of model D, which is
derived from (d, py y) data itself, there is no above-introduced
PSF model which can satisfactorily describe data from E; =
6-7 MeV. As a result we decided to discuss the acceptability
of tested models separately for two regions of E,,.

1. Results for E, < 4 MeV

Probably the most interesting is the £, < 3—4 MeV region,
where a significant PSF decrease with E,, has been reported
from Oslo data. This region can be probed by our E; =
3-5 MeV data; higher E; cannot be used owing to lack of
experimental points for low E,, . Expected relative fluctuations
of individual intensities N (E;, E,), described by Xr, are
significant at these excitation energies and may be bigger than
experimental uncertainties.

The x? values listed in Table II imply that no strong
restrictions on PSFs models can be made using the standard
x2-based analysis. Using the x? criterion, dataat £, < 4 MeV
are fully consistent with all B-type, as well as A, Af, and
D, models. In addition, a constant PSF (model E) and an
increasing PSF atthese E,,, as given by the low-E,, dependence
for model C, are still acceptable on high probability levels of
10% and 5%, respectively. Moreover, as mentioned above,
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TABLE III. Significance levels for rejection of various PSF
models, specified in the second row, using the Cox approach [33]
with respect to model B. Two NLD models, specified in the first
column, and two options for fluctuation of oy, 4, ,)(E;), specified in
the second column, were adopted; see the main text for details.

Oks.dp)(Ei) Significance level (%)
NLD fluctuation A A" B* Bf C D E
BSFG None 98.8 98.4 99.8 99.2 99998 85 99.97
BSFG PTD 96.1 96.3 99.1 97.6 9995 78 99.85
CT None 973 974 99.6 98.5 9998 82 99.94
CT PTD 945 955 983 96.1 99.83 76 99.6

the X values listed in Table II likely underestimate the real
ones allowing consistency of even a broader range of PSF
models. Significantly different x2 values for A-type models
also indicate that there is a sensitivity to the shift A in the GLO
model. The noted limited sensitivity makes also a prospective
determination of ¢ (or o,), as proposed in Sec. III A2, very
difficult using this E,, region.

Nevertheless, more powerful approaches can be invoked
for testing a pair of competing hypotheses if one of them is
correct, notably the Cox test of linear regression models [33].
With this approach even seemingly miniscule differences in
x* values, Ax2, = X, — Xi,» obtained with two hypotheses
(models) Hy and H; for the same set of experimental data,
may allow for rejection of one of them in favor of the other
at high significance level. Motivated by the Cox approach, we
tested the compatibility of a A Xezxp value with the distribution
expected for this quantity under the assumption that H is valid.

In practice, we considered 28 pairs (Hyp, H;). In all of them
Hy was represented by one of 14 combinations of the PSF
and LD models in conditions of presence or absence of the
Porter-Thomas fluctuations for oy 4, ,)(E;), as specified in
Table III and Sec. III B. For H; we chose the model B, as the
sum of x? values from experimental data reaches the lowest
value among all tested PSF models. For each pair we simulated
109 artificial data sets based on validity of each choice of
hypothesis Hy. This enabled us to construct the expected
distributions of A x2. Experimental uncertainties were taken
into account during simulations. The same normalization
procedure as that used for the experimental data, was applied
to each artificial data set. Only transitions with £, < 4 MeV
were used in the analysis. At least two transitions with these
energies were found for all J;; from E; = 3-4 MeV and also
for Ji, = 3/2 from E; = 5 MeV.

Having the constructed distributions of A x2, we deter-
mined statistical significance levels for rejection of each of
the considered PSF and LD model combination in favor of
PSF model B. These results are listed in Table III.

As discussed above, the actual distribution of oy 4, p)(E;),
as well as the actual number of levels in the region near E;
contributing to the feeding of low-lying levels is not precisely
known, and could differ from any assumption used in Table III.
Nonetheless, the listed probabilities for rejection serve as
an illustration of the power of the used Cox approach. The
highest (smallest) significance levels in each column of the
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table correspond to the smallest (highest) values of X . The
combination of the BSFG NLD for number of levels with no
fluctuation of oy 4, »)(E;) likely gives unrealistically low X,
while other combinations should be closer to reality.

The values listed in Table III indicate that several tested
models cannot be rejected at high significance levels; the
significance levels corresponding to rejection of a model
at standard 20 and 3o levels are 97.72% and 99.87%,
respectively. Only a constant PSF (model E) or a PSF which
is a slowly increasing function of E, (model C) can be
rejected with really high confidence using the Cox approach.
Moreover, as the Cox approach tests a pair of competing
hypotheses the meaning of significance levels is problematic
if none of the hypotheses is correct. For illustration, if we
test the significance level for rejection assuming validity of
one of the models A—the model reproducing coincidence
(n,y) data—and E, then the constant PSF (model E) can be
rejected at the significance level ranging from 97% [for PTD
fluctuation of oy (4, »y(E;) and the CT NLD model] to 99.4%
[no fluctuation of oy s (4, p)(E;) and the BSFG NLD model].

To summarize the discussion, it seems difficult to draw
definite conclusions on the PSF E, dependence for E, < 4
MeV from the data measured in the **Mo(d,pyy)*Mo
reaction. According to us, the appropriate statement is that a
PSF decrease with E,, at E,, ~ 1-3 MeV is preferred, but the
experimental (d, pyy) data cannot unambiguously decide if
the shape is more similar to that proposed from the Oslo-type
experiment or to predictions from the combination of the
GLO model for E1 PSF and SP and SF models for M1 PSF,
preferred by (n,y) data, which exhibits a less steep decrease
of PSF with E,,.

2. Results for E, > 4 MeV

The PSF is expected to rise with E, at E, > 4 MeV.
This E, region can be probed with data for E; 2 5 MeV,
where expected fluctuations Xy are significantly smaller than
experimental errors. As a result, the acceptability of individual
models depends only weakly on expected fluctuation prop-
erties of oy @, (E;), as well as on NLD models used in
estimating X .

As evident from Table II, agreement of experimental points
for Jp, =3/2 levels with all A-, B-, and C-type model
combinations is poor for E, > 5 MeV. Considering the x>
values for E; = 6-7 MeV for J;; = 3/2, all these models can
be rejected at a significance level of at least 99.93%, even if
01, p)(E;) fluctuates according to the PTD. Figures 2 and 3
indicate that the £, dependence of the PSFs must be steeper
than predicted by any of these model combinations; it is to be
similar to that in model D.

According to our knowledge, such a steep E, dependence
of the PSF has never been observed in any previous experiment
exploiting a nuclear reaction with a hadronic probe. Model D
allows for perfect matching of the PSF from (y,n) data, which
are above S, usually well described with a Lorentzian shape
(C* model), with the absolute PSF values at E, <5 MeV
predicted by the GLO model or by models based on Oslo
data. The model also reasonably reproduces the total radiation
width of neutron resonances; see Table IV and Sec. III C 3.
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TABLE IV. Total radiation width of neutron resonances, I'7 s,
predicted by tested PSF models in combination with the BSFG
NLD model. Fluctuations in simulations come from Porter-Thomas
fluctuations of individual transition intensities. The experimental
value for p-wave resonances comes from a mixture of 1/2~ and 3/2~
resonances. Uncertainties in experimental values correspond to error
of the mean and do not reflect the fluctuations between individual
widths.

Model I'7 res (MeV)
1/2% 1/2~ 3/2-

A 150(15) 190(25) 170(20)
B* 80(10) 140(30) 110(20)
B® 90(10) 120(30) 110(20)
B*? 90(10) 210(60) 160(30)
B*® 120(20) 180(50) 150(30)
B 80(10) 250(90) 180(50)
Bf® 120(20) 210(70) 160(40)
C 250(30) 510(120) 410(70)
Cc* 400(40) 680(150) 570(90)
D? 85(10) 240(80) 180(50)
Db 120(20) 220(70) 170(40)
Experiment [22] 128(9) 188(10)

“PSFs assumed to be only of E1 type.
PRatio Jen(Ey)/ fonye,) = 4 for all E, (see text for details).

We would like to note here that (,)) data in neighboring Mo
nuclei analyzed in Refs. [6-8] are not very sensitive to PSFs
at E, 2 5 —6 MeV, and the precise E, dependence of the
PSF can hardly be determined from an analysis of primary
transition intensities owing to their restricted number in the
Mo mass region. The PSF slope from ELBE data (model C)
is similar to that of model D for E, ~ 4 — 6 MeV, but there
is a significant difference between these two PSF models at
higher E, . Although the steepness of (d, py y) data, together
with the shape of o, 7 just above S, might indicate that we
observe a pygmy resonance situated near 8 MeV, the difference
in position of the resonance maximum between (d, py y) and
the ELBE data does not allow to make any definite conclusions
on the actual PSF shape in the E,, = 5-9-MeV region.

The PSF slope for £, = 5-7 MeV, obtained from (d, py y)
data, might also be used for fixing the PSF E, dependence (via
constant ¢ or o.) in the Oslo method. Higher PSF slopes in this
E,, region with respect to those from Refs. [4,24] would reduce
the low- E,, PSF enhancement deduced from Oslo experiments.
The E, dependence of the PSF at E,, < 3.5 MeV would then
be very similar to that predicted with the A model combination
from E; ~ 3.5 MeV. The PSF corresponding to model B
multiplied by a factor ¢®3f», which reasonably reproduces
the E, dependence of (d,pyy) data for E, 2 5 MeV, is,
after a renormalization, plotted in Fig. 3 and labeled as BY.
The acceptability of this model at low E, is similar to the
acceptability of model A; see values in Tables II and III.
We have to admit that the proposed change of PSF slope
would require a significantly different spin dependence of
NLD in the neutron resonance region from that used in
Refs. [4,24,34]. Specifically, the total NLD derived from Oslo
data corresponding to PSF model B would be higher by a
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factor of about six in the resonance region compared to the
original NLD from Ref. [34]. The fraction of the total NLD,
represented by observed neutron resonances, would then be
smaller by the same factor than the fraction assumed in Ref. [4]
(or acz would be higher by a similar factor).

3. Total radiation width

Predicted values of total radiation width of neutron reso-
nances "7 res from DICEBOX simulations are listed in Table IV
for all tested models. As I'r s depends on the absolute PSF
normalization and the number of levels to which resonances
can decay [see Eq. (7)], these quantities can be used as a
partial check of correctness of the PSF absolute normalization.
The I'r s values presented in Table IV were obtained with
the absolute normalization of PSF models, as shown in
Figs. 2 and 3 and with the BSFG model of NLD. If the CT
model of NLD is used, I'r s values are smaller by about
30%—40%, slightly depending on the PSF model combination.
The uncertainties in predicted I'r s come from fluctua-
tions of individual partial radiation widths according to the
PTD.

Predicted I'7 ;s for resonances with different parity depends
significantly on the X L makeup of the PSF at E,, 2 5 MeV,
owing to the dominance of levels with positive parity at low
excitation energies. This influence is illustrated in Table IV for
several models. The two calculated I'y s values correspond
to (i) all strength of E'1 type and (ii) fien(Ey)/fimn(E,) =4
for all E,,. The ratio in the latter option corresponds to results
from an analysis of primary transitions in (r,y) reaction in the
Mo region [14] and I'7 s predicted with this ratio are thus
more appropriate. In general, transfer of some strength from
Elto M1 for E, 2 5 MeV increases (decreases) 'z rcs from
positive- (negative)-parity resonances. Sensitivity of I'r s to
the XL makeup at lower E, is much smaller as the number
of levels with both parities is expected to be similar at higher
excitation energies; a parity-independent NLD was assumed
above 2.1 MeV in simulations.

Good reproduction of absolute experimental I'z ;s values
with predictions based on a combination of PSF model D,
with fig1y(E))/fauy(Ey) = 4, and BSFG NLD indicates that
the absolutization of (d, pyy) experimental data is adequate
in Fig. 3, where the data are normalized to model D.
Reproduction of I'r rs for PSF model D in combination with
the CT NLD model would require a multiplication of the PSF
model, or (d, py y) experimental data, by a factor of about 1.3;
the data, although closer, would still be somewhat lower than
the ELBE (y,y’) data.

IV. SUMMARY

A detailed discussion of the relation between photon
strength functions and experimentally observed E, depen-
dence of intensities of y transitions, feeding low-lying levels
from levels at higher excitation energies produced in (d,p)
reaction, is presented. The E, dependence of observed
intensities, reduced by E2, from selected regions of initial
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energies is, in general, proportional to a nontrivial combination
of E1 and M1 PSFs. When assessing the magnitude of the
contributions of each transition type, we found commanding
influence of the ratio of total radiation widths for levels with
different parity at the same initial excitation energy. The pro-
portionality of reduced intensities to fz1)(E,) + fr(Ey)
seems to be approximately satisfied for y transitions from
levels at high excitation energies of > Mo produced in the
94Mo(d,p)/y)%Mo reaction [17].

Assuming the proportionality, we compared the consistency
of several PSF E, dependencies with experimental data.
Unfortunately, a fully correct quantitative comparison appears
to be difficult, especially owing to uncertainties in fluctuations
of the cross section for the production of individual levels
in the (d, p) reaction. Despite this uncertainty, some general
conclusions can be made.

The standard x? test for the comparison of experimental
data with model predictions does not allow to make strong
constraints on the E,, dependence of the PSF at E,, < 4 MeV.
The test cannot unambiguously decide whether the PSF is
a strongly decreasing function of E, at E, <3 MeV—as
proposed from *He-induced reactions—or a slowly increasing
function of E,,.

Stronger restrictions on acceptable models can be applied
using more powerful statistical tests by comparing the validity
of competing hypotheses, assuming correctness of one of
them. These statistical tests indicate that the PSF in “*Mo
is likely a decreasing function of E, at E, ~ 1-3 MeV.
Nevertheless, even these tests are unable to decide if the
decrease rather follows the PSF E, dependence derived
from Oslo experiments or the dependence predicted by the
temperature-dependent GLO model of £1 PSF in combination
with the single-particle and spin-flip models of M1 PSF,
reproducing data from (#,y ) reactions, at these E,, . Additional
experimental data on the PSFs are highly desired to get more
precise information on the E, dependence of the PSF in this
E, region.

At higher E,, data from the %“Mo(d, pyy)*Mo reaction
indicate that the E, dependence of the PSF is steeper than
predicted by any of the tested models which are based on
results from nuclear reactions induced by hadronic probes. The
PSF shape seems to be similar at £, ~ 4-6 MeV to results
from (y,y’) measurements but with a significant deviation
at E, > 6 MeV. The steep PSF from the **Mo(d, pyy)**Mo
reaction for E, ~ 5-7 MeV seems to nicely match absolute
PSF values above S, from (y,n) data with the PSF values
proposed from Oslo or (n,y) dataat E,, < 5 MeV. Independent
experimental confirmation of the PSF shape in this region
would also be highly appreciated.
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