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Dynamical simulation of neutron-induced fission of uranium isotopes
using four-dimensional Langevin equations
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Four-dimensional Langevin equations have been suggested for the dynamical simulation of neutron-induced
fission at low and medium excitation energies. The mass distribution of the fission fragments, the neutron
multiplicity, and the fission cross section for the thermal and fast neutron-induced fission of 233U, 235U, and 238U
is studied by considering energy dissipation of the compound nucleus through the fission using four-dimensional
Langevin equations combined with a Monte Carlo simulation approach. The calculated results using this approach
indicate reasonable agreement with available experimental data.
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I. INTRODUCTION

The mass distribution of the fission fragments and the
multiplicity of γ rays and emitted neutrons are among the
characteristics of neutron-induced fission in low excitation
energies that have repeatedly come into focus as interesting
features [1–7]. It is a well-known fact that the mass yield
distribution in the neutron-induced fission of medium-Z
actinides is asymmetric in nature [8]. Among the actinides,
the fission of uranium isotopes is more interesting because
of its application in accelerated driven subcritical system,
conventional light and heavy water reactors, advanced heavy
water reactors, and fast reactors [9–11]. Statistical descrip-
tions of the fission process are often used to explain the
experimental fission characteristics. By using the statistical
scission-point model, the Weisskopf-type, or the Hauser-
Feshbach approaches, the particle emission is simulated from
the excited fission fragments based on sequential emission
without considering time and the dynamical evolution of the
fission process [12,13]. The transition state model (TSM) is
one of the commonly used models developed to study the
fission process. The fundamental assumptions of the TSM are
that the spin projection (K) on the nuclear symmetry axis
is conserved during the fission process and the transition time
between the saddle and scission point is relatively short, so one
can consider saddle or scission configuration as a compound
nucleus characteristic.

The statistical scission-point model for fission, based on
the assumption of statistical equilibrium among collective
degrees of freedom at the scission point, allows the use
of a parameter-free microcanonical statistical description to
calculate the fission fragments’ mass distribution and the mean
values of all the fission observables [14–17]. These types of
methods often define the shape of nuclear surface in a way
that does not rely on any shape parametrization [18,19]. The
statistical model is widely used to calculate the reaction rate as
long as there is a sufficiently high density of excited states in
the compound nuclei at the relevant bombarding energy, which
occurs in the case of superheavy systems. However, at shell
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closures and by decreasing neutron energies, level densities
at relevant compound formation energy in neutron-induced
reactions become too small for such models to be practical
[20]. Although equability of collective kinetic energies for
constant distance between the tips of the fragments, and
characterizing the excitation energy of the fragments with
a nuclear temperature (independent of both the mass and
the charge ratio) made the scission-point model an easily
calculable approach [21], large amounts of experimental
data indicate that the multiplicity of the prescission particles
from excited nuclei exceeds the statistical model predictions.
A correct understanding of the fission process requires a
dynamical interpretation for evaluation of nucleons in excited
compound nuclei. As it was suggested in the early 1950s,
fission does not proceed only through one single pathway
between the saddle and scission point. Also the statistical paths
of the fission process could be explained more accurately by a
proper Monte Carlo simulation scheme [22].

Due to importance of the incident neutron energy in the
calculation of average prompt emitted quantities, which have
provided important information about the effect of nuclear
structure along with the dynamics of the descent from saddle
to scission point [23,24], the present research is focused on the
effects of the incident neutron energy on average multiplicity
of prompt neutrons as well as the fission cross section. The rest
of the present paper is organized as follows: The theoretical
model is briefly described in Sec. II. Results of the present
model with the available experimental data are compared in
Sec. III. Finally a brief summary of the present study along
with the concluding remarks are provided in Sec. IV.

II. DESCRIPTION OF THE MODEL

In the present study, the shape of a fissioning nuclei is
restricted to the “funny hills” parametrization. The funny hills
parameters c, h, and α respectively represent the elongation,
the neck thickness, and the asymmetry. These parameters
define the shape of the compound nucleus in cylindrical
coordinates [25,26]:

ρ2
s (z) =

{
(c2 − z2)

(
As + Bsh

z2

c2 + α z
c

)
if Bsh � 0,

(c2 − z2)
(
As + α z

c

)
e(Bsh c z2) otherwise,

(1)
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where ρs is the radial coordinate of the compound nuclei,
whose rotation about the symmetry axis determines the
nuclear surface. z is the coordinate along the symmetry axis

and c is the elongation parameter. Bsh = 2h + (c − 1)/2 is
the nuclear shape function. The quantity As , based on the
conservation of nuclear volume, is defined as follows [26]:

As =
{

c−3 + Bsh/5 if Bsh � 0,

− 4
3

Bsh

exp(Bsh c3)+[1+1/(2 Bsh c3)]
√

−π Bsh c3 erf(
√

−Bsh c3)
otherwise. (2)

The coupled four-dimensional Langevin equations are used
in order to measure the evolution of the funny hills shape
coordinates as [27]

dqi

dt
= pj

mij

, (3)

dpi

dt
= −pj pk

2

∂

∂qi

(
1

mjk

)
− ∂V

∂qi

+T 2 ∂a

∂qi

−ηij

dqi

dt
+ R(t),

(4)

where qi = c, h, and α, and pi = mij
dqj

dt
is a momentum

conjugate to coordinate qi . As the compound nucleus is
formed at a certain instant which is fixed as the origin
of our dynamical calculation, the initial distribution of the
coordinates and momenta are selected from sampling ran-
dom numbers following the Maxwell-Boltzmann distribution
[28–30]. Using the Monte Carlo method, the initial value of
c in the interval (1.00,1.10) was sampled for each Langevin
trajectory. mij is the inertia tensor, which is evaluated using
the Werner-Wheeler formula [31,32],

mij = π ρm

∫ zmax

zmin

ρ2
s (z)(Ai Aj + ρ2

s (z) A′
i A

′
j /8) dz, (5)

where ρm is the mass density of the compound nucleus
and ῡ is the average speed of nucleons inside the nucleus.

zmin and zmax are the left and the right boundaries of the
compound nucleus surface, respectively. According to the
Werner-Wheeler formula, Ai can be expressed as

Ai = − 1

ρ2
s (z)

∂

∂qi

∫ z

−c

ρ2
s (z′) dz′. (6)

The quantity A′ is the first derivative of A with respect to z. T
is the temperature of the compound nucleus, which is related to
its intrinsic energy through T = √

Eint/a. Also, Eint and a are,
in order, the intrinsic energy of the system and the level density
parameter, which will be defined in the following. In principle,
the inertia and friction tensors may contain the shell effects.
To account for these effects we need to consider the calculated
microscopic transport coefficients, for example within the
linear response theory and local harmonic approximation.
But the calculated friction tensor in this approach is much
smaller than those calculated by the macroscopic model at
low temperature. The macroscopic friction and inertia tensors
are used in the present paper. It should be mentioned here
that the role of shell effects in the collective inertia and the
friction coefficients is a physically complicated phenomenon
and may require more information about the structure of the
compound system. However, it would not affect the results of
our calculations. The friction tensor in the wall-and-window
one-body dissipation scheme for a small elongation before
neck formation (c < cwin) is given by [33]

ηwallij (c < cwin) = π ρm

2
υ
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)2
]−1/2

dz, (7)

and, for an elongation greater than the point in which a neck is formed in the nuclear system (c � cwin), the corresponding friction
tensor can be written as [33]

ηwallij (c � cwin) = π ρm

2
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ηwinij
(c � cwin) = π ρm

2
υ

(
∂R

∂qi

∂R

∂qj

)
�σ, (9)

where ῡ = 3
4v is the average speed of nucleons inside the

nucleus with v as the Fermi velocity of the Fermi gas model.
D1 and D2 represent the positions of the centers of two parts

of a fissioning system, relative to the center of mass of the
whole system. zneck and 
σ are the neck plane and the area of
window between two parts of the system, respectively. Also,
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R is the distance between the centers of mass of the nascent
fragments. Eventually, after introducing a measure of chaos
for the classical linear response theory regarding one-body
dissipation, a scaled version of the friction (the chaos weighted
wall and window friction) is obtained as [27,34]

ηij (c < cwin) = μ(c)ηwallij (c < cwin),
(10)

ηij (c � cwin) = μ(c)ηwallij (c � cwin) + ηwinij
(c � cwin).

Here μ(c) is a measure of chaos that is varied randomly
between 0 to 0.5 as the compound nucleus transforms from
its initial spherical symmetric to a deformed shape. The
normalized random force is assumed to be of the so-called
white noise type, as presented in the relations

〈Ri(t)〉 = 0, 〈Ri(t1)Rj (t2)〉 = 2δij δ(t1 − t2). (11)

The evolution of the orientation degree of freedom (K
coordinate) is obtained from the solution of the Langevin
equations [26]

dK = −γ 2
KI 2

2

∂V

∂K
dt + γKIR(t)

√
T dt

2
, (12)

where γK is the friction parameter which controls the coupling
between the orientation degree of freedom (K) and the heat
bath [26]:

γK = 1

RNR
√

2π3n0

√
J‖JeffJR

J 3
⊥

, (13)

where RN and n0 are the neck radius and the bulk flux
in standard nuclear matter (n0 = 0.0263 MeV zs fm−4),
respectively. J‖ and J⊥ are, in order, the rigid body moments
of inertia about and perpendicular to the symmetry axis, and
JR = MR2/4 with M as the mass of compound nucleus.
Also, J−1

eff = J−1
‖ − J−1

⊥ is the effective moment of inertia.
The initial value of K for each Langevin trajectory was
generated from a uniform distribution (as a function of angular
momentum L) using the Monte Carlo method in the interval
(−L,L) [35].

The modified potential energy of the system contains the
liquid-drop, the rotational, and the microscopic parts, which
are described below [23,35]:

V (q,I,K,T ) = VLD(q) + [I (I + 1) − K2]�2

J⊥(q)0.8MR2
0 + 8Ma2

+ K2
�

2

J‖(q)0.8MR2
0 + 8Ma2

+ VSH (q,T ).

(14)

Here VLD(q) is the potential energy that is calculated based
on the LDM, as a sum of the surface (ES) and the Coulomb
potential energy (EC) [36]. The second and third terms on the
right-hand side of Eq. (5) are the rotational energy. I and K are
the total spin and its projection on symmetry axis, respectively.
R0 = 1.2249A

1/3
C.N., with AC.N. as the mass number of the

compound nucleus and a = 0.6 fm [35].
The moments of inertia (J‖ and J⊥) are obtained for a

liquid-drop nucleus with a sharp boundary as a function of the
distance between mass centers (q) in units of the corresponding

spherical values. The temperature-dependent shell correction
energy as a microscopic part of the potential energy is denoted
by VSH as

VSH (q,T ) = [
Epair(q) + 
Eshell(q)]�(T ), (15)

where 
Epair(q) is the pairing correlation energy in the BCS
approximation [25,37]. Also, the shell correction energy based
on the Strutinsky method is denoted by 
Eshell(q) as the
difference between the sum of the single-particle energies of
occupied states and the average density of single-particle states
[16,25,38]:


Eshell(q) =
∑

k

εk −
∫ μ

−∞
eg(e)de. (16)

In the above relation, the energy, the chemical potential,
and the parameter of density of states for the single-particle
representation are presented by εk , μ, and g(e), respectively.
The temperature dependence part of the shell correction �(T )
is [39]

�(T ) = exp

(
−aT 2

Ed

)
, (17)

where Ed is the shell damping energy which is considered to be
25 MeV and a is the level density parameter that is evaluated
as [40]

a =
{

1 + VSH (T = 0)

Eint

[
1 − exp

(
−Eint

Ed

)]}
ã(q), (18)

where

ã(q) = a1AC.N. + a2A
2/3
C.N.Bs(q). (19)

The volume and surface coefficients using LDM are a1 =
0.068 and a2 = 0.213, respectively. Also, Bs(q) is the dimen-
sionless function of the surface energy in the LDM with a sharp
surface [25]. The intrinsic energy of system, (Eint) is calculated
at every step of the Langevin trajectory by the relation

Eint = EC.M. − Q − pi pj

2 mij

− V (q,l,T = 0), (20)

where EC.M. and Q are the energy of the system in the
center-of-mass reference frame and the Q value of the reaction,
respectively. In the present dynamical approach, each fission
event is defined as the instance that the Langevin trajectory
overcomes the scission point on the potential energy surface
in which the configuration of the neck radius becomes
zero. Shape evolution of the compound nuclei proceeds in
competition with prescission particle emissions and fission.
Multiplicity of prompt neutrons is simulated through Weis-
skopf’s conventional evaporation theory under the following
outlines. The neutron decay width is calculated using the
relation [41,42]

�n = 2mn

[π�]2ρc(Eint)

∫ Eint−Bn

0
ρd (Eint − εn)εnσinvdεn, (21)

where mn is the reduced mass of the neutron with respect to the
residual nucleus and Bn shows the binding energy of the com-
pound nucleus. Also, ρc is the level density of the compound
nuclei and εn is the average kinetic energy of the emitted
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neutrons. Here σinv(εn) = πR2
n is the inverse cross-section

for the reaction (A − 1) + n → A, and Rn can be evaluated
via Rn = 1.21[(A − 1)1/3 + 1] + 3.4/

√
εn. Calculation of the

cross-section for the neutron-induced fission reaction, based
on an extended statistical model, predicts a significant change
in the properties of fission fragments [2,43]. Practically,
distribution of a fragment’s mass and fission cross section
in the statistical model for neutron-induced fission reactions is
obtained using a proper distribution function which depends
on fission transition coefficients. In the present dynamical
approach, a Monte Carlo algorithm is applied to calculate the
competition between neutron emission and fission. Neutron
decay width and the decay rate of fission, which depend upon
the excitation energy, spin, and the mass number of each
nuclei, have been evaluated in every evaluation time interval of
the fissioning nucleus by employing the Langevin equations.
To calculate the competition between neutron emission and
fission by using the Monte Carlo technique, in the first step a
random number r on the half-open interval [0,1) is selected.
The random number is a numerical characteristic assigned to
an element of the sample space. Then the probability of neutron
emission is defined by x = τ/τn, where τn is the neutron decay
time and τ is the time step of the calculation. If r < x, it
will be interpreted as a particle emission, otherwise it will be
clarified as fission, which determines the fission probability.
The cross section of U (n + f ) is then evaluated as the product
of the formation cross section of the compound nucleus
(obtained from optical model considerations) and the fission
probability.

Following the same procedure, the type of the emitted
particle is decided by the Monte Carlo simulation based on
the law of radioactive decay for the emitted particles. After
each emission, the intrinsic excitation energy of residual mass
and spin of the excited fragments are recalculated due to the
energy that was released based on the one-particle emission.
The kinetic energy of the emitted neutron has been sampled
from the Watt spectrum [44,45]:

dNpre

dεn

=
√

εn

�(3/2)
√

T 3
pre

exp (−εn/Tpre). (22)

Here we consider Tpre = 1.10 ± 0.05 MeV. After emission of a
neutron, the intrinsic excitation energy of the compound nuclei
is recalculated and the process is continued. After every fission
event, the mass numbers of conjugate fragments are calculated
as well. The total kinetic energy, TKE, of the fission fragments
is calculated to clarify the configuration of the compound
nuclei at the scission point, which is defined with zero neck
radius configuration. The TKE of fission fragments can be
evaluated by applying

TKE = VCoul + EKin, (23)

where VCoul is the Coulomb repulsion energy between pointlike
charged fragments,

VCoul = Z1Z2e
2

D
, (24)

where Z1 and Z2 are the charges of each fragment in units of
e, and D is the distance between centers of mass of the left

and right parts of the nucleus at the scission point. It should be
recalled that, unlike the statistical model, the distance between
centers of mass is not considered to be same as for the nascent
fragments. The kinetic energy term, which is denoted by EKin,
can also be calculated at the scission point:

EKin = pipj

2mij

. (25)

However the main contribution to the TKE comes from VCoul

since the average of EKin over all fission events is much less
than VCoul.

III. RESULTS

The fission fragment yields are calculated within this
approach for selected reactions nth + 233U, nth + 235U, and
nfast + 238U, that are shown in Figs. 1–3. As can be seen,
the theoretical results are close to available experimental data
[2,46,47] and so the contributions of the mass-asymmetric
fission events of uranium isotopes have been clarified. As
shown in these figures, the heavy fragment’s mass yields are
almost similar for all considered reactions, and as expected,
the most probable masses of the heavy fragments are AHeavy ≈
135–140, while the position of the peak of the light fragment
is different for various isotopes. But as a whole, the peak
positions of the light fragment yields are in accordance with
the expected tendency ALight ≈ AC.N. − 140.

Also, visible yield distinctions for the light fragments in the
different isotopes are observed in the vicinity of their maxima.
It is seen that, for two light isotopes of uranium(233U and
235U), the theoretical mass yield of light fragments is a little
bit lower than experimental data, but in the case of heavy
isotopes(238U) the theoretical yield of both light and heavy
fragments is greater than the experimental data. In general,
the presence and the position of each mass-asymmetric peak
are reproduced rather well, and the widths and strengths of
the peaks of the calculated mass distributions do not differ

FIG. 1. Mass distribution of fragments in the thermal neutron-
induced fission of 233U. Experimental data [46] are denoted by the
solid squares.
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FIG. 2. Mass distribution of fragments in the thermal neutron-
induced fission of 235U. Experimental data [47] are denoted by the
solid squares.

substantially from the experimental data. There is only a minor
shift from experimental data for heavier fragments. It should
be noted that in the Langevin equations, the trajectories after
overcoming the fission saddle point fluctuate frequently from
the random force to reach this point. This approach enables
us to determine the widths of fission fragment peaks. This
feature may be the consequence of the remaining influence of
excitation energy on the fragments’ yield. Also, one can clearly
see from Figs. 1–3 that the mass yields of the heavy fragments
from different fissioning nuclei decrease with different slopes,
especially in the case of nfast + 238U, where the inclination of
the mass distribution is smaller than in other isotopes. Such
behavior of the fragments’ yield indicates that the shapes of
the asymmetric peaks are governed by shell closures formed
in the heavy fragments, and by increasing incident neutron
energy the influence of shell closures on the fragments’

FIG. 3. Mass distribution of fragments in the fast neutron-induced
fission of 238U. Experimental data [2] are denoted by the solid squares.

FIG. 4. Average multiplicity of emitted neutrons for 233U as a
function of incident neutron energy. Experimental data [48] are
denoted by the solid squares.

yield grows (especially for the light fragments). However,
these asymmetric mass distributions are rather close to the
experimental data. The presence and the position of each
mass-asymmetric peak is reproduced rather well and the width
and strength of the calculated mass distribution do not differ
substantially from the experimental data.

Furthermore, the average multiplicities of prompt neutrons
calculated as a function of incident neutron energies (En) in
neutron-induced fission of 233U, 235U, and 238U are shown
in Figs. 4–6. At low incident neutron energies the agreement
between results of the present model and the experimental
data [48–50], which are denoted by solid squares, are sat-
isfactory, but at high excitation energies such agreement is
not achieved. Besides incident energies, the high average

FIG. 5. Average multiplicity of emitted neutrons for 235U as a
function of the incident neutron energy. Experimental data [49] are
denoted by the solid squares.
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FIG. 6. Average multiplicity of emitted neutrons for 238U as a
function of the incident neutron energy. Experimental data [50] are
denoted by the solid squares.

multiplicity of prompt neutron is due to the effect of the fissility
parameter. Generally, with these theoretical considerations, the
proportionality of neutron multiplicity versus incident neutron
energies is consistent with the available experimental data. If
we look at the trend of the theoretical neutron multiplicity, a
decrement around energies higher than 10 MeV is observable.
This deviation in comparison with the experimental data is
not so surprising since the prompt neutron multiplicity mainly
depends on the total excitation energy of each nucleus which is
mainly related to incident neutron energies, and the parameters
of the present approach (such as friction coefficient) which are
developed for low-energy induced fission. Based on the earlier
literature taking into account the fact that the multiplicity
of prompt neutrons mainly depends on the fragments’ TKE,

FIG. 7. Fission cross section for the reaction nth + 233U as a
function of the incident neutron energy. The theoretical results are
denoted by the dashed line and the experimental data [51] are denoted
by the open squares.

FIG. 8. Fission cross section for the reaction nth + 235U as a
function of the incident neutron energy. The theoretical results are
denoted by the dashed line and the experimental data [52] are denoted
by the open squares.

similar little fluctuations of the total average multiplicity of
neutrons are expected.

The fission cross section of nth + 233U, nth + 235U, and
nfast + 238U systems together with corresponding experimental
data [51–53] are presented in Figs. 7–9. Analysis of the
calculated fission cross sections in all selected reactions
at low neutron energies show a good agreement with the
experimental data, which confirms the validity of presented
approach. However, at high excitation energies the calculated
cross sections are lower than the experimental data. As is
clear from these figures, a good agreement is achieved for
235U and 238U isotopes; nevertheless there is a shift in the
cross section peaks between the theoretical results and the
experimental data for higher energies in the fission of 233U,
but the uncertainty is satisfactory for such models. The smooth

FIG. 9. Fission cross section for the reaction n + 238U as a
function of the incident neutron energy. The theoretical results are
denoted by the dashed line and the experimental data [53] are denoted
by the open squares.
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FIG. 10. Deformation dependence of the average potential energy
for the reaction nth + 235U as a function of the distance between two
potential centers. The asymmetric and symmetric cases are denoted
by the dashed and dotted lines, respectively.

behavior of the fission cross sections down to thermal neutron
energy, which also indicates the validity of the presente model,
allowed a successful extrapolation of the fission cross section
for the reaction 235U(nth + f ) in energy range of eV, which
led to an excellent agreement with the available experimental
data obtained in the thermal energies region. In contrast to
the reactions 235U(nth + f ) and 238U(n + f ), the fission cross
section for 233U(nth + f ) has a more resonant structure for
the subthreshold fission on a logarithmic scale. The calculated
shape of the fission cross section for this reaction indicates
large fluctuations, as shown in Fig. 7. It should be noted that
there is some shape difference between the theoretical result
and the experimental data, which is presumably due to the
second-chance fission threshold energy being underestimated
in this evaluation.

The average potential energy for 236U, which is formed in
the nth + 235U reaction as a function of the distance between
two potential centers, is presented in Fig. 10, with α �= 0 and
α = 0 indicated by the dashed and dotted lines, respectively.
As shown in this figure, in the symmetric mode of fission
for the nth + 235U reaction, with α = 0 due to the neglecting
microscopic effects, the potential energy decreases by a factor

TABLE I. The calculated and experimental average TKEs of the
fission fragments. The theoretical results of the presented study are
denoted by “Theor.” and the experimental data [1,54,55] are indicated
by “Expt.”

Target 〈TKE〉 (MeV)

En Theor. Expt.

233U 0.025 (eV) 168.4 172.0 ± 1.8
235U 0.025 (eV) 169.3 168.2–171
238U 1.8 (MeV) 171.2 170.15 ± 0.07

up to 2. One should remember that in the asymmetric mode the
average potential energy is calculated over a wide range of α
values for a large amount of fission events in the Langevin
trajectories, and in this case α cannot be considered as a
constant parameter.

The calculated average TKEs of the fission fragments
are compared with available experimental data in Table I.
The obtained results agree well with the experimental data.
Due to this agreement, we conclude that the scission point
configuration is compact.

IV. CONCLUSION

In the present study, the neutron-induced fission of three
major isotopes of uranium was studied at different energies
from thermal to fast, in terms of collective motion through the
Langevin equations coupled with a Monte Carlo simulation
to allow discrete emission of light particles and γ rays.
Generally, the present dynamical Langevin mechanism along
with Monte Carlo simulation was successful in reproducing
the measured fission fragments’ mass distribution, multiplicity
of prompt neutrons, and fission cross section, especially for
low neutron incident energies. Therefore, the present approach
can serve as a basis for more refined analysis in different
neutron-induced fissions.
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